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Quasiregular impurity distribution driven by a charge-density wave
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The displacive motion of impurities immersed into a one-dimensional (1D) system has been studied
in detail previously as one kind of quasiregularity driven by charge-density waves (CDW). As a
further investigation of this problem we develop here a microscopic model for a different kind of
quasiregular impurity distribution driven by the CDW, consisting of a modulation in the probability
of occupied sites. The dependence on impurity concentration and temperature of relevant CDW
quantities is obtained. Data reported in the quasi-1D materials NbSe3 and Ta2NiSe7, in particular
thermal hysteresis effects at the CDW transition, are interpreted in the framework of the present
model. Possible similarities to other physical systems are also suggested.

I. INTRODUCTION

The charge-density-wave (CDW) state is a form of the
two-fermion condensate consisting of a coherent superpo-
sition of electron-hole pairs having a given value Q of the
total momentum. In the one-dimensional (1D) system,
to which we restrict ourselves in this work, this value is
twice the Fermi value reduced to the first Brillouin zone

(Q = 2k' mod G, where G is the basic wave vector of
the reciprocal lattice). Let us now assume that we add
impurities to this system. They will be supposed to be
ordinary (nonmagnetic) and to have no internal degree
of freedom. The electrons will then scatter on them. By
assuming, furthermore, that the spatial distribution of
impurities in the chains is perfectly random, the scat-
tering processes will be incoherent, thereby yielding the
breakup of the coherent superposition of electron-hole
pairs of the CDW condensate. Actually, the assumption
of perfect randomness of impurity distribution was made
in most of the studies dealing with this problem (see,
e.g. , Refs. 1—4 for reviews). Moreover, it was assumed
that the spatial distribution of impurities is the same in
the normal state and in the CDW one. Such an impurity
distribution may be termed perfectly random and rigid.
Its destructive efFect, as mentioned above, has been stud-
ied by means of a multitude of methods.

However, very simple electrostatic arguments can be
invoked to show that —unlike in the normal state —the
perfectly random and rigid impurity distribution does
not correspond to the most stable state of the system
in the CDW state. Once the static modulation of elec-
tron density and the accompanying Peierls distortion of
the lattice are installed into the system, impurities will
tend to adjust their positions so as to minimize the en-
ergy of their interaction with lattice and electrons. Con-
sequently, a quasiregularity in their spatial distribution
having the same wave vector Q is expected. In a series of
papers, ' ' the occurrence of a CDW-driven displacive
motion of impurities has been discussed. It has been ar-

gued that this kind of Q quasiregularity, having a similar
form to the Peierls lattice distortion itself, could be ex-
pected in the case of low-mobility impurities. Nontrivial
efFects could result from this displacive motion: a reen-
trant CDW at the increase of impurity concentration x,
thermal hysteresis eKects, and a sensible broadening of
the range of x values compatible with a gapless CDW
state.

However, this does not represent the most-favored.
state for the energetics of the CDW impurity system.
Most favorable would be that impurities could occupy
those sites in the chain where they would take the max-
imum advantage from the presence of the CDW. This
would correspond to a modulation in the probability of
sites occupied by impurities.

One should argue that this modulation could elec-
tively occur in two realistic cases. Firstly, this could hap-
pen in the case where impurities could migrate through
the crystal, via atomic diffusion processes, towards those
sites where the energy of their interaction with the CDW
is minimum. Experimental data reported for deuterated
thiourea, blue bronze, and (cf. the presently proposed
interpretation, Sec. V) niobium triselenide~s could be in-
voked in favor of such a modulation allowed for highly
mobile impurities. Secondly, one may expect such a
modulation in the distribution of impurities in connec-
tion with the manner in which a certain doped quasi-
1D material is synthesized. If this preparation process
yields a material whose stable state is a CDW one, one
would expect that, in the case where the process is slow
enough, impurities would have the possibility to drift to-
wards those sites at which the minimization of the total
energy occurs; thence, a Q modulation in the occupa-
tion probability. We argue that this is the case of the
Krogmann salt potassium cyano-platinide (KCP) which
possesses a Peierls CDW distortion whatever the value
of temperature where this quasi-1D compound is stable;
the microscopical description based on this assumption
turned out to be successful in explaining a variety of ex-
perimental data reported for KCP x6, x7
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As stated previously, this CDW-driven quasiregular-
ity of impurity distribution has to be accounted for in
parallel to the usual pair-breaking effect of impurities on
the CDW condensate. The purpose of the present pa-
per is to investigate this interplay between disorder and
2k„quasiregularity associated with the impurity distri-
bution in the 1D CDW system for the second type of
regularity described above. This study is intended to be
complimentary to that done previously for the case of
the CDW-driven displacive motion of impurities. Both
the aims and methods we shall use here are borrowed
from the aforementioned investigation. Therefore, in or-
der to avoid any repetition we shall skip the computa-
tional details whenever possible and present only those
calculations which are specific to this paper.

The remaining part of the paper is organized in the
following manner. The precise statement of the modu-
lated impurity distribution is made in Sec. II, where the
description of the method of solution is also given. Two
limiting models of the modulated impurity distributions
are discussed in Secs. III and IV; there, the dependence
on impurity concentration of the relevant CDW quan-
tities is derived. The last part of the paper, Sec. V, is
particularly devoted to the discussion of the experimental
data reported in various quasi-1D CDW materials with
impurities in the light of the results obtained within the
assumption of quasiregular impurity distribution.

that no long-range order could exist in the presence of
disorder in space dimensions less than four; impu-
rities smear out the CDW transition. Practically this
Ineans that CDW ordering occurs in finite domains of
the order of the correlation length. Insofar as the lat-
est extends over many unit cells, one can argue that
treating impurity effects on the static CDW properties
by employing the methods used for an infinite system is
acceptable as a first-step investigation. On the other
hand, as usual in this kind of study, we shall keep the
picture of extended electronic states and ignore localiza-
tion effects. Furthermore, the pinning effect also will be
disregarded throughout in the present study on the static
CDW properties.

Following Ref. 5, we can get the total Hamiltonian H
of the electron-lattice-impurity system in the presence of
an overall (incommensurate) Q distortion. It consists of
three parts,

0H = H +H„„+Z.) „;,.
The first part is diagonal(izable), the second corresponds
to the incoherent electron-impurity scattering, and the
third represents the elastic energy. The first term has
the form

II' = ) @t ~.p r, q„+) @t (~~+ + ~*~ ) y„.

II. COEXISTING CDW AND MODULATED
IMP URITY DISTRIBUTION

It is well known that the electron-lattice interaction
causes the (Peierls) distortion of the 1D periodic lattice,
b2C = Al. cos(QX + yl, ), and the static modulation
of the electron density. Let us now assume that N; out
of the 1V atoms (ions) of the lattice are replaced by im-
purities which could occupy the lattice sites: Y = X—„
(1 & n & 1V, 1 & v & 1V;). As discussed in the In-
troduction, a modulation in the probability m of sites
occupied by impurities is expected in the case where they
could reach the positions where the total energy of the
system is Ininimum. In view of the overall 2k periodicity
of the Peierls CDW state, the most natural assumption
to be made on this probability is that it also possesses a
2k~ modulation,

1
ig~ ——[1 + tDy cos(QX~ + (pz)].N

Its amplitude toq accounts for the fact that a (small) frac-
tion of impurities is no more randomly distributed. For
the moment, we can think that Eq. (1) is an ansatz for
the present problem whose form is justified by the qual-
itative arguments presented above. Later on (Sec. IV)
we shall return to this point in more detail. Equation
(1) plays a basic role in the present approach: it incor-
porates both the regularity (via the nonvanishing value
of w~) and the disorder (via the distribution function tv

itself) related to the modulated impurity distribution we
are going to study.

As the presence of impurities is essential, a precise
statement of the framework adopted in the present in-
vestigation should be in order. It has been pointed out

Here g„, @„are the Nambu spinors, 7y = (rq + i%2)/2
(wq 2 s are Pauli matrices), and v is the Fermi velocity.
The 2k potential 4 acting on electrons consists of two
parts,

b, = ~A~ exp(i&p) = Al, + A, ,

corresponding to the Peierls distorted lattice (AL, ) and
2k„coherent scattering by the 2k regularity embodied
in the impurity distribution of Eq. (1). Their explicit
forms read

1 —x
AL, 7rv~AM~~~/d exp[i(pg + yg)],2

n)~ [V, , (Q—) —V, L, (Q)] e'~'

—= —mg U~ exp [x (p, + y~)] .
2d

The following notations have been used above: x = 1V;/1V
is the fractional impurity concentration, d is the lattice
spacing, A is the dimensionless electron-phonon coupling
strength, M is the mass of host lattice atoms (ions), wg
is the frequency of the bare 2k phonons, y~ is the phase
of electron-phonon coupling constant, and V, 1.(Q) and
V, ;(Q) are Q Fourier components of electron-lattice and
electron-impurity interactions, respectively.

The incoherent part H„ tt comprises both forward and
backward scattering of electrons by the impurity random
potential (I = 1Vd is the chain length)
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Hscatt —= ) ) P + /2 U(q) Vp q/—2&

p q+0

U(q) = +F (q) 1 + +B(Q + q) r+ + +I3 (Q 'q) +

The elastic energy stored by the distorted lattice is a
classical quantity having, in the harmonic approximation,
the expression

scattering processes which have the difference of momen-
tum transfers equal to Q. This term prevents us from
obtaining an analytic solution of the Dyson equations in
the general case. Therefore we shall discuss below only
the case U~ ——0; it has the advantage that the impu-
rity modulation is still retained in a reasonable manner
and a solution in closed analytic form could also be given.
Following the standard method, ' ' the thermodynamic
potential 0 could easily have been obtained as

L
mv AI.

L~&I,
~

1 —»(1 —1/e)
7rv~ A (1 —x) 2 (8)

f1 —Oo —— 2kar—) ) e2 + v2p2
p 'tc F

+
n:—4 (Kl, l. /KL, ;) sin (Qd/2) being a dimensionless quan-
tity proportional to the ratio of lattice-lattice (KL,I, ) and
lattice-impurity (KL„) elastic strengths.

Three effects of impurities on the CDW system are
taken into account in the total Hamiltonian written
above.

(i) An extra 2k~ potential [A, , Eqs. (4) and (6)J orig-
inating from the coherent scattering of electrons by the
2k~ regularity of impurity distribution [Eq. (1)].

(ii) The usual pair-breaking effect brought about by
the incoherent electron-impurity scattering [Eq. (7)) via
the finite electronic lifetime, included in the case of per-
fect randomness.

(iii) The renormalization of elastic energy stored up by
the Peierls distorted lattice.

The present Hamiltonian differs from that corresponding
to the case of displacive motion (Ref. 5): 6; is no longer
an independent variational parameter and E,~,t,, does
not contain the interference term dependent on yr. —p,.
any more.

The efFect of H„ tt [Eq. (7)] will be taken into ac-
count by computing the electron self-energy and vertex
corrections (averaged over the impurity configuration)
within the self-consistent Born approximation and lad-
der approximation, respectively. ' ' Besides the diago-
nal terms, the following nondiagonal term survives after
averaging by means of Eq. (1),

(Mp(q)M&(Q+ q)) tvq Up Uz e
2dL

where 00 corresponds to the normal state with per-
fectly random distribution of impurities, e = e +
(el'~/2) (e + ~A~ ), I'~ = zU~/v d Wit.hin the
variational approach one has to minimize the above ex-
pression with respect to both AL, and pl. —p;.

III. CDW DRIVEN BY MODULATED IMPURITY
DISTRIBUTION

So far, we have not made any assumption on the frac-
tional modulation amplitude mq. We shall assume in this
section that mq is independent of AL, . The reason why
we Grst adopted this model is twofold. Firstly, the varia-
tional procedure is simpler for this model of au~. Secondly,
although it no longer corresponds to a CDW-driven im-
purity regularity (see, however, the last part of Sec. IV),
but rather to a converse situation where the CDW is
driven by the modulated impurity distribution, this situ-
ation could also have its own relevance. The minimiza-
tion with respect to Al. and pl, —p; then yields a simple
phase matching p; —yL, = pg —p~ (&pg is the phase
of the electron-phonon coupling constant) (correspond-
ing to ~A~ = ~AL,

~
+ ~A;~) and the following equation for

the CDW order parameter:

f
I&l )

=2 harv~ k~T 1

(1O)

It is the direct consequence of the 2k modulated impu-
rity distribution which mixes the forward- and backward-

The dependence on x of L at T = 0 can be immediately
obtained

log ~ ——+ 0(( —1) 2 gl —(' 2 + (arctan g(2 —1 —log |,'+ gg —1 =
~

1 —
~

——, (11)1 ( /&/l 1
I&I 4 AL, g /A/ ) A'

where (—:I'~/(2~3 ~) and Ao corresponds to the clean system. The nonvanishing expression in the right-hand side of
the above equation reveals the difference between the present result and that derived within the Abrikosov-Gorkov-
type approach. On one hand there is the contribution of the impurity modulation, reBected in the presence of
A;. On the other hand, there is the effect of impurity renormalization of elastic energy, manifested in the difference
between AL, and A [cf. Eq. (8)]. Figure 1 shows the dependence of Al. on impurity concentrations for various input
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lated impurity distribution is driven by the CDW. Then,
the quantity tvq [Eq. (1)] is no longer a free input param-
eter, but depends on the CDW properties. As discussed
in the Introduction, if the impurity distribution is very
flexible, impurities could migrate through the crystal to
reach those positions which are most favored energeti-
cally. The energy of electron-impurity interaction can be
easily evaluated, yielding

2P/A/
oc exp B U~ cos (QX + pl. + &pg

—p~)
7i VF

By means of the above expression of m, and ignoring
the higher-order harmonics of the quasiregular impurity
distribution, one recovers the results of Sec. II. In the
present case of CDW-driven modulated impurity distri-
bution A; can be entirely specie. ed in terms of the CDW
properties

I
/

I

3 4 5
X/Xc p

FIG. 2. Normalized order parameter (Ar, /AL, 0), gap pa-
rameter (Bg/~AO~), and spin susceptibility (y/y~) plotted vs
reduced concentration (z/x, ,o) at T = 0. The values of the in-
put parameter are o. = 1, 2Wd/v~ = 1, A = O. l, mq = 0.001,
and U~/v~ = 0.075.

F

) exp B U~ cos (QX + p;)
2P/A/

7l Vn=l

) exp B U~ cos(QX„+ p, ) cos(QX„+ p, )
7t V

f U '( *+ l"=
d

(i4)

Then the minimization of Eq. (9) yields the following
self-consistency condition

~s
1 (~'+i &i')'/'C = —xkgT

(e2 + (+(2) / 1 a
2 (f2+i i2)3/2

(16)

Equation (16), along with Eqs. (10), provides the T and x
dependence of the CDW order parameter A in the high-

where p; = &pL, +pg —pl, . The numerical factor fr ( « 1)
accounts for the physical fact that only a (small, presum-
ably temperature-dependent) fraction of impurity atoms
(ions) could follow the CDW and be distributed quasireg-
ularly. More complicated now because of Eq. (14), the
minimization of the thermodynamic potential yields an
equation giving the T dependence of 4 whose solution
can be obtained only numerically. However, no special
feature is associated with this overall monotonic decrease
with increasing T. Therefore we shall limit ourselves to
discuss only the cases of high (i.e. , near the critical) and
low temperatures.

Close to the CDW-to-normal transition, the first-order
expansion leads to distribution which is exactly of the
form of the ansatz [Eq. (1)] we made in Sec. II with

temperature limit. The equation for the critical tem-
perature in the present model is obtained by imposing
Al, ~ 0 in Eqs. (10) and (16) as (g is the digamma
function)

(17)

The dependence on the impurity concentration of T is
displayed in Fig. 3 for various input parameter values. It
is worthwhile to note again the nonmonotonical depen-
dence on x obtained in this model. It contrasts to the
overall decreasing CDW critical temperature in the per-
fectly disordered case with increasing impurity content,
vanishing beyond T o (a value considerably lower than
the critical value of the present model, see below). So,
similar to the case of displacive motion, the value of the
CDW critical temperature is higher when a CDW-driven
quasiregularity is allowed for. By imposing T, m 0,
the present approach gives a critical value I &

——2W,
much larger than that obtained in the case of perfect
randomness, 2s I'& ——~Ao~ = 2W exp( —1/A). s' ' Al-
though the corresponding value of impurity concentra-
tion x, = (2W/v ) (v /U~) is outside the range x && 1
compatible to the employed approximations, this result
could be taken as indicating a sensible enhancement of
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coherence length, (i 50 A. (Ref. 40) could be inferred
to explain why no difference in the critical temperature
during heating and cooling has been detected in Ref. 15.
Fortunately, the lower CDW transition of NbSe3 displays
no pretransitional effects and the (lower bound) esti-
mate for the intrachain CDW coherence length is much
larger ((2 —3000 A). One should therefore expect an
experimentally detectable difference in the critical tem-
perature at the lower CDW transition. The actual exper-
imental data, Tc2,heating = 59 K and Tc2,coo&ing = 58 K
(Ref. 15), support the proposed picture. As already men-
tioned, a finite difference exists at a given temperature
T between the values of various quantities (for instance,

AL„As) computed in the cases where the impurity
distribution is quasiregular and perfectly random. In the
case where the physical conditions allow a quasiregular
impurity distribution this difference should yield a first-
order character (finite latent heat) of the CDW transition
upon cooling down at the value T = T, ~;„g. It is just
the behavior observed in Ref. 15. The fact that the ob-
served latent heats were much larger than those expected
from an incommensurate-commensurate CDW transition
is related to the much larger energy scale involved in the
presently proposed mechanism. So, we suggest that the
anomalous thermal behavior (both the hysteresis in the
critical temperature T, and latent heats) seen in Ref. 15 is
due to the fact that the extremely slow change of temper-
ature allows the spatial distribution of defects to follow
the CDW and become modulated.

2. Case of TaqNiSe~

More recently, thermal hysteresis in resistivity and or-
der parameters extracted from x-ray scattering data has
been reported in the chainlike compound Ta2NiSe7. It
is beyond the scope of the present paper to give a definite
picture of the physical behavior of this material. For this,
much more work has to be done from both theoretical
and experimental sides. Nevertheless, we think that the
present paper, along with the previous ones on quasiregu-
lar impurity distributions, ' could provide some insight
into the unusual features reported in Ta2NiSe7. This is
why we shall discuss below in some detail the physical
picture emerging from the aforementioned study. The
experimental findings can be summarized as follows.
An electronic anomaly and an incommensurate modula-
tion have been observed in Ta2NiSe3. It has been con-
cluded that the structural distortion is of electronic ori-
gin, although some unusual features found there do not
rule out a chemical origin of the distortion. It has been
also claimed that the much more ordered structure of
Ta2NiSe7 with respect to its structurally similar com-
pound FeNb3Se~o drastically reduces the magnitude of
the random potential present in the latter. Consequently,
one may expect a metallic behavior of Ta2NiSe7 over a
broad temperature range starting from room tempera-
ture and extending down to liquid helium. However, from
these measurements it was inferred that the ordering (of
Ni and Ta on the octahedral chains) is incomplete. As
such, a weak localization remains at low temperatures.
As in FeNb3Seqo, the disorder present in Ta2NiSe7 af-

fects the formation of true long-range order below the
CDW onset, temperature as well as the amplitude of the
CDW, not only the phase as in other compounds with a
chain or layered structure.

The CDW formation in Ta2NiSe7 can be inferred from
three main observations: a resistive anomaly, a magnetic
susceptibility anomaly, and x-ray-scattering satellite in-
tensities. Roughly, all these anomalies develop in the
same temperature region. The resistive anomaly, whose
shape is qualitatively similar to that of NbSe3, though
of smaller magnitude, has its upturn at the temperature
T = 52.5 K, suggesting the CDW onset at that tem-
perature. The anomaly in magnetic susceptibility data
is even smaller than that in resistivity. The smallness of
these anomalies witnesses the fact that the CDW forma-
tion removes but a small part of the Fermi surface. This
CDW picture is further supported by the recent scan-
ning transmission microscope images, which revealed a
complex electronic rearrangement below the temperature
T = 52.5 K, a value which agrees with the CDW onset
temperature extracted from the aforementioned anoma-
lies. The T-dependent integrated intensity of the x-ray
(incommensurate) CDW satellite displays a number of
unusual features. What matters at the present stage of
discussion is that, essentially, it accompanies the afore-
mentioned anomalies in the same temperature range.

More interesting for the present purpose is the clear ob-
servation of a thermal hysteresis. The resistivity is larger
upon warming than upon cooling, implying thereby a
larger CDW gap during warming: exactly the behavior
we expect in the case of a quasiregular impurity distribu-
tion (of either the kind presently discussed or that of the
displacive motion kind ). Most encouraging for such an
interpretation is the fact that a hysteresis in the very x-
ray scattering intensities —thus directly associated with a
modulated structure accompanies the thermal hystere-
sis in resistivity. In addition, the coincidence of temper-
ature ranges rules out the possibility to ascribe the latter
to the difference in local readjustment of the CDW phase
during warming and cooling. Moreover, the attempts to
detect nonlinear conduction below the CDW transition
region failed. On this basis, one should claim that the
phason contribution to the conductivity is altogether in-
effective. Furthermore, this feature could be interpreted
as an indirect evidence for a Q quasiregular impurity dis-
tribution: as shown previously, the latest could consid-
erably increase the pinning frequency of the phase mode.
The large value of the pinning frequency in KCP, ex-
plained by such a quasiregularity, pushes the threshold
field of nonlinear conduction up to 2000 V/cm. 4s

More generally, one can assign the present work as in-
vestigating the possibility of a CDW-driven ordering in
a system which is manifestly disordered. We mention in
this context a recent study which fits well this more
general framework. There, by employing high-resolution
electron microscopy in investigating the Ag-Mg alloys
near Ag3Mg, the formation of long-period superlattice
structures from the disordered phase has been observed.
A CDW-driven ordering process has been suggested, re-
lated to the nesting property of the Fermi surface. In
light of the present study, a search for possible thermal
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anomalies could give further insight into the nature of
the ordering process observed in this system.

In these phenomena involving quasiregularities in-
duced by an ordered (CDW) phase, the explicit inclusion
of impurity kinetics (diff'usion processes) in order to de-
rive a microscopic expression for the parameter f in the
manner discussed in Ref. 48—would be a desirable next
step.
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