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We present a theory for the nonlinear magneto-optical Kerr spectrum of Fe by extending our
previous analysis. The obtained results are compared with recent experimental data for a Fe(110)
surface. The various general features of the nonlinear Kerr effect, the detailed dependence of the Kerr
spectrum on exchange interaction, and Fermi-level crossing on frequency and spin-orbit interaction
are discussed. In particular, we demonstrate how the spectrum depends on d-band width and sd
hybridization. Thus, we are able to extract band narrowing due to electronic correlations or due to
a reduced coordination number from the spectra. The latter is particularly relevant for thin films.
To shed further light on the dependence of the nonlinear Kerr spectrum on electronic parameters
we also calculate the linear magneto-optical Kerr effect. The differences between the Kerr spectra
of Fe and Ni are discussed.

I. INTRODUCTION

The nonlinear magneto-optical Kerr effect
(NLMOKE) describes the rotation of the polarization
plane for second-harmonic generation (SHG) in reflec-
tion from a ferromagnetic sample surface. This effect re-
flects the symmetry of the surface structure and surface
magnetism and has been proposed as an ultrafast spec-
troscopic probe for the investigation of two-dimensional
(2D) magnetism. The NLMOKE is very well suited
for a direct investigation of surface structures and elec-
tronic and magnetic properties. Thus, two-dimensional
ferromagnetic structures at surfaces, interfaces, in thin
magnetic 6lms, and multilayers can be studied. In
combination with optical "pump and probe" techniques
the nonlinear magneto-optical Kerr effect allows a time-
dependent study of 2D magnetism on the picosecond
through femtosecond time scale. Since it seems conceiv-
able to apply the NLMOKE for layer-by-layer magneto-
optical recording this effect is interesting for the develop-
ment of magneto-optical storage media. Note that in con-
trast to nonoptical studies the nonlinear Kerr effect is de-
structionless and not restricted to the study of remanent
magnetization. As the NLMOKE is caused by the inter-
play of spin-orbit coupling and exchange interaction it be-
comes important for the determination of the spin-orbit
interaction-induced magnetocrystalline anisotropy. Fur-
thermore, the nonlinear magneto-optical Kerr effect can
be used for measuring the spin-lattice relaxation time.
Note, the spin-lattice relaxation time is the ultimate time
and speed limit for magneto-optical recording technolo-
gies. This relaxation time contains spin-orbit coupling
via phonon-magnon interaction (in transition metals).

The first microscopic calculations of NLMOKE spec-
tra have been performed for a nickel surface. ' The
nonlinear magneto-optical tensor has been derived us-
ing an equation-of-motion method for the density oper-
ator. The band structure needed as an input has been
treated as a superposition of Brillouin spheres. In a sub-

sequent work, the calculation has been extended to a
fully three-dimensional anisotropic band structure. Also
the linear and nonlinear Kerr spectra of Ni have been
calculated taking into account the complete k-dependent
dipole transition-matrix elements. The resulting spec-
tra were compared with those obtained by using con-
stant matrix elements. The basic conclusions of this pre-
vious work have been the following. (i) The nonlinear
magneto-optical Kerr effect should be detectable in ex-
periment and should be sensitive to 2D magnetism. (ii)
The peak positions and peak-height ratios of the MOKE
and NLMOKE spectra are determined by the electronic
band structure. (iii) The inHuence of the matrix elements
is only moderate and affects mainly the absolute magni-
tude of the spectra and the peak widths.

Motivated by these theoretical studies first experi-
rnents on Fe were performed in 1991 (Reif et al. ). The
(110) surface of single-crystal Fe in a single-domain state
was studied under ultrahigh-vacuum conditions. Upon
reversing the direction of the in-plane magnetization with
the help of a weak external magnetic field defining the
quantization axis a drastic change of the SHG yield
was observed. For the clean Fe (110) surface the ratio
of the nonlinear magnetic-to-nonmagnetic susceptibility
amounts to 25%. This value is in agreement with the
theoretical prediction which is 27'Fo. Note, the theoreti-
cal ratio was obtained by scaling the theory for Ni by the
ratio of the bulk magnetic moments of Fe and Ni. The
validity of such a scaling law is discussed in detail in Sec.
IV. Clearly it is necessary to check this crude approxirna-
tion by a microscopic calculation as will be done in this
study.

If the Fe sur face is deliberately contaminated by
chemisorbing CO an exponential decay of the magnetic
signal is observed, whereas the nonmagnetic contribution
to the signal remains constant. This dramatic inhuence
of contamination clearly demonstrates the sensitivity of
this technique for surface magnetism. Further observa-
tions show that the SHG signal vanishes if the surface is
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intentionally damaged by a too strong laser pulse.
Besides comparing with the experimental results by

Reif et al. , it is of general interest to analyze theoreti-
cally the differences between the Kerr-effect spectra of
iron and nickel. The differences regarding the magnetic
properties, such as the exchange splitting and. magnetic
moments and also the crystal structure, require an ex-
tension of our previous theory. For Fe one expects a re-
duction of electronic many-body effects and at the same
time an increase of geometric structure effects. The sur-
faces of Fe are not as smooth as those of Ni where many-
body effects play a dominant role. "' Thus, a larger wave-
function basis set for the electronic band-structure cal-
culation is necessary. In addition, we should treat in a
better way the boundary points in the irreducible portion
(
—) of the bcc Brillouin zone. Furthermore, by vary-

ing different values of the band structure (d-band width,
s-band position, exchange splitting), we expect a more-
detailed understanding of the parameters controlling the
features of the spectrum. This will be also useful for a
systematic understanding of the nonlinear Kerr effect in
different ferromagnetic transition metals and for an ex-
tension of our theory to interfaces, thin magnetic films,
and magnetic alloys.

One expects that the comparison of the linear and
nonlinear Kerr spectra will help to shed light on the
essential material parameters responsible for the shape
of the spectra. Therefore, we also calculate the corre-
sponding linear magneto-optical Kerr spectra and com-
pare with experiments and different linear MOKE
calculations.

In Sec. II we briefly present the previously developed
theory and its extension to iron. In Sec. III we show our

I

results for the nonlinear Kerr spectra of Fe. In Sec. IV,
general features of the Kerr spectrum are analyzed and
we explain the experimental results for Fe (Ref. 6) using
our theory. In Appendix A we show that our linear-
response function can be related to the corresponding
expression given by Wang and Callaway.

II. THEORY

The linear and. nonlinear magneto-optical Kerr effects
result from the combined action of exchange interaction
and spin-orbit coupling. Spin-orbit coupling acts on the
electrons like an external magnetic field and thus rotates
the polarization plane of the reflected light. The Kerr
spectra are given by the susceptibilities which are deter-
mined using response theory,

P(q, (u) = yl ~ (q, a, M) K(q, (u)

+ yl l(2q, 2u), M)E(q, u))E(q, ~) +

where P(q, w) is the polarization of wave vector q and
frequency w caused by the total electric field E(q, w), due
to the incident light. In the following paragraph the lin-
ear susceptibility yl ~(q, w, M) is presented for the case
of polar geometry, where M is directed vertical to the
surface along the z axis, and the nonlinear susceptibil-
ity y~ l (2q, 2ur, M) for the case of in-plane magnetization
(M parallel to the y axis). First one finds, following the
self-consistent-field approach by Ehrenreich and Cohens
for the linear response, the expression

2A
Z~'i (q, cu, M) = —' ' ) ( + q, 'o. [y(k o.)(k o.(z(k+ q, l'o-)

0 h(d k+~, l'a klo M + i Al
k, l, t', o

Here magnetism is included by the spin dependence (o)
of the electronic energies Ek~, Ek+z ~ and the wave
functions ~klo), ~k+q, I'o'). In Eq. (2) the following sym-
bols are used: A, is the spin-orbit coupling constant,
~klo) = ~uk' e' ' are Bloch states of wave vector k~n
and spin 0 in the Lth band, Ek~ is the band structure of
the irradiated material, and o.q is the experimental reso-
lution. 0 refers to the volume. Effects due to spin-orbit
coupling are included in the wave functions by using lin-

I

I

ear perturbation theory. Note that spin-orbit coupling
effects the electronic energies much less. It is interesting
that Eq. (2) contains the corresponding expression given
previously by Wang and Callaway, see the discussion in
Appendix A. Equation (2) includes the plasma resonance
in the limit q: 0, I = t (intraband transitions), see
Ref. 18 and Appendix A. Second, the nonlinear response
function can also be obtained by extending the procedure
by Ehrenreich and Cohen and is given by

3

, (2q~~, 2cu, M) = ' ) ) (k+ 2q~~, l"o[zfklo)(klo/z[k+ q~~, l'o)(k+ q~~, I'ofzfk+ 2q~~, l"o)
k, l, l', l "

+ g(~, - —
+~~~, f ( k+~~), C )—f (&k~ )

h ~+~h ~1 @k+g &
I o @kl cr ~4 +~h ~1

~II '

@k+2&II,l"cr @klcr —2hu) + z2AO'

Here, the photon wave vector parallel to the surface is
denoted by q~~ and a is the lattice constant. For a de-
tailed derivation of Eqs. (2) and (3) see Refs. 2 and 5 and
Appendix A. Furthermore, note that a linear correction

of only one of the wave functions due to spin-orbit cou-
pling has been taken into account. This seems justified
in view of the observation by Misemer that the results
obtained either by diagonalizing the Hamilton operator
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including A, or applying first-order perturbation theory
to the wave functions are identical. The factor &' in

Eqs. (2) and (3) results from replacing (klo
~

by "&' (k/o ~,

which can at least be justified for the optical part of the
spectrum; see also Appendix A. Regarding many-body
efFects, vertex corrections have been neglected in Eqs. (2)
and (3), while self-energy corrections are still included.

The complex angle P~ of the linear Kerr effect in
the polar geometry (incident beam, refiected beam, and
magnetization perpendicular to the surface) is given by
the diagonal and off-diagonal elements of the magneto-
optical susceptibility tensor

(p~+ is~ =— (4)

Here, p~ is the actually measured Kerr angle and e~
is the ellipticity of the reflected-light polarization. The
tensors y „(q,w, M) and y „(2q~~, 2w, M) are tensors of(~) (2)

rank two and three, respectively. In centrosymmetric me-

dia, y, (2q~~, 2ur, M) vanishes exactly due to the product
of three parity-changing dipole matrix elements, except
for the surface (or buried interface) where the crystal
symmetry is broken. The photons of frequency ~ induce
oscillating dipole moments leading to a surface charge
of frequency ~ which in turn interacts with the incom-
ing photons and becomes the source of the frequency-
doubled reflected light. This holds also in the presence
of a finite magnetization M. Thus, the NLMOKE tensor

y~„(2q~~, 2cu, M) probes the geometric, electronic, and
magnetic properties of the surface layer. It contains the
electronic surface properties explicitly in the band struc-
ture Eg~, the geometrical arrangement of the atoms in
the k-space anisotropy of the band structure, and the fer-
romagnetism in the spin indices of the wave functions and
the exchange-split energy bands. The linear and nonlin-
ear Kerr efFects result from the action of the spin-orbit
coupling on the wave functions which allows for nonva-
nishing off-diagonal elements of the linear and nonlin-
ear magneto-optical tensors, thus leading to finite Kerr
angles in exchange-split bands. Clockwise and counter-
clockwise rotations of the polarization plane caused by
electrons with majority and minority spin, respectively,
no longer cancel in ferromagnets as they do in paramag-
nets, since the densities of states for majority and minor-
ity electrons are different.

The quantities required for the microscopic calcula-
tion of the nonlinear magneto-optical Kerr susceptibility

y „(2q~~, 2cu, M) in Eq. (3) are the exchange-split band
structure Ek~ and the dipole matrix elements. To de-
termine the states, energies, and matrix elements, the
band structure of bulk iron is calculated employing the
semiempirical combined interpolation scheme proposed
by Hodges, Ehrenreich, and Lang. The method has
also been used by Baker and Smith for paramagnetic
iron and by Misemer. This method employs a useful
parametrized band structure.

Hence we calculate the iron band structure using pseu-
dopotentials for the sp part and the tight-binding tech-
nique for the d orbitals. For these we use a basis set

of 12 wave functions per spin. Seven of these wave
functions are plane waves to account for the 4s orbitals
4;(k, r) = e'l + 'l' (i = 1, . . . , 7), and five linear com-
binations of atomic orbitals describe the ad electrons:
g„(k, r) = ~ Pi e'"' 'rp„(r R—i) (p = 8, . . . , 12). Here

p~(r —Ri) are atomic d orbitals centered at site Ri.
Vi(r) = *. &( ) V2(r) = —".:&(r) Vs(r) = —*.:&(~)
p4(r) = 2," f(r), ps(r) = ~ ', ' f(r), where

f(r) = ~~(s ) ~ (s
'

) e '~ ~. The choice of the
K; vectors is dictated by the symmetry of the Brillouin
zone. The K,. vectors represent all difference vectors be-
tween equivalent symmetry points within 48 of the Bril-
louin zone. In the fcc Brillouin zone (a truncated oc-
tahedron) the set of K; vectors contains four elements:
Ki ——(0, 0, 0), K2 ——(0, —2, 0)—,Ks ——(—1, —1, —1) 2

and K4 —— (—1, —1, 1)—(a is the lattice constant) .
These correspond to the difference vectors between a R
point and its four equivalent points. In fcc crystals the
other symmetry points do not yield new vectors. This
is due to the symmetry properties of the truncated oc-
tahedron. In contrast to fcc Ni, the Brillouin zone of
bcc iron is a rhombic dodecahedron. In iron one has
to take into account seven K, vectors: the connecting
vectors of all six equivalent H points (for each fixed H
point) and one extra K; vector from the P point which
is not contained in the set of connections of equivalent
H points: Ki —— (0, 0, 0), K2 —— (—2, 0, 0)—,Ks

Ks ——(
—1, 0, 1)2, and K7 = (0, —1, —1)—.All other

connections of equivalent symmetry points (%for bcc and
X, I, K, U for fcc) do not result in additional vectors K, .
In Appendix B the Hamiltonian matrix elements for the
band-structure calculation are shown.

Extending our previous nickel theory we perform a
weighted three-dimensional summation over points in the
irreducible 48 of the Brillouin zone to correct for zone-
boundary efFects. The volume of every point at the
boundary of the irreducible 48 depends on the number
of adjacent 4s Brillouin-zone portions (e.g. , each P point
is weighted by 24 since it involves 24 irreducible 48 por-
tions). The same procedure applies to all zone-boundary
points.

We include the ferromagnetism of Fe by the exchange
splitting of the diagonal matrix elements of the d bands
(Eog g Epg). The s bands see this exchange splitting
of the d bands via hybridization efFects. Only pure s
bands are not exchange split. The value of the exchange
splitting J is taken from experiment, see Refs. 21 and
22. Furthermore, in order to obtain agreement with the
observed d-band and s-band widths we reduce all hopping
parameters (with respect to the values taken by Baker
and Smith by 40%) and shift the bottom of the s band
(by 1.03 eV). In agreement with Argyreszs we use for the
spin-orbit coupling constant in iron the value of A,
0.05 eV. All other parameters are taken from Ref. 20.

III. B.ESULTS

We perform the calculation for the nonlinear magneto-
optical Kerr susceptibility y~ i (w) in iron in order to com-
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TABLE I. Parameters used for the calculation of the magneto-optical susceptibilities.

Vj

Vg

S
R

2.5 eV
0.315 eV
1.40 eV
2.15 eV
15.54 eV
2.48 x 10

Ag

A2
A3
A4
A5
A6

A7

0.0774 eV
-0.00816 eV
-0.1074 eV
-0.2016 eV
0.1272 eV
-0.0756 eV

A3 —A.5 ——A6~3

Bg
B2

Jp
A,

ho. g

20.57 eV
18.28 eV
9.646 eV
0.068 eV
1.78 eV
0.05 eV

01/04eV

20

H P,H

pare directly with experiment. The nonlinear and linear
susceptibilities are determined via Eqs. (2) and (3). For
the calculations we use the parameters listed in Table I.

To demonstrate the validity of the electronic structure
used in our calculations of y(i)(w) and y( )(w) (calcu-
lated with the parameters given in Table I), we show in
Fig. 1 the resulting ferromagnetic band structure of Fe
and compare with the results obtained from the spin-
polarized version of the paramagnetic band structure in
Ref. 20. The position of the Fermi level was calculated
self-consistently for both cases by fixing the total number
of conduction electrons: K,l

——8. To judge the quality
of our band structure note that we obtain good agree-
ment with ab initio calculations by Wang and Callaway

and by Hathaway, Jansen, and Freeman if we use the
unmodified parameters (of Ref. 20). To obtain the ob-
served d-band width we reduce as mentioned already the
tight-binding hopping parameters A; (i = 1, . . . ,7). The
points a, b, and c indicate the shift of the respective pure
d-like or sd-hybridized high-symmetry points. Similarly,
the modification of the energies P of the I' point leads
to a shift of the 8-like symmetry points. This becomes
most pronounced for the shift of the I' point indicated by
point d in Fig. 1. Note that we include the effects of fer-
romagnetism only via the spin-splitting of the d bands.
Thus our calculation yields a spin splitting of the various
bands according to their different Sd hybridization. Note,
as aimed we have very good agreement with the experi-
mentally observed d-band width (3.1 eV for the occupied
portion at point P, see Ref. 22).

Figure 2 shows the nonlinear magneto-optical Kerr
susceptibility ur imp „(~) for Fe as a function of fre-

quency w. Note, ~ Imp „(w) for Fe is of the order
of (10 ss 2m/V) which is of similar magnitude as for
nickel. The low-energy part of the spectrum (energy
below 10 eV) consists of a minimum at 2.8 eV with

w Imp „(tu) ( 0 and two peaks at 4.5—6.0 eV and at2 (2)

7.8 eV. A reduction of the damping constant hoi from
0.4 eV (dashed curve) to 0.1 eV (solid curve) reveals a
large variety of secondary structure. In particular, the
minimum is split into two subminima. The shoulder at
approximately 1.3 eV, which becomes more pronounced

20
Fe nonlinear

g 10
C)

0
3

N
H

—2-

H P N P,H

FIG. 1. Spin-polarized band structure of iron calculated
within the combined interpolation scheme using parameters
(a) given in Ref. 20 and (b) given in Table I. Solid curves refer
to the majority-spin bands and dashed curves to the minority-
spin bands. Note, the energy shifts in particular at (a), (b),
(c), and (d).

0
I . . I

6 8
Energy hem (eV)

FIG. 2. Nonlinear magneto-optical Kerr susceptibility
(2)

ur Imp-, (cu) for the surface of ferromagnetic iron with in-
plane magnetization M„as a function of frequency cu. The
dashed curve shows results using a resolution factor ho. q

0.4 eV; the solid line refers to ho. y = 0.1 eV.
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FIG. 3. (a) Nonlinear and (b) linear magneto-optical Kerr
susceptibilities of Fe as functions of frequency u (solid curves).
The dashed curves refer to the minority-spin (min. ) and the
dotted curves to the majority-spin contribution (maj. ).

for the smaller value of ho. ~, corresponds to the first peak
at 0.6 eV in the nonlinear Kerr spectrum of nickel. To un-
derstand the physical origin of this structure, we analyze
its dependence on the spin-dependent electron density of
states, sd hybridization, and bandwidth in the following
paragraph.

In Fig. 3 the minority- (dashed) and majority-spin
electron contributions (dotted) to the nonlinear [3(a)]
and linear [3(b)] magneto-optical susceptibilities (solid
lines) are shown. It becomes clear that most of the con-
tributions to the spectra at low frequencies result from
the minority spins. The crossover from a dominating
minority-spin to majority-spin contribution is at 4 eV for
the nonlinear and at 7 eV for the linear Kerr spectrum.
Thus, minority spins dominate the spectra over the en-
tire range of visible light in agreement with Krinchik's
observation. Nevertheless, the inHuence of majority elec-
trons is not negligible for the height of the first structure,
especially for the linear Kerr spectrum. This behavior is
in pronounced contrast to the situation in nickel, where
only minority spins contribute to the low-energy part of
the spectra ("strong ferromagnetism"). For comparison
with nickel, see also Ref. 26.

The comparison of the nonlinear and linear magneto-
optical spectra of iron leads to the general picture that
the nonlinear Kerr spectrum is to some extent the deriva-

tive of the linear spectrum. The peaks of the nonlinear
Kerr spectrum are shifted to lower energies compared
with the linear spectrum. This behavior reHects the oc-
currence of energy denominators with frequencies u and
2u in the nonlinear magneto-optical susceptibility which
also lead to more secondary structures in the nonlinear
spectrum. Moreover, the linear majority- and minority-
spin-decomposed contributions to a Imp( )(u) keep the
same sign, which is a consequence of linear-response the-
ory and does not hold for the nonlinear spin-projected
spectra. Thus, the spin-resolved contributions to the lin-
ear Kerr spectrum can be considered as results from a
convoluted density of states for majority and minority
electrons, respectively.

The most striking difference between the nonlinear
Kerr spectrum and the linear one is the drastic reduc-
tion of the susceptibility by 13 to 14 orders of magni-
tude. This reduction is easily understood by two pro-
nounced differences. (i) The nonlinear magneto-optical
tensor contains three dipole-transition matrix elements
instead of two dipole matrix elements in the linear suscep-
tibility which reduces the tensor magnitude by 11 orders.
(ii) The remaining difference of 2 to 3 orders of magni-
tude results from the surface sensitivity of the nonlinear
magneto-optical Kerr effect which leads to the prefactor

(2)
qlln in y*"(~) (qlln —3.38 && 10 ' for qll

—1.181 x 10'
cm, corresponding to the experimental wavelength of
532 nm and the lattice constant a = 2.86x10 m of
Fe).

In Fig. 4 we show the nonlinear [4(a)] and linear
[4(b)] magneto-optical Kerr spectra for different values
of the Fletcher-Wohlfahrt parameters. For the dotted
curves, we use the values of the hopping parameters A,.
(i = 1, ..., 7) given in Ref. 20. The dashed and solid
curves correspond to a reduction of all A; to 80% and
60% of these values, respectively. This reduction of the
d-d hopping leads to a narrowing of the d band (see Fig.
1) which may partly simulate the non-negligible effects
of electron-electron interactions. Due to such correla-
tions the probability of transitions with lower energies
is increased. This essentially leads to a shift of the erst
structures in the linear and nonlinear Kerr spectra to
lower energies (by 0.5 and 0.3 eV for 0.8A; and by 0.9
and 0.4 eV for 0.6A;, respectively) and to a simultane-
ous reduction of their heights. The second structure is
affected less drastically: in the nonlinear spectrum, the
shift towards lower energies is 0.2 eV for 0.8A; and 0.3 eV
for 0.6A, and the peak height increases whereas the sec-
ond peak of the linear spectrum decreases and is shifted
to lower energies by 0.3 eV and 0.4 eV for 0.8A; and
0.6A, , respectively. The shift of the second structures
is due to transitions between the d band and s-like or
sd-hybridized bands and is therefore always smaller than
the shift of the first structures which predominantly re-
sult from transitions between d-like bands close to the
Fermi level. The modifications of the third structure in
the nonlinear and linear spectra increasingly correspond
to bands far from the Fermi level and do not show a clear
dependence on the d-d hopping elements. Thus, in sum-
mary we may conclude that changes in the d-band width
affect different parts of the spectra, both linear and non-
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linear ones, difFerently. We expect then such a behavior
also with respect to changes in the position of the 8 band
as can be seen in Fig. 5.

Figure 5 shows the nonlinear and linear magneto-
optical spectrum for diferent values of the bottom of the
s band (I' point). The position P of the energy at the
I' point is increased from 1.47 eV via 2.0 eV and 2.5 eV
to 3.0 eV. In the low-energy part of the spectra (below 8
eV), this shift accounts for the decreasing s-band width
due to electron-electron interactions. Changing P affects,
in particular, the first peak of the nonlinear spectrum and
the second peak of the linear spectrum. These are shifted
to smaller energies. The peaks at large energies (above
8 eV and 8.5 eV in the nonlinear and linear spectrum,
respectively), however, are shifted to larger frequencies
since the top of the 8 band lies at increasingly higher
energies (high above the Fermi level). Thus, transitions
from occupied levels into these unoccupied states occur
at higher energies. Note that the 6.rst peak of the lin-
ear Kerr spectrum is mainly independent of P which is
in agreement with our previous observation (see Fig. 4)
that this peak involves mostly d-d transitions.

In Fig. 6 we compare the calculated linear Kerr spec-
tra with experiment to find the best set of parameters

Cl

0
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OI3 —1

0

I

- Fe nonlinear(a)

I I

6 8
Energy hu (eV)

Fe nonlinear

—2-
0

Fe linear
I . . I

6 8
Energy ha& (eV)

CO

0
3

FIG. 5. Frequency dependence of the (a) nonlinear and
(b) linear magneto-optical Kerr susceptibilities of Fe for
shifted s bands (P is the energy of the I' point).
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3
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~I ~ \ ~

0

3

0 8
Energy hu (eV)
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0 8
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FIG. 4. (a) Nonlinear and (b) linear magneto-optical Kerr
susceptibilities of Fe for different d-band widths as functions
of frequency w. The hopping parameters A, (i = 1, . . . , 7) are
those of Ref. 20 (dotted line). The dashed and solid curves
correspond to reduced values of 80'Fo and 60% of the band-
width used in Ref. 20, respectively.

FIG. 6. Linear magneto-optical Kerr susceptibility
w Imp „(w) of Fe as a function of energy hw using the same
parameters as in Ref. 20 (dashed curve) and for parameter
values leading to the closest agreement with experimental re-
sults by Ferguson and Romagnoli (Ref. 10), given by squares
(A, = 60'%%uo of the values of Ref. 20 and P = 2.5 eV, solid
curve). The crosses refer to experiments by Krinchik (Ref.
9). In order to reproduce these experimental results in our
calculation we have further reduced the hopping parameters
to A = 30'Pp of the values given in Ref. 20 and obtain the
results of the dotted curve.
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FIG. 7. Dependence of the (a) nonlinear and (b) linear
magneto-optical Kerr susceptibilities of Fe on magnetization
as characterized by the exchange splitting J = xJo, Jo
1.78 eV. The insets show the height of the first structure (at
2—3 eV) as a function of the exchange splitting.

for the calculations. We find the best agreement with
the experimental peak position observed by Ferguson
for the following choice of parameters: A, = 60%%uo of the
hopping parameters A; used for the band-structure cal-
culation by Baker and Smith2o and P = 2.5 eV (solid
line) (see also Ref. 27). This is interesting, since it seems
to justify our assumption of appreciable d- and 8-band
narrowing due to electronic correlations. A further de-
crease of the d-band width is expected in two-dimensional
magnetic structures as a consequence of the increased
significance of correlations and reduction of atomic coor-
dination number. In this manner, we are able to simu-
late the behavior in thin films. The dashed curve shows
the spectrum for the unmodified parameters of Ref. 20
as used for band-structure calculations and gives peaks
shifted towards higher energies by more than 1 eV. Thus,
the use of the above band-structure-derived parameters is
not sufIicient to explain the linear magneto-optical Kerr
spectrum of Fe. Nevertheless, the deviations are not as
large as in the case of Ni, where usual calculations using
ab initio band-structure results give completely wrong
(peak) structures. It should be noted that our results
for Fe are also in fair agreement with recent calculations
of the linear Kerr spectrum by Oppeneer et al. Note,
they have used for the microscopic conductivity tensor

the formula of Wang and Callaway which is compared
with our expression in Appendix A. Differences may re-
sult from different treatment of electron-electron interac-
tions.

In Fig. 7 we show the dependence of the nonlinear
[7(a)] and linear [7(b)] Kerr spectra on the exchange cou-
pling constant J. In contrast to earlier work we find
for the linear spectrum (at least for energies below 7 eV)
a monotonic increase of the peak heights with increasing
J. As is shown in the inset, this increase starts linearly
in J. For larger values of the exchange interaction, the
dependence tends to saturate. The same holds for the
first minimum in the nonlinear spectrum [see the inset of
Fig. 7(a)]. In Appendix C we prove that the nonlinear
and linear magneto-optical susceptibilities are linear in
J for small J and then saturate for larger J. This holds
for itinerant as well as for a more atomlike ferromagnetic
behavior.

Our results for y, (w) can be used now to analyze(2)

the experimental results observed for Fe for the ratio
&(2) (~) of the magnetic and nonmagnetic nonlinear

magneto-optical susceptibilities. We discuss this in the
next section.

IV. DISCUSSION

In view of our results presented in Sec. III it is possible
to understand more about the differences in the Kerr
spectrum expected for different ferromagnetic metals.

First, the dependence on J may be understood as fol-
lows. The increase of J has basically three effects: (i)
Starting with small values of J the difFerence of allowed
majority and minority electron dipole transitions at a cer-
tain frequency increases linearly in J, see illustration Fig.
8 in Appendix C. For large J, however, this difference sat-
urates, since the self-consistently determined Fermi level
becomes pinned and moves rigidly upon further increase
of J (see Appendix C). (ii) As long as the increase of
J and the subsequent self-consistent readjustment of the
Fermi level do not cause bands to cross the Fermi energy,
the overall shape and peak structure of the spectrum re-
mains unaltered. As soon as Fermi-level crossings oc-
cur (either gradually for relatively steep bands or more
abruptly for rather flat bands), the occupation charac-
ter of the bands is changed, thus opening up new previ-
ously forbidden channels for electronic dipole transitions
or closing previously allowed channels; see Fig. 8. This
effect becomes noticeable if more than one electron per
atom is transferred from one band to another. As a con-
sequence, one may get drastic changes in the structure of
the nonlinear and linear Kerr spectra. This is in particu-
lar the case if all transitions contributing to a pronounced
structure change. Although the value of J in ferromag-
netic Fe is 1.78 eV, which is quite large, this possibility
occurs only for energies larger than 7 eV and for a value
J = 2J0. Otherwise the features of the spectra appear to
be very robust. (iii) As is shown in detail in Appendix C,
the increase of J leads also to a small shift of the peak en-
ergies to larger values. This is in particular so for the first
structure of the nonlinear and linear Kerr spectrum. The
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(a) Fe nonlinear
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(b) Fe linear
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FIG. 8. Illustration of the d-band transitions in Fe in an
atomic picture. (a) refers to the nonlinear case and (b) to the
linear case. Here cp, p, N&„AN&, denote the Fermi energy,
magnetic moment, number of transitions, and difference of
transitions in minority- and majority-spin bands, respectively.

reason is that the exchange splitting of the d-like bands
affect differently the 8-like and sd-hybridized states via
sd hybridization. This explains also the larger shift of the
second structure which is due to 8-d transitions, in the
linear (and to some extent also in the nonlinear) spec-
trum compared to the shift of the first structure. Note,
in general these shifts are relatively small and thus do
not change the overall features of the spectra.

Second, concerning the dependence of the spectra on
spin-orbit coupling one should note the following: the
nonlinear magneto-optical Kerr spectrum depends lin-
early on spin-orbit coupling. This does not only hold for
our perturbational treatment of spin-orbit interaction,
but is also true if this interaction is included in the di-
agonal (L,S,) and off-diagonal matrix elements [L S +
L„S„= 2(L+S + L S+)] of the Hamiltonian. i2'2

These general features of the theory are of interest for
a systematic understanding of the Kerr effect in the
transition-metal series and will also be useful for the com-
parison of the Kerr spectra of Ni and Fe.

Next, we compare the calculated nonlinear magneto-
optical Kerr spectra of Fe with those obtained previously
for Ni (see Ref. 5). Of course, it matters that the elec-
tronic structure of bcc Fe and fcc Ni is difFerent. For
the Fe spectra, a detailed calculation of the weight of
boundary points of the Brillouin zone is performed for
the k-space summation yielding the Kerr spectra. Such
weights were not included in the Ni spectra calculation.

Thus, for the comparison of Fe and Ni spectra we deter-
mined for Ni a weight factor E = 1.33 for the boundary
points. Thus we obtain for Fe and Ni for the structure at
2—3 eV a height ratio ~ E of 2.2—2.5 (rather than 1.7—

&N.

1.9 for F = 1). Note, the height ratio is not simply given
by the ratio of the exchange couplings (4.5), or that of
the magnetic moments (3.8), but also by the difFerence of
spin-orbit coupling which enhances relatively the height
of the Ni spectra (A, [Fe] = 50 meV and A, [Ni] = 70
meV). The larger minima and maxima in the nonlinear
magneto-optical Kerr spectrum of Fe compared with Ni
(and similarly for the linear spectra) result mainly for
two reasons. (i) The exchange splitting is larger in Fe
by a factor of 4.5 (compared to 400 meV for the t2g or-
bitals of Ni). Here, however, it plays a role that the J
dependence of the Kerr effect tends to saturate for large
values of J. (ii) The filling of the 3d bands is /differ-

ent. Fe is much closer to half-filling which leads to a
larger number of d-d transitions. Thus, it is clear that
the maxima and minima in the nonlinear (and linear)
magneto-optical spectrum are more pronounced for Fe
than for Ni. Furthermore, the peaks and minima in the
optical region of Fe are shifted to higher energies com-
pared to Ni because of the larger width of the Fe d band.
This discussion shows how the Kerr spectra change from
transition metal to transition metal.

Finally, we should remark on using constant matrix el-
ements for Fe in contrast to Ni. The calculations of the
MOKE and NLMOKE spectra for nickel have been per-
formed by using k-dependent as well as constant matrix
elements. A detailed comparison of the results shows
that there is no difference in the overall shape of the lin-
ear and nonlinear Kerr spectra. In general, however, the
peaks become narrower for the k-dependent matrix ele-
ments due to the additional selection rules introduced by
these dipole transition-matrix elements. The peak-height
ratios and the peak-width ratios are only marginally im-
proved by the k dependence of the matrix elements.
On the other hand, the peaks obtained for momentum-
independent matrix elements are smoothed out due to
the averaging over many dipolar transitions for a Axed
frequency. This effect seems to comply more with the sit-
uation in solids where the selection rules for single tran-
sitions become less important. In experiment, the peaks
are broadened by the finite resolution of the apparatus
and by the artificial diaphragm in the synchrotron beam.
Besides, theoretical spectra are usually smoothed by a
damping factor between 0.4 eV and 0.68 eV. ' Thus,
it is more physical to perform the calculations for iron
using constant matrix elements to obtain peak widths in
accordance with the experimental peaks.

It is interesting to comment on our use of a
parametrized band structure. This offers three advan-
tages. (i) It allows for the simple and efficient incorpo-
ration of experimentally accessible parameters which can
be deduced from several independent measurements such
as photoemission, inverse photoemission, the de Haas-
van Alphen effect, or various spin-polarization spectro-
scopies and many-body theories. This is necessary in
view of the pronounced deviations of the experimentally
observed d-band widths and exchange splittings from
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TABLE II. Angle-resolved photoemission data, see Ref. 22.

Ratio (theory/experiment) of

Exchange splitting
Width of occupied d band

Fe

1.0
1.1

Co

1.2
1.2

Ni

2.2
1.45

Inonmag

(2)]2 [~(2)]2
(2)

[gnonmag]

(2) (2) (2)
4+mag gnonmag gmag

(2) ) 2 (2)
[gnonmag J gnonmag

Thus, one finds from experiment (which determines
(2)

) a value of i2&
' ——0.25. Also experiment con-

nonmag gnonmag
firms the theoretically predicted sensitivity of the non-
linear Kerr effect for surface magnetism, since upon CO
chemisorption b disappears exponentially with time t and
since y„„g(t) —const. Furthermore, increasing the
laser intensity causes b; 0. Note, the Kerr angle was
not determined experimentally.

Regarding these experimental findings we note the
following: First, the observability of the nonlinear
Kerr effect was predicted theoretically by Hiibner and
Bennemann ' and by Pan, Wei, and Shen. We estimate

~(2)
for Fe as follows:

gnonmag

the predictions of ab initio theories in ferromagnetic tran-
sition metals (see Table II). The increasing discrepancy
(from Fe to Ni) shows that many-body efFects play a
less important role in iron, as compared with cobalt or
nickel. This is consistent with the crystal structure of
these materials: in bcc iron the atomic density is lower
than in fcc nickel. The Ni fcc structure has the largest
packing density and the most pronounced many-body ef-
fects in the partly filled d bands. The combined inter-
polation scheme is an efEcient way to account for the
most important many-body effects which are essential
for the spin-polarized, magneto-optically excited states
probed most sensitively by NLMOKE and MOKE. (ii)
The parametrization amounts to introducing control pa-
rameters and their variation helps us to understand how
they determine the various features of the nonlinear (and
linear) Kerr spectra and thus to understand their phys-
ical origin. (iii) The parametrization will be very useful
for applications to thin films or alloys.

We use now the previous general theoretical consid-
erations for the comparison of the theory with the ex-
periment of Reif et al. The main experimental results
obtained for only one frequency (hu = 2.33 eV) can be
summarized as follows: Upon reversing the direction of
the in-plane surface magnetization by the external mag-
netic field one observes for b = I(M) —I(—M) a large
value. Here I refers to the SHG intensity and M to the
in-plane magnetization at the surface. Using I P2,
P = y E [see Eq. (l)]) and y~ = gnonmag + gmag)(2) (2) (2) (2)

one may write

(2)(gnonmag ) Fe

(2)
gmag ' +mag, Fe
() ()

g ) N; ~mag, Ni

(2) $ (2)(g„~i y„F. (A, ') PF,
(2) (2)(X-.) „;X.„,N;

= 0.07 X 2.5 = Oe175.

Here, we take the same y„„g for Fe and Ni which
seems plausible, also in view of the optical-absorption
experiments and the linear magneto-optical Kerr effect.
Also, we use for the case of p polarization and grazing

(2) (2) ~ (2) (2)incidence with ymag gxzz and gnonmag pzzz
approximation

ag) N' k~ ) N'

This approximation, ' which is valid for Ni with a full
majority band, does not hold for Fe. Finally, the factor
~(2)

is approximated by the ratio of the peak heights
+mag ) Ni

discussed earlier in this section,

(2) (2)
~mag, Fe ~xzz, Fe PFe ~

(2) (2) pN,-

~mag, Ni ~xzz, Ni

As already pointed out before in this paper, this value
results not only from scaling with the magnetic mo-
ments as was previously assumed for the analysis of the
experiment. ' ' It is remarkable that our estimate for

x")
is in such good agreement with the

gnonmag nonmag

experimental value.
The surface sensitivity of the nonlinear Kerr effect is

in accordance with the theoretical prediction. Theory
yields that SHG occurs only for a few atomic layers at
the surface where inversion symmetry is broken. Thus we
are inclined to interpret the disappearance of b upon CO
chemisorption as resulting from vanished surface magne-
tization. The band structure should change only weakly
upon the chemisorption of CO. Thus y„„g(t)—const(2)

is in accordance with the experimental observation. This
interpretation is supported by SHG experiments on CO
chemisorbed at Pt(ill) at A = 532 nm (see Ref. 32).

Note, magnetism may also be destroyed by atomic dis-
order. Thus the nonlinear Kerr effect may disappear
when the laser intensity is increased. Finally, theory per-
mits a nonlinear Kerr effect in principle also for coated
surfaces and for interfaces and, furthermore, does not re-
quire saturated magnetization. This indicates that our
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theory is able to explain the main experimental observa-
tions.

V. SUMMARY

We have presented a microscopic theory which may
be used for a systematic understanding of the nonlinear
magneto-optical Kerr efI'ect in transition metals. In par-
ticular, we have given results for the dependence of the
nonlinear Kerr spectrum on s- and d-band widths, sd
hybridization, exchange interaction, spin-orbit coupling,
and crystal structure (fcc Ni vs bcc Fe). The theory is
used to analyze recent NLMOKE experiments in Fe. The
theory may be extended to thin films. Calculations are
in progress.

ACKNOWLEDGMENTS

may be neglected (see also Kittels5). Collecting all first
order terms, i.e. , those resulting from the perturbation
of one wave function only (and unperturbed other parts
of the matrix elements) one finds a sum of the form (for
the linear case)

) .Vk, .k+~l ~[ki x (k+ q)(cr)]
Ek+qzl'cr Ekz

kg

x(klo~e '~'~k+ q, l'o.), (A2)
where Vk, .k+q ~ is the full crystal potential matrix ele-
ment and (ki

~

denotes the perturbed wave function. The
sum over k~ can be simplified considerably. First, the
wave functions containing k~ can be replaced by the un-
perturbed ones. Second, the prefactor can be replaced as
follows:
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).Vk, ,k+~ l [k& x (k + 2q) (o)]
Ek+q, E' cr Ekq

kg

A,

h(u —A,

APPENDIX A: DERIVATION OF THE
SUSCEPTIBILITIES

Following the derivation by Ehrenreich and Cohen
the frequency-dependent dielectric function was found in
the self-consistent-field approach,

e(q, ~) = 1 —lim ) ](kl(e '~')k+ q, l')]
k, l, l'

f (&k~~, l ) —f (Eki)
Ek+q ~1

—Ek) —h& + zhA

(A1)

We have taken into account magnetism via the spin de-
pendence of the electronic energies and wave functions
and a summation over the spin directions. We include
the spin-orbit interaction within first-order Heitler-Ma
perturbation theory. Applying the procedure used by
Cohan and Hameka for gases and liquids, the product
of matrix elements (two in the linear case and three in the
nonlinear case) changes due to the perturbation in one
wave function. The perturbation of the dipole operators

I

since A, « h~; see also the more-detailed discussion
in Ref. 5. The perturbative treatment can be inter-
preted as replacing (k+q~ by (A, jhcu)(k+q instead of

(ki~ [see Eqs. (A2) and (A3)].k+~, l

By neglecting the spin indices the same result for the
dielectric function [see Eq. (Al)] follows also directly
from the Kubo formula for the current-current corre-
lation function as was shown in detail by Haug and
Schmitt-Rink. Following their argumentation we show
now that Eq. (Al) also contains the plasmon pole for the
case of intraband transitions (see also Ref. 17). In the
long-wavelength limit the matrix element can be rewrit-
ten as

lim(kl[e '~'(k+ q, l')
qa0

= 8ii —i(kl ~q r~k + q, l') (1 —bii ). (A4)

The first and second term refers to the intraband and in-
terband contributions, respectively. Thus, the intraband
contribution to the dielectric function is given by

4~e' )- f (&k+, , i) f(&ki)—
q~o q Ek+q ~

—Ek~ —h(d —'LAQ.'

47re —1) [f(&k+z, i) f(@ki)]
k, l

4me 1=1+ ) [q &kf(&ki)] (q &k@kl)
q2

k, l
h(u+ zhn ~

47re q @kl1—
q2 (h(u + ihn) 2 - Bk2kl

kr,

1— 4zre2 . f(Ekl)
(h(u + ihn) 2 mki

Cai1— pl

((u + in) 2 '

Ek+q, i —Eki
(h~ + ilin)* )

(A5)
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where mkl is the effective mass tensor and ~p~ is the plasma frequency. Decomposing the independent summation
over t and l in Eq. (Al) we obtain for the interband contribution to e(q, ld)

4me
lim ) ) l&kllq. rlk+ q l')I

I
. +

q —+0 g2 (Ek+q, l Ekl hid lhli Ek+q, l Ekl + hid + lhli')
(A6)

which is precisely the partial fraction decomposition of the result by Wang and Callaway,

4ae
lim ) ) I&kllq rlk+ q t')I

kl, occ kl', unocc Ek+q l
—Ekl 2 — hid + who. 2

Thus, our result for the optical dielectrical function may be rewritten as

e(cd) = 1 — ' —4vre ) ) 1&kllq. rlk+ q t')
I

ld + ZO.' Ek+q l
—Ekl 2 — hid + ihn 2 '

kliocc kl iunocc

which after subtraction of unity and subsequent multiplication with [i(ld + in)] gives the formula for the optical
conductivity given by Wang and Callawayis [see Eq. (5.5a) of Ref. 17], since

l&kzl. lk, i')I. I& Ix I
+q

'(Ek+q, E
—Ekl)' (A9)

APPENDIX B: MATRIX ELEMENTS OF THE HAMILTON OPERATOR

The Hamiltonian matrix elements for the s bands can be written as

Hk+K;;k+K; = 0 + ~lk + K I' +».'(Ik + K*I&)
Hk+K ~,k+K. = F,(k)F~(k)(V(IK; —K3I) +»2(lk + K;IB)j2(lk+ K1IB)P2[(k + K;) (k + K3)]).

The hybridization part has the following form:

Hk+K"~ = +&+'(k)j2(lk+ K'I+)P~(k+ K') (82)

with different constants B„=Bq, for p = 8,9,10 and B
for p =11,12 for orbitals of difFerent symmetry (in con-
trast to the Ni theory) thus reflecting crystal-field split-
ting.

The d-band part was calculated in the three-center ap-
proximation by retaining the first- and second-nearest-
neighbor interactions of the bcc lattice. Within the three-
center approximation, we do not only incorporate the
hopping integrals (as in the two-center approach) but
also take into account crystal-field splitting. This might
become important for future considerations of the mag-
netocrystalline anisotropy. Using Fletcher-Wohlfahrt pa-
rameters the matrix elements are given as

H11,12

APPENDIX C: J DEPENDENCE
OF THE SPECTRA

Hip ip = Ep + 2Ai(cos 2( + cos 2() + 2A2 cos 2g

+8A3cos( cosy cos(,
Hip, ii = v 3Hip, i2 ——4v 3As sin ( cos g sin (,
Hii ii = Ep + 4 + 2 A4(cos 2( + cos 2g)

+2A2(cos 2(+ cos 2' + 4 cos 2()
+8AS cos ( cos q cos (,
~3
2

(A2 —A4) (cos 2( —cos 2g),

Hi2 i2 —Ep + A + 2 A2 (cos 2( + cos 2g)

+ 2 A4 (cos 2( + cos 2g + 4 cos 2()
+8AS cos ( cos g cos (.

H8, 8

H8 9

H8, 10

H8, 11

H8, 12

Hg 9

H9, 10

H9, 11

Ep + 2Ai (cos 2( + cos 2q) + 2A2 cos 2(
+8A3 cos ( cos g cos (,
—8Aysin(cosy sin(,
—8Ay cos ( sin q sin (,
0,
—8As sin ( sin q cos (,
Ep + 2Ai (cos 2q + cos 2() + 2A2 cos 2(
+8A3cos( cos l7 cos(, '

—8A7 sin ( sin q cos (,
&3Hg, i2 = —4~3AS cos( sin g sin (,

AE(g) =
I
Ei —E2 ——

I
+ 4V2,

2)

AE($) = J)
I
E, —E, + —

I
+4V',

2 j

First, we calculate the J dependence of the peak po-
sition in the presence of sd hybridization. The exchange
splitting of one d band and one sd band yields a dif-
ferent shift of majority- and minority-spin bands. The
distances LE between the split bands depend on the ex-
change splitting value J,
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where Eq and E2 are the original paramagnetic band
positions and V describes the band hybridization.

Second, we calculate the J dependence of the linear
magneto-optical Kerr spectrum consisting of one hypo-
thetical peak of Lorentzian shape. Assuming a diferent
J dependence for the majority- and minority-spin peaks,
i.e. , the majority- and minority-spin electrons undergo
transitions between bands with difFerent J dependence,
the resulting linear Kerr susceptibility may be written in
the following form:

(') = AJ +BJ
CJ2+ DJ+ E'

where A, B, |,D, E are J-independent constants. For
J + 0 the susceptibility depends linearly on J, for J ~
oo it tends to saturate.

The corresponding nonlinear spectrum consists of
peaks whose shape is that of the derivative of a

Lorentzian. The result for the J dependence of this non-
linear Kerr spectrum is

(2) J + aJ2+ 6J
J3+ cJ2+ dJ+ e'

which again shows linear J dependence for small J and
saturation behavior for large values of J.

Third, we calculate the J depend. ence of the linear and
nonlinear magneto-optical Kerr spectra for Fe atoms. In
Fig. 8 the atomic 3d bands of iron (NF, = 6) are shown
schematically. They cross the Fermi level with increasing
exchange interaction. We obtain the number of possible
transitions in majority- and minority-spin bands, the dif-
ference of which is a measure for the Kerr susceptibility.
For a sufficiently large exchange interaction the bands no
longer cross the Fermi level that demonstrates the case
of saturation that occurs for smaller J in the nonlinear
case compared to the linear one.
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