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Electron- and hole-hopping amplitudes in a diatomic molecule. III. p orbitals
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The dependence of electronic hopping amplitude between neighboring atoms on the charge oc-
cupation of the orbitals is studied here for the case of p orbitals. Three difFerent orientations of the
orbitals at the two atoms are considered: o, vr, and m', corresponding to an angle between the orbitals
and the line connecting the atoms of 0, 90, and 45, respectively. The Mulliken approximation is
found to hold accurately for the vr arrangement but not for the cr and vr' arrangements; as a con-
sequence in the latter cases the hopping amplitudes are found to vary with charge occupation even
if a single rigid orbital per atom is considered. When modification of atomic orbitals with charge
occupation is allowed for and intraatomic radial correlations are considered, the hopping amplitude
is found to vary with charge occupation in all three cases, becoming increasingly smaller as more
electrons are added. The dependence of our results on the ionic charge Z, and possible implications
for the understanding of superconductivity in high-T, oxides and fullerenes are discussed.

I. INTRODUCTION

This is the third in a series of papers where we
study the dependence of electronic hopping amplitude
between neighboring atoms on the charge occupation of
the atoms. In Refs. 1 and 2 (hereafter referred to as I and
II) this question was studied for the case of ls orbitals, in
the Hartree approxiination (I) and with inclusion of ra-
dial correlations (II). Here we consider the same question
for the case of 2p orbitals.

It was found in I and II that in a range of parameters
of physical interest the hopping amplitude for electrons
decreases as the atomic charge occupation (number of
electrons in the atom) increases. This finding could be
relevant to the understanding of superconductivity, as
discussed in I and references therein. It contradicts the
expectation that hopping amplitudes should increase
as the atomic charge occupation increases, due to the or-
bital expansion that occurs when an electron is added
to an atom which leads to increased overlap between or-
bitals at neighboring sites. Reasons for the failure of
this expectation are discussed in I and II. It also contra-
dicts the common assumption that no significant depen-
dence of electronic hopping amplitude with charge oc-
cupation exists, as embodied in the conventional single-
band Hubbard and related models.

It is important to extend our study to p orbitals, as
it is conceivable that the above described behavior could
be specific to ls orbitals. We will find that this is not
the case. Also, p orbitals are relevant to superconductors
of great current interest: oxygen 2p orbitals in high-T
oxides and carbon 2pvr orbitals in fullerenes are believed
to play a significant role in conduction. More generally,
p orbitals are involved in metallic conductivity in a wide
range of substances.

We consider here diatomic molecules with atomic 2p
Slater orbitals, given by

n = Z/2. (2)

Two electrons in such an orbital experience a repulsion
given by (we use atomic units with energy measured in
Rydbergs)

d rd r'a (r)a (r')
501
640

which will be lowered if the orbital exponent o. decreases.
The single-particle energy, however,

increases in that case, and the energy is minimized for
an orbital exponent

501
2560

We can do even better by allowing for radial correlations
between the two electrons in the atom through the Eckart
wave function

ai(ri)+2(r2) + +2(rl)&1(r2)
[2(l+ 8 )j ~

with a; the Slater orbital Eq. (1) with orbital exponent
o, The energy is minimized by choosing rather difFerent
values for o.~ and o.2. For Z = 2, the result is o.I ——1.0642,

( s~ 1/2

a (r) =
(

—
(

r cosgek~)
with r the coordinate relative to atom a. For a single
electron in such an orbital in the presence of ionic charge
Z the lowest energy state occurs for
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FIG. 1. Orbital exponents for a single electron in a p orbital
(Z/2, dotted line) and for two electrons within the Hartree
approximation (a, dashed line) and allowing for radial corre-
lations (aI and n2, solid lines), versus ionic charge Z.

o.q ——0.5381. The energy in this case is E = —1.322, lower
than the one with a single exponent n, E = —1.294 (as
well as the one with cr = Z/2, E = —1.217).

Figure 1 shows the orbital exponents for the three cases
discussed above as a function of ionic charge Z. The be-
havior is remarkably similar to what was found in the
case of 8 orbitals: when allowing for radial correlations,
one of the exponents remains very close to the one ap-
propiate to the single electron (Z/2 in this case) and the
other one is substantially reduced. The effective repul-
sion between the two electrons in the orbital,

V., = E(2) + E(O) —2E(1)

[with E(n) the energy of the atom with n electrons], is
reduced as the two-electron wave function is modified to
lower the energy. Figure 2 shows U & versus ionic charge
Z for the three cases.

We consider three different arrangements of the p or-
bitals in the molecule, as shown in Fig. 3. The vr arrange-
ment is relevant for example for the 2pvr electrons in C60.
It would also be relevant to high-T oxides if conduction

20

15

FIG. 3. Three different arrangements of the p orbitals at
neighboring atoms. We plot contours where the wave function
has an amplitude of 0.2, 0.4, 0.6, and 0.8 of its maximum
value.

in the planes occurred through carriers in the oxygen p
orbitals, which is however unlikely. The vr' arrangement
is relevant to high-T oxides if conduction occurs in the
planes through the 0 orbitals that are perpendicular to
the Cu-0 bonds (usually termed "oxygen p7r" orbitals
also), as suggested by some authors. Finally, the cr ar-
rangement would be relevant to high-T oxides if a ro-
tation of oxygen planar p orbitals occurred so that they
point along the line connecting two oxygens, as suggested
by Abrikosov and Falcovskii.

II. CALCULATION

We use the method discussed in I and II to calculate
the hopping amplitudes for the cases of one, two, and
three electrons in the molecule. Because the Hamiltonian
matrix elements become rather complicated for Slater
p orbitals we use a Gaussian representation instead.
Each Slater orbital is represented as a sum of Gaussian
functions:

)
0)

10

K
a (r) = ) dA, »„(a'cry, r.),

k=1

with
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FIG. 2. Eifective repulsion [Eq. (8)] for two electrons in a
p orbital with no orbital relaxation (dotted line), within the
Hartree approximation (dashed line), and allowing for radial
correlations (solid line).

/'128~' )"»(~~r)=l r cos l9e
mrs

(9b)

We used the coeKcients dk and exponents o.k given by
Hehre et al. with K = 6, which give an accurate repre-
sentation of the Slater orbitals. Formulas for overlaps and
the Hamiltonian matrix element between Gaussian or-
bitals are given by Saunders. Comparison of all Hamil-



48 ELECTRON- AND HOLE-HOPPING. . . . III. 9817

tonian matrix elements and overlaps with the ones ob-
tained by Kopineck and Kotani et al. using Slater
orbitals for the o and vr orientations yielded agreement
to better than 0.1'%%uc for interatomic distances between 1
and 7 atomic units [see Fig. 4(a) for an example]. As a
further check on our program, we repeated the calcula-
tions of I and II using the Gaussian representation of 1s
functions given by Hehre et al. (with K = 6) and found
excellent agreement for interatomic distances up to 10
atomic units.

A general matrix element of the Coulomb interaction
between electrons is given by

2
( I~la/

~
dc) c= f dvgdvca(cv)I(vc) ( yc)dc( ).cc

rl r2

III. RESULTS

4 I I

I
I I I I

I

I I I I
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I I I
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We next present the results obtained for the hopping
amplitudes when the atomic wave function for two elec-
trons is of the Eckart form Eq. (6), with exponents opti-
mized for the isolated atom. We have not attempted to
optimize the exponents separately for each interatomic
separation; for the cases studied in I and II, such opti-

In Fig. 4 we plot the hybrid matrix element 0

At' = (aal1/rlab)

(a and b are Slater orbitals centered at the two atoms,
with orbital exponent n = Z/2) versus interatomic dis-
tance, as well as the quantity S(U+ V)/2, with

-2
0

6

4 6
R (a.u. )

I l I I I I

10

s = (a, b), (12a)
5—

U = (aall/rica), (12b) 4—

v = (abll/rlab). (12c)
2—

It can be seen that the hybrid matrix element is rather
large for intermediate interatomic distances (relevant to
solids) . The Mulliken approximationis

At' - —(U+ V)
2

0
0 4 6

R (a.u. )

10

is seen to hold rather accurately for the vr arrangement
but not for the o. and m' arrangements. As shown in I if
the orbitals do not change with electronic occupation the
difference in hopping amplitudes for the different cases is

Here, t, is the hopping amplitude for an electron when
there are i other electrons at the orbitals involved. There-
fore, we expect a positive At even for fixed orbitals for
the arrangements o and m'. This is in contrast to the
results for the case of 18 orbitals ' where the Mulliken
approximation was accurately satisfied, similarly to the
case of m orbitals here. We do not have a simple explana-
tion for why the Mulliken approximation holds accurately
in some cases and not in others.

Figure 5 shows the hopping amplitudes for the three
cases assuming fixed orbital exponents for all orbitals,
n = Z/2. As expected, we find an appreciable difFerence
in hopping amplitudes for the cases of cr and vr' orbitals
at intermediate separations.

p
0 2 4 6 8

R (a.u ~ )

10

FIG. 4. Comparison of bare hybrid matrix element At
[Eq. (11)] (solid lines) with the form given by the Mulliken
approximation Eq. (13) (dashed lines) for (a) IT, (b) vr, and

(c) m' arrangements (see Fig. 3). R denotes the distance
between the two atoms. Z = 2. In (a) we also show results
for At (open squares) and S(U + V)/2 (crosses) using the
Slater orbital integral expressions (Ref. 14) to illustrate the
accuracy of the Gaussian representation.



9818 J. E. HIRSCH 48

6 I I I I

I

I I I I

I

I I I I

Z=2
0((=1, 0(p =1

mization did not have a large eKect except at small in-
teratomic distances. Results for the case of the Hartree
atomic wave function, with exponent given by Eq. (5),
will not be presented; it is generally found that they are
in between those found with the more accurate Eckart
wave function and with the fixed exponents n; = Z/2.

Figure 6 shows hopping amplitudes versus interatomic
distance for Z = 2 and the three arrangements con-
sidered. In all cases, it can be seen that the hop-
ping amplitude for a single hole (t2) is smaller than for
two holes (ti), which is the situation favorable to hole

superconductivity. Surprisingly, we And that for the
o arrangement the parameter Lt = tq —t2 is reduced
when modification of the atomic orbital is allowed [com-
pare Figs. 5(a) and 6(a)] at intermediate interatomic dis-.
tances, contrary to what was found for the case of 8
orbitals. ' For the a and vr' arrangements instead modi6-
cation of the atomic wave function can be seen to enhance
At, similarly to what occurred in the case of 8 orbitals.

Next we consider the effect of changing the ionic charge
Z. Figures 7, 8, and. 9 show the efFect of varying Z in
the o, vr, and vr' arrangements respectively. In all cases
the hopping amplitudes, and in particular the single-hole
hopping amplitude t2, become substantially smaller as Z
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FIG. 5. Hopping amplitudes t, for an electron when there
are i other electrons in the orbitals versus interatomic dis-
tance, for Z = 2 and fixed orbital exponents ni = n2 = Z/2.
(a) cr, (b) vr, and (c) vr' arrangements. In this and the following
figures, the solid, dash-dotted, and dashed lines correspond to
to, ti, and t2 respectively.
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FIG. 6. Hopping amplitudes versus interatomic distance
for the three arrangements considered and Z = 2. In this
and the following figures the orbital exponents used are the
optimal atomic ones with the Eckart wave function.
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decreases at small and intermediate B. The single-hole
hopping amplitude t2 only becomes larger than tq for
the largest Z at large B. The behavior of the hopping
amplitudes in the 0 case, Fig. 7, is rather anomalous
as the difference Lt decreases substantially as the ionic
charge decreases. In the other cases, Lt remains large
and in particular becomes much larger than t2 as the ionic

~ o ]7charge decreases, which favors hole superconductzvsty,
similarly to what was found in the case of 8 orbitals. '

It is interesting to note that the hopping amplitudes in
the vr' geometry are not simply given by a linear combina-
tion of the hopping amplitudes in the o and a geometries,
as might have been expected. This is because the orbitals
at the difFerent atoms are not orthogonal. To illustrate
this point Fig. 9(b) shows the average of o and vr hop-

ping amplitudes as dotted lines. Although they join the
hopping amplitudes in the vr' geometry at large B, they
are generally larger at small B. Thus, estimating the
hopping amplitudes in the vr' geometry from the average
of hopping amplitudes in the 0 and vr geometries would
overestimate the hoppings, particularly t2, and underes-
timate the value of At = tq —t2 over a wide rangle of
B. This range however decreases as the ionic charge Z
increases.

It was assumed in our work on hole super-
conductivity that the ratio At/t2 was approximately
independent of interatomic distance. To test this, we
plot in Fig. 10 this ratio for the three arrangements and
various values of Z. It can be seen that the assumption
is not satisfied in the case of 0 orbitals but holds rather
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FIG. 7. Hopping amplitudes versus interatomic distance
for po orbitals for three different values of the ionic charge.

FIG. 8. Hopping amplitudes versus interatomic distance
for per orbitals for three different values of the ionic charge.
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superconductivity. We assume an interatomic distance
B = 5.25 a.u. , appropriate to the planar 0-0 distance
in the cuprates, and use the weak coupling form of the
T equation which is accurate except for very low hole
density.

In the absence of nearest-neighbor Coulomb repulsion
superconductivity is obtained in the entire range of ionic
charge 1.1 ( Z ( 2 using the atomic value of U (Fig.
2) and the values of tp and At calculated in the previous
section, with a maximum T of 588 K at Z = 1.5. Al-
though the oxygen-oxygen Coulomb repulsion has been
estimated by some authors to be negligible, a nonzero
value should be included in our calculation as it has a
large eÃect in suppressing T . The maximum value of

I I I
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I I f I

I
I I I I

2.0—

1.5 2.5
Z

I I I I I I

FIG. 12. Hole hopping amplitude tq and At versus ionic
charge for the vr arrangement and interatomic distance
R = 2.65 a.u.

nearest-neighbor repulsion that still allows for supercon-
ductivity in our model is given by
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(z is the number of nearest neighbors, 4 in the present
case). Using the atomic values of U and the calculated
values of tq and Lt the maximum nearest-neighbor repul-
sion allowed is shown in Fig. 13 (solid line). We also show
the maximum V allowed under the assumption that the
intraatomic repulsion in the solid state has been reduced
to 3/4 of its atomic value.

The values of interatomic repulsion thus obtained are
admittedly small (less than 1 eV) but consistent with var-
ious estimates of this quantity in high-T~ oxides. ' The
bare value of V for two point charges at this distance is
5.2 eV, and the Coulomb matrix element with the actual
wave functions Eq. (12c) ranges between V = 4.8 eV
and 6.0 eV for Z between 1 and 2. Reduction to values
below those shown in Fig. 13 thus requires a dielectric
constant e of 10 or larger. This is however not unrealis-
tic given for example that the dielectric constant in the
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FIG. 11. Hole hopping amplitude t~ and At = t~ —tq ver-
sus ionic charge for the various arrangements and interatomic
distance R = 5.25 a.u.

FIG. 13. Maximum nearest-neighbor repulsion in the pres-
ence of which superconductivity can occur in the dilute hole
concentration regime for intraatomic repulsion given by the
atomic value Eq. (3) (solid line) and 3/4 of that value (dashed
line). R = 5.25 a.u. , vr' geometry.
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their orbits as they become more bound: Their effective
Z is increased by 0.35. That is, the binding energy should
be estimated as

z' (z + 0.35)'
Eb —— —7 + 6 Ry,n n (19)

V. CONCLUSION

We have studied hopping amplitudes for one, two, and
three electrons in p orbitals for various geometries and ef-
fective ionic charges. The qualitative trends found here,
particularly for the vr and a' geometries, are very simi-
lar to what was found in I and II for the case of 18 or-
bitals: The hopping amplitude for holes is smaller than
the one for electrons (i.e. , At ) 0) if the ionic charge
and interatomic distance is not too large. As the ef-
fective ionic charge decreases the range of interatomic
distances where Lt ) 0 increases; furthermore the hole-
hopping amplitude t2 decreases and the ratio of At and
t2 increases, which is the situation that favors hole super-
conductivity. For large effective ionic charge the hopping
amplitude for electrons is found to be slightly smaller
than the one for holes for not too small B; however
the difference in hopping amplitudes is so small that it
does not seem plausible to assume that electron (as op-
posed to hole) pairing would be significantly enhanced
through this mechanism. It was also found, as in I and
II, that the difference in hopping amplitudes increases as
the calculation becomes more accurate, from assuming
fixed atomic orbitals to allowing for change in the orbital

which leads for Z = 4.20 to Eb ——2.5 eV, not too far
Rom the exact value [taking Z = 4.46 in Eq. (19) would
yield the exact value]. In other words, the modification
of the states of all other electrons with quantum number
n = 2 is essential to understand the observed value of the
binding energy. A similar effect is likely to occur for the
hopping amplitudes.

A similar argument can be made based on the value of
the effective intraatomic repulsion U t. From the Slater
value Eq. (16) for the effective ionic charge and Fig. 2
one would conclude that U q is larger than 20 eV. This
is however certainly not the case, and estimates of this
quantity range between 5 and 10 eV and sometimes even
smaller. ' From Fig. 2 this would indicate an effective
Z between 1 and 2. Once again the reduction in U q

may be understood as arising from the modification of
the orbitals of all the other electrons with n = 2.

In summary we conclude that taking into account the
modification of the states of all electrons with n = 2
as well as correlations between those electrons and the
electrons in the orbital under consideration will likely
significantly reduce the effective Z from its maximum
estimated value Eq. (16), possibly bringing it closer to
the estimate Eq. (18). Unfortunately it does not seem
possible to reliably estimate the amount of the reduction
without a detailed calculation.

in the Hartree approximation to including radial correla-
tions. The similarity of these findings for 8 and p orbitals
leads us to conjecture that they may be rather general.

There were however some findings that were differ-
ent than for the case of 18 orbitals: For the case of po.
orbitals, lowering the ionic charge did not create more
favorable conditions for hole superconductivity. In fact
the difference in hopping amplitudes never became larger
than the hole hopping amplitude. Within the point of
view of Ref. (19) this finding suggests that conduction
through po orbital may generally not be conducive to su-
perconductivity. Also for the a' geometry it was found
that if the effective ionic charge becomes too small su-
perconductivity is suppressed, in contrast to the results
for 18 orbitals.

Another surprising finding was that the Mulliken ap-
proximation fared rather badly both for the cases of 0
and vr' geometries. In those cases an appreciable dif-
ference in hopping amplitudes exists at intermediate dis-
tances even when considering fixed atomic orbitals. There
is however reason to believe, based on considerations in-
volving the conductivity sum rule, that the effect of
orbital relaxation is essential in bringing about hole su-
perconductivity.

In the vr geometry at the short distances appropiate to
the C-C vr bond it was found that Lt is appreciable in a
wide range of effective ionic charge. This indicates that it
could play an important role in the superconductivity of
fullerenes. This possibility has apparently recently been
suggested by Campbell. 28

For the geometry appropriate to oxygen orbitals in
high-T, oxides, it was found that superconductivity could
be explained solely due to the difference in hopping am-
plitudes if the effective ionic charge is in a range around
Z = 1.5. Arguments were given to the effect that the
effective Z is likely to be much smaller than the value
given by Slater's rules (Z = 4.20), due to the fact that
we did not take into account the other electrons in the
n = 2 shell in the treatment in this paper. Because many
observed properties of high-T oxides resemble those re-
sulting from a model where superconductivity results due
to the difference in hopping amplitudes we conjec-
ture that indeed the appropiate value of Z within the
framework of the present paper is in the above mentioned
range. To obtain a reliable estimate of the magnitude of
Lt in high-T oxides however would appear to require to
take into account the modification of the orbitals of all
electrons in the n = 2 oxygen shells in the hopping pro-
cess. Future calculations should be able to shed further
light on this point.
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