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It is shown that the usual three-center cation-anion-cation model or fourth-order pertrubation expres-
sion (in the Cu-0 hopping parameter t~d) does not give a useful (even qualitative) estimate for the su-

perexchange J, even though, by coincidence, it predicts a magnitude that is reasonable. There are two
additional contributions, both due to the oxygen-oxygen hopping t», which are estimated to be responsi-
ble for about —, of the total exchange interaction. The first causes a strong enhancement of the usual

fourth-order J and is conventional in the sense that it goes like 1/U for a large on-site Coulomb interac-
tion U on copper and oxygen, and is always antiferromagnetic (AFM). Its importance is due to a large
prefactor in the perturbation series in t»/6, where 6 is the charge-transfer energy. The second AFM
term is of a topological nature in the sense that its sign is determined by the signs of the different hop-
ping parameters and the arrangement of the Cu and 0 sites in the Cu02 planes. This term does not in-
volve doubly occupied sites, and is a consequence of the extra degrees of freedom formed by the oxygen
2p orbitals. Starting from the three-band model, these two effects are examined by means of fifth-order
perturbation theory and perturbation theory that involves oxygen bands explicitly. The results are com-
pared with numerical estimates ofJ from finite-size clusters.

I. INTRODUCTION

One of the main problems in understanding the
normal-state as well as the superconducting properties of
the cuprate high-T, superconductors and their
stoichiometric parent compounds is the presence of
strong antiferromagnetic couplings between the spins,
which are a consequence of the strong Coulomb interac-
tions on the Cu sites. These interactions cause the un-
doped materials, such as La2Cu04, to be insulators of the
charge-transfer type, with a surprisingly strong superex-
change interaction between the predominantly Cu spins.
Measurements show that these strong spin interactions
are still present in the doped superconducting materials.
These observations have led to the proposal of attractive
interactions between strongly renormalized charge car-
riers caused by the spin background or even a breakdown
of Fermi-liquid theory. '

The two-dimensional Heisenberg model seems to give a
consistent description of the (low-energy) excitation spec-
trum of the insulating La2Cu04 compound. ' The Ham-
iltonian is given by

H=J $ S;Si.

tions, such as next-nearest-neighbor interactions, are
thought to be small, although some authors claim that
four-site spin interactions are of importance. '

Our starting point will be the three-band model, intro-
duced by Emery shortly after the discovery of the high-
T, compounds. " An important parameter in this model
is the direct oxygen-oxygen hopping t . Band-structure
calculations' predict this value to be large (t~~=t~d I2,
where t d is the Cu-0 hybridization matrix element be-
tween the Cu d, , and an oxygen p orbital). This isx —y
consistent with an oxygen bandwidth of around 4—5 eV
as seen in various high-energy spectroscopy experiments.
For the low-energy excitation spectrum of the insulator
and for estimating J, the other 3d bands are not hkely to
be of much importance. Comparison of a calculation of J
for a Cu207 cluster for the three-band model with param-
eter values listed in Ref. 10 give a difference in J of no
more than 1.5%%uo as compared with the result for a calcu-
lation which includes all Ave 3d orbitals on Cu with its
full 3d multiplet structure, as well as all three 0 2p orbit-
als with its 2p multiplet structure. ' '

Starting from the three-band Emery model, one obtains
the following expression for the superexchange in fourth
order:

Measurements of the spin-wave velocity and the tempera-
ture dependence of the correlation length interpreted in
terms of this model are in good agreement with each oth-
er and with a moment analysis of the Raman B& spec-
trum, and all lead to a value for J of about 0.13 eV.
The situation concerning the measured magnetic moment
is less clear. To understand other experimental data,
such as the staggered magnetization and susceptibility, a
weak interlayer coupling J' «J as well as a
0zyaloshinskii-Moriya spin-spin interaction are intro-
duced in addition to Eq. (1). Longer-range spin interac-

4td 1 2e
Ud 2b+ U,

Here Ud, U~, and U~d represent the on-site interaction on

Cu, 0, and the intersite Coulomb interaction between Cu

and 0 holes, respectively. 5 is the charge-transfer energy

or the energy difference between the Cu 3d and 0 2p lev-

els. Since this expression involves only two neighboring

Cu sites and their intermediate oxygen, it is equivalent to
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the three-center cation-anion-cation model expanded to
fourth order. This formula is often used to estimate the
superexchange from the parameters in the three-band
model or to estimate an unknown parameter in the
three-band model using the measured value of J. Note
that this fourth-order expression for the superexchange
does not depend on the O-O hopping term t, despite its
presence in the original Hamiltonian [Eq. (6), next sec-
tion].

In this paper we will show that expression (2) is inade-
quate. We point out that for realistic values of the pa-
rameters in the cuprates, the perturbation expansion is
slowly convergent and therefore expression (2) oueresti
mates J. However, as we will show later, expression (2)
strongly underestimates J, since it neglects the effects of
t . These two eff'ects cancel each other for a large part.pp
It is therefore a coincidence that the fourth-order expres-
sion (2) gives a reasonable estimate of the superexchange.

The purpose of this paper is to identify the different
contributions to the superexchange, starting from a gen-
eral three-band model, and not in the first place to find a
realistic estimate. In the literature there have been vari-
ous estimates of J using exact cluster results. ' ' Of
course, these calculations do not suffer from the above-
mentioned problems of the fourth-order expression.
However, they do not give a real insight into which
different contributions are responsible for the unusually
large J value experimentally observed.

Both Eq. (2) and the original superexchange theory of
Anderson' (giving J =4t /U) have the common feature
that the spin interaction goes as 1/U. However, we will
show that for the three-band model the exchange does
not vanish if both Ud and U ~~. The remaining in-
teraction is in fact quite large and contributes a substan-
tial portion of the total exchange.

The paper is organized in the following way. In the
next section, we will briefly review the derivation of the
fourth-order expression (2). In Sec. III we will extend
this formula up to fifth order, in which both effects men-
tioned above will begin to occur. In Sec. IV we consider
a set of Cu atoms coupling to an oxygen band (neglecting
the interactions U ). In this way we arrive at an expres-
sion for J which is fourth order in t d, but contains the
effect of t up to infinite order. The above approaches

pp
serve to clarify the different contributions to J and the
importance of tpp but are not appropriate for making an
actual estimate of the superexchange interaction. In Sec.
V we will more quantitatively address the relative impor-
tance of the different contributions to J by numerically
solving clusters containing two Cu sites.

II. THREE-CENTER
CATION-ANION-CATION MODEL

In this section we will brieAy review superexchange in-
teractions and in particular the derivation of the fourth-
order expression for the three-band model.

A theory for superexchange interactions between metal
ions in a nonmagnetic host was developed in 1959 by An-
derson' (for a review, see Ref. 18). His starting point is
the k-dependent band structure of the system. If the

bands of mainly metal character are narrow, it is a better
starting point to Fourier transform these running waves
to real-space Wannier functions centered on the metal
sites and in zeroth order neglect the hopping between
them.

If the repulsion U between two electrons (holes) in the
same Wannier state is much larger than the hopping b,
between neighboring Wannier states, charge fluctuations
will be strongly reduced and a gap will open up in the
one-particle spectrum. Virtual hopping of particles to
neighboring Wannier orbitals will lift the remaining spin
degeneracy and give rise to a superexchange interaction
which is second order in b;

The above reasoning leads to a single-band Hubbard
model

H=g b; wt w +Urn, &n;t.
l,J, O'

(3)

0

2b, 2

2bi 2

U

—(wi tw2 $+w2 twl
and

1—(w~ tw~ t+w2 tw2 t )~vac) .

The remaining states form a triplet of zero energy. The
superexchange is simply the energy difference between
the triplet and lowest singlet state, giving

4b; .

J,

in second order.
This kinetic exchange is always antiferrornagnetic and

is due to the extra phase space which lowers the energy of
the singlet state relative to the triplet state. Note that
this procedure is different from a perturbation approach
which starts from atomic (3d) orbitals. The Wannier or-
bitals w; obtained in this way can and will be of substan-
tial host character, and the energy will be lowered consid-
erably as compared to the energy of the (embedded)
atomic orbitals. Thus most of the metal-host hybridiza-
tion is already contained in the orbitals w, , and in this
sense the approach is superior with respect to atomic per-
turbation theory. In the case of copper oxides, this
means roughly that w; =ad, . +PP;, where d annihi-
lates holes in atomic d 2 2 orbitals and P annihilates
holes in 0 2p orbitals of d 2 & symmetry centered

X

around the same Cu atom.
The active component in the cuprate materials are

planes made out of CuOz unit cells forming a square lat-
tice. The three-band model, describing the Cu 3d 2x —y
and the two oxygen p orbitals, is given by"

Because the exchange interaction occurs in second order,
we can consider two neighboring sites, say, sites 1 and 2.
The 2X2 Hamilton matrix and corresponding singlet
states are
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II=ez gd; d; +(ez+b) gp; p; + g t, (d, p +.H. c. )+ g t (p; . p +H. c. )
(i,j )o

+Uqgd, td, td;)d, )+U gp;tp;tp;gp;g+Uq g d; d; p~ p~ (6)

where p annihilates holes in one of the two 0 2p orbit-
als. t describes the Cu-0 hopping and is equal to +t d,
the sign depending on the relative phase of the overlap-
ping d 2 2 and 2p lobes. t' describes nearest-neighborx —y0-0 hopping and is equal to +t . The other terms de-
scribe the on-site repulsion between two Cu holes, two 0
holes, and the intersite repulsion between a hole on Cu
and a hole on a nearest-neighbor oxygen, respectively.
The above Hamiltonian will be our starting point for the
rest of this paper. Note that the d and p labels refer to
effective orbitals, and for instance the p orbital will in
reality have a considerable component of Cu 4s,p charac-
ter. We remark that although Eq. (6) is thought to give a
rather accurate description of the states around the
chemical potential, many approximations have been
made that could be of importance for the exchange in-

teraction. For instance, explicit electron-hole excitations
(Cu 4sp bands) are absent in Eq. (6), the inclusion of other
oxygen 2p orbitals as well as the 4sp bands will modify
the oxygen-band energies, and all intersite Coulomb and
exchange matrix elements (except for U~z) are neglected
in the above equation.

The fourth-order expression for J (Refs. 15 and 21 —24)
can be derived using canonical perturbation theory or
Rayleigh-Schrodinger perturbation theory. Since
four hops involve only two neighboring Cu sites and the
intermediate oxygen, we can derive the expression from a
Cu20 cluster (three-center cation-anion-cation model).
Starting from two holes localized on the two coppers (d,
and d2), we can generate the other states by applying the
hopping part of the Hamiltonian [Eq. (6)]. The singlet
Hamilton matrix and corresponding states are

0 &2t~
&2t ~ b+U„

2t d

&2t,~

2I; d

U +2k
Ud

and

—(di td2 g+d2 td, g )lvac),t t t

—,(ptd~ t+di tpg+ptd) g+d2 tpg) vac),

—(d»d»+d2 &d2 ~) vac),

whereas for the triplet we get

0 &2t„
&2tpg b, + U ~

—(d, td2 )
—d2 td, g)lvac),

—,'(p tdq ~+di tp ~
—p ddt& ~

—dt2tpt~ )~vac) .

Again, the difference between singlet and triplet is just
the doubly occupied configurations, with energies Ud and
Up Expanding the two ground-state energies to fourth
order gives Eq. (2). Of course, one does not have to ap-
proximate J up to fourth order, but one can find J direct-
ly as the energy difference of the ground states obtained
by solving the singlet and triplet matrices numerically.

The first term in Eq. (2) can be understood with the
original superexchange theory, ' where t~zl(b, +U~z) is
identified as the perturbation-theory estimate of the hop-
ping b between the Wannier orbitals m, and the on-site
repulsion is = U. The second term was derived by
Geertsma ' and involves an intermediate state with two

holes on oxygen. This extra term can be neglected in the
extreme Mott-Hubbard case (6))U), but is important
for charge-transfer insulators ( U ) b, ). Zaanen and
Sawatzky have shown that the full expression [Eq. (2)]
leads to a trend in the Neel temperature of the
transition-metal monoxides series from Mn to Ni which
is consistent with experiment, improving on Anderson's
original results based on the first term only.

Stechel and Jennison' argued that the exchange part
of the Cu-0 interaction U z is important and gives rise to
a ferromagnet correction' to Eq. (2). This ferromagnetic
term is second order in the hopping. Calling the intersite
exchange integral K and neglecting doubly occupied
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configurations, the singlet matrix and corresponding
states are given by

0

Q+U &
IC—

1=(d, td, t+d2 tdt t)lvac&,
, v'2

—'(ptdz t+d~ tpt+ptdi t+dz, tpt)lva

whereas for the triplets we get

0 v'2r ~

&2r,„a+V„+~

—(d& tdz t
—dz td»)lvac&,

—,(ptd2 t+d~ tpt ptd~ t d2, tpt)lvac& .1

(10)

The energy difference between the two ground-state ener-
gies gives a ferromagnetic exchange interaction

4t ~J=- K.
(b, +U „)

For K = —0.22 eV as estimated by Stechel and Jennison,
this is a large correction and should be included in a real-
istic estimate of J.

Ho contains all on-site and Coulomb interactions in Eq.
(6) (H =Ho+ V), and Ec( =0) is the energy of the ground
manifold when V =0. In the equation use is made of the
fact that PVP gives a zero value since the perturbation V,
equivalent to the t &, t hopping parts of the three-band
Hamiltonian, will only create excited states when operat-
ing on a state in the ground manifold.

The fifth-order calculation is simplified by the follow-
ing observations.

(1) Up to fifth order there are only interactions occur-
ring between nearest-neighbor Cu spins; i.e., the effective
Hamiltonian will be of the form given by Eq. (1).

(2) Most graphs resulting from Eq. (13) simply add a
constant self-energy term to Eq. (1) by lowering the ener-
gy of the d orbital by the hybridization with the p states.
The only remaining interaction terms are of the form

dtdt d d, (14)
&i,j),o

where j is a nearest neighbor of i. The prefactor for this
term determines the value of J.

(3) In the last three terms in Eq. (13), one of the inter-
mediate states coincides with a member of the ground
manifold. Since the largest of the two product members
in these terms is only third order, these terms do not con-
tribute to the exchange interaction, but only add a con-
stant energy term to the effective Hamiltonian.

The exchange contributions up to fifth order can be di-
vided in five categories, as depicted in Fig. 1. The

0
III. FIFTH-ORDER RAYI.KIGH-SCHRODINGER

PERTURBATION THEORY

In this section we will show that both corrections men-
tioned in the Introduction first occur in fifth-order in per-
turbation theory. We will use the Rayleigh-Schrodinger
(RS) (Ref. 29) formulation of perturbation theory, which
leads to an e8'ective Hamiltonian operating in the (spin-
degenerate) space of one hole per copper.

The zeroth-order wave functions (2 -fold-degenerate
ground manifold) are

2G

(b)

(12)

where the product ranges over Cu-site indices. The RS
effective Hamiltonian for this set of states, up to fifth or-
der, is given by

H ~=PVR VP +PVR VR VP
0

Sa

0
(e)

+PVR VR VR VP —PVR VPVR VP

+PVR VR VR VR VP —PVR VR VP VR VP

PVR 2 VR VP VR VP PVR—VP VR VR VP, (13)—

where P is the projection operator projecting on the
ground manifold [Eq. (12)] and R =(1 P)l(Ec Hc). — —

FIG. 1. Graphs of different types contributing to the (a), (b)
fourth-order and (c), (d), (e) fifth-order exchange. Large circles
represent oxygen, small circles copper. The numbers refer to
the order in which the hoppings, represented by arrows, occur.
a. and o. represent the spin of the transferred particle. Graph (c)
leads to an enhancement of the Uz channel [graph (a)], graph (d)
of the U channel [graph (b)]. Ciraph (e) leads to the "coherent*'
contribution and does not have a fourth-order counterpart.
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X ( tp„.pk d( )
1

a+ U,„

X (t gd( pk ) ( t qpk d, )P—

4t, 4t
d,~ d~ dI d.

)3U ~ ~ ~ l, (T (~ l, n
py y (i I& o

(15)

Here i and l denote the left and right Cu sites, respective-
ly, j is a corner oxygen, and k is the central oxygen site.
In the final answer, there is a factor of 2 due to the sum-
mation over j and a factor of 2 due to the summation
over neighboring pairs. Note that the parameters t & and
t~~ are positive (by definition). Besides the graph shown
in Fig. 1(c), there are three other graphs, two of which
are somewhat different from this one. The difference lies
in the order in which the steps occur, giving rise to
different intermediate energies.

Summing all possible graphs up to fifth order (contain-
ing the fourth-order result) gives the following result for
the superexchange interaction J:

fourth-order graphs are shown in Figs. 1(a) and l(b). Fig-
ure 1(a) involves a doubly occupied Cu site as an inter-
mediate state and leads to the first term in Eq. (2). Figure
1(b) involves doubly occupied oxygen sites and is respon-
sible for the second term in Eq. (2). Note that in Fig. 1(b)
the numbers 3 and 4 can be interchanged without
affecting the end result, while this is not the case in Fig.
1(a). This is the reason for the extra factor of 2 in the
numerator of the second term in Eq. (2).

The fifth-order exchange terms [Eq. {14)] all involve
four tp& hops and one tpp hop. They can be divided in
three categories. Figure 1(c) involves again a doubly oc-
cupied Cu site and can be compared with Fig. 1(a). Fig-
ure 1(d) is similar to Fig. 1(b) and involves a doubly occu-
pied central oxygen site. What is important here is the
number of occurrences of the different graphs in the per-
turbation series. If the first hop always involves the Cu
site on the left, then Figs. 1(a)—1(d) have multiplicities 1,
2, 8, and 16, respectively. The large multiplicity of the
last two graphs demonstrates the importance of the, oxy-
gen hopping.

The last graph [Fig. 1(e)] does not have a correspond-
ing counterpart in fourth order. This graph does not in-
volve doubly occupied sites at all, and therefore the ener-
gy expression for this process does not involve U& or U .
However, it does give rise to a contribution to the su-
perexchange, which turns out to be antiferromagnetic.

As an example, we will calculate the contribution from
Fig. 1(c) in detail. The term of interest in Eq.(13) is the
first fifth-order term PVRVRVRVRVP. Using expres-
sions for V, R, and Ho, the expression can be written
down by inspection:

—1
H,(r=P g (t„„d, p, ) {t~ppj pk )

J=J' '+J' '

4t4„

(~+ Upd )2 Ud

pp + pp
4t 4t

5+U g 6+2U~

4t St p

26+ U 6+U ~ 2A+U ~

+ St
pp

(6+2U q){2k+ U q)
(16)

It is easily verified that we recover the fourth-order result
[Eq. (2)] when the t terms are omitted. Thus the terms
between the round brackets represent enhancements due
to the fifth-order processes. If one sets U &=0, this
enhancement factor is (1+8t /b, ). For b, =3.5 eV and

tpp 0.65 eV, ' this term is =2. 5 . Thus tpp gives rise to a
large enhancement of the superexchange.

The last term in Eq. (16) corresponds to graphs of the
form displayed in Fig. 1(e). This contribution will not
vanish if both U& and U ~~. However, the sign of t
will determine the sign of the superexchange when
U&, U ~~. This is contrary to the other fifth-order
contributions, which will inhuence the size, but not the
sign of J. Using reasonable parameters, ' one can esti-
mate the different contributions in Eq. (16). For
U&=8. 8, b, =3.5, t &=1.3, t =0.65, and U =6 (all in
eV), one finds for the fourth-order exchange interaction
J'4'=0. 25. The last term in Eq. (16) adds =0.20 eV to
this and the total fifth order J=O.S2 eV. Thus the
fourth-order term accounts for less than a third of the to-
tal exchange for these parameters, and the "topological"
contribution is almost as large as the fourth-order term
itself. The very large value of J found here, as compared
to the experimental value of =0.13 eV, demonstrates the
breakdown of perturbation theory for realistic parame-
ters.

IV. OXYGEN-BAND PKRTURBATIDN APPROACH

E, o' k, n, o

+ U~ g d; td; td, (d; i,
V= g I V;k „d,t pk„+H. c. j .

i, k, n, o.

(17)

The first and third terms describe the local 3d orbitals
and their on-site repulsion, as before. The second term
describes two oxygen bands with band index n(= I 1,2] ),
Bloch momentum k, and energy ck „.The perturbation V

In the previous section, we showed that the oxygen
hopping is crucial in order to understand the magnitude
as well as the different contributions to the superex-
change interaction. The fifth-order expression is, howev-
er, only first order in t . If one sets U and U& both
equal to zero, the effect of t can be incorporated in all
orders. We can then rewrite Hamiltonian [Eq. (6)] in the
form

HO=Sg g d( nd(, ~+ g Sk, npk, n, crpk, n, a
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describes the k-dependent coupling of the local Cu d &

orbitals with the two oxygen bands and now only depends
on the Cu-O hopping t d.

The two oxygen bands are

lk, »= (lk, x &
—lk, y &),

2

lk, 2&= -(lk, x&+1k,y&),
2

with energies

Ck, =h —3, Ck 2=6+ 3,
k„k

A =4t sin sin
2 2

2
V.i, k, l

1/2
ik m+ik n —im/2

ted e

Here the vector lk, x & (lk, y &) represents the Fourier
transform of the p, (p ) orbital. It can be shown that it is
a good approximation to reduce the two bands to a single
band. ' However, there is no real need to do this here,
and so we will keep both bands.

The k hybridization matrix elements can be evaluated
using the real-space Hamiltonian [Eq. (6)] and the
Fourier decompositions of the two wave functions in Eq.
(I&):

i, k, n j,k, n

d kn kn

+4 ik, n j,knV V V* Vi, k, n j,k, n

k, n (&k, n ) k, n k, n
2 (21)

The above-derived expressions for V; k n and ck „can be
inserted in Eq. (21) to get an explicit expression for the
superexchange. Equation (21) is easily evaluated numeri-
cally by sampling the Brillouin zone with a mesh of k
points. The expression diverges when b, J,4t, i.e., when
the Cu level has the same energy as the oxygen-band
edge.

The first term in the above equation can be directly
compared with Anderson's superexchange theory [Eq.
(5)]. This leads to an expression for b; J in terms of the
parameters of the three-band model:

t k, n Jk, n
V. V-*

i,J
k, n ~k, n

(22)

In this case i and j do not have to be nearest neighbors,
but can be any two Cu sites. Because ck „depends on the
O-O hopping, b, 1 now also depends (strongly) on t

The structure of the above bands is such that the Cu
d & orbital mixes most strongly with the lower part ofx —y
the oxygen band. ' ' This can be illustrated by
defining an efFective oxygen level with which the Cu hy-
bridizes:

V;k2=
1/2

2
X

ik„m+ik n —im. /2
tde

k k
X sin +sin

2
(20)

Xk,.I', k,.I';,'k, .Ek,.
gO

Xk,.V, k,.~;*,k,. (23)

aO~=a —2t, , (24)

These sums involve simple products of sine functions and
are therefore easily calculated,

k„
X sin

2

k
sin

2

where the position of the Cu atom with label i is
R; = ( m, n ) in the two-dimensional CuOz plane (Cu-Cu
distance is set equal to 1, and m, n are integers).

The form of the Hamiltonian [Eq. (17)] implies that in-
teractions between the Cu spins now occur only in even
orders in the perturbation V. The superexchange occurs
in fourth order and originates from the PVRVRVRVP
term in Eq. (13). There are two channels. The first one
involves two holes on the same Cu site. Here the first
hole, say, with spin up, makes two hops via an oxygen-
band state

l k, n & to a second Cu site (not necessarily
nearest neighbor), and then the down-spin hole makes
two hops back to the original Cu site. The second pro-
cess involves two oxygen holes as the intermediate state.
Now the up spin from site i and down spin from site j
jump into two oxygen-band states, and then the down
spin hops to Cu site i and the up spin to site j. The
fourth-order calculation gives ' '

independent of the Cu index i. Since the oxygen band
ranges from 6—4t to 6+4t, this level lies halfway be-
tween the band center and the lower band edge, and one
can expect that this will result in an enhancement of J.
Note that b,,lt as defined in Eq. (23) is essentially the b,
value which enters in a calculation of the ligand-field
splitting (10Dq), i.e., the energy diff'erence between the
Cu d» and the other d levels.

X

For small values of t /6, we can expand the denomi-
nators in Eq. (21) in the following way:

t k k=—' 1+4 sin sin
2 2

(25)

(gl )2 U gl (h»t, ), (26)

with

With this approximation the evaluation of Eq. (21) in-
volves again only products of sine and cosine functions
and can be done analytically. The result can be written in
terms of an efFective 6 value for the superexchange in-
teraction. For nearest-neighbor Cu sites, one finds
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5',~=5—4t p . (27)

So for both channels we find an effective 6 value which
corresponds to the lower band edge. In view of Eq. (25),
this is a surprising result and shows that the large value
of J is not only due to the asymmetric hybridization of
the Cu level with the oxygen band, but that there is an
extra coherence effect between two neighboring Cu sites.
The effect of tpp can only be neglected when 6))12t
which is not very realistic. The approximate result [Eq.
(26)] reduces to the fifth-order expression found in the
previous section when we expand to lowest order in t

In the original theory of superexchange, ' ' the value
of J is estimated using measured crystal —ligand-field
splittings, assuming 10Dq and b; are related by a simple
proportionality constant. However, Eqs. (24) and (27)
show there is no simple relation between these two quan-
tities.

Band perturbation theory also leads to exchange in-
teractions between Cu atoms which are further apart. In
Fig. 2 we plot the ratio of two next-nearest-neighbor su-
perexchange interactions over the nearest neighbor J.
The labels (1,1) and (2,0) again refer to the position of the
second Cu with respect to the first. All energies are
scaled to t~d(=1). The ratio t~~lt~d= —,

' is chosen to
agree with estimated values for these parameters.
Band perturbation theory predicts that the interaction
becomes long range when 6 approaches 4t . However,
this result is only valid when t d is very small. When t d
is large, the cation atom will form a bound state below
the bottom of the anion band, even when 6 &4t . As a
result, the superexchange interaction will stay finite as
well as local. In fact, one can do better than the fourth-
order expression above by solving the two-hole Green
function for this two-impurity problem (see Ref. 21). By
looking at larger values of 6 and extrapolating the result
there, one finds as a very rough estimate
J(1,1)-0.1J(1,0). This is somewhat larger than other

estimates of the next-nearest-neighbor exchange
or an experimentally deduced upper bound. The other
next-nearest-neighbor exchange J(2,0) is very small, as
can be seen in Fig. 2.

In Eq. (26) we showed that for large values of b, /t the
band perturbation result for J can be understood in terms
of an effective 6 value equal to 4 —4t . In order to
make a comparison between the fourth-order expression
(2) and the band perturbation result [Eq. (21)] for all
values of 5/tpp we introduce two effective charge-
transfer gaps such that the nearest-neighbor superex-
change is

J= +
Ud (Q' )

ff and 6',z are calculated explicitly by equating each
contribution in Eq. (21) to the above expression for J. A
plot of h, s vs b, is shown in Fig. 3 (solid line) together
with the positions of the oxygen-band center and extrema
(dotted line). A similar plot of b, ',~ vs 5 is virtually indis-
tinguishable from this, showing that 6',&=A,z. Note that
the curve converges to the correct large-b, result [Eq.
(27)].

Figure 3 shows that for all values of 6 and for U =0 it
is a very good approximation for the nearest-neighbor su-
perexchange to replace the oxygen band by a single oxy-
gen level located at energy 6—4t, the oxygen-band
edge. Since 4t is estimated to be large ( =2.5 eV) and
since the superexchange depends sensitively on this pa-
rameter [see, for instance, Eq.(2)], this evidently leads to a
large correction to J.

In the previous section, we showed that the contribu-
tion arising from two holes on oxygen really consists of
two contributions, one scaling as 1/U and one which is
independent of the Coulomb repulsion on oxygen [see Eq.
(16)]. For finite U the "coherent" contribution, which is
independent of U, can never be cast in the form of Eq.
(2).

1.0

0.8— 10— 6+4 (pe

0.6—

0.4—

0
0 2 4 6 8 10 0

0 2 4 6 8 10

FIG. 2. Ratio between the next-nearest-neighbor superex-
change interactions J(1,1) and J(2,0) and the nearest-neighbor
superexchange J(1,0) as a function of the charge-transfer ener-
gy A. Only the second term in Eq. (21) is calculated here.
t» =0.Stud.

FIG. 3. EfFective charge-transfer energy 5,& as a function of
6 for the 1/Ud term in Eq. (21). The dotted lines represent the
top (6+4t» ), bottom (6—4t»), and center (4 ) of the oxygen
band. t» =0.Stud.
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V. NUMERICAL RESULTS

In the previous sections, perturbation theory was used
to derive explicit expressions for the effect of tpp on the
superexchange and to distinguish the various channels
contributing to J. However, since neither t d/6 nor
t /b, are small, perturbation theory cannot be used to
give a realistic estimate of the superexchange.

In this section we will compare the foregoing perturba-
tion results with numerical calculations on finite clusters
for which the superexchange constant can be obtained as
the energy difference between the exact two-hole singlet
and triplet ground-state energies. The two clusters we
will consider here are shown in Fig. 4. The Cuz07 cluster
consists of two nearest-neighbor Cu sites with only
nearest-neighbor oxygens. Cu2025 has a few extra shells
of oxygens, and a comparison of the two results will show
to what extent superexchange is determined locally. In
the calculations we will use the same parameters as be-
fore, normalized to t d, unless stated otherwise.

In Fig. 5 the enhancement of the superexchange due to
tpp is p 1otted as a function of the charge-transfer energy.
The solid and dashed lines correspond to Cu&Oz5 and
Cuz07, respectively. The curves represent the ratio of the
numerical J obtained with t„=0.5t d and t =0. The
dotted line is the result of the fifth-order expression (16).
The actual values of J obtained from Eq. (16) are much
larger than the numerical results, but as can be seen from
the figure, the enhancement factor is estimated quite
reasonably for not too small values of h. So, for parame-
ters which are reasonable for the cuprate materials, about

3 of the exchange constant is caused by channels involv-

ing t
Figure 6 shows the contribution of the "coherent"

channel to the total exchange. The dotted line again
represent the fifth-order result and is the ratio between
the last term in Eq. (16) and the total fifth-order ex-
change. The other two lines are the numerical data and
are obtained by letting both Ud and Up go to infinity.
Again, the fifth-order term predicts roughly the right ra-
tio between the different contributions. Comparing the
two numerical results shows that the coherent term is not
as locally determined as the terms involving Ud and U .p

0 pG

CU dq2 y2

'.~Fifth Order

CL
CL

LA

o 2—
II
CL
CL 1—

3 =
CU

0
0

I J I I I I I I I

2 4 6 8 10

This channel is responsible for about 25 —30% of the to-
tal exchange.

Figure 7 shows the superexchange for the two clusters
as well as for the fifth-order perturbation expression.
From top to bottom, the curves correspond to t =0.5,
t =0, and t = —0.5. Note that for t =0 the two clus-
ters give the same result. The curve for t =0.5 gives an
estimate of J of about 0.2 eV. Considering that we
neglected intersite exchange interactions (see Sec. II), this
is not unreasonable. A comparison of the fifth-order re-
sults with the numerical curves shows that perturbation
theory converges only for very large values of
(hit d &7). The fifth-order expression for t =0 is iden-

tical to the usual fourth-order result, and so the two dot-
ted curves give a comparsion between fourth- and fifth-
order perturbation theory. Comparing the numerical re-

1.0
II

0.8—
II

0.6—

8 0.4
II

II
0.2

FICx. 5. Enhancement of the superexchange due to t~~ as a
function of the charge-transfer energy. Solid line, Cu20»',
dashed line, Cu2O7. The dotted line is the fifth-order perturba-
tion result (J' '+ J' ')/J' '. Parameters: t~d =1, t» =0.5,
Ud=7, and U~=5.

+ + + — +

0
0

I I I I I I I I I

2 4 6 8 10
CU207

EX3 CX3
CU2025

FIG. 4. Cu207 and Cu20» clusters.

FIG. 6. Contribution of the "coherent" exchange to the total
antiferromagnetic exchange as a function of the charge-transfer
energy. Solid line, Cu20», dashed line, Cu207. The dotted line
is the fifth-order perturbation result. Parameters: t~d = 1,
t~p

=0.5, Ud =7, and U~ =5.
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0.5

0.4

0.3

0.2

0. 1

0—
/

tpp =-0.5
I I I I-0. 1

I I I I l

0 2 4 6 8 10

FIG. 7. Total exchange interaction as a function of the
charge-transfer energy. Solid lines, Cu20»', dashed lines,
Cu207. The dotted lines are the fifth-order perturbation result.
The top three curves correspond to t» =0.5, the middle three
curves correspond to t» =0, and the bottom three curves corre-
spond to tpp 0 5 Parameters: tpd=1, Ud =7, and Up 5.

0. 1

ifth Order
u2op5
u~07

suits with the fourth-order curve shows that in this case
the results are much worse, and convergence to the exact
result occurs only for extremely large values of A. The
ratios between the top and middle curves were already
compared in Fig. 5.

The lower three curves show what happens if the sign
of the oxygen-oxygen hopping is reversed. In this case
the two clusters predict an almost vanishing exchange
constant, and the fifth-order perturbation expression even
predicts a ferromagnetic coupling between the spins.
This is due to two effects. In the first place, the two con-
tributions connected with a doubly occupied site are
strongly reduced [but still antiferromagnetic; see Eq.
(16)]. Second, the sign of the coherent term is determined
by the sign of t, and therefore this term leads to a fer-

romagnetic coupling.
The effect of reversing the sign of tpp is shown in Fig. 8

for the "coherent" exchange contribution only. The dot-
ted lines come from the last term in Eq. (16), and the oth-
er two curves show the numerical result for Ud and
U ~~. For negative t, both clusters now give a fer-
romagnetic result (for not too small values of b, ).

The important aspect here is not really the sign of t
but the sign of the product of the three hopping parame-
ters in the Cu-O-O triangles. It is easy to show that the
three-band Hamiltonian is invariant under a change of
any two of these three signs. We checked this explicitly
for the Cu2025 cluster by keeping tpp 0.5 and changing
the sign of the Cu-0 hopping to the oxygen p orbital
only (the Cu orbital now behaves as an s orbital). The re-
sult for J is found to be identical to the curve in Fig. 7 for
t„=—0.5.

To investigate the effect of U d on the superexchange,
we repeated the above calculations for U d =1. The two
resulting figures were found to be almost identical to
Figs. 7 and 8, provided 5 is replaced by 6+ U d. Thus
the effect of U d can be interpreted in terms of a simple
shift of the charge-transfer energy b, [see Eq. (16)).

As already mentioned above, the "coherent" exchange
is more a delocalized effect than the channels involving a
doubly occupied site. This gives rise to the difference in
the two numerical curves in Fig. 8. This is easily under-
stood since the probability that the two holes will meet
on an oxygen site far away from the central oxygen is
very small. The total coherent contribution can be seen
as a sum of a contribution due to the Cu-O-O triangles,
the sign of which depends on the sign of the hopping-
matrix elements and a smaller contribution due to the
square oxygen lattice, which is always antiferromagnetic.
A comparison of the numerical results for the two clus-
ters illustrates this effect. For small values of 6, the value
of J for the Cu2025 cluster is always more positive than
for the Cu207 cluster. This suggests that, for tpp nega-
tive, the effect of the other Cu neighbors, i.e., those
neglected in the Cu20z5 cluster, is a ferromagnetic contri-
bution to J. To check this idea, we introduced six Cu
sites in the cluster. These were treated as empty, but
with an on-site energy Ud (due to the frozen "spectator"
spin) and with a hybridization ted. The calculation
indeed shows the predicted effect, but the resulting fer-
romagnetic correction is only very small.

' tpp=-0 5-01—

-0.2
0

I I I I l I I I

2 4 6 8 10

FIG. 8. Exchange interaction for Ud and Up ~~
("coherent" exchange only) as a function of the charge-transfer
energy. Solid lines, Cu20», dashed lines, Cu207. The dotted
lines are the fifth-order perturbation result. The top three
curves correspond to t» =0.5, and the bottom three curves cor-
respond to t» = —0.5.

VI. CONCLUSIONS

In Secs. III and IV we demonstrated the importance of
the oxygen-oxygen hopping for the exchange interaction
by means of perturbation theory. By writing explicit ex-
pressions for J, we could distinguish three different con-
tributions to the exchange interaction. In the last sec-
tion, we compared the perturbation results with exact nu-
merical diagonalizations of small clusters. It was found
that the perturbation approach predicts approximately
the correct ratios between the different contributions, but
cannot be used to give a quantitative estimate for the su-
perexchange unless 6/t~d is very large.
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In a previous paper, ' we introduced a cell per-
turbation method (see also Refs. 37 and 38). In this ap-
proach the Cu02 planes are partitioned into Cu04 units.
The three-band Hamiltonian is then written in term of an
intercell and intracell part. The intracell part is subse-
quently solved exactly, which treates a large part of the
p-d and p-p hybridization up to infinite order. Starting
from this set of cell eigenstates, one can then treat the
smaller intercell part of the Hamiltonian in perturbation
theory. The superexchange interaction now occurs al-
ready in second order. The superexchange constant J in
this method does not diverge when 6—+0, and we showed
that there is good agreement between this method and
numerical results, in contrast to the perturbation
methods used above. Note that the fact that a superex-
change constant can be calculated for small values of 6
does not imply that the system remains an antiferromag-
netic (AFM) insulator down to 6=0 since an insulator-
metal (Mott) transition will occur at some finite h.

In this paper we calculated the superexchange for
different values of tpp and we also found that tpp gives rise
to a strong enhancement of J [see Fig. 5 and Eq. (27) in
Ref. 19]. Note, however, that the calculations were done
with U =0 and that therefore this enhancement should
again be interpreted as consisting of an enhancement of
the conventional 1/U channels, as well as a U-

independent coherent part. In the cell method, much of
the effect of tp, including the coherent contributions, is
contained in the intracell solutions. This is because the
intermediate two-hole cell wave functions also contain
components where the two holes are on different oxygen
sites.

In a recent paper, Aronson et al. have measured
pressure-dependent Raman scattering on antiferromag-
netic La2Cu04. They plotted lnJ vs lnr, where r is the
Cu-0 distance, and found a scaling J-r and point
out that this exponent is much smaller than can be ex-
pected from the fourth-order perturbation expression.
This may be estimated by assuming t d

—r +—' (see, for
example, Ref. 40), which would predict thatJ-t d

—r ' . (Other parameters such as b, can be ex-
pected to scale with a much lower exponent). To make a
more realistic estimate, we calculated J numerically as a
function of t d assuming t —t d [i.e., tzz

—r (Ref. 40)]
and neglected the (small) variation with r of the other pa-
rameters. For the parameters mentioned in Sec. III, we
find J-t~z (i.e., J-r ), in good agreement with ex-
periment. This again illustrates the poor description ob-
tained from perturbation theory.

The aim of this paper has been to identify the various
contributions to the AFM superexchange interaction in
the insulating parent compounds of the high-T, super-
conductors and to estimate their relative magnitudes.
The main results may be summarized as follows.

(1) The O-O hopping t is crucial for an understanding
of the large value of J. It leads to an overall enhance-
ment of Jof about a factor of 3.

(2) It is well known that the copper d 2 2 level hybri-
X

dizes with the lower part of the oxygen band [see Eq.
(24)], and it would seem reasonable to explain the effect of

t on the superexchange in this way. However, in Sec.
IV we showed that the effect of oxygen hopping is much
stronger than this and is more accurately described by an
effective charge-transfer energy which coincides with the
oxygen-band edge.

(3) The contributions to the superexchange can be di-
vided into five terms. The first and second are the two
conventional channels, one involving double occupancy
of Cu and one involving a doubly occupied central oxy-
gen site. The third and fourth terms cause an enhance-
ment of the first two terms due to the oxygen hopping.
The enhancement factor is large: approximately 2.5.

(4) The fifth contribution is of an entirely different na-
ture. It does not involve doubly occupied sites and does
not vanish when both Ud and U are infinite. The singlet
and triplet Hilbert spaces in this case have the same di-
mension, and the absolute values of the matrix elements
are the same. We called this the "coherent" term since
the singlet-triplet energy difference is due to the signs of
the matrix elements and therefore depends on the coher-
ence of the singlet and triplet wave functions. This term
can be antiferromagnetic as well as ferromagnetic, de-
pending on the topology of the cation-anion lattice. It
cannot be neglected, as it is almost as large as the first
two terms together. That the effect is so large is precisely
due to the fact that it does not involve U.

(5) The coherent channel is a consequence of the extra
degrees of freedom formed by the oxygen states, and the
Cu02 planes in this case are more appropriately de-
scribed as a —,'-filled than a —,'-filled band system. In a
single-band Hubbard model, such extra degrees of free-
dom are not present, and therefore there is no coherent
contribution in this model.

(6) Perturbation theory converges very slowly and
should not be used to make a realistic estimate. The
fifth-order expression approximates to the numerical re-
sult only for 6/tpd ~ 7. For the fourth-order expression,
things are much worse. The reasonable estimate of J ob-
tained from this fourth-order expression is therefore
purely coincidental (see Fig. 7). In this respect the cell
perturbation method proves to be a promising alterna-
tive.

(7) In the three-center cation-anion-cation (CAC) mod-
el, the large AFM kinetic exchange is caused by the 180'
CAC angle and the large hybridization parameter t~z lh.
The large enhancement of J is, however, caused by anoth-
er structural unit, namely, the Cu-0-0 triangles. Chang-
ing the sign of one of the hopping parameters in these tri-
angles leaves the normal fourth-order exchange unaltered
(first two terms), but results in a drastic reduction of the
total J. Since we neglected more direct ferromagnetic ex-
change integrals in our starting Hamiltonian (see Sec. II),
such a sign change could well result in a ferromagnetic
coupling.
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