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We consider the one-dimensional Falicov-Kimball lattice model as well as a continuum model, where
the attractive potential between the electrons and the nuclei is a § function, with an equal number N of
classical “nuclei” and fermion “electrons.” We find the exact leading behavior of the ground-state ener-
gy as a function of U for U > U,. The error term is rigorously estimated. For fixed N the system forms
“atoms” which have an effective repulsion between them. From this we argue that when N becomes
infinite the ground-state configurations of the nuclei should be periodic. The low-temperature structure

of the model is also discussed.

I. INTRODUCTION

The model discussed in this paper was considered in
Refs. 1 and 2 as a mathematical simplification of the
Hubbard model. It was introduced again by Falicov and
Kimball (FK) in a different physical situation, namely to
describe semiconductor-metal transitions® and to study
ordering in mixed valence systems.*!* It can also be con-
sidered, as pointed out by Kennedy and Lieb,> as an ex-
tremely simplified model of real matter consisting of nu-
clei and electrons. The simplifications are the following.
The nuclei are treated as classical particles occupying the
sites of a lattice Z%. The Coulombic repulsion between
them is replaced by an on-site hard-core potential, i.e., a
lattice site is empty or occupied by at most one nucleus.
For the electrons, one retains the quantum kinetic ener-
gy, which is in this context just the lattice Laplacian, as
well as the Fermi statistics. Apart from the effect of the
Fermi statistics, which prevents them from being in the
same state, the electrons do not interact. Their Coulom-
bic repulsion is thus partially taken into account by an
effective repulsive potential. In the same spirit, the
electron-nucleus interaction is modeled by an on-site at-
tractive potential.

Despite the simplifications, the FK model can provide
some insight into the problem of the formation of atoms
and of crystals in real matter. In particular by tracing
out the electron coordinates, one obtains effective interac-
tions between the nuclei, which determine the structure
of the system. Indeed, it has been proved, in some cases,
that at low temperatures the nuclei arrange themselves
on a periodic sublattice of Z.>® For this to happen, it is
crucial for the electrons to be fermions. Indeed, if they
were bosons the nuclei would clump together. In fact,
since in this model there is no a priori interaction between
the nuclei, except for the hard core, the crystallization
comes about from the effective potential between nuclei
induced by the electrons. This produces an attraction if
the wave function of a single electron is localized over
several lattice sites. On the other hand, the Fermi statis-

0163-1829/93/48(7)/4312(13)/306.00 48

tics act in the opposite direction (unless the density of
electrons is much less then the density of nuclei, a case
we shall not consider here). In the case of Bose statistics,
the effective potential is always attractive, so that the nu-
clei always clump together.

Let us define the model and fix our notation. For a
given configuration of M nuclei in a region A of a d-
dimensional simple cubic lattice, AC Z? containing |A|
sites, the single electron Hamiltonian, is given by a
|A| X |A| matrix with entries

hu[{nk}]Z(_8|,_1|’1+2d8w)_Un,8 (1.1)

L]
where i,j € A denote lattice sites, n,=1,0 is the occupa-
tion number of the nuclei, 3,c,n, =M, and U is the
strength of the attractive on-site potential. The hopping
constant (related to the inverse mass of the electron) in
front of the kinetic-energy term has been set equal to 1.
We shall usually take A to be a simple cube and consider
free or periodic boundary conditions. The ground-state
energy of N electrons in the presence of a fixed
configuration »; of nuclei is given by

N
2 el{n}), (1.2)
k=1

where e ({n;})=Se,({n;})= --- <ey({n;}) are the

lowest N eigenvalues of (1.1). We are interested in the
configurations of nuclei which minimize (1.2) under the
condition that the number of nuclei is equal to the num-
ber of electrons. This neutral case will be the only case
considered in this paper.

The half-filled case, where the electronic and nuclear
densities are both %, was first discussed in Refs. 5 and 6,
where it was shown that there are two configurations of
nuclei minimizing (1.2). These are the two possible chess-
board configurations on the cubic lattice (the results also
cover more general bipartite lattices). Later it was ar-
gued in Ref. 7 that, in the case of a one-dimensional lat-
tice, if the density is p /g, with p and g relative primes,
the ground-state configuration has period ¢, and within
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each period the p nuclei tend to occupy a configuration
which is “as homogeneous as possible.” It was further-
more conjectured there that this should hold for all U
and all densities. A partial proof of the conjecture was
given in Ref. 8 for the case U >U_;, (q), with a
U,in(q)— ©, when g— . In this paper, we derive a
formula for the ground-state energy in one dimension and
control the error term for U > U,, U, independent of the
density, in a uniform way with respect to the
configuration of the nuclei. In particular we show that a
finite number of particles on the infinite lattice will form
atoms interacting by a repulsive, exponentially decaying,
two-body nearest-neighbor potential. Our results thus
provide support for the claim of Ref. 7 that the nuclear
configuration should be homogeneous for any density, at
least as long as U > U,.

The results for the ground state enable us to draw some
conclusions about the low-temperature structure of the
one-dimensional model. Calling u,,u, the chemical po-
tentials of the nuclei and electrons, respectively, the
grand-canonical partition function, after one traces out
the electronic degrees of freedom, has the form

—B(hllnkﬂ—#e)]

EAZ E b

ny =0,1

exp |Bu, > n;+trin[1+e
k

(1.3)

where h[{n;}] is the single-electron Hamiltonian with
matrix elements (1.1). In the d=1 case considered here,
A is just a line segment of length |A|. Expression (1.3)
can be viewed as the partition function of a purely classi-
cal system of “c particles,” the probabilities of
configurations of the ¢ particles on the lattice being deter-
mined by the complicated weight in the exponent which
can be thought of as an effective potential energy depend-
ing on the temperature and chemical potential. Our in-
terest is in finding the form of this effective potential in
the limit |A|— . At the same time, we want to know
whether it is meaningful to think of the c particles as ei-
ther bound atoms (or molecules), i.e., bound states of
electrons and nuclei, or as ionized atoms. We argue that
if the chemical potentials are such that the system is neu-
tral (equal densities of electrons and nuclei) and the tem-
perature is low enough, then the partition function
reduces approximately to that of a lattice gas of atoms in-
teracting with the effective nearest-neighbor potential
found in the ground state. At higher temperatures this
picture is obviously wrong, but the characterization of
the transition (which is presumably not sharp) between
low and high temperatures remains an open problem.
We note that for dimensions greater than or equal to 2,
the same questions are relevant but the analysis will be
more complicated because of the additional features of
the Ising-like transition, which has been proven to exist
for the half-filled case>® and also near half-filling.°

The paper is organized as follows. In Sec. II, the main
result is formulated and discussed for the FK model.
There we also introduce a continuous model which has
the same basic features as the FK model. The low-
temperature structure is also discussed in this section. In
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the remainder of the paper we prove our main results. In
Sec. III, we derive by the transfer-matrix method a poly-
nomial equation for the eigenvalues of (1.1). This polyno-
mial equation is then related in Sec. IV to the partition
function of a classical lattice gas. Since the degree of our
polynomial is much larger than the number N of elec-
trons, we have to carefully isolate the roots correspond-
ing to the lowest-N eigenvalues in the sum (1.2). This is
the subject of Sec. V, where we also show that sum (1.2) is
related to the free energy of the classical lattice gas. Sec-
tion VI then combines the above results to give the proof
of our main formula for the ground-state energy of the
FK model.

II. MAIN RESULTS

We consider the Hamiltonian formally defined by (1.1)
for an infinite one-dimensional lattice: it acts on wave
functions ¥(i), i € Z, such that 3, z|¥(i)|? is finite. For
a finite number M of nuclei in a specified configuration
{n;}, the spectrum of this Hamiltonian on the infinite lat-
tice has the following properties (see Appendix A).

(i) There is a continuous part which spans the interval
[0,4].

(ii) For U> 4, there are exactly M distinct negative ei-
genvalues, all located in the interval [— U, — U+4].

Notice that these properties are independent of the
configuration of the M nuclei. In the case M=1, the en-
ergy of the unique bound state (the atom) is

E,=2—(U*+4)?, 2.1

while the wave function is given by

¥o(i)=(coth|Ine|)~"%exp(|i|lne) , (2.2)

where we have chosen the origin as the position of the
nucleus, and the parameter € is related to U by

e=%[(U2+4)1/2—U] or E,=2—e—e€ !,

O<e<l. (2.3)

We now state our main result about the ground-state
energy, which, in the case U> 4, is just the sum of the N
negative eigenvalues. It will be denoted by E((/)y,N)
where (I)y=1{I,,...,Iy_} specifies the configuration of
the nuclei by the successive distances between them. The
distances are labeled from left to right, and /; is defined as
the number of empty sites between the ith and (i+ 1)th
occupied sites.

Theorem 1

There exists a U, >4 (or €, <V'5—2) independent of N
and the configuration of the nuclei such that, for U > U,
(or e<e,),

N—1

> ¢(1,.)J[1+RN((I)N,6)] ,

i=1

E(()y,N)=NE,+

(2.4)
with
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20, +1

o(1;)=2(I;+1)e (2.5)

and

IRy ((D)y,€)| =0 (€) (2.6)

uniformly with respect to N, (1) .

It follows from (2.4) that the minimum of E((/)y,N) is
attained when all nuclei are infinitely far apart from each
other, the total energy being then equal to NE,. Thus a
finite equal number of electrons and nuclei will form
atoms of energy E,. The effective potential energy be-
tween these atoms is, to leading order, ¢(l), which is
repulsive.

We can also consider the problem of minimizing
E((l)y,N) under the constraint

N

> L,=L,

i=1

2.7

which corresponds to having the nuclei confined to a re-
gion A, of length |A|=L + N, with one nucleus at each
end, while the electrons are free to move in all of Z. To
achieve this rigorously one would need more control on
the remainder term (2.6). However, it is instructive to
look at the leading term

N—1
S (1) .

i=1

(2.8)

—Bh[{ng}]—n,

trin[1+e B

=§[tr|h [{ne) 1= o —teCh [ {ng} ]—p,) ]+ trIn[14e

When p, is in the gap, i.e., —U +4 <u, <0, we have, for
large enough 3,

—Blh [”k ]_P’e'

trin[1+e ]
=|Al0(e—ﬁmin(lue+u—4),mck)) @1
Moreover, one can see that
trlh [ng ] —p, | —tr(h [y 1—p,)
=2 3 (g[{n}]—p.)
ej<y.e
(2.12)

=—2E(()y,N)+2p, S n; .
J

In the last equality, we have used the fact that the num-
ber of negative eigenvalues is equal to 3 ; n;. Combining
(2.10)-(2.12) and the formula in theorem 1, we obtain the
effective potential for large enough 3 and small enough €,
namely,

J=—Str(h [y ] 1—p, )+ trInfe 2 md 1=l
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It is easy to see that, if L =(N —1)gq, q an integer, then
the minimum is attained when /;=gq for all i, i.e., the
ground state consists of nuclei arranged in a periodic way
with a period g.

We can also consider the thermodynamic limit ob-
tained by letting L — o and N— o and keeping N/L
fixed. Since (2.6) is uniform with respect to N, (1), and
#(1) is a convex potential, we have

lim %E((I)N,N)=EO+(¢(I))[1+o(e)]

N—w

ZE,+o({IN[14+0(e)], (2.9

where { ) is the average with respect to the distribution
of lengths between the nuclei. Considering only the lead-
ing term, we see that if (/)=g, an integer, then the
minimum is attained for a distribution in which /;=g for
all j. This corresponds to a crystalline ground state of
period g. These results are in agreement with the con-
clusions of Ref. 7 at least for U > U,, with U, indepen-
dent of the density.

We can use theorem 1 to derive the structure of the
effective potential in the weight of the partition function
(1.3) for low temperatures and chemical potential u, in
the gap of the spectrum. The reason that we have to fix
K. in the gap is that it enforces the neutrality for S= oo.
First we notice the following identities:

R ZLITERIEN

+ ]

—Blh —
Bl [”k] l‘cl] . (210)

_B/zlh [nk ]—Hrei

Bu, X nj+trin[1+e ]
j

=B(:u'e +:u’n —EO) 2 nj

J
+B [ 3 ¢(1,.>][1+o<e)]+|A|0(e-ﬁC) ,
J

C>0 (2.13)

When N /A is of order one, this effective potential thus
corresponds to leading order in € and e “#¢, to a system
of atoms with an effective chemical potential p, +p, —E,
and a repulsive two-body potential ¢(/) between nearest-
neighbor atoms.

In the high-temperature limit 8—0, the situation is of
course very different. Developing the effective potential
in (1.3) to first order in 3, one finds

s eB(,u,n +U/2) X my

n,=0,1

|Al[In2+B(p, — 1]
e

{1l

A (2.14)

This is the product of the partition functions of a gas of
free nuclei and free electrons in the limit of small 8. As
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mentioned in Sec. I, the characterization of the transition
between low and high temperature is an open problem
even for the one-dimensional FK model.

Continuum FK model

For the rest of this section, we discuss the continuous
analog of the one-dimensional FK model. Consider N
electrons and N nuclei moving on a one-dimensional line.
The positions of the nuclei are denoted by (r)y
={r; < --- <ry}. For a given configuration of nuclei,
the single-electron Hamiltonian is

N N
A= 3 vox—r, )+ > V(r—r,),

(2.15)
m=1 I<m
where ¥ >0 and V is a hard-core potential
V(r)=0 if [r|>h and V(r)=ow if|r|<h . (2.16)

The electrons do not interact with each other but are sub-
ject to the Fermi statistics. The relevant dimensionless
parameter is yh =b. For N=1, the Hamiltonian (2.15)
has, for any value of b, exactly one bound state, the atom,
of energy —y%/4. When b is large enough the Hamil-
tonian (2.15) has exactly N nondegenerate bound states
with negative energies &,((r)y) < -+ <ey((r)y), in addi-
tion to the continuous part of the spectrum which for
every b and N spans [0, ] (see Ref. 10). In this case the
ground-state energy is given by the sum
N
E(r)y,N)=3 &((r)y) .

k=1

(2.17)

Because of the hard-core potential, the only allowed
configurations for the nuclei satisfy |r,—rm|>h, for
I,Lm=1,...,N. For such configurations we can prove
the following.

Theorem 2

There exists a constant b, > 1, independent of the num-
ber and configuration of the nuclei, such that for
b >b.>1, and for every (r)y such that y|r,—r; | >b,
we have

2
E((r)y,N)=—NL-+

N—1 _
> ¢("1+1_"1)]

4 1=1
X[1+Ry((r)y,7)], (2.18)
with
$<r)=3§[y|r|—1]e—7"' (2.19)
and
Ry((r)y,N)=0(e ™ (2.20)

uniformly in N, (r)y,

From this theorem one can draw the same conclusions
as for the lattice model. Namely, the ground state of N
nuclei and N electrons on the infinite line will consist of
atoms infinitely far apart from each other, the effective
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interaction between atoms being purely repulsive. The
minimum of the leading term in (2.18) under the con-
straint SN'|r,.,—r|=L, L >Nh is attained for
|r,y1—r|=L/Nforl=1,...,N. This is also true in the
thermodynamic limit N,L — o, with N/L =p fixed,
since the statement of the theorem is uniform with
respect to N. Thus we expect that the system forms a
crystal in the ground state with a period 1/p. However, a
rigorous proof of this statement would require a more de-
tailed control of the error term (2.20).

The above statements hold for b > b,.. For sufficiently
small values of b, the structure of the ground state can be
very different. An analysis of the case of two electrons
and two nuclei is already instructive. We find that there
exist 0<b; <b, such that for b <b; one electron binds
with the two nuclei while the other one is in a scattering
state; for b; <b <b,, both electrons are bound to a pair
of nuclei; for b >b,, we have two atoms infinitely far
apart from each other.

The rest of the paper is devoted to a proof of theorem
1. The proof of theorem 2 is similar, and we explain the
modifications in Appendix B.

III. POLYNOMIAL EQUATION
FOR THE ENERGIES OF THE BOUND STATES

In this section, we use the transfer-matrix method to
derive a polynomial equation for the energies of the
bound states of the Hamiltonian (1.1). These are solu-
tions of the Schrodinger equation

— [ — D) =29+ (i +1)]— Un, (i) =ed(i) .

For simplicity, we do not label ¢ and e by their quantum
number, and we do not write explicitly their dependence
onn;. Leti,i,,...,iy denote the positions of the N nu-

(3.1)

clei on the lattice and set i;=— o0, iy, ; =+ . In the
region i, =i <i;, ;,, k=0, ..., N the solutions of (3.1) are
of the form
Y ()= A, (ey)+ B, (ey) ", (3.2)
where y is related to the eigenenergy by
1
=2—ey——, O<ey<l1. 33
e ey . €y (3.3)

The solutions (3.2) must satisfy the matching conditions
Yl 1 )=0p 4 1(ix +1) for £k =0,...,N —1. This leads
to

Aj 11 Ay

=[1—(ey)*1T, , (3.4)

By 1

where the transfer matrix T, can be cast in the factorized
form T, =V, HV _,, with

11—y —€y? —(1—é%)y

(1—€) 1+(1—e)y —€e¥p? |’
g i (3.5)
B (ep)™% 0
Vi= 0 (ep)k |-

To have bound-state solutions clearly requires that
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Ay=By=0. This condition and (3.4) lead to the equa-
tion

[T()Tl "'TN]11=0 . (3.6)

Using the factorized form of T, together with the proper-
ty Vi Vie=Vi 4+ (3.6) can be put in the equivalent form

Py(y,(Dy)=[QU) - QU _QUx)];,=0, (3.7)
with the matrix Q (/) given by

(1=p)1+ey) —e A1—e)Hep)?t*
QD= 1 (1+p)(1—e%p)ep)? T2 (3.8)

In (3.7), Iy is an arbitrary number and the product does
not depend on it. Py is a polynomial in the variable y
and has degree $N-!(2/;+4). The number of roots of
Py (in the complex plane) is equal to its degree and thus
is always greater than N. From property (ii) in Sec. II
and relation (3.3), there must be, for U>4, N distinct
roots located in the interval [£,4], which correspond to
the energies of the N bound states. These roots will be
called the “physical roots.” We are thus faced with the
problem of extracting the physical roots from all the oth-
er ones. This will be done rigorously after we obtain
some intuition into the structure of this polynomial and
the location of the roots in the complex plane.

The atomic polynomial
For N=1, the polynomial defined by (3.7) is simply
Pi(»)=(1—yp)(1+€%) . (3.9)

The root y=1 corresponds, via (3.3), to the energy (2.3) of
the atom. The other root y = —1/€? is unphysical. Note
that it tends to — « when € -0 (or U — »).

The molecular polynomial

For two nuclei separated by a fixed distance /, the poly-
nomial (3.7) is
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P,(y,)=(1—p) 1+’ —(1—e)pXep)* 2,  (3.10)

which has 2/+4 roots. The two physical roots (they
satisfy 0 <ey <1) should tend to y=1 (which corresponds
to the atom) as €é—0 or as / — o . Moreover, in this limit
P,(y,1) tends to P,(y)? for ey < 1, which suggests that all
other roots tend to infinity in the complex plane. This is
confirmed by looking at the special case /=0 (the two nu-
clei are on nearest-neighbor sites) where we can deter-
mine exactly the four roots of P,:
1 . 1

y+=x—, yi

+ c 7—1—ie“‘_—€—2. (3.11)

For 0<e<V2—1 (or U>2), two of them correspond to
the bound states, namely y’,. These tend to one as e—0
while y, tends to . Note that for V2—1<e<1 (or
U <2), only one root corresponds to a bound state, name-
ly y%. So for U<2 and /=0, there is only one bound
state. For e=v2—1 (or U=2), two of the solutions be-
come degenerate: ' =y, =V2+1. These values of y
and € correspond to e=0 by (3.3). Physically this means
that as e—>V'2—1 from below, one of the two bound
states merges in the continuum. For general /, we know
from property (ii) in Sec. II that there are two nondegen-
erate bound states for U>4. To find their behavior for
small €, we look for roots of the form

y=1+ 3 c,€".

(3.12)
n=1
This yields to leading order
yie=1te 141 4+2)e 24 - -, (3.13)

Adding the corresponding eigenenergies given by (3.3),
we find that the energy of the molecule is to leading order
equal to 2E, +¢([), in agreement with theorem 1.

Factorization property for general N

For any 0<L <N, we can write

N L N N
HQ(I,-)] = J1Qu) II eu| +|1Q) II Q(I,-)] (3.14)
i=1 11 i=1 11 | i=L+1 11 i=1 12 | i=L+1 21

21

An inspection of the second product on the right-hand side of (3.14) shows that it is equal to (ey) Lt multiplied by a

polynomial S(y,I,,...,I; _,I; 4y, -

Py (DN)=PL 3,01y .1y )Py DDy sy, - -

For 0 <ey <1, the second term on the right-hand side of
(3.15) vanishes when we let I, — . P, then factorizes
into the product of two polynomials associated with the
two separate clusters of nuclei. As a consequence of this

iyt (epy)

.» Iy —1) which is independent of /; . So

20, +4

SOyl —lpsns e ly_y) (3.15)

factorization property, Py tends to P;(y)" in the limit
where all /; — oo. This suggests that in this limit there
are exactly N physical roots close to y=1, while all the
others tend to infinity in the complex plane. The same is
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true when €—0, as can be seen directly from (3.7) and
(3.8); i.e., the N physical roots branch off from the N-fold
degenerate root y=1 at €=0.

IV. MAPPING TO A ONE-DIMENSIONAL
LATTICE GAS

The key observation which enables us to deal with the
polynomial Py for general (/)y is the realization that it is
closely related to the partition function of a one-
dimensional lattice gas. To see this, we first note that if
we write out the product of the matrices in (3.7), the sym-
bols Q, and Q,; will appear the same number of times.
Furthermore, P,(y)=(1—y)(1+€%) is independent of
(I)y. Thus (3.7) will remain unchanged if we replace Q,,;
by Q,,;P,(y) and Q;, by Q,,/P,(y). Finally we can ex-
tract an overall factor (P,(y))". Thus the polynomial Py
can be written as

PN(y,(l)N)E(Pl(y))N[Q(ll) Tt Q(IN_I)Q((IN))]“ »

4.1)
where Q (/) is the new matrix
1 _6_2( _62)2$
(1—p)2(1+€*y)? 2
(1+y)(1—€%) (ey)+2 '

(1—y)1+€%y)

We now define “activities” {(y,/) and a “weight” w (y) in-
dependent of / by
Ep,D=0,(D), &y,Dw(y)=0pn(1) . (4.3)

With these definitions, the matrix Q is the transfer matrix
associated with the “partition function”

N-—1 N-—2

Zyly,(hy)= 3 3 I T (wp)" "t

n=0, i=1 i=1
4.4)

Zy(y,(1)y) can formally be considered as the partition
function of a lattice gas on the sites i=1,...,N —1,
with an activity {(y,/;) depending on the site i, and
nearest-neighbor interaction In(w (y)). From (4.1)-(4.4),
we have

PN(y,(l)N)Z(Pl(y))NZN(y,(l)N) . 4.5)

It will turn out to be more convenient to work with a
slightly different partition function. For i=1,...,N
— 1, we define the “normalized free measures”
-
[1+&W, ;)]

where §,(n)=1 are the Dirac measures centered at
a=0,1. The new partition function is

du;(n) [8o(n)+E(y,1,)8,(n)] , (4.6)
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ZN(y,(I)N)

N-—2 non.
= [du(n)) - [dpy_y(ny_) TT w0,

i=1

4.7)
In terms of (4.7), relation (4.5) becomes
Py(y,(Dy)
N—1
=Py Y| T 1+E0,I)] | Zy(y,(Dy) . (4.8)
i=1

Our interest is then in obtaining the zeros of Zy(y,(I)y)
which lie on the real axis “close” to y=1. It will turn out
that for small € this corresponds to finding a low activity
expansion of the free energy

Fy(p,(Dy)=InZy(y,(Dy) . 4.9)

s 11

In this context it is a “polymer expansion,”’’ which we

briefly review in the rest of this section.

Polymer expansion

We will denote by G the connected graphs consisting of
bonds connecting nearest-neighbor points on the one-
dimensional finite lattice 1,...,N —1. We will say that
i €EG (respi €G) if the site i belongs at least to one bond
of the graph (resp if it does not belong to any of the
graph’s bonds). Thus a graph G contains at least two
sites and at most N —1 sites; the number of sites of a
graph will be denoted by |G|. Two graphs G,G’ are said
to be disjoint if they do not have any common site. In
such a case we will write GNG'=Y. One can think of
these graphs as “polymers.” With each polymer G we as-
sociate an activity given by

K(p,6)=[ Tldp(n) I [w)—1].

i€G (,i+1)EG

(4.10)

Then by a standard calculation, !! one can rewrite (4.7) as

ZN(y’(l)N)

M
> I1 KO, G)) .

" (G,...,Gy),G;NG =@ i=1
(4.11)

The term M =0 in the sum is set equal to 1. The disjoint-
ness condition G; NG, = implies that there are, in fact,
only a finite number of terms in the sum. Indeed, for
M >1(N —2) the disjointness condition cannot be
satisfied and it is understood that the corresponding
terms of the sum vanish. One can view (4.11) as the par-
tition function of a system of polymers interacting by a
two-body hard-core potential
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V(G,G')=w if GNG'FD

and (4.12)
V(G,G')=0 if GNG'=D .

Starting from the representation (4.11) for the partition

J

M
II K, G,

i=1

FN’S(_V,(I)N)Z

TMs

s
]
1 MY, G seq,

where ® (G, ...

function, one can make a formal low activity expansion
for the free energy (4.9). The result is

-1
Fy(y,(Dy)= 2 Fy(y,(Dy),

s=1

(4.13)

with

D (Gy,...,Gy), (4.14)

, G,y) are the Ursell functions corresponding to the hard-core potential (4.12). For each s (4.14) has a

limit as N — o, where the polymers G now contain sites belonging to all of Z. To prove convergence properties of the
series which are uniform with respect to N, (1), we will use the following bound (see Refs. 11 and 12 for reviews).

Tree graph bound

Suppose there exists a function w(G), independent of y, and a domain D of the complex y plane such that

|K (»,G)| <w(G) for yED 4.15)
and
= 3 o(Gel% < o . (4.16)
G,sEG
Then
1 M
Jval > I1 K3, G)I [|®4(Gy,...,Gy)|<cM 4.17)
" (Gy, .., Gyy)sE€EG, | i=1
[
Furthermf)re, if ¢ < 1, the right-hand side of (4.14) con- f dy Py(y,(Dy) _N 5.0)
verges uniformly with respect to y €D and Fy ((y,(l)y), c Y .

s=1,...,N—1 are analytic functions of yED. This
remains true for the limit N — .

V. LOCATION OF THE ROOTS

As was discussed in Sec. III, the N distinct physical
roots must be located near y=1 on the real axis for large
enough U. The following lemma gives some more de-
tailed information about these roots. In particular, it
proves that there exists a neighborhood of y=1 in the
complex y plane where there are no other roots.

Lemma 5.1

Let m =min((l)y). There exists €,<V'5—2 (or
U, >4), independent of N, (I)y, such that for e<e, (or
U>U,), Py(y,(I)y) has (with y a complex variable) the
following characteristics.

(i) There are exactly N roots in the disk
ly —1| <€!m/2+1/4) " These are necessarily located on
the real axis and are the physical roots.

(i) No roots in the

{y|6m/2 1/4<'y_1|< }

(iil) All remaining roots are outside the disk |y —1] < 1.

Let » be a number satisfying /2174 <4 <1 Let
C, be the circle centered at y=1 with radius . Denoting
the derivatives of Py, Zy, and Fy with respect to y by
Py, Zy, and Fy, we will prove that

annulus A(m)

w2 Py (y,(Dy)

for e <e€,. Clearly results (i), (ii), and (iii) of the lemma all
follow from (5.1).
We first prove (5.1) for N=2.

Proof of (5.1) for N=2
Using (3.8) and (3.9), one can easily check that
Py(y,l) __Pi(y) *

Pl 2Py T2 a0 62
with
d y(21+4)k
,l)___ 1— Zk (21 +2)k_© 53)
wOnD=7 (1€ (P ()P (

Let us estimate (5.3) for y belonging to the circle C,. Set-
ting y =1+ re'%, we have

[P, ()|2=r?[(1+€*+ €*r cosB)*+(€*r sin6)?]
>r[(1+eD)[1+eX(1—2r)]+€*?]
>r2(1+€*?), (5.4)

where we have used » <1 for the second inequality. For
r <1 and e<e, <V'5—2, we also have

|Pi(p)|=le—1—2¢&%|
<1+ +2er<2. (5.5)
From (5.4) and (5.5), we get
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(21 +4)k (20 +4)k —1 “(y)
i y oy — (21+4)ky o —2k 1y2k+1 (21 +4)k
(P;(y)) (P,(y) (P(y)
(1+r)(21+4)k—1 (1+r)(21+4)k
<(2/ +4)k T +4k VRS
(14 7) 2 40k
<2(21 +4)k-77(-:— (5.6)
[
is impli
This implies . fc 2‘1)’ Fy(y,(y)=0 (5.13)
o D] <4 +2) |(1—ee 1 IF2
f o ‘Ik(y’) ( ) |[(1—€)e ’ To prove (5.13), we use the following lemma.
(5.7) Lemma 5.2

Using €m/2* /% < <1 with m =1 for N=2, estimate
(5.7) becomes

f A >4k (y,1)

< 34/ 2yl9 [3/472k
i S4(1+2)[(3Ve) e

(5.8

For € <V'5—2, the right-hand side of (5.8) is smaller than

4(1 +2)c?* for some constant ¢; <1 depending only on .
Thus for €<V'5—2 we can integrate (5.2) around the cir-
cle C, and interchange the integral and the sum on the
right-hand side there. To obtain (5.1), we note that from
(3.8),

Pi(y)
[ Aty (5.9
C, 2mi Py(y)
and that
dy
c 27nqk(y,l) 0, (5.10)

since g, (y,1) is the derivative of a function which is ana-
lytic in 4 (m).

Proof of (5.1) for N>2
Using (4.8), we find

P]’V(y,(l)N):NPII(y) N1 (y,l)
PN(y,(l)N) Pl(y) i=1 1+§(y,l‘)
Zy(y, (1
ZN(y,(I)N)
which, using (3.8), (3.9), (4.3), and (4.9), gives
Py(y,(Dy) _ Pi(y) N1 | Pi(y,l) Pi(y)
PN(,V,(I)) P,(y) < | P,(»,1) P.(y)
+Fy(p,(Dy) . (5.12)

The next step is to integrate both sides of (5.12) along a
circle C,C 4 (m). The integral of the first term on the
right-hand side of (5.12) is equal to N because of (5.9).
The integral of the sum on the right-hand side vanishes
for N=2 because of relation (5.1). So (5.1) will be true for
N> 2 if and only if

For e<e, (or U > U,), Fy(y,(1)y) is an analytic func-
tion of y € A (m), where €., U, and m are the same as in
lemma 5.1.

Proof of Lemma 5.2

We will use the low activity expansion (4.13) and (4.14)
and the ‘“tree graph bound” to prove that the lemma 5.2
holds for all Fy (y,(l)y), s=1,...,N—1. From (4.2)
and (4.3), we have

20,+2

) B— (5.14)

,l- =—(1— 232.,2
Sy, 1) (1—€)y =211y

and
wiy)=———La—y-ey?).
(1_62)2 y2
We need to estimate (5.14) and (5.15) for y € 4 (m). Us-
ing (5.4), we get

(5.15)

(1+r2[e(1+7)]
6,1 < L

(5.16)

For the last two inequalities, we used /;,>m and
€<V'5—2. This implies

&y, 1)
1+&(y,1;)

for a positive constant ¢; (one can take ¢; =16). To esti-
mate (5.15), we use [p|>*>(1—r)%, r <1, and e<V5—2,
which leads to
[1+0+r?][1+e*1+r)?]

wy)| < <c

wiy (1—e)*(1—r)? 2
for a positive constant ¢, (one can take ¢, =15). With the
help of (4.6) and (4.10), the activity of a polymer G can be
expressed as

‘Scleyz (5.17)

(5.18)
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g(y,l,)

— 5.1
1+8(y,1) .19

K(y,G)= 11

ieG

}[w(y)—l]m'—‘ ,

and using (5.17) and (5.18) we can estimate it for

yE AA(m)as

K (5,G)| <(c,€/)/%c, +1)/¢I~1
X[e;(cy+1)e32])1% (e, +1)71 . (5.20)

So we have obtained a bound of type (4.15) with
D = A4 (m) and o(G) given by the last member of (5.20).
Thus ¢, defined in (4.16) is estimated as

¢, =(c,+1)71 3 [cy(c,+1)e72])Gleldl
G,s€G

(5.21)

We notice that the number of polymers G (they are con-
nected) that contain a given site s, and such that |G|=n,
is at most n. Thus

¢, Sl + 1)1 S nleci(c,+ 12"+

n=2

(5.22)

so ¢, <1 for e<e, <V'5—2 (where €, depends only on ¢,
and c,), which implies the analyticity of Fy (y,(I)y) for
YED=A(m)and e<e¢,.

VI. EXPANSION OF THE GROUND-STATE
ENERGY

The ground state-energy is given by the eigenvalue sum
(1.2). Using (3.3), we have

N
E((Dy,N)=3

k=1

(6.1)

1
2=m—— |,
Yk y"]

where y;, k =1, ..., N are the physical roots of the poly-
nomial Py(y,(I)y). From lemma 5.1, we see that this
sum can be represented by an integral around a circle C,
asin (5.1),

I P U R 1 A0
E((Dy,N) fC,Z‘rri 2 ol T
From (4.8) and (4.9), we get

_ dy P1(y)
E((I)N,N)—Nfcrz—ﬂi—Pl(y)

N dy |, 1| &)
+i§1 fcrzm' 2 ey | 1+8:(»,1)
dy |51 |
+fC,277'i 2—ey " Fh,(Dy) . (6.3)

Let us cast this expression in a more transparent form.
The first integral on the right-hand side of (6.3) is equal to
E,. For the terms in the sum, we use

&', 1) _P’z(y)_ Pi(y)
1+§(y,l,) Pz(y) P,(y) ’

Moreover, because of lemma 5.2, we can integrate by

(6.4)
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parts the last term on the right-hand side of (6.3) to ob-
tain
1
—ey ——
ey
Pi(y,1;) Pi(y)
Py(y,l;) P(y)

E(()y,N)=NE,+ z,l fc, i 2

dy 1

+ f C, 2mi € ey?
For N=2, we have to replace Fy by 1, and the last in-
tegral does not contribute. For N> 2, our expansion for
the ground-state energy is obtained by inserting into (6.5)
the low activity expansion (4.14) for Fy. It can be shown,
using the tree graph bound and estimates similar to those
in the proof of lemma 5.2, that the expansion for the
ground-state energy converges uniformly with respect to
N, ()y for e<e,. Let us first consider the case where
N=2.

Fy(y,(Dy) . (6.5)

Ground-state energy for N=2

Using formulas (5.3) and (5.4), we have

d 1 P(y,1) Pi(y)
f Dy ey L _
C, 27ri €y P,(y,0) P, (y)
1
- = (1—€2)kel2l T2k
k=1k
(21 +4)k
[ DL 4 P Anhihi
C, 2mi € |dy | (P,(y))
(6.6)

The permutation of the sum and integral can be justified
by estimates similar to (5.6). The computation of the
contour integral in (6.6) is outlined in Appendix C and
yields the result (C6). Combining (6.5), (6.6), and (C6), we
obtain a series expansion [see (C7)] for the ground state of
a molecule with two nuclei separated by a distance /. The
sum on the right-hand side of (C7) is the effective poten-

tial two-body potential discussed in Sec. II. We can
check that the leading correction to 2Ej is
o([1+0(€)], (6.7)

where O (€) is uniform with respect to /, in agreement
with (2.5).

Ground-state energy for N> 2

As a consequence of (6.5), (6.6), and (6.7), we see that
to obtain the result of theorem 1 it is sufficient to show
that

d
Je o |€

for a positive number c¢. The estimate (6.8) is based on
the following lemma.

1

- (6.8)
ey?

N~—1
<ce Y o)

i=1

Fy(y,(Dy)
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Lemma 6.1

For a given collection of polymers Gy,..., Gy, let

k*(Gy,...,Gy) be an integer among all
k€G,U... UG, such that
lk*(Gl ..... GM)SIk for kEGIU UGM (69)

Then there exist two positive numerical constants «; and
K,, for which the following estimate holds:

- 1
Sk Y > &, « )(K,€)
=1 M! (Gyy..., Gy hsEG, FHGe )
- 1
<k 3 v 3 (Vige)! S &
M= M! 42y G U - UGy, =Us€EG,

4321
dy 1 M
— |e— K (y,G;
Jejom | o7 | TLE .G
IG,|+ -+ +1Gyy | —M+1
=k, 6, (K2€) l o .

(6.10)

The proof of this lemma will be given later. First we
show why it implies (6.8). From the polymer expansion
(4.14) and (6.10), we have

|® (G, ...,Gy)l

IG; |

HGr .. Gyl . (611

I_I (V'K,€)

In the last member of inequality (6.11), the only graphs U that contribute are the connected graphs U. Indeed if

G1U...

UG, is not connected, then the Ursell function ® (G4, . ..

, G)y) associated to the hard-core potential (4.12)

vanishes. Also, notice that we have used |U| < |G|+ - -+ +|G,| —M+1 to obtain the second inequality. The inequal-
ity (6.11) is preserved if we replace ¢(/ « . 6.)) BY Zrev ¢l ) and then release the constraint G, U - - - UGy =U.
------
This leads to
dy | 1
Je Fys (3, ()
ee)Ul s 1 T (VoS
k| S W)U S o) | S — > I1 (V'k€) | (Gy,...,Gy)l .
UseU keu M=1 """ (G,,..., Gy )s€G, |i=1
(6.12)
[
The sum over M in (6. 12) can be estimated by applying Finally, combining (6.13) and (6.14), we find
the tree graph bound [see (4.15)-(4.17)] with «(G)
k,e'® "1, We then find that the sum over M is f ﬂ _1 Fy(p,(Dy)
smaller than a constant times V'e. Thus performing the €, 2mi
sum over s =1, ..., N —1 on both sides of (6.12) gives (c’ v Nt
is a numerical constant) <eVe b n( \/-'?5)" S (1)
dy _ 1 n=2 i=1
<ce Y &) (6.15)

N—1 —_—
<=cVeI I (WkeU'X o). (613

s=1 UseU keU
Let us estimate the sum over U in (6.13). Since only the
graphs U which are connected contribute, there are n of
them which contain the site s and such that |U|=n.
Thus

S Vige" S )

UseU keU

2 Ve 3 > o)

n=2 |Ul=ns€EU kEU
N-—2 N min(N,s —n)
8(1) .

< 3 n(Vke)r >

n=2 k =max(1,s —n)

(6.14)

i=1

To complete the proof of theorem 1, it remains to prove
lemma 6.1.

Proof of lemma 1.6

The value of the integral in (6.10) is determined by the
location of the poles of K (y,G;), i =1,..,M inside the cir-
cle C,. We recall that from (4.6) and (4.10),

_ g(y’ll) _ |Gl
K(y,G)= 11 1+ €01 [wy)—1]"". (6.16)

i€G

We see on (5.15) that the only pole of w(y) is y=0 and it
lies outside C,. So we have to consider the poles of



4322 GRUBER, LEBOWITZ, AND MACRIS 48
S, 1;) (1—)ep)i dy 1 | M
=— . (6.17) —— |€— K (y,G;)
1+&(y,1;) Py(y,1;) fcr 2mi ey? ,-1;11 P
Applying lemma 5.1 to the case N=2, we see that the <k(e24+2)1 «+1)
poles of K (y,G) which are lc?cated inside C, are in fact S “
G, a1 e k* (K,2€)|01|+ c Gy M+ i (6.25)

inside a circle of radius e and center
y=1. Since e"!/?*1® < (21 +2)71< L, for any [ >0, all
the poles that contribute to the integral in (6.10) are also
located inside a circle C*(Gy,...,Gy) of center y=1
and radius

r*(Gy,...,Gy)= (6.18)

In what follows, for simplicity we write C*, r*, and k*.
Note that »* <r. We have

dy 1 | M
o e—— K (»,G;
fC,27Ti € ey2 ,-Ile »G:)
dy 1 M
=[ “FLle—— K(»,G;). (6.19
fc*m_ e i[=[1 »G) . (6.19

We now have to bound the integrand of the right-hand
side of (6.19). For yEC™* and iEG,U -+ UG,,, we
have the estimate [see (5.16)]

au+2 (14r*)?

18, )| =[e(1+7r*)] > (6.20)
r
For i =k*, this implies
1E, 1, )]
2 L +2 21 *+2
< g “hx 1 k
<9, «+1)% (1+———21k*+2
2 2
<9e(l,«+1) *" (6.21)
and, for i#k*, e<V'5—2,
(1) <9e(1,+ 127 T < 9ee . (6.22)
We will also have
—_— < 2
€ > | Set—. (6.23)
€y €

Combining (6.21), (6.22), and (5.18) we get, for yEC*
and e<e,,

M
IIK(y,G,-)}

i=1

2 412 1G4+ -+ +]Gy | — M +1
Sxi(lk*+1)ze KT (khe) ! M

(6.24)

for two numerical constants kij,k3. With (6.19), (6.23),
and (6.24), we conclude

which is identical to (6.10).
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APPENDIX A

The single-particle Hamiltonian can be written in the
form

h[{n;}]1=h,—UD , (A1)

where 4 is the kinetic-energy part and D is the diagonal
(infinite matrix) with entries n; on the diagonal. The
spectrum of h, spans the interval [0,4] and if
>, n; =M < o, D is a finite rank operator. Thus & [{n;}]
has the same continuous spectrum as h,. This proves (i)
in Sec. II.

The lowest eigenvalue of —UD is — U, and it is M-fold
degenerate. Since 0=/, =4, the discrete part of the spec-
trum of h is necessarily located in the interval
[—U,—U+4]. Now we show that there are exactly M
eigenfunctions corresponding to this discrete spectrum if
U>4. Consider the Hamiltonians h(y)=yhy,—UD,
where y >0. Notice that (i) #(0) has M degenerate eigen-
values equal to — U, and an infinitely degenerate eigen-
value equal to O; (ii) £ (0) <h(1); and (ii) A(1)=h[{n;}].
From (i), (ii), and (iii) and the minimax principle, it fol-
lows that A[{n;}] has at most M negative eigenvalues.
Now suppose that A [{n;}] has M' negative eigenvalues
with M'<M. Let v¥;,...,9¥y be the corresponding
eigenvectors. Since M’ <M, it is possible to find at least

one normalized vector ¢ such that (¢,1,)=0,
k=0,...,N,and ¢(k)=0if n, =0. Then

S sk)|*=3 [¢(k)|*=1 (A2)

ki =1 k
and

(6, h[{n:}16)=(d,hop)—U 3 |d(k)|?

ki =1
=(¢,hop)—U <0 (A3)

for U>4. Inequality (A3) shows that the number of neg-
ative eigenvalues must be at least equal to M for U>4
and thus there are exactly M of them.

To finish the proof of (ii) from Sec. II, it remains to see
that the corresponding M eigenvalues cannot be degen-
erate. In the one-dimensional case, the eigenfunctions de-
cay like exp(—|i||lny,|) for |i] — o, and y, is related to

the energy by €, =2—y, —y; !. Since the whole eigen-
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function can be built up by the transfer-matrix method,
two degenerate eigenvalues would lead to the same eigen-
functions. Since there are M orthogonal eigenfunctions,
this is clearly impossible.

APPENDIX B

Here we outline the proof of theorem 2. The method is
an adaptation of that for the discrete case. We look for
bound states of the Hamiltonian (2.15), of the form
Y(x)= Ae "+ Be"*, with different A and B in each re-
gion between the scattering centers r;,...,ry. The pa-
rameter k is related to the energy by #=—«2. We define
the dimensionless parameter y=2k/y, so that
e=—(y2/4)y, and y=1 corresponds to the energy of the
atom. The matching conditions between the different re-

gions lead to Eq. (3.6), with T7; replaced by
T(r)=V(r)HV(—r,),

_ |-yt =yt

B - (tyy ) (B1)

~ e(1/2)y7/rl. 0

Vir)= —(1/2)pyr,

e

Setting |r,—r,|=dy,...,|lry—ry_;|=dy_,, this leads

to the analog of equation (3.7), namely

pN(y’(l)N):[Q(dl) 'Q(dN—l)Q(dN)]u:O, (B2)
_ (y —1) —e YAy
Q)= 1 (p +1)e 447 (B3)

From (B2) and (B3), we see that the atomic and molecular
polynomials are, respectively,

Pi(y,d;)

4323

Note that, in the continuous case, Py(y,(r)y) is not a po-
lynomial but a transcendental function of y. The factori-
zation property (3.14) still holds. Also, as yh =b(d; > h)
tends to o, Py(y,(d)y)—(y —1)¥, so that all the physi-
cal roots become concentrated around y=1.

It is again possible to relate Py to the partition func-
tion of a one-dimensional lattice gas on N —1 sites. For-
mulas (4.6), (4.7), and (4.8) still hold with Py — P, and
the following definitions for £(y,d) and @ (y):

Cy,dy=—e ¥y —1)72, (B6)
E(y,d)m(y)= ifi e | (B7)

The corresponding free energy Fy(y,(d)y) has a formal
polymer expansion which is identical to that of the
discrete case and which can also be controlled using the
tree graph bound. With the help of this representation,
we can prove properties similar to those in lemmas 5.1
and 5.2. Let d_;,,=min((d)y) and A(d_,)
= {y|e_(1/4)d’“i“y <|y —1[ <1}. There exists b, such that
for b > b,, we have for y a complex variable.

(i) Py has exactly N zeros inside the inner circle of
A (d,;,). They are located on the real axis.

(ii) Py has no zeros in A4 (d ;).

(iii) All the remaining zeros are located outside the
outer circle of 4 (d_;,).

(iv) The free energy Fy(y,(/)y) is an analytic function
of yfory € 4 (d).

The ground-state energy can be computed as in (6.2):

_ 2 Py, (d)y)

E(ry,N)=—2- [ 22 NP ENT gy
4 7C2m° Pu(y,(d)y)

where C, is a circle, y =1 +re'®, contained in A4 (d). Us-

ing the mapping to the one-dimensional lattice gas, we
have

Py=@y—1, (B4)

P,(y,d)=(y —1)>—e 77 (B5)

)

- , | Py»,d)
E((r) ,N)=—1N I— 2T,

Yy 2 fc 21” Pz(yyd,')

P\(y,d;)
Using (B4) and (B5), we can compute the terms in the sum of the right-hand side of (B9).

fc oYy (d)y) - (B9)

To leading order this yields

the effective two-body potential (2.19). The last term is estimated as in the discrete case by using the polymer expansion

and the tree graph bound.

APPENDIX C

First we outline the computation of the contour integral in (6.6). An integration by parts gives

_f A | i+en_ 1 oitak—2 1
I (e,1) fcr i | s Pron®
Since
1 _ (_I)Zk d2k*l 1
(P, (y)*  (1+ep)yk dy** 1 y—1"~

by Cauchy’s theorem we find

(cmn

(C2)
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1 de —1
Ik(6,1)=—;WA(y)B(y)|y:1 ) (C3)
where
A(y)=62y(21+4)k__y(21+4)k—2 (C4)
and
B(y)=—"t— (©3)
Y ek
Performing the derivatives in (C3) yields
2k —1 —1) —2—p)! —21
I(e,)= 1 > (—1)k—1-p (2k —1)! (4k —2—p)! [(2] +4)k 2];
€ <o pl2k —1—p) 2k —1) [(2l+4)k —p]!
22k —1-p) 5
W{E (2l +4)k[(2] +4)k —1]—[(2l +4)k —pl[(2l +4)k —p —1]} . (C6)
The series expansion for the ground state of a molecule with two nuclei separated by a distance / is
Ey(1,2)=2Eg+ 3 %(1—62)2k6(21+2)k1k(6,1) . )
k=1

By inspection, we see that the leading term of the sum in (C7) is given by k=1 and p =2k —1=1. This term is exactly
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