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Infrared absorption and the loss function of the high-T, superconductors
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The loss-function tensor associated with the infrared absorption spectra of the high-T, superconduc-
tors has been calculated. The model used is a system of layered two-dimensional electron gases where
the charge carriers interact via an effective potential mediated by intra- and interlayer exchange of
acoustic and optical plasmons. The calculations are applied to La&»Sro»Cu04 where the loss function
has recently been obtained from careful measurements of the infrared absorption spectra. The shape of
the calculated loss function is in good agreement with the experimental curve. The observed peak occur-
ring at a frequency about 1.5 times the optical plasmon frequency is shown to correspond to the excita-
tion of a plasmon coupled with electron-hole pairs. This theory also allows for establishment of relations
between various physical parameters.

I. INTRODUCTION

In the past several years considerable attention has
been paid to the optical and electron spectroscopies' of
layered high-T, cuprates with a view to obtaining infor-
mation on the electronic structure and understanding the
mechanism of their superconductivity. In particular, the
loss function of these superconductors has been obtained
from the measurements of their infrared (IR) absorp-
tion' and electron-energy-loss measurements.

The loss functions obtained from the IR absorption
measurements universally show an increasing slope on
the low-frequency side of the spectra and a sharp max-
imum at a finite frequency. The slope has been reported
to be quadratic by some authors, and the peak frequency
has been associated with the optical plasmon frequency.
In order to explain the experimental data, in this paper
we present a calculation of the IR absorption spectra of a
multilayered system which represents a high-T, cuprate
superconductor.

The aim of this calculation is to emphasize the possible
effect of the plasmon excitation in a multilayered system
on the IR spectra. Using the previously calculated
effective interaction ' between the charge carriers (elec-
trons or holes, hereafter referred to as "electrons" ) due to
intra- and interlayer exchanges of plasmons, the IR ab-
sorption spectra has been calculated and it is found that
the peak can be attributed to the excitation of an optical
plasmon, and the low-frequency behavior is related to the
acoustic plasmons. Our calculation shows that the peak
does not occur exactly at the optical plasmon frequency,
but at —1.5 times that frequency. Moreover, we find
that the increasing slope in the loss function is quasiqua-
dratic at low but finite frequencies and linear at very low
frequencies.

In our theory the electrons in each layer of the mul-
tilayered system are assumed to form a two-dimensional
electron gas (2DECi), and the IR spectra are calculated

for various geometries (i.e., direction of the incident beam
with respect to the layer planes and direction of the po-
larization vector), using the diagrammatic methods. It
should be pointed out that because of the anisotropy of
the layered electron system, the dielectric function
E(g, co) appearing in the loss function must be considered
to be a tensor.

It should also be emphasized that the situation here is
different from the IR absorption in an isotropic system,
such as an ordinary metallic 3D electron gas, where a sin-
gle plasmon cannot be excited by the absorption of a pho-
ton, since the plasmon and photon are longitudinal and
transverse excitations, respectively. The plasmon excita-
tion has to be accompanied by some other excitation, like
an electron-hole pair excitation, which shares its momen-
tum with the plasmon in such a way that the total
momentum of this plasmon-pair system is practically
zero (i.e., equal to the momentum Q of the absorbed pho-
ton). For an anisotropic system, such as a multilayered
electron gas, the situation is different. The transverse
effective mass of the electrons being considered as very
large (infinite in our model), direct single-plasmon excita-
tion becomes, in principle, possible. However, for certain
geometries, such as an IR irradiation normal to the layer
planes, such single-plasmon excitations are not possible
because of the symmetry of the process, and these are the
precise geometries that the experimentalists have con-
sidered so far. This means that for normal incidence ex-
periments, the situation becomes similar to that encoun-
tered in isotropic systems where the plasmon has to be
accompanied by a pair. The observed peak is then essen-
tially related to a plasmon-pair system and its frequency
must be higher than the frequency of an isolated
plasmon.

In Sec. II, we present the theory for the IR loss func-
tion and show how the results can be obtained by using
the diagrammatic techniques of the many-body perturba-
tion theory. In Sec. III, the results of our theory are de-
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scribed and compared with the currently available experi-
mental data.

II. DIAGRAMS DESCRIBING
THE IR LOSS FUNCTION

In our calculation, which is related to a radiative IR
absorption process, the usual scalar loss function
Im( —s ') has to be replaced by a more general loss func-
tion Im(U s ' U), where E

' is the inverse dielectric
tensor and U the unit polarization vector. This loss func-
tion can be written as

Im(U E
' U) = [v(Q)/ED]lmRtj(Q, co),

cv and Q being the photon energy and momentum, re-
spectively, and c0 an isotropic background dielectric
function. The potential v(Q) is the Coulomb potential
u (Q) =4me /EQQ (iit= 1) for an isotropic system, and

(3)

This system occupies a volume Q and is treated as an in-
teracting many-body system; ~0) and ~f ) are its initial
(ground) and final states, with 60 and @/ as respective en-

ergies; the X„'s and the P„'s are the positions and mo-
menta of the N electrons and m their effective mass. Note
that if we had considered the response to the scalar po-
tential of an incoming charged particle, the factor
U P„ /mc would then be missing in (3) and only the diag-
onal element in (1) would appear in the description of the
loss (or absorption) process. The present radiative loss
function will thus depend on cu and the directions of Q
and U.

A diagrammatic analysis of the propagator (2) shows
I

ImR~(Q, c0)=(m/0)g'I(f I&I0) I'&(@/ —@0—cv) (2)
f

is the response of the conduction electron system to the
electromagnetic radiation represented by the operator

N0= g exp(iQ X„)U.P„/mc .

that it can be represented by the diagrams of Fig. 1 where
the solid dots are related to operators 0 and 0, i.e., to
the radiative interaction, and the dashed line is related to
the plasmon excitation. The dashed line could also
represent multiple pair excitations contributing to the
background of the IR spectrum, but in the present paper
we concentrate essentially on the plasmon excitation in a
multilayered system. This excitation, if isolated, would
contribute as a peak (5 function). The diagrams of Fig. 1

thus represent a first-order expansion in the plasmon ex-
citation. Note that the zeroth-order diagram is not
present in the figure since it does not contribute. Indeed
a low-energy photon cannot excite one single free
electron-hole pair due to the failure of the energy-
momentum conservation requirement. The fact that the
final states of (2) cannot be those of a single pair means
that any cut through the diagrams of Fig. 1 (by which the
final states can be visualized) must also cut across the
plasmon (dashed) line, which implies that only the real
part of the plasmon propagator (with positive energy) has
to be taken into consideration. This cut, however, may
also go across either one or two additional electron-hole
pair lines, depending on the topology of the diagrams. In
our calculations we neglect all terms corresponding to
more than one electron-hole pair in the final state because
of their negligible contribution. Apart from these restric-
tions, any topology of the diagrams of Fig. 1 is included
in our calculation. Such a diagrammatic approach was
used by Tzoar and Klein for the treatment of optical ab-
sorption by metals, where the conduction electrons were
treated as an isotropic 3D system.

The details of our calculations are given in the Appen-
dix. In the next section we present and discuss some of
the important results of our calculation.

III. RESULTS AND DISCUSSION

The loss function resulting from our calculation can be
written as

Im( —U E ' U)=(m/2E0)(co&/co) cv5(co —co&cosa)sin asin P+(1/mED)(cvz/co) A(cv)cos P, (4)

FIG. 1. Diagrammatic expansion of propa-
gator (2). The solid dots are related to the in-
teraction with the IR radiation and the dashed
lines to the plasmon excitation.
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has been reported for c0 for La-Sr-Cu-O, but the value we
propose here appears quite acceptable. (iv) We note that
the general shape of our curve follows the experimental
curve of Kim et al. Indeed for small but finite values of
co, our curves have an increasing slope and are quasiqup-
dratic, in agreement with those presented by Bozovic'
and Kim et al. In the Appendix we show, however, that
the behavior is linear for very small values of co. (v) Let
us emphasize another important point. The frequency of
the maximum (1 eV) in Fig. 2 is larger than the plasmon
frequency co =0.71 eV obtained from (5) and indicated
in Fig. 2 by a solid triangle. There is a factor of 1.S5 be-
tween these two frequencies, and a factor close to this
value is maintained even if we modify the values of c.a
and/or the other parameters, as indicated by the open tri-
angles in Figs. 2 and 3. The reason for this difference is
that the peak really corresponds to the excitation of a
plasmon coupled with an electron-hole pair.

Finally we have investigated the stability of our results
with regard to the changes of the three other parameters.
The modified curves are shown in Fig. 3 where rn/m,
varies between 1 and 7, n, between 0.01 and 0.04 A
and a between 4.6 and 7.6 A. (The thick curves of Figs. 2
and 3 are all related to the same choice of parameters. )

We note that any choice other than the values proposed
by Kresin and Wolf would destroy the double coin-
cidence we have mentioned: no value of c.0 would then fit
the value and the position of the maximum, together and
so closely with the experimental results of Kim et al.
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In a multilayered system, one has the random-phase
approximation (RPA) potential

aV(P)
ca+ V(p)ReIID(p, co)+iO

where

2vre sinhap

p coshap —cosap,

is the Coulomb potential valid for a multilayered 2DEG
system ' and 110(p,co) the noninteracting pair propagator
inside a 2DEG; p and p, are the components of P parallel
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has

Re110(p, co) = n,p /—mco

as long as p is of the order or smaller than kz. From the
above expressions, one obtains
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ImV+(P, co)= —mu(p)F(P)5[1 —(co~/~) +(P)]

with v (p) =4~e'/sap' and

( p )
ap sinhap

2 coshap —cosap,

(A 1)

(A2)

APPENDIX

This appendix provides some details of the calculations
leading from Eq. (1) to Eq. (4). Let us first give the di-
agrammatic rules adapted for a multilayer system. These
rules yield the factors contributing to the propagator—iR&(Q, co) of an interacting electron-hole pair excited
by a radiation field, as represented in Fig. 1, derived from
the vector potential U expi(Q x —cot).

(i) To the particle lines, one associates factors
i 9(k kF )/(co E~+ iO—) or i 0—(kF —k )/(to Et, —iO), ac-—

cording to the directions "up" or "down" of these lines.
The 0 function is the usual step function, and one has
E& =k /2m, where k is a 2D momentum.

[ —RU(Q, co)], = [ —ir~(q, co)] ImV+(Q, co), (A3)

where the bubble contribution is given by

Note that expression (Al) for ImV+ is the same as that
for an isotropic 3D electron system, except for the oc-
currence of function F(P).

Let us now use the above rules and expressions to cal-
culate propagator —iRU(Q, co) appearing in the dia-
grams of Fig. 1, and then calculate the loss function given
by (1). First let us consider Fig. 1(a), even though this di-

agram does not contribute to the loss function when the
incidence of radiation is normal to the layer planes, as in
all experiments reported in Refs. 1 and 2.

Using the above rules, one obtains

—irt (q, ~)= J, f@kF k)~( lk+ql k~) —~(k kF )~(k—~ Ik+ql )]-, —
boa (2~)2 mc

(A4)
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k and q being the 2D momenta as indicated in Fig. 1(a).
Note that in these equations, (A3) and (A4), we have as-
sumed Q and q ( = Q cosa) much smaller than k —1/a.

Introducing the following vector components parallel
and perpendicular to the layer planes,

lky q—ir~(q, co) = cosP cosE
27M pic co

lnq
sina sinP,

amc
(A5)

aIld

Q=(q;q, ) =(Q cosa, O;Q sina)

U = (u; u, ) = (cosP cosa, cosP sinE; sinP)

where the result of the last step is obtained using the rela-
tions cosE= —tanatanP (since U Q=O), and
q =Q cosa = (co lc )cosa.

Finally, using the fact that the arguments of
ImV+(Q, co) in (A3) are related to the photon, we can re-
place F(Q), given by (A2), by cos a, which is its small q
and q, limits, and one obtains

for the photon momentum and polarization vector, re-
spectively, and

2~2e 2c 2

ImV+(Q, co) = — 5(co —co cosa) .
EpCO

P (A6)

k=(k cosP, k sing)

for the particle 2D momentum, the double integration of
(A4) can be performed. One obtains

Substituting (A5) and (A6) into (A3), and then (A3) into
(1), one obtains the first term of (4), i.e., the contribution
of Fig. 1(a).

Contributions of Figs. 1(b)—1(e) are obtained by using
the above diagrammatic rules and the notations shown in
Figs. 1(b)—1(e):

RU(Q co)](b)—(e), f,f, e(k —k+)e(kF —
1k+pl ) ImV+(P, co)

—2 dk dp [up]
co a (2~) (2m) Pl C

(A7)

with

CO
—

CO E~i +
~

+Ek (AS)

where again we have assumed that Q or q (photon
momentum) is small compared to k —1/a (electron
momentum). In fact, the factor [u p] in (A7) stands for
the summation of the following four terms:

—[(k+p) u][k u] —[k.u][(k+p).u]

+[(k+p) u] +[k.u]

each being related to Figs. 1(b)—1(e), respectively.
The five-dimensional integral of (A7) can be reduced to

a double integral which finally can be computed as a last

step. The steps of the first three analytical integrations
are the following. Let us write

fd P =fdPf dppf dp,
0 —m/a

and
kFfd'k. = f dk. fdk,

F

where the k axis is perpendicular to p (the component of
P in the layer plane).

The k integral is performed first. One has

f dk 8(k~ —k )8( ik+p~ k~) =2kFR- (A9)

with

R =[1 k„lkF]' for k )k—~ —p,
R = [1—k /kz]'~ —[1—(k, +p ) IkF]'~ for —p/2 & k & kz —p,
R =0 for k„& —p/2 .

(A10)

Next, the P integration gives

ItIdg[u p] =au p =mp2cos2p . (A 1 1)

(A2). One obtains

2 2Ff dp, F(P)|) 1 —F(P)—vr/a
(A12)

Then we can proceed to the p, integration using (Al) and with
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Fo —cc) /co&

cgF F B$/2

Gpz

(A]3) tion A (co) which appears in (4). It has the form

A (co)= f dk fdp0(B)
&i&k„ B &/2

and

ap 2Fo
B= coth

2 ap

2Fo ap—tanh
ap 2

(A14)

ap ap
co =co coth

2 2

and

This latter integration introduces the step-function factor
8(B) which yields upper and lower limits to the next (nu-
merical) p integration. It is interesting to note that these
limits correspond to the optical and acoustic limits of the
plasmon band, which are, respectively, given by the
dispersion relations

2

ap

2

F—0 ap
2

'2

and

Fo =(co—k„p/m) /co

R =k /[kF(kF —k )'i ],
respectively. This yields

This dimensionless expression depends on (A10), (A13),
(A8), and (A14), and has to be integrated numerically.

The last point we want to show is the linear character
of the second term of the loss function (4) for co-0. Let
us note that for that limit, (A14), (A13), and (A10) be-
come

ap ap
co =co tanh

2 2
A (co) ~ dp

[(r —p)(s+p)]' '

Finally by substituting (A9), (All), and (A12) into (A7),
and next (A7) into (1), one obtains the second term of (4),
i.e. , the contributions of Figs. 1(b)—1(e).

Finally we obtain the explicit expression of the func-

for that part of A (co) which depends on co, where r, s,
and t are proportional to co. Hence, we conclude that
A (co) is proportional to co for co-0, and the second term
of (4) is linear.
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