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Parallel and perpendicular transport in multilayered structures
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The difference between parallel and perpendicular conductance in magnetic superlattices such as
Fe/Cr are studied numerically with the Kubo formula and a recursion method. In the calculation, the
multilayered structure of superlattices is taken into account through a periodic potential along the direc-
tion normal to the interfaces. It is shown that the magnetoresistance for the current parallel to the lay-

ers MR
~~

is increased by the interface roughness and decreased by the bulk impurity scattering. Since the
Brillouin zone is divided into a series of minizones due to the periodic potential, the magnetoresistance
for the current perpendicular to the layers MR~ is determined by the miniband structure and becomes
larger than MR ~~.

I. INTRODUCTION

The giant magnetoresistance (MR) observed in magnet-
ic superlattices, such as Fe/Cr, has stimulated a great
deal of investigation of transport phenomena in metallic
superlattices. ' In Fe/Cr superlattices, the magnetiza-
tion in adjacent Fe layers is aligned antiferromagnetically
in the absence of an external magnetic field. The magne-
tization changes to the ferromagnetic alignment by an ap-
plied field, and the electric resistance with the current
parallel to the layers decreases by 45%.' In recent exper-
iments, giant MR was observed also with the current ap-
plied perpendicular to the layers in Co/Ag superlattices.

Intensive theoretical studies of the giant MR have been
done. ' It was pointed out that the interface roughness
plays an important role in the giant MR. However, our
understanding of the influence of the multilayered struc-
ture on the transport properties is still at an early stage.
In a previous work we proposed a tight-binding model
for a superlattice, in which the multilayered structure is
treated as a periodic potential along the direction normal
to the interfaces. Based on this model, we have calculat-
ed the conductance for the current parallel to the layers
I

~~

in two-dimensional superlattices using the Landauer
formalism with the transfer matrix method. Although
the system size is limited, no further approximation is
needed for our numerical method. Independently, Bauer
has applied the Landauer formalism to magnetic super-
lattices and examined the conductance for the current
perpendicular to the layers I z within the Born approxi-
mation. '

The purpose of this paper is to study the difference be-
tween the parallel and the perpendicular conductances.
To this end, we calculate the conductance in two- (2D)
and three- (3D) dimensional superlattices numerically
within the Kubo formalism using the recursion method.
It was proved rigorously that the Landauer formalism is
derived from the Kubo formula for a finite system with
perfect lead wires. Thus, the definition of the conduc-
tance used in this paper is exactly the same as the one
used in a previous work. We use the Kubo formalism
because it is convenient for numerical calculation for

large systems. In order to clarify effects purely due to the
multilayered structure, we examine the conductance in
nonmagnetic superlattices. We find that I

~~

is larger than
I ~ both in 2D and 3D. This is due to the fact that the
Brillouin zone is divided into a series of minizones in the
direction perpendicular to the layers. Then we apply the
recursion method to Fe/Cr magnetic superlattices. We
find that the rnagnetoresistance for the current parallel to
the layers MR~~ is increased by the interface roughness
and decreased by the bulk impurity scattering. The
current perpendicular to the layers is strongly affected by
the structure of the minibands, and the magnetoresis-
tance in this direction, MR~, becomes larger than MR

~~.

The outline of the paper is as follows. In Sec. II, the
model is introduced, and the numerical method is briefly
explained. In Sec. III, the parallel and perpendicular
conductances in nonmagnetic superlattices is presented.
In Sec. IV, the magnetoresistance in Fe/Cr magnetic su-
perlattices is studied. Conclusions are given in Sec. V.

II. METHOD

Let us consider the tight-binding model on the lattices
in which one of the dimensions (the x direction) is much
larger than the others, i.e., a long-strip lattice in 2D and a
long-bar lattice in 3D. The Hamiltonian is given by

H= t g c, „~—c, ~~+ g
(in jm), o i,n, o.

X ~i,nc~, n, atra, gr, n, p
i, n, a, P

where i and j label the sites in the x direction, n and m
are the vectors in the transverse directions, c;

„

is the
creation operator of an electron with spin a at site (i, n),
c;

„

is the on-site potential, A, ; „

is the exchange potential
in the magnetic ion, and o. s are the Pauli matrices. The
summation (in, jm) runs over nearest-neighbor sites. In
what follows energy is measured in units of the transfer
integral t and length is measured in units of the lattice
constant.

The system consists of three regions as shown in Fig. 1:
a sample of length L (I ~i ~L), and two perfect lead
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G(i,i)=[G (i) ' t—G (i+1) t G—(i —1)]

and

(6)

G (i,i + 1)= t—G(i, i )G (i + 1) .

where G (io) is the Green's function for the isolated
(D —1)-dimensional sheet at x =i 0 .It is shown that

(a) Parallel (b) Perpendicular

FIG. 1. Configurations of the system for the current (a)
para11el and (b) perpendicular to the layers. Here d denotes the
thickness of each layer, L is the length of the superlattice in the
x direction, and M~ and M, are the width in the y and z direc-
tions, respectively.

(i,n)E 2 layer,

E~: (i,n)E B layer .

(2)

Here, c„ande~ are the on-site potentials in the A and 8
atoms, respectively. In the lead wires the potential are
constant, i.e., s; „=0and AL; ~=0. When the level spac-
ing of the subbands is much smaller than the Fermi ener-
gy EF, the number of the subbands at EF becomes large.
In such a case, this model may be good for a metal.
Thus, in general, it is desirable to use a su%ciently large
system. In our calculation the number of the subbands at
EF is about 100 in the lead wire, so that we believe our
results are applicable to a metal.

The Green's function is defined by

~i, n, cr )—:c;t„~o&,

1

E —H+&g

where
~

0 ) denotes vacuum, i g is an infinitesimally small
imaginary part. We introduce another Green's function

G —(io)„—:i 0, n, cr
L+ 1

(; )
~o, m, ~'

E—H +ig
(4)

where H is the Hamiltonian for a system in which all
sites i & io are deleted. In what follows, we treat G (io)—
as a 2 X2 matrix for 1D, and as 2M X2M and
2M M, X2M M, matrices for 2D and 3D, respectively.
In a D-dimensional system G +(io) obeys —the matrix re-
cursion relation

G (i )=0[6 (io) ' t G (io 1)—]—

wires attached to both sides of the sample, i.e.,
( —~ &i & 0) and (L+ 1 &i & ~). In the transverse direc-
tion, the widths M and M, are finite, and a free bound-
ary condition is used. Thus, electronic states in the lead
wire consists of a number of subbands. The multilayered
structure of a superlattice is taken into account through
the (i,n) dependence of E, „and At, in . the region
1 &i & L. For example, in a nonmagnetic A /B superlat-
tice, the on-site and the exchange potentials are given by

=0,

Here G (io) is the Green's function for a system in which
all sites i &io are deleted. Initially 6 (i) is computed for
the left perfect lead wire ( —oo &i &0). Then G (i) for
the left lead wire plus the sample (

—~ &i &L) is ob-
tained by use of Eq. (5). Finally another perfect lead wire
(L+ 1 &i & oo ) is attached to the sample, and G (ij ) is
calculated from Eqs. (6) and (7).

The conductance I is given by the Kubo formula

4
1 = Tr[G(i, i)G(i —l, i —1)+G(i—l, i —1)G(i,i)

with

G(i,—i —1)6(i,i —1)

G(i ——l, i)G(i —l, i)],

G(i, i') =—.[G (i,i') —6 (i,i') },2l

where i and i' are arbitrary. In this method, the upper
bound of the conductance is given by

28I ma~
h My' ~

which is for the sample with no imperfection, i.e., c; „=0
and W; „—:0. The density of states per spin is also calcu-
lated from G(i, i):

p(E) = 1 Tr[G(i, i)] .
& i Csample

(10)

III. CONDUCTANCE
IN NONMAGNETIC SUPERLATTICES

Before discussing the giant magnetoresistance in
Fe/Cr, the eff'ects due purely to the multilayered struc-
ture should be clarified. In this section, the conductance
in a nonmagnetic 3/B superlattice is studied. We use
the parameter c~ for the periodic on-site potential,
Ez = —E~( = vs ), and measure the conductance in units
of 2e /h.

The results for a 1D superlattice are shown as a func-
tion of the Fermi energy EF in Fig. 2, where v+=1.0,
L =48, and the thickness of each layer is d =4. In the
calculation the infinitesimally small imaginary part for
the Green's function g is taken to be g~0 for the con-
ductance, and g=0.01 for the density of states (per site).
The density of states is separated into 2d minibands be-
cause the on-site potential is periodic, and four of them
are seen in Fig. 2. Since electrons are rejected at the
boundaries between the sample and the lead wires, at
x =0 and L, the conductance becomes smaller than1,„(=1).The oscillation of the conductance is due to
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FIG. 2. The conductance and the density of states per site in
a 1D superlattice. Here only the results for EF +0 are shown
since the results for EF + 0 are symmetric about the band center
EF=0. Energy is measured in units of t.

interference effects. Typically, the conductance is of the
order of 1.0 when EF is in a miniband, while it is almost
zero when EF is in an energy gap.

The conductance depends on the direction of the
current in higher dimensions. In Fig. 1, the
configurations of the system for the parallel and perpen-
dicular conductances are shown. Since electrons are
confined in a finite region along the y and z directions, the
wave function for these directions is given by a set of nor-
mal modes, i.e., subbands, with discrete eigenvalues. The
structure of the subbands in the two configurations are
shown schematically in Fig. 3, where k is the wave num-
ber in the x direction. In the parallel configuration the
on-site potential is periodic along the y direction, so that
the eigenvalues are changed by the periodicity. On the
other hand, in the perpendicular configuration the eigen-
values are not changed, but each subband is divided into
a series of minibands due to the periodicity along the x
direction. In Fig. 4, EF dependence of the conductance is
shown, where c,&=1.0, L =12 My 12 Mz 12, and
d =3. Thus, the system used in the calculation consists
of four blocks, A/B/A/B, and each block contains
three rnonolayers. The conductance for the parallel
configuration I

~~

is larger than that for the perpendicular
configuration I ~. In Fig. 5, I

tI
and I i in a 2D superlat-

tice are shown, where L =48, M =48, and d =4. The

FIG. 4. EF dependence of the conductance I and the num-
ber of subbands N for the parallel (TT) and the perpendicular (ll
configurations. Energy is measured in units of t.

same feature is also seen in 2D. We note that the wave-
length is of the order of the lattice constant when EF is
around the center of the conduction band, and is much
larger than the lattice constant when EF is near the band
edge. In Figs. 4 and 5, the number of subbands which
have finite density of states at EF are also shown, where

N~~ (Nt) is the number of such subbands for the parallel
(perpendicular) configuration. The E~ dependence of N~~

(N~) is similar to I
~~

(1 t). Since only the states at EF car-
ry the current, the conductance is determined mainly by
the number of subbands with finite density of states. If
we consider the thermodynamic limit, the energy Ek
is continuous as a function of k~~ and has discontinuities
as a function of k~, where k~~ and k~ are parallel and per-
pendicular components of the wave vector, respectively.
Thus, it is expected that the discontinuities or the struc-
ture of the minibands will determine the perpendicular
transport also in an infinitely large system.

So far, we have discussed a superlattice with no disor-
der. In actual superlattices, the A and B atoms are distri-
buted randomly near the interfaces. We introduce the
parameter A, to characterize the interface roughness. In
an A layer, each A atom next to a B layer is replaced by
a B atom with a probability A, . Similarly, in a B layer,
each B atom next to an A layer is replaced by an A atom
with the same probability A, . A typical example of a sam-
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FIG. 3. Schematic figures of the structure of the subbands for

(a) parallel, and (b) perpendicular configurations.
FIG. 5. The conductance and the number of subbands in a

2D nonmagnetic superlattice. Energy is measured in units of t.
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FIG. 6. A schematic figure of a sample with rough interfaces.
The open and solid circles denote 3 and B atoms, respectively. FIG. 8. I
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and I & as functions of the bulk impurity scatter-
ing 8'&.

pie with rough interfaces is shown in Fig. 6. The A,

dependence of' I
~~

and I ~ is shown in Fig. 7 with several
choices of EF. The results are obtained by averaging over
100 different samples, and the error bars are smaller than
the size of the symbols. Since the parameter A, corre-
sponds to the concentration of the impurities, the con-
ductance decrease is proportional to X near A, =O, as is
given by the Born approximation. However, when A, in-
creases above A, =0.05, the conductance deviates from the
linear relation. The difference between I

~~

and I"~ de-
creases with increasing interface roughness. We next ex-
arnine the effect of bulk impurity scattering by introduc-
ing the parameter Wz. The on-site potential in each A

and 8 atom is changed randomly in the range

Wz, the conductance does not depend on the direction of
the current because the effects of the multilayered struc-
ture are destroyed by the bulk impurities.

IV. MAGNETORESISTANCE
IN Fe/Cr SUPERLATTICES

In Fe/Cr superlattices, the magnetization in adjacent
Fe layers is aligned antiferromagnetically (AF) in the ab-
sence of an external magnetic field. The magnetization is
changed to the ferromagnetic (F) alignment by an applied
field. Thus, the difference between the resistance in the
two alignments corresponds to the magnetoresistance,
which is defined by

W~ W~
cs ~ c.„~vs+

2 R (AF) —R (F)
R (AF)

(12)
W~ W~

2 2
—~a ——vs+

The W~ dependence of the conductance is shown with
several choices of EF in Fig. 8. The conductance de-
creases proportionally to W~ for small W~. For large EF +I~I-Ecr ~ (13)

where E„,(cc,) is the on-site potential for an Fe (Cr) atom,
and & is the exchange potential for an Fe atom. The ex-
change potential is zero for a nonmagnetic Cr ion. In Eq.
(13), E„,+ Af.

~

is the potential energy for an electron
whose spin direction is opposite to JK (1, electron). Thus,
in the F alignment the potential for the $ electron in the
Fe layer is almost the same as that in the Cr layer as illus-
trated in Fig. 9, so that the $ electrons are scattered only
weakly when Fe and Cr atoms are distributed randomly
at the interfaces.

In the following, we examine the parallel and perpen-
dicular transport in Fe/Cr using a finite system with
L =12, M =12, M, =12, and d =3. This system con-
sists of four blocks, Fe/Cr/Fe/Cr, as shown in Fig. 9,
and electrons feel a different potential depending on the
spin cr and the alignment of magnetization of Fe layers as
illustrated in this figure. In Fig. 10, the parallel conduc-
tance for the electrons with spin o in the AF and F align-
ments, I

~~

" and I ~~, are shown as a function of the in-
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FIG. 7. I
I~

and I & as functions of the interface roughness A, ,
where EF=0.0, 0.5, and 1.0. The results are obtained by
averaging over 100 different samples.

where R(AF) and R(F) are the electrical resistances in the
AF and F alignments, respectively. There is a relation
among the potentials in the Fe/Cr superlattice
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FIG. 9. Schematic figures of the potential in Fe/Cr superlat-
tices for the electrons with spin f and $ in the (a) AF and (b) F
alignments. Here c«(E„,) is the on-site potential for a Cr (Fe)
atom, and JK is the exchange potential for an Fe atom.

terface roughness, where the Fermi energy is fixed at
E„=O.O and the conductance is measured in units of
e /h. The potentials are taken to be Ec,=0. 5,
c„,= —0.5, and le,

~

=1.0 so as to satisfy the relation
eF, + All =Ec,. Thus, I

~~

is a constant independent of A..
The other conductances I

ll

~, I ll", and I
ll

"~ decrease
with increasing A, due to the scattering by the interface
roughness. Because of the limitation of sample size
and/or the existence of the boundary in the y-z plane, the
conductance in the AF alignment depends on the spin o..
The magnetoresistance for the parallel configuration
MR

I
is obtained by using Eq. (12) and the electrical resis-

tance

80—

3D Parallel

Since the difference between RI(F) and R~~(AF) increases
with the interface roughness, MRll increases with A, as
shown in Fig. 12. This tendency is seen to be more pro-
nounced in a 2D system, which is shown in Fig. 13,
where L =48, M =48, and d =4. The A. dependence of
MRll indicates that the interface roughness plays an im-
portant role in the giant magnetoresistance.

The perpendicular conductance for the electrons with
spin o in the AF and F alignments, I ~

"~ and I ~, are
shown in Fig. 11, where the potentials and other parame-
ters are the same as those used in Fig. 10. In the F align-
ment, the conductance for the 1 electrons does not de-
pend on the configuration I ~

~ = I
ll

~ because of the rela-
tion EF,+ ~A,

~
=ac, . The other conductances I ~t, I ~

"~,
and I ~" are much smaller than I ~ ~, which is deter-
mined by the structure of the minibands due to the
periodic potential. In Fig. 12, the magnetoresistance for
the perpendicular configuration MR& is shown. Since
R~(AF) is larger than R~(F), MR~ is finite even at A, =O
where the electrical resistance is caused by the contact
potential between the sample and the lead wires. For
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The results are obtained by averaging over 100 different sam-
ples.

FIG. 12. The magnetoresistance in Fe/Cr as a function of the
interface roughness k.
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FIG. 14. The MR of Fe/Cr as a function in bulk impurity
scattering 8'&, where k is fixed at 0.2.

small A, , I ~"" and I'j "~ increase with A, (or the interface
roughness), so that MR~ decreases with increasing A, .
This is caused by the fact that the impurity levels are
created in the gap between the minibands and contribute
to the current. Whether MR~ increases or not is deter-
mined by E~ as shown in Fig. 13, where MR~ in the 2D
system is given with several choices of Ez. The perpen-
dicular magnetoresistance is sensitive to the structure of
rninibands.

We next examine effects of the bulk impurity scatter-
ing. In Fig. 14, the magnetoresistance is shown as a func-
tion of the parameter Wz define in Eq. (11). Here the in-

terface roughness A, is fixed at 0.2. The magnetoresis-
tances MR

~~

and MR~ decrease with increasing 8'~. This
is because the relation Eq. (13) does not hold at impurity
sites and the $ electrons in the F alignment are also scat-
tered. Therefore, the magnetoresistance in Fe/Cr super-
lattices is suppressed by the bulk impurity scattering. It
has been observed experimentally that MR~~ in Fe/Cr in-

creases with increasing the interface roughness consistent
with theoretical results. Experiments to examine the
effects of the bulk impurity scattering on MR

~~

are expect-
ed.

Our results show that MR ~ is larger than MR ~~. Exper-
irnentally the magnetoresistance for both configurations
has been observed in Co/Ag superlattices, and it was
confirmed that MR~) MR~~. Since the electronic struc-
ture in Ag is different from that in transition metals, the
argument in this section does not apply irnrnediately to
Co/Ag. Experiments in Fe/Cr are desirable.

V. CONCLUSIONS

In this paper, the parallel and perpendicular transport
in multilayered structure was studied based on a tight-
binding model with a periodic potential along one of the
dimensions. The perpendicular transport is determined
mainly by the structure of the minibands (or the gap)
caused by the periodic potential. On the other hand, the
parallel transport is not affected as much by the miniband
structure, and the parallel conductance I

~~

is larger than
the perpendicular conductance r ~.

The giant magnetoresistance in magnetic Fe/Cr super-
lattices was examined in light of the present theory. The
parallel magnetoresistance MR

~~

is increased by interfaces
roughness, and is suppressed by bulk impurity scattering.
The miniband structure of the superlattices plays an irn-
portant role in the perpendicular transport, and the mag-
netoresistance MR~ becomes larger than MR~~. The re-
cursion method may also be applied to various periodic
systems such as a CoCu granular alloy. ' Results for
the granular alloys will be given elsewhere.

Recently the authors became aware that the magne-
toresistance for both parallel MR~~ and perpendicular
configuration MR& in Fe/Cr has been measured by M. A.
M. Gijs et a$. In the measurement, it was observed that
MR ~ is larger than MR

~~

at low temperatures.
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