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Interest in the lowest even-parity two-photon states in linear-chain ~-conjugated polymers has been

largely limited to their energies relative to the lowest odd-parity one-photon state. We show that the in-

tensities of the two-photon absorptions to even-parity states that occur below the lowest one-photon
states should be tiny in the infinite chain, because of cancellations. This has important implications for
the interpretation of third-harmonic generation spectra of polydiacetylenes. A resonance seen in third-
harmonic generation of polydiacetylenes that has commonly been assigned as a two-photon resonance is

interpreted here as a three-photon resonance.

Interest in the energy orderings of one- and two-
photon states in linear-chain polyenes and oligomers of
various ~-conjugated polymers has a long history. ' This
ordering is a strong indicator of the relative roles of
electron-electron Coulomb interactions and electron-
phonon interactions in these systems, ' a subject of con-
tinuing theoretical and experimental interest. ' In con-
trast to the considerable effort that has gone into deter-
mining the energies ' of the lowest two-photon states,
there has been relatively little analysis of the intensities of
the two-photon absorptions (TPA). Unlike linear absorp-
tion, for example, systematic studies of the chain-length
dependence of TPA intensities do not exist. The observa-
tion of large nonresonant third-order optical nonlineari-
ties in the conjugated polymers makes it imperative that
the role of TPA is precisely understood.

In this paper, we present such a discussion of TPA in-

tensity in the correlated one-dimensional half-filled band
as a function of the chain length N, where N is the num-
ber of atoms. We show that while the TPA intensity to
the lowest even-parity states may initially increase with

N, it soon reaches a maximum, and with further increase
in chain length there is a rapid decrease of the TPA in-

tensity. Consequently, TPA to the lowest even-parity
states in the ideal infinite one-dimensional chain should
be tiny for arbitrary electron-electron interactions. The
dipole matrix elements that describe the TPA process
also describe third-harmonic generation (THG), and our
conclusion has important implications for interpretation
of THG spectra of the polydiacetylenes. We em-
phasize that our conclusion regarding TPA intensities is
not necessarily valid for two-photon states that occur
above the lowest optical state. ' '" TPA intensities to
such states will be discussed elsewhere.

We begin with the classification of the symmetry sub-
spaces of even polyenes. Linear trans-polyenes have a
center of inversion, and a11 eigenstates are either of even
parity (hereafter A ) or of odd parity (hereafter 8„)with

respect to it. As is conventional, we will assume theoreti-
cal models with electron hopping limited to nearest
neighbors, in which case the 3 and the B„states are fur-

ther characterized by their electron-hole symmetries.
Since dipole-allowed transitions occur only between
states with opposite spatial and electron-hole symmetries,
it is possible to describe the complete linear and non-
linear optical properties by retaining only those B„states
that have electron-hole symmetry opposite to that of the
ground state (the 1Az), and only those Az states that
have the same electron-hole symmetry as the

ling.

Only
these optically active A and B„states are considered
here.

The theoretical model we choose to describe the linear
polyenes is the one-dimensional extended Hubbard Ham-
iltonian:

H =Urn, tn, t+g V (n, —1)(n, +,
—1)

t +[1—
(
—I )—'5][c; c;+ & +c;+, c; ] .

Here c creates a n. electron of spin cr at site i,
n; =c; c;, n, =g c; c;, t)0 is the nearest-neighbor

hopping integral, U and V," are the on-site and intersite
Coulomb interactions, and 5 is the bond-alternation pa-
rameter. In all our calculations we have chosen t= 1.
For most of the work presented here, we do not restrict
ourselves to any specific U, V-, or 5, since our motivation
is to arrive at a completely general picture. We will dis-
cuss both models with short-range Coulomb interactions,
as well as the chemists' Pariser-Parr-Pople (PPP) model
with long-range interactions. Strictly speaking, for com-
parison to the polydiacetylenes, we should have three
different hopping integrals. However, this makes only
minor quantitative differences, and is neglected here.

For U= V-=O, the infinite chain one-electron spec-
trum has an energy gap of 4t5. The lowest excitation is
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to the 1B„across the band gap, and the lowest two-

photon excited state, the 2 A, is degenerate with the 1B„.
In finite polyenes, the 2A occurs above the 1B„, as
shown in Fig. 1, where we indicate the orbital occupan-
cies of the 1Ag, the 1B„, the 2A, and the 2B„. For
nonzero Coulomb interactions, no single configuration
describes any of these states, and the 2A occurs below
the 1B„,which is readily understood in the limit of the
strong-coupling Hubbard model ( V, =0), where for large
U the 1A covalent (all sites are singly occupied by elec-
trons). B„states are necessarily ionic, and can, therefore,
be reached only by charge excitation. In contrast, the
lowest Ag excited states are reached by spin excitation.
The same qualitative description persists even for weak
Coulomb interactions. The occurrence of A excited
states below' the 1B„ is thus a strong signature of elec-
tron correlations. ' ' Our purpose here is to estimate
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FIG. 1. The orbital occupancies of the (a) ling, (b) 1B„,(cj
2Ag, and (d) 28„ in the limit of U= V, =0. Only the hi&hest

two vb levels and the lowest two cb levels are shown.

TPA intensities for the class of Ag states that occur
below the 1B„for infinite ¹

TPA is given by the imaginary component of the
third-order optical susceptibility,

& I A, lpl jB.& &jB.IplkA, & & kA, I pl,~B. & & IB.IIuli A, &

j,k, l (~jB„~)(kA 2~)(IB„
(2)

where we have shown only the relevant resonant term.
Here the triple sum is over all Ag and B„states, C is a
constant, and all energies are relative to the ground-state
energy (i.e., fico1& =0). In analyzing TPA, the conven-

g

tional assumption has been that TPA occurs at every
co= —'coke, corresponding to each zero of the denomina-

2 g
tor in Eq. (2). This is precisely why the existing analyses
of TPA (and THG, see below) have been largely limited
to the determination of energies alone, and little con-
sideration has been given to intensities. We show below
that because of the Pauli exclusion principle the contribu-
tion to the g' ' is tiny in the infinite chain for certain A

states, and thus no TPA is expected even when the corre-
sponding energy denominators are zero.

We discuss this vanishing contribution to the y' ' by
the lowest Ag states in the noninteracting limit of U=O,
Vj =0 first. In the infinite chain, interband optical transi-
tions involving both the valence band (vb) and the con-
duction band (cb) are restricted between levels that are
symmetrically located relative to the exact midgap, i.e.,
transitions are allowed only between vb levels at —e and
cb levels at +e, where the zero of the energy is at the gap
center. These transitions correspond to the allowed verti-
cal transitions in the infinite periodic ring. Equation (2)
then dictates the following. Two-photon transitions to
any A state reached by single-electron excitation can
occur via only two virtual B„states, again placed symme-
trically above and below the intraband Ag state in ques-
tion. For example, in Fig. 1, the two virtual B„states
that are relevant for two-photon absorption to the 2A
are the 1B„and the 2B„. Although the 2A is dipole
coupled to other B„states, the latter necessarily have
zero dipole coupling to the 1Ag, because of the restric-
tion that allowed transitions from the ground state in-
volves only the transitions between symmetrically placed
vb and cb levels. Thus in the g' ' expansion, correspond-

ing to each intraband Ag state, there are only four
nonzero terms in the noninteracting rigid band.

We now examine the natures of these terms and again
consider the 2A for illustration. The transition dipole
moments (2A IM ~1B„) and (2Ag ~IM~2B„) necessarily
have equal magnitudes (see Fig. 1) for all N. This is be-
cause the two transitions correspond to either the
HOMO (highest occupied molecular orbital) to HOMO
—1 transition or the I.UMO (lowest unoccupied molecu-

lar orbital) to I.UMO + 1 transition, and the magnitudes
of these are equal by electron-hole symmetry. For
N~ ~, (1Ag~IM~lB„) and (1As ~P~2B„) are also almost

equal in magnitude. Now consider the products

& I A, IIMI IB„&& 2A, IIII 1B„&

and

&1AglI212B„&&2Aslj212B„& .

These are of opposite signs because of the antisymmetric
natures of the wave functions. This is easily seen by ex-
plicitly writing the singlet wave functions for the 1B„,the
2A, and the 2B„ in terms of creation operators for the
band orbitals,

1 g aN/2+1, aN/2, ~ »g &2. (3a)

l2Ag ) —
—, Q (aN/2+2 ~aN/2, o aN/2+ ],~aN/2 —1,(r) l 1Ag ),

(3b)

(3c)

where ak~=+„Ok „c„refers to a band orbital and
I 1 Ag ) =gk & k ak tak I ~0), and evaluating the matrix

1—g aN/2+2, aN/2 1, —~2
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elements of the dipole operator

I X y ~k, k (~k ak, +ak, ak,
0 k) &k2

between these states. In Eq. (4),

mk~ k2=&2+x„8k „Ok „,
n

b
a
b

b
a
b

a
b

a
b

and x„gives the position of the nth atom (the electronic
charge is taken to be 1). In the y' ' expansion involving
the 2A~, therefore, the signs of the two terms that con-
tain both the 1B„and the 2B„are opposite to the two
other terms that contain only the 1B„or the 2B„. The
energy difference between the 28„and the 1B„also ap-
proaches zero in the infinite chain, so that the sum of the
four terms vanishes and no TPA to the 2A would occur.

Notice that the same would be true for arbitrary band-
edge A~ states reached by single-electron excitation, and
TPA has vanishing intensity for all such A~ states. The
overall TPA due to singly excited A states, however, is
not zero, since A states reached by single-electron exci-
tation can also be removed from the band-edge, for exam-
ple, from the 1B„ it is possible to reach an intraband A

state in which the excited electron is promoted from the
band edge to a level deep inside the cb. Such a high ener-

gy A state is shown schematically in Fig. 2. The virtual
B„state (other than the 1B„)that is relevant now is even

higher in energy, and is obtained from the A state in
Fig. 2 by exciting an electron from a level deep inside the
vb to the vb edge, as shown also schematically in Fig. 2.
Even though the same sign considerations apply, the
finite energy difference between the two B„states now
can lead to nonvanishing TPA away from the exact
midgap. ' It is clear that such processes are, however, in-
herently weak, and this is why calculations of THG spec-

tra find, at most, a kink' ' slightly above the midgap re-
gion within the rigid-band noninteracting model, as op-
posed to a strong two-photon resonance. To summarize,
TPA to the lowest A states has vanishing intensity, al-
though nonvanishing weak TPA can occur to higher en-

ergy A states.
We have, so far, limited our discussions to A states

reached by single-electron excitations. A states that are
reached by two-electron excitations are also in principle
relevant in y' ' processes. Representative examples of
such two-electron excitations are shown in Fig. 3. Two-
electron excitations of the type (b} in Fig. 3 make no con-
tribution to y' ', because of a cancellation that has been
discussed by different authors. ' ' On the other hand,
the contribution of configurations of type 3(a), in which
all band levels are doubly occupied, do not cancel.
Strong TPA should, therefore, occur at a fundamental
frequency equal to the band-gap frequency. This kind of
TPA is not interesting, because the linear absorption
dominates in the band-gap region.

The demonstration of similar weak intensities of TPA
to low-energy A states for nonzero Coulomb correlations
is nontrivial, because of the intricate configuration in-
teraction (CI) that now occurs. For example, CI studies
of short correlated chains have shown that the 2A,
which occurs below the 1B„, has nearly equal
contributions"" from the singly excited configuration
(c) in Fig. 1 and the doubly excited configuration in Fig.
3(a). Since in the noninteracting case TPA to two-
electron excitations of the type in Fig. 3(a} do not cancel,
it might be conjectured that Coulomb correlations should
enhance TPA to 2A and other low-lying even-parity
states. We will point out the fallacy in this logic, but our
demonstration of weak TPA to low-energy A~ states at
X~ ao will be based on numerical work. Since numeri-
cal work for nonzero U and V. is limited to short finite
chains, it is useful to understand the chain-length depen-
dence of TPA to low-energy even-parity states first in the
noninteracting limit, where we already understand the
X~ ao limit. We show that the direct evaluation of TPA
intensity in the very short chains leads to an incorrect
conclusion about the infinite chain, and indirect ap-
proaches are called for.

For what follows, we define for each A~ state with
quantum number k the quantities y+ a:id g, given by

a
I a b

a

a~ ~

A

(a)

a
b

0

a

~ ~
~ ~

B

(b)
~ t
~ ~

FIG. 2. (a) An A~ state (U= V,-=o) obtained by excitation
from the 1B„,upon promoting an electron from the cb edge to a
level deep inside the cb (schematic); (b) the B„state other than
the 1B„ that contributes to the TPA to 2(a) (schematic). This is
reached from the 22~ by promoting an electron from a level
deep inside the vb to the vb edge. The labels a and b refer to
even- and odd-parity band levels.

(o) (b)

FIG. 3. Two-electron excitations in the noninteracting limit.
Both (a) and (b) contribute to the 23~ for nonzero Coulomb in-

teractions, although the contribution of (a) is much larger in
short chains. These contributions are of opposite signs for all
chain lengths, and the magnitudes approach each other in long
chains.
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&1A, IpljB„&&j B„lplkA, & & kA, IplIB„& & IB„IIMI1A, &x-+=& g
j I (~,~ —~)(~&s —~)

Here y+ and g are the separate positive and negative
contributions to the double sum in Eq. (5), to be calculat-
ed at frequency co= —,'cok„. Clearly, (y++y ) is a mea-

t
sure of the TPA strength. In Fig. 4, we show the plot of
(y++y ) vs 1/N, calculated numerically for the 2A,
for 5=0.2 and for N up to 500. Very similar curves are
obtained for several of the low-lying A states; only the
maximum TPA and the N at which the maxima occur are
different. The initial increase of (g++y ) with N is un-
derstandable within the TPA mechanism discussed
above. First, for small N, allowed interband transitions
are not restricted to symmetrically located occupied and

unoccupied levels (i.e., k conservation is applicable only
to very large N) and "unsymmetric" B„states, i.e., those
B„states reached by transitions between an occupied lev-

el at —e to an unoccupied level at +e' (where @Ac'),
make a substantial contribution to TPA. The effects of
these unsymmetric B„states do not cancel. Second, the
energy difference between the 1B„and the 2B„ is sub-

stantial in short noninteracting chains, and the dipole
couplings &1 Aglpll B„& and & lAslpl2B„& are also very
different.

We now see the fundamental problem in attempting to
estimate the TPA intensities at large N from direct extra-
polations of the intensities at small N, an approach that
works reasonably well for linear absorption. For nonzero
Coulomb interactions, calculations of (y++y ) can be
done only for very short chains, in a region where Fig. 4
demonstrates that TPA intensity increases with ¹

Direct evaluation of TPA intensities is, therefore, not
suitable for estimating the intensities at N —+ ~, and an
indirect approach is called for. As shown in Fig. 5, the
ratio of the negative and positive contributions, Iy /y+I,
rather than the sum, is more suitable for our purpose.
Even though this ratio is small at small N, it increases

800

continuously to reach the infinite N value.
For nonzero U and V. , we, therefore, evaluate

/g+I for several different N. Our motivation is to
demonstrate that Iy /y+

I
for low-lying A states (a) are

enhanced relative to the noninteracting case, and (b) they
exhibit the same monotonic behavior. In Table I we have
presented the exact Iy /g+I for the 2A and the 3Ag
for several different correlation parameters and chain
lengths N=4, 6, 8. In all cases the correlation parameters
are such that the Ag state in question occurs below the
1B„(for N=4, there can by only two covalent states,
and, therefore, the 3A occurs above the 1B„ for arbi-
trarily large U). While most of the results are for short-
range Coulomb interactions, we have included the results
for the PPP model with Ohno parameters' for compar-
ison. As might be anticipated, the PPP results are com-
parable to those for relatively weak short-range Coulomb
interactions ( U =3 and V, =1 in Table I). The very large
values of the Iy /y+I, compared to the values in Fig. 1

at the same N, as well as the rapid increases with increas-
ing N, already indicate weak TPA at infinite N. This is
particularly true for U ~6, where y and y+ are nearly
equal. The strong tendency of cancellation for strong
Coulomb interactions is merely a signature of faster
N ~ (x& convergence. Note that a strong tendency to can-
cellation requires participation by (at least two) different
B„states, the energy difference between which should be
small. Such small energy differences characterize short
chains with strong Coulomb interactions, while for the
same chain lengths but with weaker Coulomb interac-
tions all energy differences are large due to the finite size
effect. Since small energy differences between excited
states would characterize the infinite chain even for weak
Coulomb interactions, we believe that short chains with
strong interactions are actually representative of much
longer chains with weaker interactions. '

Unlike in the uncorrelated case, where only two B„

& 600
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FIG. 4. The sum of the positive and the negative contribu-
tions to the TPA to 2Ag in the limit of zero Coulomb interac-
tions, as a function of the chain length N. Note that the TPA
initially increases with N, but goes to zero in very long chains.
A similar curve is obtained for the 3Ag, with only the position
of the maximum different.

0.0
.00 .05 .10 .15 .20

1 N

FIG. 5. The absolute value of the ratio of the negative and
the positive contribution to the TPA to the 2Ag, in the limit of
zero Coulomb interactions, as a function of the chain length N.
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states contribute to the double sums in Eq. (5) in the
infinite chain, multiple B„states contribute to these dou-
ble sums (although not to the same extent) for nonzero
Coulomb interactions, even in the infinite chain. Thus
the calculation of x /x+

I
requires the complete diago-

nalization of the B„subspace, as opposed to the deter-
mination of a few lowest states. '" Currently, this can be
done for at most N=10 with nearly 5000 B„states. In
order to determine the behavior of Ix /x+I at even
longer N, we have, therefore, used an approximate CI
technique. We start from the noninteracting limit, and

TABLE I ~ The exact absolute values of the ratios of the nega-
tive and the positive contributions to the TPA, IX /X+ I, for the

2Ag and the 3Ag, for N=4, 6, 8, and for several different
Coulomb correlation parameters. For the chosen parameters
the Ag states occur below the 1B„.Note the increase in the ten-

dency to cancellation with both increasing N and increasing in-

teractions (see text).

State Correlation parameters

U=3, V, =O

0.1

8

16
18
20

0.455
0.509
0.520
0.532

0.3
8

16
18
20

0.543
0.682
0.753
0.781

2Ag U=3, V) =1,
V, =O for j&1

0.1

8
16
18
20

0.437
0.460
0.473
0.488

TABLE II. The SDCI (see text) IX /X+I for the 2A for
N=8, 16, 18, and 20 for several different correlation parame-
ters. In all cases the 2A~ occurs below the 1B„.The SDCI ra-

tios are lower limits for the exact numbers (see text).

State Correlation parameters

U=3, VJ =0 0.1

N Ix /x'I

0.474
0.498
0.559

U=4, V, =O 0.1

8

16
18
20

0.628
0.647
0.644
0.640

U=3, V) =1,
V~=0 for j&1 0.1

0.495
0.486
0.514

U=4, Vl =1,
V, =O for j&1

0.3
8

16
18
20

0.748
0.817
0.824
0.836

2Ag

3Ag

U=4, Vj =0

U=4, V) =1,
V, =O for j &1

U=6, V) =2,
V, =O for j&1

U=10, Vi =3,
V, =O for j) 1

PPP-Ohno

U=4, V, =O

U=4, Vl =1,

V, =O for j) 1

U=6, Vi =2,
V, =O for j) 1

0.1

0.1

0.1

0.1

0.07

0.1

0.3

0.1

0.3

0.1

0.659
0.706
0.794

0.715
0.734
0.746

0.938
0.956
0.978

0.990
0.997
0.999

0.452
0.514
0.532

0.522
0.976

0.670
0.883

0.689
0.979

0.627
0.843

0.711
0.999

include CI with all singly (S) and double-excited (D)
many-electron configurations (hereafter we refer to this
approach as SDCI). It is known that SDCI can give the
lowest A states below the 1B„,but the energy difFerence

between the 1B„and the 2A is inaccurate in long
chains. ' This, however, is not of concern here. We
merely intend to demonstrate that the qualitatiue
behavior of IX /X+I is the same for the correlated and
the uncorrelated cases. In Table II we show our results
obtained by the SDCI approach for the 2A for N=8,
16, 18, and 20, for a few representative parameters for
which the 2A occurs below the 1B„. We have limited
ourselves to the weak Coulomb interaction regime, since
Table I already indicates that for strong Coulomb in-
teractions nearly complete cancellations occur, and since
the SDCI approach becomes rather inaccurate for strong
interactions. The results for the PPP-Ohno model are
once again similar to those obtained for U = 3 and are not
shown.

We now point out the following. First, the IX /X+
I

obtained for N = 8 by the SDCI approach in all cases are
smaller than the corresponding exact values (compare
Tables I and II). Second, comparisons of the SDCI and
exact results for N =4, 6, and 8 show that the difference
between the exact and SDCI Ix /x+I increases with N
(this is to be expected, since at the smallest N, double ex-
citations nearly exhaust all possible excitations). There-
fore, inclusion of excitations neglected within the SDCI
approach actually further enhances Ix /x+

I
and the ex-

act IX /X+
I

for N=20 in all cases must be considerably
larger than the SDCI values in Table II. The true rate of
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TABLE III. The SDCI ~y ly+~ for the 3AN for N=16, 18,
and 20 for severa1 different correlation parameters. In a11 cases
the 3Ag occurs below the 18„. Note the very large tendency of
cancellation of TPA.

State Correlation parameters N IX-/X'I

U=4, Vj =0
0.1

16
18
20

0.740
0.741
0.764

3Ag
0.3

16
18
20

0.737
0.774
0.785

U'—4, Vl =1,
0.1

16
18
20

0.859
0.908
0.937

V, =O for j) 1

0.3
16
18
20

0.933
0.947
0.955

increase of ~g /g+~ with N must also be larger than
what is seen in Table I, from comparison of exact and
SDCI results for N =4,6,8. Nevertheless, enhanced

/y+
~

(relative to the noninteracting model, see Fig. 4)
and increase with increasing N is still observed. Finally,
larger ~y /y+

~
for larger (i is to be interpreted again as a

signature of faster convergence, as occurs for strong
Coulomb interactions in Table I. This is because the
effect of larger 5 in short chains is also to reduce the ener-

gy gaps between B„states. We expect similar large
/y+

~
for small 5 at even larger N

The tendency to cancellation of TPA to low-energy
even-parity states becomes more transparent as we probe
the 3A . In Table III, we show the ~y /y+~ calculated
for N=16, 18, and 20 for the 3A . We do not compare
with N =8 here since the comparison may not be mean-
ingful. The number of spin-wave excitations increases
rapidly with N, and the natures of A excitations higher
that the 2A in systems with chain lengths differing by a
factor of 2 or more are expected to be difFerent. In short
chains, we need U~4 to have the 3Ag below the 1B„.
Given that the calculated ratios are lower limits for the
exact values, the very large ~g /g+

~
in this region, along

with its steady increase with N, indicates near-total can-
cellation of the TPA at N~ 00. It has been argued that
in long PPP chains both the 2A and the 3A occur
below the 1B„,where a "band" of covalent states appear.
Since there cannot be any fundamental difference be-
tween these covalent even-parity states, we believe that
the cancellation seen with the 3 A is representative of the
behavior of all subgap Ag states.

We now present a qualitative insight to this cancella-
tion of the TPA. We have mentioned above that the
low-energy A wave functions have strong contributions
from doubly excited configurations for nonzero Coulomb
interactions. The tendency to cancellation of the TPA
may, therefore, seem counterintuitive. The tendency to
cancellation still persists, because the contributions of
closely related doubly excited configurations to the low-

energy Ag wave functions are themselves of opposite
signs. For example, considerable discussion exists in the
literature""' about the contribution of configuration (a)
in Fig. 3 to the interacting 2Ag state. What is less recog-
nized is that the doubly excited configuration (b) in Fig. 3
also makes a relatively large contribution [albeit smaller
than 3(a) in short chains]. '"' Examination of the exact
N=8 results"' for the PPP-Ohno parameters indicates
that these two contributions are of opposite signs. We
find these contributions to be of opposite signs for all N,
U, V, and 5 for which our exact and approximate calcu-
lations have been done. Similar phase relationships exist
between all such closely related doubly excited
configurations contributing to the 2Ag and other low-
energy two-photon states. This phase relationship can be
understood by writing the Hamiltonian in Eq. (1) in
molecular-orbital space (k space) and constructing the
matrix elements of the electron-electron interaction term
with the zeroth-order 2A configurations in Fig. 1. It is
found that the matrix elements corresponding to the two
doubly excited configurations in Fig. 3 are themselves of
opposite signs. In short chains, the magnitudes of these
contributions are different, but in the infinite chain, these
magnitudes are expected to approach each other, so that
their overall contribution to the TPA should cancel. To
summarize, the interacting 2Ag state has contributions
from both single-electron excitations of the type in Fig. 1

and two-electron excitations of the type in Fig. 3, and
their overall contributions to TPA cancel via two
different mechanisms. In the case of the one-electron
components of the wave function, cancellation occurs be-
cause of the participation by different B„states. In the
case of the two-electron components of the wave func-
tion, the phase relationships between closely related func-
tions is behind the tendency to cancellation. Note that
this implies that the nonparticipation of configurations of
the type (b) in Fig. 3 is true strictly in the limit of
U= V. =O.J

We point out that the above qualitative picture involv-
ing the phase relationships of closely related doubly excit-
ed configurations also explains diminishing transition di-
pole coupling between the 2A and the lowest B„states
in finite chains with increasing Coulomb interaction. For
X=4, 6, 8 we have done exact calculations that find that
the difference between the absolute magnitudes of the rel-
ative weights of the functions of Figs. 3(a) and 3(b) de-
creases monotonically with an increase in Coulomb
correlations. The configuration Fig. 3(b) actually
represents two different singlet functions. We choose the
function reached by the direct dipole excitation from the
zeroth-order 1B„and 2B„configurations, viz, the linear
combination,

1

2 +N/2+1, ~N/2, N/2+2, +N/2 1, [1A )—
and compare its relative weight in the exact 2Ag state in
N= 8 with that of configuration Fig. 3(a), as a function of
U, for the sake of illustration. These relative weights are
shown in Table IV, where we have also included the exact
transition dipole moments (2As~p~18„) and
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TABLE IV. The exact coefficients of the configuration (a) in Fig. 3 and of the configuration (b) in
Fig. 3 with singlet spin coupling between the electrons occupying the HOMO and the LUMO, and be-
tween the electrons occupying the HOMO —1 and LUMO + 1 levels, in the 2Ag state of the N=8
chain for different Hubbard interactions (6=0.1). The exact dipole couplings (electronic charge = 1,
mean lattice constant = 1) between the 2Ag and the 18„and between the 2Ag and the 28„are also
shown. Note that the individual dipole couplings decrease with U, and so do the difference between the
coefficients. Similar decrease in the difference between the coefficients should occur with increasing
chain length (see text).

2
3
4
5

6
20

100

Coefficients for 3(a)

0.4604
0.4977
0.4506
0.3997
0.3583
0.1965
0.1472

Coefficients for 3(b)

—0.1767
—0.2558
—0.2720
—0.2650
—0.2521
—0.1647
—0.1291

& 2Ag Ip I 1B„)
—1.2738
—0.5808
—0.3051
—0.1873
—0.1285
—0.0184
—0.0028

1.6922
1.0173
0.6452
0.4421
0.3234
0.0509
0.0076

& 2Ag Ip, I28„&. Note that the difference between the ab-
solute magnitudes of the relative weights decreases with
U, and so do the individual transition dipole moments.
Similar results are obtained for other pairs of closely re-
lated double excitations. Note that the above qualitative
picture also is an indirect confirmation of our idea that
strongly interacting short chains give qualitative insights
to the behavior of weakly interacting long chains.

From the behavior of g /g+ in Tables I—III we con-
clude that TPA to 3 states below the 1B„ is tiny in the

infinite chain limit. This weak role of low-energy two-
photon states should also be true for other y' ' processes,
for which the relevant dipole matrix elements are the
same and only the energy denominators are different.
Most importantly, we show that our conclusion has
strong implications for the interpretation of the THG
spectra in the polydiacetylenes.

For what follows, we explicitly write the formal expres-
sion for the relevant resonant term in the THG suscepti-
bility,

&l~, IpjI&. &&j&.IpIka, &&ka, p la„&&IB,IpIl& &

jkl co s 3co cok ~ 2co cors co
Il

Three-photon resonances to B„states and two-photon
resonances to A states are expected now. In ordered
long chain polydiacetylenes, the lowest optical exciton
occurs at about 1.9-2.0 eV, and it is believed that the
conduction-band threshold is at 2.4—2.5 eV, a region
where there is practically no linear absorption. In THG
experiments carried out so far, the fundamental fre-
quency ranges from 0.5-0.6 eV in the low-frequency re-
gion to 1.2 —1.5 eV in the high-frequency region. Two
distinct resonances are seen in the ordered systems, a
strong one at 0.65—0.7 eV, and a relatively weaker one at
about 0.8—0.9 eV. The former is easily assigned as a
three-photon resonance to the 1B„exciton. Because of
the absence of linear absorption at three times the second
resonant frequency, the higher-frequency resonance has
commonly been assigned ' "to a two-photon resonance to
the 2A, which is known to occur below" ' the 1B„ab-
sorption (note, however, that the exact location of the
2A in the polymer is not known from theoretical con-
siderations alone, and there exists no other independent
experimental verification of the energy assignment).
While from energy considerations such an assignment
seems plausible, our discussion of the role of the 2Ag in
TPA processes in long chains suggests that this is a high-
ly unlikely scenario from intensity considerations. The
intensity of the resonance at 0.8 eV is rather strong, and

from eye estimates can be as large as —,
' of the intensity of

the lower-frequency resonance. We present an analysis
of the intensity of the two-photon resonance to the 2A
in THG that indicates that the origin of the resonance at
the higher frequency in the polydiacetylenes is different.
Before we present such an analysis we first briefly discuss
an alternate interpretation of the second THG resonance
that has been given recently by two different
groups 1 87 2 1 23

Within the second model, ' ' ' the resonance near
0.8 eV is not a two-photon resonance at all, but a three-
photon resonance to the conduction-band threshold at
2.4 eV, which is a B„state. In the work by Guo and co-
workers, ' ' ' this B„state is referred to as the nB„, where
n is an arbitrary quantum number whose value depends
on both the chain length as well as the actual Coulomb
correlation parameters. For nonzero Coulomb interac-
tions, n & 2, and all states of either parity below the nB„
are excitonic. Direct dipole coupling from the 1Ag to the
nB„ is very weak for nonzero intersite Coulomb interac-
tions, and, therefore, the conduction-band threshold is
not visible in linear absorption. Nevertheless, the nB„
participates strongly in y' ' processes because of the oc-
currence of a two-photon exciton that occurs above the
1B„and below the nB„, and which is very strongly dipole
coupled to both these B„states. Our previous work' '
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refers to this two-photon state as the m As, where again
rn is an arbitrary quantum number that depends on the
actual chain length and the Coulomb parameters. In-
dependent of the chain length and the parameters, how-
ever, the dipole coupling between the 1B„and the m A is
enormously large' compared to the dipole coupling be-
tween the 1B„and all other A states. The mA has a
similar giant dipole coupling with the nB„above it. De-
tailed wave-function analyses' ' ' as well as comparison
of experimental and theoretical electro-absorption spec-
tra' ' ' have shown that the nB„ is indeed the
conduction-band threshold. In short chains the absolute
energies of the m Ag and the nB„are rather high because
of the inherent discrete nature of finite chain spectra, but
the demonstration of the delocalized band threshold
character of the nB„proves that in the infinite chain the
nB„occurs at 2.4 eV, and, therefore, the energy of the
m Ag is even lower. Three out of four dipole couplings in
the nonlinear optical channel 1Ag ~1B ~m Ag~nB„~1 Ag are exceptionally large, indicating strong
participation by the nB„ in y' ' processes, and a three-
photon resonance at —,'fico„z =0.8 eV.

Q

The interpretation of optical nonlinearity in the polydi-
acetylenes given independently by Abe et al. , ' is very

I

similar. These authors also find a two-photon exciton in
between the 18„exciton and the conduction-band thresh-
old, emphasize the strong role of the particular y' ' chan-
nel discussed above, and claim that the observed 0.8-eV
resonance in the polydiacetylenes is a three-photon reso-
nance to the band threshold state. However, the compu-
tation by Abe et al. is done within a single-CI scheme
that includes only single-electron excitations from the
noninteracting limit, and, therefore, does not find A

g
states below the 1B„. The very possibility of a two-
photon resonance at 0.8 eV is, therefore, missing in this
work. The similarity between our interpretation of THG
spectra in the polydiacetylenes, based on short-chain cal-
culations that do find the 2Ag below the 1B„,and that by
Abe et al. which are for long chains but which do not
find Ag states below the 1B„, is thus surprising. This
similarity can be understood only from analysis of the in-
tensities of the various THG resonances, as is done
below.

In analogy with our calculations of TPA intensities, we
define the quantities that are related to the intensities of
the various THG resonances as double sums. For the
three-photon resonance to the 1B„and the nB„, we con-
sider the double sums,

&1As I@I18.&& 18.IplkAs &&kAslpllB. &&lB. IpllAs &

I3 (18„)=
2~)(~is

(7a)

& 1 A
I p I nB„&& nB„ I p I k A & & k A

I p I 18„&& lB„ I p I 1 A
I3 (nB„)=

(~k~ 2~)(~is ——~)
(7b)

while for the two-photon resonance to the 2Ag we define

& 1 As IPjI8„&&jB„IP I
2 A & & 2 As I P I 18„&& IB„IP I

1 As &

I2„(2A )=
g

(NJ~ 3'�)(roti N )
(7c)

Here I3„(18„),Ii„(nB„),and I2„(2As) are direct mea-
sures of the intensities of the three-photon resonance to
the 1B„,the three-photon resonance to the nB„, and the
two-photon resonance to the 2Ag. They are to be calcu-
lated at ~=—,'co,~, ~=—,'co„z, and co= —,'co2„, respective-

ly. Note that I2 (2 As) again has contributions of oppo-
site signs, since the origin of the different signs is in the
numerator and not the denominator in Eq. (7c). All cal-
culations involved exact dipole matrix elements obtained
for N =8 with PPP-Ohno' and PPP —Mataga-
Nishimoto (MN) parameters (results for other Coulomb
parameters are not shown since they are very similar).
The calculation of I2„(2A } involved also the exact finite
chain energies, since our result for TPA intensities estab-
lishes that the I2„(2As) obtained for finite chains is an
absolute upper limit for the Ii„(2A ) in the infinite
chain. Calculations of I3„(18„)and I3„(nB„),however,
cannot be done with exact finite chain energies, because
of two reasons. First, the energies of the mAg and the

nB„are too high in short chains. '+"' Second, finite PPP
chains give double resonances, two-photon resonance to
the mA and three-photon resonance to the nB„occur-
ring at nearly the same frequency, due to the highly
discrete energy spectrum (actually such double reso-
nances would occur in all weakly interacting short
chains, including the noninteracting model ). Thus the
exact energy spectrum would predict a stronger three-
photon resonance to the nB„ than to the 1B„,clearly not
an infinite chain result. Fortunately, both these problems
can be resolved from consideration of the following. The
double sums in Eqs. 7(a} and 7(b) are given almost entire-
ly by a few dominant terms because of the large dipole
couplings between the 1B„and the m A and between the
nB„and the mAg on the one hand, and the very weak
couplings between all other relevant states on the oth-
er. ' ' ' ' Very reliable estimates of Ii (18„) and
I3„(nB„)are, therefore, obtained from the following ex-
pressions,
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I3„(nB„)=

&1A, IpllB. &' &1A, Ipl 1B.&'& 1B„IplmA, &'
I3 (1B„)= +

(co,~
—co )( —2' ) (co,s —co )( co „—2'�)

0 Q

&1AglpllB. && 1B.IplmAg &&mAglplnB. &&nB. lpllAg &+
(cd„g N)(co ~ 2')

& 1Ag I pl 1B„&& 1B„Ip lm Ag & & m As I p I nB„& & nB„ I pl 1 Ag &

(cii~s co)(ci) ~ 2co)
Q

(Sa)

(8b)

In Eq. (8a) all dominant terms have been retained, but
terms in which two or more of the dipole couplings are
weak have been discarded Th. e estimates of the relatiue
magnitudes of I3„(1B„)and I3 (nB„) in the infinite

chain can now be obtained by substituting the exact finite
chain transition dipole moments with the infinite chain
energies of the 1B„and the nB„ in Eqs. (8a) and (Sb). We
substitute the experimental exciton energy and the
conduction-band threshold energy for the energies of the
1B„and the nB„ in our calculations. Since we are in-

terested in relative quantities, the only assumption in the
above procedure is that all transition dipole moments in

Eqs. (Sa) and (8b) increase with N in a similar fashion.
This is certainly a reasonable assumption. Note that
since all transition dipole couplings in Eq. (8b) increase
with X, and since the tendency to cancellation of the
two-photon resonance to 2A also increases with N, our
calculations will necessarily give an upper limit for
I2„(2As }/I3 (nB„}. The energy of the m A is the only
uncertain quantity in Eqs. (Sa) and (8b). We have placed
the mA at 2.2 eV somewhat arbitrarily. We have

verified that the relative intensities are independent of its
actual location, as long as it is placed in between the 1B„
and the nB„, in agreement with finite chain results. ' ' ' '

The numerical results for the relative intensities of the
two three-photon resonances and the two-photon reso-
nance to the 2A are shown in Table V for the PPP-Ohno
and the PPP-MN parameters (the m A and the nB„are
found by the procedures discussed before' '). As dis-

cussed above, within our approximation, the relative
strength of the 2A two-photon resonance, compared to
the three-photon resonance to the nB„, is an absolute

upper limit. Nevertheless, it is seen that the intensity of
the 2A two-photon resonance is tiny. Comparison to
the experimental THG spectra in the polydiacetylenes
clearly indicates that the 0.8-eV resonance is a second
three-photon resonance. The calculated intensity of the
second three-photon resonance, relative to the calculated
intensity of the three-photon resonance to the 1B„exci-
ton, is close to what are experimentally observed. '

The conclusion that the 0.8-eV resonance in THG is a
three-photon resonance to the nB„ is also supported by

I

comparison of electro-absorption and THG spectra.
Hasegawa et al. have performed both electro-absorption
and THG on the same blue form of a polydiacetylene
film which shows a narrow excitonic linear absorption at
2 eV. The electro-absorption spectrum indicates that the
energy of the conduction-band threshold is 2.4 eV. The
second resonance in THG is at one-third this energy, and
the present work indicates that this is not a coincidence.
That the 2Ag contributes very weakly to the third-order
optical nonlinearity is seen from the result of the electro-
absorption measurement at energies below the region
where the Stark shift of the 1B„exciton is observed. For
this particular material the authors' electro-absorption
measurements extend down to 1.35 eV, but there is a
complete absence of any field-induced signal ' ' from the
2A, even though it is known" ' that the 2A occurs
below the 1B„. This is in agreement with the present
conclusion l since electro-absorption is also a y' ' process
with the same numerator as in Eqs. (2) and (4}, and the
cancellation depends only on terms with opposite signs in
the numeratorj, as well as with our previous nonpertur-
bative calculation of the electro-absorption ' in the ener-

gy region below the 1B„.
Since the contributions of the low-energy A states to

optical nonlinearity in long chains is tiny, optical non-

linearity is dominated by the four essential states, the
1 A g the 1B„, the m A, and the nB„. In addition to the
two three-photon resonances, a weak two-photon reso-
nance at 1.0—1.2 eV to the mA is then expected. We
have previously shown from finite chain calculations with

very large Coulomb interactions (U=10, V& =3.5) that
such a three-peak THG spectrum is obtained even when
all exact excited-state energies and dipole moments are
retained in the calculation ' (no double resonance occurs
here because "band" formation can occur because of the
very large Coulomb interaction). Very few of the experi-
mental THG spectra cover the entire frequency range of
interest and we are aware of only two experiments that
do so. Close examination of the THG spectrum obtained
for a polydiacetylene film by Kajzar and Messier indi-
cates not only the two resonances discussed by the au-
thors (at 1.907 and 1.35 pm), but also a weak (but dis-

TABLE V. The relative intensities of the 2Ag two-photon resonance, the 1B„ three-photon reso-

nance, and the nB„ three-photon resonance in THG, within the PPP-Ohno and the PPP-MN models

(see text). The relative intensity of the 2A~ two-photon resonance is an absolute upper limit (see text).

Parameter

PPP-Ohno
PPP-MN

I2 (2A )

0.2878
0.2838

I3 (1B„)

8.5349
7.3589

I,.(nB„)

1.1869
2.4775

I (nB„)/I (1B„)

0.1391
0.3367
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tinct) shoulder at 1.1 pm. We believe that the experimen-
tal THG spectrum here does indicate three resonances, as
discussed above. Note that the frequency range covered
here very clearly precludes the 1.35 pm resonance from
being a 2A two-photon resonance, since even in finite

chains the two-photon resonance to the 2A is consider-
ably weaker than the two-photon resonance to the m A,
which should appear at higher frequency. ' '" No such
signature of a stronger two-photon resonance at shorter
wavelengths is seen in the experiment of Kajzar and Mes-
sier, although the experimental data points go down to
about 0.8 pm in wavelength (up to about 1.55 eV in ener-

gy), and should have, therefore, found all two-photon
states up to 3.1 eV. The only choice is to assign the 1.35
pm resonance to the three-photon resonance to the nB„.
The same conclusion is reached from examination of the
very recent THG study of Hasegawa et al. , who have ex-
tended their study of the polydiacetylene blue film inves-
tigated earlier all the way to 1.7 eV. In addition to the
strong resonances at 0.65 and 0.8 eV, a weak structure is
seen at about 1.2 eV, but no other strong resonance is
seen at higher energies.

To summarize, we have presented detailed calculations
of intensities of TPA to A~ states occurring below the
1B„which indicate that in the ideal infinite chain such
states make negligible contribution to third-order optical
nonlinearity. Analysis of intensities of three-photon and
two-photon resonances in THG indicate that the 0.8-eV
resonance in the polydiacetylenes is a three-photon reso-
nance due to the conduction-band threshold and is not a
two-photon resonance. The success of the single-CI mod-
el of Abe et al. can be understood within this con-
text The s.ingle-CI approach misses the A states below
the optical exciton, but is able to capture the behavior of
higher-energy two-photon excitons and the conduction-
band threshold that dominate nonlinear optical behavior
in long chains. There does exist, however, one additional
difference between the single-CI model and our work.
We expect biexcitons above the m As in our model with

relatively large binding energies. These will be discussed
elsewhere.

We have restricted ourselves to Az states below the
18„ in the present work, but very similar cancellations
will also occur for many of the (but not all) A states that
occur above the 1B„but below the conduction band.
This has important implications for two-photon absorp-
tion experiments in aromatic conjugated polymers in
which the 2Az occurs above the IB„. Sharp TPA is
often found, and sometimes is assigned to the 2A .
We believe that the actual quantum number of the dom-
inant A state is uncertain, and may not necessarily be
two (in our theoretical work the quantum number m of
the dominant two-photon state ranges from two to a
chain length and correlation dependent saturation num-
ber' ). It is conceivable that the observed two-photon
states in these systems is a still higher A~ state, and TPA
to all lower A states (which are however above the 18„
in this case) are weak due to cancellations similar to that
described here. The situation could be thus very similar
to that in trans-polyacetylene, for which it has now be-
come clear that the two-photon resonance seen in THG is
not the 2A, even though this was assumed to be so in
the original paper. Finally, recent work by various au-
thors ' have emphasized the saturation behavior of the
nonresonant third-order optical nonlinearity in linear po-
lyenes as the chain length is increased. Our work here
presents a detailed mechanism of this saturation. With
increasing chain length, the contributions of the bulk of
the A~ states to the nonlinearity vanish because of the
cancellations described here, and, therefore, the non-
linearity is derived from a few dominant terms involving
the essential states. Once convergence in the energies of
these essential states and the transition dipole couplings
between them have been reached at a certain X, satura-
tion in the third-order nonlinearity is to be expected.
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