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A comprehensive variational study of the two-impurity Anderson model is presented. First a
lowest-order basis is introduced, which does not contain electronic excitations above the Fermi level:
in this basis, the indirect f finte-raction of the form —JSi S2 is not generated but is added by
hand. The effect of electron-hole (EH) excitations is also studied. A suitable discretization of the
continuous band spectrum allows us to obtain all eigenvalues and eigenvectors and to calculate
finite-temperature magnetic properties. For a distance R ) R„where R, 2.5(ks ) (ks is the
Fermi wave vector), the interference between screening clouds around the two impurities is weak
and the physics depends smoothly on the ratio between the coupling J and the Kondo temperature
T~. In this regime, the effect of EH excitations is to renormalize the f-level energy and to add the
magnetic interaction. At finite temperature, the results of scaling theory and of quantum Monte
Carlo simulations are recovered, with growth of magnetic correlations down to temperatures T T~
and a two-stage Kondo effect for J &) T~. For R ~ 0, the impurity spins lock in a triplet and the
binding energy is exponentially increased, indicating that a collective Kondo effect takes place. At
zero distance, only a half of the total impurity moment is compensated at low temperature. The
magnetic interaction now competes with the enhanced binding energy. It is argued that the short-
distance behavior of the two-impurity model is not representative of the properties of the periodic
Anderson model close to half-filling.

I. INTRODUCTION

Heavy-fermion behavior in concentrated Kondo sys-
tems (Ce and V compounds) is always accompanied by
anomalies in the magnetic properties, which place such
systems at the borderline between magnetic and non-
magnetic behavior. Even in the absence of long-range
order, short-range antiferromagnetic correlations as well
as metamagnetic transitions are observed. A small in-
crease of the lattice constant can drive the system to an
ordered state, with a magnetic moment which depends
in a sensitive way on the Kondo temperature. Some
heavy-fermion compounds have long-range antiferromag-
netic order with moments of the order of a hundredth of
a Bohr magneton. These phenomena are attributed to
a competition between the Kondo effect and the indi-
rect f finteraction-, and are believed to be described by
the periodic version of the Anderson impurity model. ~ A
question of particular interest is to determine the regime
of parameters in which either the magnetic or the non-
magnetic (Kondo) state is stable, and to describe the
transition between these two states.

The two-impurity model is a highly simplified version
of the periodic Anderson Inodel, which still contains the
two competing effects, namely Kondo compensation of
the localized moments and the magnetic interaction be-
tween them. Therefore there is some hope that a study
of the two-impurity model will shed light on the proper-

ties of the Anderson lattice, and on the validity of the
methods used for its investigation. However it must be
emphasized that the two-impurity model is not a repre-
sentation of a physical system; this is at variance with
the one-impurity model, which describes a metal with
diluted Kondo impurities.

The two-impurity Anderson or Kondo models have
been the subject of various investigations, yet a com-
plete understanding of their properties has not been
reached. Older works employed either the Hartree-
Fock method or perturbation theory. The two-impurity
Kondo Hamiltonian was studied in Ref. 9 by the tech-
nique of perturbative scaling: the resulting picture
was found to depend on the ratio between the mag-
netic coupling J and Kondo temperature T~, in par-
ticular a two-stage Kondo effect was predicted to oc-
cur for strong ferromagnetic couplings J )& T~. The
numerical re normalization group applied to the two-

impurity Kondo Hamiltonian ' predicted a complex
low-temperature behavior and a new critical point with
diverging staggered susceptibility for an antiferromag-
netic coupling J —2.2T~. This result was confirmed
by a theorem, ' which shows that the critical point
must exist for the particle-hole symmetric Kondo Hamil-
tonian. Instead, calculations on the Anderson Hamil-
tonian by quantum Monte Carlo, slave boson, and
renormalization group techniques did not B.nd a diver-
gence of the staggered susceptibility. The different phys-
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ical behavior of the two models is now understood to be
due to potential scattering, which is contained in the An-
derson but not in the Kondo Hamiltonian. ' Exact
diagonalization on small clusters and the variational
method ' '2 have also been applied to the two-impurity
Anderson model.

Each technique has its own merits and drawbacks. The
numerical renormalization group is in principle an exact
method, which had great success in the solution of the
one-impurity model. ' However it is a heavy numer-
ical technique, and it cannot be easily extended to the
lattice. The quantum Monte Carlo method is also exact,
but it cannot reach very low temperatures or treat ex-
treme limits of the parameters. Speaking of approximate
methods, slave-boson —mean-field techniques are simple
to implement and can be readily extended to the lattice,
but the results can be modified by the inclusion of Auctu-
ations. The variational method, pioneered by Varma and
Yafet and Gunnarson and Schonhammer, provides a
ground-state wave function and a simple picture of the
physics involved: however the results may depend on the
choice of the basis. Also, Fermi-liquid properties cannot
be studied by this method, a fact which is often not em-
phasized. At present, a complete understanding of these
strongly correlated systems seems to require results from
different techniques.

In this work we present the results of a comprehen-
sive study of the two-impurity Anderson model by the
variational method. We calculate the following quanti-
ties: energy spectrum, spin correlation functions, and
magnetic susceptibilities. Emphasis is given on the de-
pendence of the physical properties on the interimpurity
distance and on the magnetic coupling. We intepret the

results in terms of the interference between the screening
clouds around. the two impurities, which can drive mag-
netic correlations even in the absence of the indirect f f-
interaction. Attention to a proper choice of the varia-
tional basis is given, and the dependence on the basis is
studied. In addition, we try to establish which properties
of the two-impurity model remain true for the Anderson
lattice.

In Sec. II we introduce the model Hamiltonian and
describe the variational method used for its solution. In
Sec. III we present the results for zero-temperature prop-
erties in the lowest-order variational basis which does not
include electron-hole excitations: this is the "reference"
calculation. In Sec. IV we study the effect of an added
magnetic coupling in the lowest-order basis. In Sec. V an
extensjon of the variational method is proposed, which
allows one to study low-temperature magnetic proper-
ties. In Sec. VI we discuss the dependence of the re-
sults on the variational basis, in particular the renormal-
ization effects associated with electron-hole excitations.
Section VII gives an outlook on the results and their rela-
tion with the properties of the periodic Anderson model.
Some technical details are given in the three appendices.
Part of the results of the present work were already pub-
lished in short form. In the present paper we give details
on the method and present new results on spin correla-
tions, on finite-temperature properties, and on the effect
of electron-hole excitations.

II. MODEL AND METHOD

Our model Hamiltonian is given by

H=) eye& cg~+Ey) f, f, +U ) f, f; f, , f, . +) (e'" 'Vkf, cg~+H. c.) —JSi.S2,
ia kia

where f t (c") is the creation operator of a localized (con-
duction) level, i = 1, 2 labels the two impurities at po-
sitions R.;, and o is a spin index. The quantization axis
is taken along the line connecting the two impurities.
Throughout this work, we assume a Coulomb correlation
U = oo, so that double occupancy of a localized level is
strictly forbidden. The band is taken to be free-electron-
like with a lowest energy —B and an upper cutofF B',
both measured from the Fermi level. The f level posi--
tion Ey ( 0. The hybridization width is given by

where p(e) is the density of states. For simplicity, I'(e)
is assumed to be independent of energy: given the free-
electron density of states, this implies that the hybridiza-

I

I

tion Vi, oc A, ~ . The Hamiltonian (1) refers to the case
of spin degeneracy only (Ny = 2). We are mainly con-
cerned with the weak-coupling (Kondo) regime I' (( ~Ey ~,

in which the f occupation n y 1.
For generality, a magnetic interaction term —JSq . S2

between the localized spins is included in the Hamilto-
nian. Such a term is also generated to fourth order in
the hybridization. Including this term will be useful in
order to compare the lowest-order results, which do not
include electron-hole excitations, with the higher-order
ones (Sec. VI).

The total number of particles is a conserved quantum
number: we choose to work in the subspace with an even
number of electrons. We represent the many-body wave
function in a variational basis. ' Basis states are clas-
sified according to the total spin S and its component S .
For the states with S = 0, the variational basis is

@o ——filled Fermi sea,
' '(f;tci t + f,Zckq)4o,

(a) 1 ik.R,, t (4)
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2

(f—»f» —f,zf 2&)(cktck'$ Ckgck'f)40&
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t t t t(f;—„cq„—f;„c,„)( ck tck'$ ck$ck'$)00,

[C ~c,tcktck&g + C tc gtckgcklg + 2 (C ~C, ~ + C gc, g) (Ckgck&$ + Ckgck&g)]$01
r t t t t 1

q

—(C tc,~
—C ~c,t) (CkgCk g

—Ckgck g)i/0.

(6)

(8)

(10)

A similar basis is introduced for the states with S = 1
and S = 2 (working with an even number of electrons, the
values S = 0, 1, 2 of the total spin are the only possible
ones which can be formed within our variational basis).
States (5), (6), and (8)—(11) must be restricted to half
of the values (k, k') or (q, q') (for example, k, ( k,',
q, ( q,') to avoid overcompleteness of the basis. States
(5) and (6) have a total impurity spin S; ~ = 1, S;
0, respectively: however, S; ~ is not a good quantum
number of the Hamiltonian.

The restriction to the variational basis (3)—(11) (and
the analogous ones for the higher spin values S = 1
and 2) defines the approximation adopted in the present
work. The Hamiltonian matrix restricted to the varia-
tional subspace generates linear equations for the expan-
sion coefFicients: a technique for discretizing the continu-
ous band spectrum is needed in order to solve these equa-
tions. We formulate the Schrodinger equation in terms of
a generalized eigenvalue problem, by introducing suitable
nonorthogonal basis functions: this has the advantage of
yielding all eigenvalues and eigenvectors, while keeping
matrices of small dimension. The numerical technique
is described in Appendix A. For the low-temperature
results of Sec. V, we take all eigenvalues and eigenvec-
tors resulting from the generalized eigenvalue equation
and calculate finite-temperature thermodynamic proper-
ties from the partition function.

Prom the eigenvectors we calculate the correlation
functions and impurity susceptibilities. The latter are
generally defined by

formula.
A schematic illustration of the basis is shown in Fig.

1, where one more state is considered [state (e)]. The
crucial state for the Kondo effect is (b) [Eqs. (5) and

(6)], which allows for a simultaneous screening of the
two impurities and therefore is able to describe both the
independent-impurity limit and a correlated Kondo ef-
fect on the two sites for finite distance. The structure of
the two-impurity basis for U = oo is analogous to that of
the one-impurity basis for finite U. The representation
of Fig. 1 corresponds to the idea of an I/Ny expansion:
states on the same line are coupled by terms of order
unity, while states on different lines are coupled by terms
of order I/gNy. Thus in the limit Ny ~ oo only basis

e 0

Fg//
a o

f r

~ 0
d~ (Si, (7.)Si,), (12)

d~ ((Si,(r) + S2, (7 ) ) (Si, + S2, )), (13)
2

X. = — «(( S(i~) —S2-(r)) (Si. —S2.)) (14)
2

with P = (kisT) i, and where y, y„,y, represent the on-
site, uniform, and staggered susceptibilities, respectively;
the definition O(w) = e Oe is used. Expressions
(12)—(14) are conveniently evaluated using the Van Vleck

FIG. 1. Variational basis for the two-impurity problem
in the limit U ~ oo. Solid circles represent electrons, open
circles represent holes. The f levels representing the two im-
purities are on the right of the Fermi sea. In states (a) and
(d), both impurities can be occupied. Solid arrows indicate
couplings of order (I//Ny), while dotted arrows indicate

couplings of order (I/gNy).
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states (Oab) need to be considered. However we do not
aim at a systematic I/%y expansion: rather, we choose
to emphasize the physical efI'ects introduced by electron-
hole excitations [states (cde f)], which are of course im-
portant for Ny ——2. Our strategy is the following: in
Secs. III—V we present the results in the lowest-order ba-
sis (Oab), which excludes electron-hole excitations (see
also Appendix B). Since the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction is not generated in this basis,
we must include the term —JSq Sq in the Hamiltonian.
In Sec. VI we present the results obtained in the basis
which includes electron-hole excitations. It will be shown
that electron-hole excitations have two main effects: (i)
generating a magnetic interaction term, and (ii) renor-
malizing the parameter Ey used in the lowest-order cal-
culation. To compare with published variational treat-
ments of the two-impurity problem, the wave function
of Ref. 26 corresponds to our lowest-order basis (Oab),
whereas the "Kondo-singlet" wave function studied in
Ref. 27 corresponds to the basis (abd) of Fig. 1.

The choice of the appropriate variational basis is not
obvious. The basis of Fig. 1 is not the only possibility:
another possible basis is shown in Fig. 2(a), and will be
referred to as a "magnetic" basis. The bases of Figs. 1
and 2(a) have the same quantum numbers, hence they
must be equivalent if the variational expansion is per-
formed to all orders: however, if the expansion is trun-
cated to a finite order, the two bases might give difFerent
results. The choice is then dictated by physical consid-

erations. The important state for the correlated Kondo
effect is the one with two holes in the band, i.e. , state (6)
in the nonmagnetic basis of Fig. 1 and state (h) in the
magnetic basis of Fig. 2(a). Thus the correlated Kondo
effect is already obtained to order (Oab) in the nonmag-
netic basis, while it is only recovered to order (bde fgh)
in the magnetic basis. On the other hand, the magnetic
interaction is described by the diagrams (bde), (bdf) in
both bases (see also Sec. VI), which means that the basis
of Fig. 2(a) is more appropriate to study the magnetic
interaction. Since it is the Kondo efFect which is nonper-
turbative and at the heart of the problem, it is reasonable
to use the nonmagnetic basis of Fig. 1, where the efFect
of the higher-order states (cde f) can to a large extent be
understood by Brillouin-Wigner perturbation theory (as
shown in Sec. VI).

It would also be possible to work in the subspace with
an odd number of electrons, i.e. , using a variational basis
with half-integer values of the total spin. For the case
without electron-hole excitations, such a basis is shown
in Fig. 2(b). Having one more electron cannot matter
in the thermodynamic limit, provided however the varia-
tional expansion is performed to all orders. A calculation
in the basis of Fig. 2(b) is carried out in Appendix C, and
shows that when electron-hole excitations are neglected,
the basis with an odd number of electrons gives an equiv-
alent description of the ground state for R = 0, but yields
incorrect results for R —+ oo.

A similar situation occurs in the one-impurity problem,
where "nonmagnetic" and "magnetic" bases can also be
defined [Figs. 3(a) and 3(b)]. Here the two bases have
different quantum numbers: the nonmagnetic (magnetic)
basis has an even (odd) number of electrons. Here again,
having one more electron is irrelevant in the thermo-
dynamic limit: thus the two expansions of Fig. 3 must
still give the same results when evaluated to all orders.
When truncated to a finite order, the Kondo effect is al-
ready described to order (Oa) in the nonmagnetic basis,
while one must go to order (acd) in the magnetic basis
for the Kondo efFect to be present.

A related problem is how to define the Kondo tern-
perature T~ in the one-impurity case. In the Kondo
problem, T~ can be defined either from perturbation
theory at high temperature, or from the inverse of the
zero-temperature susceptibility, the two definitions be-

c ~
o

(b)

(b)

C ~ d

/p/

FIG. 2. (a) "Magnetic" basis for the two-impurity prob-
lem. (b) Spin-1/2 basis for the two-impurity problem. Mean-
ing of the symbols as in Fig. 1.

FIG. 3. (a) Nonmagnetic and (b) magnetic basis for the
one-impurity problem. Meaning of the symbols as in Fig. 1.
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ing related by a universal Wilson number. In the varia-
tional expansion, for ny ~ 1, we take the definition T~ ——

1/[4y(T = 0)], where y is the impurity susceptibility. ss

Within the variational bases (Oa) or (Oac) of Fig. 3(a),
the above expression for T~ is calculated to be close to
the triplet-singlet splitting E(S = 1) —E(S = 0). Both
quantities of course depend on the order of the calcula-
tion. However we note that since the one-impurity prob-
lem is known to have no gap in the excitation spectrum,
performing the variational expansion to all orders the
triplet-singlet splitting must eventually vanish, while the
zero-temperature susceptibility remains finite.

Since the variational expansion leads to a finite gap
above the ground state, Fermi-liquid properties like the
specific heat cannot be studied by this method. In this
sense the variational technique is closest to finite-cluster
calculations, ' which are also characterized by a finite
gap. A finite susceptibility at zero temperature, which
is one of the signatures of a Fermi-liquid ground state
in the one-impurity problem, appears as Van Vleck-like
magnetism in variational or finite-cluster calculations.

III. LOWEST-ORDER CALCULATION

-4

-6 (a)

-10

0.2

b)

0.1
GC

0.0

I I I

4 6

kFR
10

FIG. 4. (a) Energies of the two lowest states, (b) ground-
state correlation function as a function of distance. Solid lines:
Ny = 2. Dashed lines: Ny ——14. Other parameters: B' = 1,
J = O, N&I' = 0.2, T = O.OOS.

In this section we present the results obtained in the
lowest-order basis (Oab) and without the magnetic in-
teraction term. Figure 4 shows the energies of the two
lowest states and the spin correlation function (Sq . S2).
There exists a critical distance R, 2.5/k~, which sepa-
rates two distinct regimes. For R )R, the ground-state
energy is close to —2TJr, where Tlc Bexp[vrEy/(21')]
is the single-impurity Kondo temperature, and interim-

purity spin correlations are small. In this regime, the
physics is that of two weakly coupled Kondo impurities.
For R & R„ the binding energy is enhanced, and tends
to h Bexp[mEy/(3I')] as R ~ 0 (see Appendix B).
Thus the ground-state energy still depends exponentially
on the hybridization width, but with a smaller exponent
(in absolute value) than for the single-impurity case. Spin
correlations become ferromagnetic for R ( R, and for
R ~ 0 the impurity spins are locked in a triplet ((Sq .S2)
remains slightly below 1/4 due to charge fluctuations).
We take the exponential increase of the binding energy,
as well as the formation of an impurity spin triplet, as
an indication that a collective Kondo effect takes place
for R —+ 0. The limiting behavior for R = 0 can be
understood analytically, as shown in Appendix B.

The ground state is always a nondegenerate singlet.
The first excited level is found to be fourfold degener-
ate: one state with S = 0 and three states with S = 1.
Starting from this first excited level, the spectrum is con-
tinuous. For R —+ 0, the gap tends to zero and the whole
spectrum is continuous.

In Fig. 4 we also show the results in the case of a high
degeneracy Ny ——14 of the f level. Orbital degener-
acy is treated by introducing an orbital index m for the
f level, f;, and assuming that the hybridization Vg
satisfies Vi, = Vj,e' ~, where P is the angle of k in the
x-y plane. It can be seen that correlations between the
localized spins are much weaker for large Ny. In fact,
in the limit Ny ~ oo the two impurities are decoupled,
as is well known, unless a magnetic interaction term is
introduced. Also, for large Ny the energy at B = 0 be-
comes higher than for R ~ oo. In fact, the energy in the
weak-coupling limit is 2TIr = 2—Bexp—[vrEy/[(Nyr)]
for R ~ oo, and Bexp(vrEy—/[(Ny + 1)I']) for R ~ 0,
as one can show by a calculation similar to that of Ap-
pendix B. For small Ny, the change in exponent makes
the energy for R = 0 lower than for R ~ oo, but for
Ny ~ oo the exponents become identical and the fac-
tor of 2 makes the energy lower for R ~ oo. Even for
Nf ——2, the energy can become higher for R = 0 than
for B ~ oo if the hybridization is so large that the above
formulas (valid only in the weak-coupling limit) do not
hold.

We emphasize that the correlations in Fig. 4 are ob-
tained in the absence of electron-hole excitations, and for
this reason they cannot be associated to a RKKY mecha-
nism. In fact, these correlations are closely related to the
presence of a nonanalytical term in the ground-state en-
ergy, i.e. , to the Kondo effect. Still, since the interimpu-
rity correlations of Fig. 4 are mediated by the conduction
electrons, their spatial dependence rejects Fermi-surface
effects. The length scale vr/k~ of the oscillations has
nothing to do with the Kondo screening length, which
is discussed below in terms of the correlations between
impurity and conduction spins.

In the one-impurity problem, correlations between f
and conduction spins have been shown to extend over
distances of the order of ( = v~/TIr (or k~r', = 2e~/TIr):
the extension of the screening cloud is orders of magni-
tudes larger than the lattice constant, as has been veri-
fied experimentally. In the two-impurity problem, the
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th t the two impurities would inter-naive expectation is a e
act at distances R & z~. This expectation is incorrect, as
can be seen &om the following argument. The screen-
in cloud around each isolated impurity consists o elec-ing c ou aroun e

An s-wave at site 1 is seentrons in partial 8-wave states. An s-
om site 2 as consisting of partial waves

'
gs with an ular

I k R. Quantitatively, the scalar
product of two normalized 8 waves around two sites a
distance R is calculated to be sin(kR)/(kR). Thus for
k R )) 1 the two screening orbitals arls are almost orthog-

ot "feel" each other,ona, ethe screening electrons do not
. For k+R && 1,and the two impurities interact weakly. or

on the other an, eh h d th conduction electron wavelength
l " the two impurities, the screen-

b tal becomes the same for both impurities, an aingor ia ec
collective efFect arises with ferromagnetic cocorrelations be-

the case of orbitalt the impurity spins. Considering eween e
nin clouds isth interference between screeningdegeneracy, e

'

an eKect of or er
& f, and 1&N and vanishes for Nf ~ oo. In the

rest of this paper we shall consider only the case Nf ——

In Fig. 5 we plot the correlation function (SI s, ) be-
't spin and the total conduction spintween one impurity spin an

s = f s(r)dr; the conduction spin density is define asC

—i(k —k') r + ts(r) =
kk' nP

I I I I
i

I I

0.0 —-
I I

i
I I I I

i
I I I I

i
I I I I

-0.005--

ment: since the screening orbital becomes the same for
both impurities as R ~ 0 the Pauli principle forbi s

di
' b than one hole, and the seconits occupation y more an

hole occupies a plane-wave s astate close to the Fermi en-
wor kinA

' 'lar calculation can be performed wor ingergy. simi ar ca c
with an odd number of electrons (see Appen xx . e
hole in a plane-wave state, app gcarin for R = 0, is not

resent in t is asis.b The basis with an odd number
e t h sical description ofof electrons gives an equiva en p y

'

f R ~ 0 but now the correlationthe ground state or
(SI s, ) = —ny/2.

s be-To stu in more e aidetail the spatial correlations e-
ween a, '

i . 6 the correlation~ ~

cillations with a period vr ~,
'

gk comin again from pure
lti lied b an envelope w icFermi-surface effects, multip i y

decays asymptotically like z .I& z For R -+ oo [Fig. 6 a
the correlation function becomes that of the one-impurity

For the one-impurity problem, sinnce the round state isg
a singlet, i can ea gl t, t be shown that the sum rule (SI s, ) =
—(3/4)ny holds. In fact in Fig. 5 (SI .s ) is close to —3 4

~~S .s
&
~shows weak oscillations

f R ) R and tends to —nf for R ~~ 0. The value oor C)

a neti-—1 is charac eris ic oh t ' t f two spins one, antiferrom g
cally coupled to each other. us 'g.r. Thus Fi . 5 confirms that
the impurity spins form a trip ei let for R ~ 0, whic is
compensated by the conduction electrons. However it

d' B that for R = 0 the spectrumis shown in Appen ix a
d of the two screening holes is inis continuous, an one o e

a plane-wave state: its characteristic length is in'. nite y
large. This can e un ersTh b nderstood from the following argu-
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FIG. 5. Correlation function between one impurity spin
and the total conduction spin. aram
0.1, T —0 001 The dotted line represents the R —+ oo limit.

kFz

FIG. 6. Correlation function G(z) = 4sr s P == 4srz Ss s P = O, z))
and the conduction spin densitybetween one impurity spin an

im urities. Parameters:along the line connecting the two imp
J = 0 B = S I' = 0.1, T = 0.01.7
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problem, which is given by G(z) = —3vrz
~ Pk ai, e' '

[ai, is the coefficient of state (a) in Fig. 3(a)j and there-
fore is always negative. G(z) is normalized according to
the sum rule I G(z) dz = —(3/4)ny. this has been ver-
ified numerically. It has also been verified that about
70%%up of the sum rule is recovered if the upper limit of the
integral is taken to be ( = v~/T~ (k~( 500 with the
parameters of Fig. 6): this can be taken as a working
definition of the extension of the screening cloud in the
one-impurity problem. It is gratifying that the descrip-
tion of the screening cloud within the simple variational
wave function to lowest order is in very good agreement
with that obtained by more elaborate methods.

When the two impurities are at a distance B = 3vr/k~,
it can be seen from Fig. 6(b) that the behavior of the
single-impurity correlation is modified only for z B+
I/A:~. This can be understood again from the partial-
wave argument: far from the second impurity, the two
screening holes do not feel each other, and the single-
impurity correlation is essentially unchanged.

For zero interimpurity distance [Fig. 6(c)I, the corre-
lation G(z) resembles that of one impurity, but with a
faster decay, i.e. , a smaller characteristic length. This
is related to the enhanced binding energy: for B = 0,
the correlation length becomes ( = v~/8 and is expo-
nentially smaller than for B ~ oo. However since for
R = 0 only one of the two holes occupies the screen-
ing orbital, while the second one is in a plane-wave state
with an infinite characteristic length, we expect that only
one-half of the total impurity spin is compensated in a
finite region around the two impurities. In fact by eval-

uating f G(z) dz for I )) ( we find a result close toL

—1/2, which is the characteristic value for a spin-1 par-
tially compensated by a spin I/2. Since the second hole
does not dynamically contribute to screening, we expect
the susceptibility to diverge for B —+ 0: this is confirmed
by the numerical results (see Ref. 34).

IV. EFFECT OF MAGNETIC INTERACTION

In this section we study the effect of including a mag-
netic interaction term —JSq S2 in the lowest-order calcu-
lation. Such a term simulates the effect of electron-hole
excitations, as well as other contributions to the mag-
netic interaction not included in the model, like the one
coming from local Heisenberg exchange between 1' and
conduction spins. It is of particular interest to determine
whether and under which conditions a phase transition
occurs as J is varied.

In Fig. 7 we show the correlation function (Si . S2)
and the staggered susceptibility y, as a function of mag-
netic coupling, for two fixed values of the distance. The
results for k~R = 4.5 (solid curves) are representative
of the behavior for B ) B,: physical properties are a
smooth function of the ratio J/T~. Correlations between
impurity spins are ferromagnetic for J )) T~ and antifer-
romagnetic for J « —T~. A peak of the staggered sus-
ceptibility occurs when the antiferromagnetic coupling J
is a few times the Kondo temperature. This peak origi-
nates from two competing factors. Starting from J = 0
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PIG. 7. (a) Spin correlation function (Si S2) and (b)
staggered susceptibility as a function of magnetic coupling, at
a fixed distance kgR = 4.5 (solid lines), kFR = 1.5 (dotted
lines). Other parameters: B = 1, I' = 0.1, Ta = 0.001.

and decreasing J, the gap between the S = 0 and the
S = 1 states decreases, which first gives an increase of
the susceptibility. However for J « —T~ the lowest state
is close to having S; p: 0 in both subspaces S = 0 and
S = 1, the two ground states differing only by the con-
duction electron quantum numbers: thus the matrix ele-
ment of Sq, —S2 decreases, and makes the susceptibility
tend to zero for J « —T~. The solid curves in Fig. 7 are
very similar to those calculated in a two-site "molecular"
model, showing that they do not depend in an essential
way on the continuous nature of the conduction electron
spectrum.

It was first shown by Jones, Varma, and Wilkins us-
ing the numerical renormalization group method that for
the particle-hole symmetric Kondo Hamiltonian a criti-
cal point with diverging staggered susceptibility occurs
for an antiferromagnetic coupling J —2T~. The exis-
tence of a critical point has been recently proved using
the methods of conformal field theory. Moreover it has
been shown that potential scattering with different values
in the two parity channels removes the divergence.
We do not insist on this point, which is discussed in
detail in the literature. 3 ' We just remark that our
model is not particle-hole symmetric, and that the An-
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derson model does contain potential scattering with dif-
ferent values in the two parity channels: thus the smooth
behavior we Bnd for y, is in agreement with the results of
Refs. 23—25, and 28. In the framework of the variational
method, obtaining the divergence of y, would require the
decoupling of even and odd parts of the Hilbert space, as
shown by Yanagisawa. This decoupling only occurs for
B = 0 (see below).

For distances R & B„we expect that the relevant
energy scale will be the enhanced binding energy b (see
Appendix B), and that the magnetic interaction term
will play an important role only for J & —b . This is
confirmed by the dotted curves in Fig. 7, which show that
the interimpurity correlations remain ferromagnetic for
couplings J ) —b [b 9 x 10 with the parameters
of Fig. 7: see also Fig. 4(a)]. An additional sharp peak
is also seen in the curve for y, . This additional peak,
which for B g 0 is not a divergence, originates from an
anticrossing of states in the S = 0 subspace. This can
be understood from the limiting case B = 0: as shown
in Appendix B, for B = 0 triplet and singlet impurity
states are decoupled, and a crossing between these two
states occurs at a value J —b . Thus the two peaks in
the dotted curve of Fig. 7(b) merge into one and become
a divergence of y, for zero distance.

In the periodic Anderson model, a second-order tran-
sition to an ordered state is expected at a critical value
of

~
J~/TIc, whereby the system enters a reduced-moment

phase which gradually evolves into the full-moment or-
dered state as

~
J~/T~ is increased. ' Thus the peaks of

Fig. 7(b) can be seen as remnants of a phase transition,
which, however, can only be reproduced in a lattice of
impurities. A phase transition is also obtained for the
two-impurity model in the Nf —+ oo limit. The fact
that this transition disappears for Nf ——2 agrees with
the arguments given about the possible effects of 1/%y
Auctuations.
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FIG. 8. Impurity susceptibility times temperature for the
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main physics of the two-impurity system is also qualita-
tively described in this approach. However our approach
must be limited to temperatures T ( ~Ef ~: for T )) ~Ey ~,

by treating the impurity thermodynamics in the grand-
canonical ensemble the impurity occupation is expected
to be nf = Ny/(Kf + 1), whereas in the lowest-order
variational basis (Oa) of Fig. 3(a) the impurity occupa-
tion at high temperature is unity, and oscillates between
zero and one when more variational states are included.

In Fig. 9 we show the correlation (Sj S2) and the

V. FINITE- TEMPERATURE PROPERTIES

-0.25
C/3

-0.5

kFR=4.5

Within the lowest-order variational basis (Oab), we
can calculate R.nite-temperature properties by taking
all eigenstates resulting from the generalized eigenvalue
equations in the subspaces with total spin S = 0, 1, and 2
and performing standard thermodynamics. By this pro-
cedure, apart from the numerical approximation due to
the discretization of the continuum, we are neglecting the
effect of electronic excitations above the Fermi level.

The effect of electron-hole excitations can be judged
from Fig. 8, where we compare Ty(T) for the one-
impurity problem [in the basis (Oa) of Fig. 3(a)] with the
known Bethe-Ansatz solution. The quantity Ty(T) can
be interpreted as the square of the impurity magnetic mo-
ment. The impurity moment is screened at temperatures
below T~ and vanishes for T —+ 0. The slow transition
of the exact solution becomes more rapid in our approx-
irnate calculation, as a result of neglecting the electron-
hole pairs. Still, the qualitative behavior of the suscep-
tibility is reproduced, which makes us believe that the
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FIG. 9. (a) Correlation (SI S2) and (b) uniform impurity
susceptibility times temperature, at a fixed distance kJ;B =
4.5. Other parameters: B = 1, I' = 0.1, T~ = 0.001.



7330 LUCIO CLAUDIO ANDREANI AND HANS BECK 48

quantity Ty„(T) for the two-impurity problem at a fixed
distance R & R, . In Fig. 9(a), magnetic correlations first
develop according to the value of the magnetic coupling
as the temperature is lowered down to T T~, where
they stop growing and go over to the low-temperature
value. If

l Jl )) Tlc, low-temperature correlations are
fully ferro- or antiferromagnetic, whereas they have in-
termediate values when

l Jl TIc. For
l Jl « TJc mag-

netic correlations are always small. The low-temperature
values are those of Fig. 7(a). The above picture is essen-
tially identical to that resulting from quantum Monte
Carlo simulations. The peaks in Fig. 9(a) are proba-
bly spurious, and reflect the too rapid screening of the
impurity moment shown in Fig. 8.

In Fig. 9(b), for J = 0, there is little interaction be-
tween the two impurities, and the behavior is similar
to the one-impurity case. For antiferromagnetic (AFM)
coupling J « —T~, the impurity spins lock in a non-
magnetic singlet at T —J, following a pure RKKY
behavior, and no Kondo effect occurs. For a ferromag-
netic coupling J )& T~, the impurity spins first lock in
a triplet at T J, with Ty„(T) 2/3. For lower tem-
peratures, a two-stage Kondo effect occurs: first only
one-half of the total impurity spin is compensated, lead. —

ing to a plateau Ty„(T) 4/9, and then this remaining
moment is further screened, with a vanishing moment for
T ~ 0. These results are very similar to those predicted
in Ref. 9, and show that for B ) B, the two-impurity
system is correctly described by scaling theory. We note
that the two-stage compensation could not be observed in
Monte Carlo simulations, due to the difIiculty of achiev-
ing extreme limits of the parameters. On the other hand,
the present method is well suited to resolving quite differ-
ent energy scales, due to the particular choice of the basis
functions used for discretizing the continuum (Appendix
A).

In Fig. 10 we show the magnetic correlation and sus-
ceptibility for a distance B ( B . It can be seen that
the relevant energy scale is now the enhanced binding
energy 8 ( 10: see Fig. 4). Magnetic correlations
develop down to T & b . Low-temperature correlations
are ferromagnetic for both J )) b and

l Jl « h, and
become antiferromagnetic only when J « —b . For the
susceptibility, when J = 0, there is still a semiquenched
two-impurity regime for temperatures T ( b, indicat-
ing that the two impurities form a ferromagnetic complex
even in the absence of the indirect f finteraction. -The
lower screening temperature is smaller than for B )B,
and eventually vanishes as B ~ 0, since the lowest gap
also tends to zero (see Fig. 4). For J )) 5 the two-stage
Kondo effect occurs, with the lowest screening tempera-
ture being about 10 . The semiquenched two-impurity
regime is suppressed only for antiferromagnetic couplingsJ« —h .

In summary, for B ) B the present results confirm
that the behavior of the two-impurity system depends on
the ratio J/T~. For R & R„ the new scale given by the
enhanced binding energy b is found to be relevant also
for finite-temperature properties. In the limit B + 0,
for small or ferromagnetic J, the lowest of the screening
temperatures tends to zero, reflecting the fact that half
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FIG. 10. As in Fig. 9, for a fixed distance k~R = 1.5.

of the impurity moment remains uncompensated at low
T.

VI. EFFECT OF ELECTRON-HOLE
EXCITATION S

The effect of electron-hole excitations can be stud-
ied first in the one-impurity problem. In the nonmag-
netic basis of Fig. 3(a), the lowest-order calculation cor-
responds to the basis (Oa), and electron-hole excitations
are included in the basis (Oac). The ground-state energy
in the basis (Oac), measured from the energy of the filled
Fermi sea, is close to

E = Ey + AEy —T~, (16)

where the f level positi-on Ey is shifted by the negative
quantity

(17)

and the triplet-singlet splitting T~ is given by

/7r(Eg + AEg) t

T~ Bexp
21 )

(18)

Formula (17) also follows from second-order perturbation
theory. Both expressions (17) and (18) involve a renor-
malized f-level energy E& ——Ey + AEy. Thus the effect
of electron-hole excitations in the one-impurity problem
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is basically to renormalize the f le-vel position.
In the two-impurity problem, the eR'ect of electron-hole

excitations can be analyzed along similar lines. In the ba-
sis of Fig. 1, let us take states (Oab) as the zeroth-order
subspace. States (cdef) can be eliminated in degenerate
fourth-order perturbation theory: i.e. , in the subspace
(Oab) an efFective Hamiltonian can be defined whose ma-
trix elements H,~ are given by

20

10—

'~

'; x10
I

I

\

8=B'=5
I"=0.1

Ef =—0.597

H;)H)~
H,, =H;, +)

i l

). 8iHi 8 „H~
„(E'—Ei)(E' —E )(E' —E )

(19) -10

10

---------- basis (bde)

basis (bdf)

where the indexes Imn run over states (cdef) Stat. es
(cd) can be eliminated in second order, yielding a renor-
malized f-level energy Ef + AEy. States (ef) can be
eliminated in fourth order. Apart from spin-independent
terms, they produce a magnetic interaction —JS» . S2.
The magnetic coupling J can be split into two parts. The
contribution coming from the path (bde) describes a po-
larization of the Fermi sea, and will be called RKKY in
the following: it is given by

) ~~~ ~~
~

(F — ~) (a — F)
(e~ —ek)(~a —Ey)'

x cos[(k —k') R]. (20)

The contribution coming from path (bdf) is nonzero even
if the band is empty, and for this reason will be referred
to as superexchange:

JsE = —2) I&i I'I&i I'
(e& Ef ) (e&' Ef )

1
x

i
+

&&~ —Ef ~
cos[(k —k') R].

(21)

The two couplings are plotted in Fig. 11 as a function
of distance. It can be seen that the RKKY term is
mostly ferromagnetic, whereas the superexchange contri-
bution is mostly antiferromagnetic. If Brillouin-Wigner
instead of Schrodinger-Rayleigh perturbation theory is
performed [i.e. , if the energy E; is replaced by the eigen-
value E in Eq. (19)], the expressions for the magnetic
couplings have to be evaluated at the renormalized f
level energy E&.

In Fig. 12 we show the two lowest energies and the
ground-state correlation function in the variational cal-
culations with the bases (Oab), (Oabc), and (Oabcd). It can
be seen that the qualitative features of the lowest-order
calculation are retained when electron-hole excitations
are included. States (c) have a rather minor effect, since
they couple only to state (a) which has little weight in
the lowest-order ground state. Inclusion of states (d) has
two efFects: (i) the energy is shifted to negative values by
a quantity close to 2AEy, and (ii) the scale of the curves
is reduced, corresponding to a renormalization of Ey in
the exponent of the characteristic energy. The ground-

-20

kFR

10

FIG. 11. RKKY (dotted line) and superexchange (solid
line) magnetic couplings evaluated in fourth-order perturba-
tion theory.

state correlation functions for the three variational bases
are seen to be close to one another. Thus when states (c)
and (d) are included, the physics of the lowest-order cal-
culation with a renormalized f level ene-rgy is recovered.

In Fig. 13 we show the energy and correlation function
in the variational basis (Oabcdf) for two difFerent values
of the upper cutoK B'. In the limit R ~ oo, the basis
(Oabcdf) factorizes into the product of the one-impurity
basis (Oac) for each impurity: we have verified that the
energy in the R ~ oo limit corresponds to twice the en-
ergy of the one-impurity problem in the basis (Ooc). State
(e), which is very cumbersome to treat, has not been in-
cluded. Thus only the superexchange part of the mag-
netic coupling is generated, leading to antiferromagnetic
correlations at zero distance when the upper cuto8' B' is
sufficiently large [Fig. 13(d)]. However this behavior will
be modified when state (e) is included. The value of the
correlation function at zero distance can be derived as fol-
lows. For B = 0 even and odd impurity levels are decou-
pled, and the total impurity spin S; ~ = S~+S2 becomes
a conserved quantity. Thus when states (e) and (f) are
included, the ground-state correlation remains ferromag-
netic unless J ( —h*, where 8* is the (positive) singlet-
triplet splitting in the basis (Oabcd) and J = JRKKv+ JsE
is the total magnetic coupling. Usually the RKKY and
superexchange contributions are of the same size, unless
the conduction electron concentration is very small: in
this limit, the sum over occupied states in Eq. (20) leads
to a vanishing RKKY term.

Note that in the two-impurity Kondo model, correla-
tions at R = 0 are always ferromagnetic. The reason
is that the superexchange part of the magnetic interac-
tion is not contained in the Kondo Hamiltonian, and is
only recovered when the Schrieffer-Wolf[ transformation
is carried out to higher order. Thus the possibility of
having zero-distance antiferromagnetic correlations be-
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E'f = —0.5, j. = 0.1.

tween the impurities is characteristic of the Anderson
model. It would be interesting to verify this prediction by
renormalization group calculations on the two-impurity
Anderson model in the limit of a small conduction elec-
tron concentration.

The results of Fig. 13 bear some resemblance to those
obtained with a slave-boson technique in Ref. 16, where
it is found that zero-distance correlations can be ferro- or
antiferromagnetic according to the value of the parameter
q = Q/Ky which implements the occupation constraint
(see, e.g. , Fig. 14 of Ref. 16). However in the original
Anderson model there is no free parameter q, and it is
not clear what different values of q physically mean.

It is of particular interest to establish to which extent
the results in the full basis can be reproduced by a lowest-
order calculation with renormalized parameters. A com-
parison between the two calculations is done in Ref. 46,

with the following results: for a distance B & A, the re-
sults in the basis (Oabcdf) are close to the results in the
basis (Oob), provided the renormalized f-level position
E& is used and a magnetic interaction —JsE(E")Sq S2 isf
included in the lowest-order calculation. For 0 & B(B,
the two calculations agree only qualitatively. This might
indicate that the magnetic coupling itself is renormalized
by the collective Kondo effect. It has been shown by
Cox that for k& & R & ( the RKKY interaction is
not modified by the Kondo effect: however it is not clear
what happens for B & (k~) B,.

VII. DISCUSSION AND CONCLUSIONS

The present study indicates that two effects can drive
a magnetic interaction between two Anderson impurities:
First, there is the interference between screening clouds,
which is already described in the lowest-order basis (Oab)
and therefore is an effect of order 1/%y. For large dis-
tances, this effect modifies the single-impurity correla-
tion function only in a spatial region of order (k~)
around the second impurity. For R & B 2.5/k~, one
can no longer speak of independent screening clouds: for
R ~ 0, a collective Kondo effect occurs with the for-
mation of an impurity spin triplet and an exponentially
increased binding energy. Second, there is the fourth-
order interaction, which is an efFect of order 1/N& and
requires electron-hole excitations to be generated. The
two efFects can be distinguished by the spatial depen-
dence: for the fourth-order interaction, the position of
the nodes depends on the band structure via both the
lower and upper cutoffs. Also, the fourth-order interac-
tion can lead to both ferro- or antiferromagnetic correla-
tions for A —+ 0, according to the relative contributions
of the RKKY and superexchange parts and the value of
the enhanced binding energy.

For B ) B the interference between screening clouds
is relatively weak, and the only important coupling be-
tween the impurities comes from the fourth-order interac-
tion. The physics depends smoothly on the ratio J/T~,
with no phase transitions as the magnetic coupling is var-
ied. In this regime, the effect of electron-hole excitations
is mainly to renormalize the f-level energy Ey and to add
a magnetic coupling —JSq.S2. At finite temperature, the
results of scaling theory and of quantum Monte Carlo
simulations are recovered: magnetic correlations grow
down to temperatures T T~, where they go over to the
low-temperature value. A two-stage Kondo effect occurs
for J )) T~.

For B ( B, an exponential increase of the binding
energy occurs: the new characteristic energy b becomes
the relevant scale for both zero-temperature and finite-
temperature properties. When electron-hole excitations
are included, the magnetic interaction now competes
with this new characteristic energy. For zero distance,
the two impurities form a ferromagnetic complex, which
is only partially compensated by conduction electrons at
low temperature. Thus the lowest screening temperature
in the two-stage Kondo effect vanishes for B M 0.

It is interesting to compare the properties of the two-
impurity model with those of the Anderson lattice. The
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periodic Anderson model shows short-range antiferro-
magnetic correlations close to half-filling. The rea-
son can be stated as follows: since the Kondo eKect in-
volves conduction electrons in an energy shell of order T~
around the Fermi level, in a concentrated system there
are not enough conduction electrons to screen all local-
ized spins, which therefore must compensate each other
via short-range antiferromagnetic correlations. This "ex-
haustion" efFect is missing in any model with a finite
number of impurities against an infinite number of con-
duction electrons. Thus it is no real surprise that the
two-impurity model is unable to reproduce the antifer-
romagnetic correlations of the Anderson lattice close to
half-filling. A more meaningful correspondence might be
between the two-impurity model at short distance and
the Kondo-lattice model with two conduction electrons.
Still, the indication that strong interference between
screening clouds is limited to distances R (k~)
suggests that the Anderson lattice might be adequately
treated by a cluster Gutzwiller approximation.
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APPENDIX A: DISCRETIZATION OF
CONTINUOUS SPECTRUM

In this appendix we outline the technique used to
solve the Schrodinger equation corresponding to the
Hamiltonian (1) in the variational basis (3)—(ll). In

@ = aogo + ) a;(k)Q,.~ + ) [b
' ~= (kjk2)@I, ~

ik kgk2

+b( '- = )(k k )y„„]+ . (A1)

[Note that P& & is restricted to half of the values

(kq, k2).] Due to cylindrical symmetry around the axis
connecting the two impurities it can be shown that the
coefficient aq(k) has the form

aq (k) = &g [ao (e) + aq (e)e'"* ], (A2)

where ao(e) and aq(e) depend only on energy (below the
Fermi level e~ = 0). These coeKcients are expanded in
a nonorthogonal basis consisting of N functions

V,
hi(e) = ', I = 1, . . . , N(.

6 —0'. l
(A3)

This choice is motived by the single-impurity solution,
in which the ground state is given by only one basis func-
tion h~ (e), provided n is chosen to be the Kondo temper-
ature (given by T~ Bexp[vrEf/(2I')] in the lowest-
order basis (Oa) of Fig. 3(a)). By choosing the param-
eters o.q, o.2, . . . , o.~ in geometrical progression around
T~, we discretize the continuum in a particularly efIicient
way. For the dependence on wave vectors corresponding
to energies above the Fermi level, we introduce in a sim-
ilar way nonorthogonal basis functions:

+ rn = 1, . . . , N). (A4)g (E) =

previous higher-order calculations on the one-impurity
problem, ' a logarithmic discretization of the energy
spectrum was used, and the lowest eigenstates were found
by the Chebyshev or the Lanczos method. Here we follow
a different route.

The general idea of the procedure is as follows. Let the
wave function for a total spin S = 0 be expanded as
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The choice of the parameters P is less critical: while
the typical energy scale for holes is T~, the typical en-
ergy scale for electrons is IEf I, as can be seen, e.g. , from
Eq. (17). A number of parameters N& ——6—10, K& ——2
is found to be sufI«cient for numerical accuracy, as shown
by convergence tests in the one-impurity case; qualitative
trends are obtained even with N& ——4. The overlap and
Hamiltonian matrix elements within the variational ba-
sis, with the discretization of the continuum implied by
the basis functions (A3) and (A4), can be expressed in
terms of a small number of integrals which can be eval-
uated analytically in terms of the sine and cosine inte-
gral. The Schrodinger equation in the subspace (3)—(11)
is thus transformed into a generalized eigenvalue prob-
lem with a small dimension ( 100—500). This is solved
numerically in all subspaces with given total spin, yield-
ing all eigenvalues and eigenvectors and allowing one to
calculate the partition function and the thermodynamic
quantities at finite temperature. This is a distinct fea-
ture of the present method. Another advantage of the
technique is that good qualitative trends can be obtained
with small matrices and low computational effort: this is
due to the fact that the basis functions (A3) and (A4)
give a very good representation of the hole and electron
wave functions. For comparison, the usual discretization

procedure ' corresponds to choosing the basis func-
tions hi(e), g (E) to be 8 functions with discretized ener-
gies in logarithmic scale. This choice leads to a standard
eigenvalue problem, but with much larger matrices.

APPENDIX B: SCHRODINGER EQUATION IN
LOWEST-ORDER BASIS

In the lowest-order basis (Oab), integral equations for
the expansion coefficients can be derived by the "folding"
technique. In this appendix we derive such equations
and discuss their solutions in the limiting cases A ~ oo
and Bmo.

The Schrodinger equation is written as

Hg = (Ep + 2Ef + AE)Q,

where Eo is the energy of the filled Fermi sea: the en-
ergy AE is thus referred to the state fi fz@p with both
impurities occupied. For the ground state, the posi-
tive quantity —LE can be interpreted as a binding en-
ergy. The ofI'-diagonal matrix elements of the Hamilto-
nian (1) among the lowest-order basis states (3)—(6) are
[the two impurities are assumed to be at Ri ——(0, 0, 0)
and R2 ——(0, 0, R)]

(vP, IHIP'/rI„') = ~2V„*, (B2)

Wi 'klHI&~, '~, ) =—

(&2~ IHI&k, k. )—

g, I
) IHIP'( )

)

(@2~ IHI&k, k, ) ——

[$ V4 —zk2zR $ V4 —2k1gR]

i k2, R —
P V * —ik„R]

[g V* ik2, R +—
g Ve —ikg, R]

2 2

[&»,V.*,e- "'"+~», V.*,e
—"' ].

(B5)

(B6)

Let the wave function for a total spin S = 0 be expanded as in Eq. (Al). The Schrodinger equation (Bi), with the
matrix elements (B2)—(B6), gives rise to linear equations for the expansion coefficients. We express the coefficients
b ' =, b ' = in terms of a, (k), and redefine a;(k) = Vj, a, (k). After some algebra, we obtain the following
(s'- =«) (s'- =0) .

equations:

( 2Ey —AE)ap +—W2) IVkl [ai(k) + a2(k)] = 0, (B7)

2 + ( E — „—b,E)—(k) + 3 ) .IV„ I' (k) + a (k') —[,(k') + 2(k)]'2, - "
ek+eI, I +DE+ 4

1 . 2ai(k) + a2(k') + [ai(k') + a2(k)]e*" = 0, (B8)2,- Ek+Ckl + LE —
4

2 + ( E —„—Z E) (—k) + 3 ) . IV I'a, (k) +,(k') —[a2(k') + a, (k)]
~k+ ~k + +E+ 4

2a2(k) + ai(k') + [a2(k') + ai(k)]e = 0. (B9)2,-' ~@+~A. +AE ——
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ag(k) = a2(k) = ~2ao
Ck + (B10)

By substituting in (B7)—(B9), the following secular equa-
tion is obtained:

These equations embody all numerical results of Secs.
III—V. We have not been able to find an analytical so-
lution for the ground state, except in the limiting cases
discussed below.

In the limit R ~ oo, the terms with the phase factor in
(B8) and (B9) can be dropped. For J = 0, a solution of
the nonlinear equations is given by the following ansatz
(see also Ref. 29):

J vr(Ef —~)
AE = e b, b = Bexp( ) (odd).

4 3r
(B16)

For J = 0, the ground state is the odd (triplet) level,
and the binding energy b is exponentially larger than
the single-impurity Kondo temperature: this can be in-
terpreted as a collective Kondo effect. The even (singlet)
state can become the ground state if the magnetic cou-
pling J is antiferromagnetic and suKciently large. As-
suming

~
J~ && I' and b+ && b, the ground state is a

triplet for J ) —b, and becomes a singlet for J ( —b
with a crossing between these two states as J is varied.

LE I' d~Ef+ =2— AE.2 7l g g+ (Bll) APPENDIX C: SCHRODINGER EQUATION IN
SPIN-1/2 BASIS

The solution is clearly LE = —2T~, where T~
Bexp[vrEy/(21')] is the Kondo temperature in the one-
impurity problem to lowest order. Thus the ansatz (B10)
describes the product of two independent Kondo impu-
rities.

We now consider the case R —+ 0. In this limit, the
coefficients a;(k) have spherical symmetry. We look for
solutions of the form

ag(k) = +a2(k) = b,„;, (B12)

where e is a band energy which can be taken arbitrarily
close to the Fermi level. The physical meaning of the
ansatz (B12) is that the hole in state (a) of Fig. 1 [as
well as one of the two holes in state (b)] is in a plane-
wave state; the spectrum is continuous. For the even
state it can be seen from the matrix elements (B3) and
(B4) that the coefffcient b~s' p=~~ = 0: thus in state (b)
of Fig. 1 only state (6) is present, and the two impurity
spins are in a singlet linear combination. Similarly, the
odd state corresponds to a triplet combination of the im-
purity spins. The separation between triplet and singlet
impurity states holds only for R = 0. In Eqs. (B8) and
(B9), we can drop the term ~2ao and the integral terms
a, (k ), which are negligible compared to the b function.
The following algebraic equations are then obtained:

r dc
Ef +a+ LE =— even,

~ ~+ e'+ LE —
4

(B13)

b+ Bexp
r~(E, + —", ) &

even,I'

3I' dE'

Ef +a+LE = (odd).
& ~+~'+DE+ J

(B14)

The solutions are

3J
AE = —e+ —b+,4

(B15)

Working with an odd number of electrons, and there-
fore with half-integer values of the total spin, the vari-
ational basis excluding electron-hole excitations corre-
sponds to that of Fig. 2(b). The basis states with total
spin 8 = 1/2 and S, = 1/2 are given by

= f,t0o,() t

[f pffft kg + (f~gf2g + f,qf, q) c~g]4 o,
(&) ~ t t t t t t

6

(f&&f2&
—f,&f,t) ckJ4'0(b) 1 t t t t

2

(Cl)

(C2)

r3JLE = —b+, b+ Bexp
4

7r(Eg + ~~) )
even,

(c5)

We expand the spin-1/2 wave function in the variational
basis (Cl) —(C3) and derive an equation for the expan-
sion coeKcients by the "folding" technique, as done in
Appendix B. Separating into even and odd states of the
whole systems, the following algebraic equations are ob-
tained for the energy spectrum:

3I' de ( sin(kR) )
Ef +LE = 1~

2~ ~e+ —, +DE q kR j
I' ' de r sin(kR) l+— 1 +2' gym —

4 +~E ( kR j '

(c4)
where the upper (lower) sign corresponds to even (odd)
states, respectively. For R ~ oo the two equations be-
come identical, and give (for J = 0) AE = TK-
—Bexp[aEf/(21')]. The binding energy for R ~ oo in
the spin-1/2 basis is only one-half of the correct value
given by Eq. (Bll). This is due to the fact that only one
hole is present in the state with both impurities occupied
[state (b) of Fig. 2(b)]: thus the independent impurity
limit is not properly described in the basis with an odd
number of electrons.

For R m 0, it can be shown (as in Appendix B) that
even states correspond to an impurity singlet, while odd
states correspond to an impurity triplet. The correspond-
ing ground-state energies are
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JLE = ———6, b Bexp
4

(7r(Ef —14) )
3r

Comparing with Eqs. (B15) and (B16), we see that the
positive energy —e of the additional hole is not present
in the spin-1/2 basis. However the physics is similar:
for J = 0, the ground state is the odd (impurity-triplet)
state, and a crossing between singlet and triplet states

occurs as J is varied. Thus we can say that for B —+ 0
the spin-1/2 basis provides an equivalent description of
the lowest-order ground state. The correlation between
f and conduction spins for B = 0 is (Sq . s, ) = ng—/2
in the spin-1/2 basis, compared to (Sq s, ) = nf—in
the spin-0 basis. The di8'erence between the two results
comes from the additional plane-wave hole in the spin-
0 basis: its spin is polarized oppositely to the impurity
triplet, but since it is in a delocalized state it cannot be
associated to a Kondo screening of the impurity spins.
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