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The thermal shift of the crystal-field spectra of 3d or 4f ions includes contributions of different char-
acters. In this paper we develop an approach to calculating all those contributions in detail. The
thermal shift caused by thermal expansion is interpreted and calculated by use of the theory of pressure-
induced spectral shift. Contributions of phonons of optical branches are given using a single frequency
model. Taking into account contributions of all the I"y in the electron-phonon interaction, two terms
coming from phonons of acoustic branches are derived in detail, and theoretical formulas for the param-
eters in the most important term are given. By adequately taking into account all the contributions, we

calculated the R-line thermal shift of MgO:Cr + by fitting the experimental data. The results show good
agreement with thermal-shift experimental data and a series of other experimental data of MgO:Cr'+.
Values of the most important parameters are calculated theoretically with wave functions obtained from
diagonalization of complete d energy matrices. They are in good agreement with those from fitting the
experimental data. We found that it is the mixing of wave functions caused by the Coulomb interaction
and/or the spin-orbital interaction that makes D (I 6) and D (I 8) nonzero. Our investigation shows that
among all the contributions to thermal shifts, the t2 T& term (resulting in redshift) is the most important
one; the Raman term (resulting in blueshift) eliminates part of the t2 T& term; their algebraic sum gives
the contribution of electron-phonon interaction of the acoustic branches; contributions of optical
branches (resulting in redshift) increases rapidly with temperature, and exceeds that of the acoustic
branches when T ~ 175 K; contribution by thermal expansion (resulting in blueshift) holds about 30% of
total thermal shift in absolute value.

I. INTRODUCTION

The optical spectra of the rare-earth or transition-
metal ions (3d or 4f ions) in crystals shift with tempera-
ture. In practice, the shift closely relates to the stability
and change of emission frequencies of lasers as well as to
temperature-tunable lasers, and in theory it relates to the
electron-phonon interaction (EPI). Therefore, these
kinds of thermal shifts (TS) have attracted great interest.
Much research has been undertaken both theoretically
and experimentally. ' Still, there are problems to be
solved theoretically. A thorough investigation in more
detail is needed. In this paper we are going to solve the
following problems.

(i) In Refs. 1, and 4—7 the formulas given for TS calcu-
lations usually include two terms, i.e., the "Raman term"
and "direct-process term, " but generally, in quantitative
calculations only the Raman term was taken into ac-
count. ' We will study all possible contributions to TS
by EPI in acoustic branches in more detail and derive
formulas for numerical calculations.

(ii) Up to now, when calculating the contributions of
phonon modes to TS people paid attention only to the
acoustic branches —the optical branches were ignored.

In this paper, the contribution of the optical branches
will be given in detail.

(iii) Thermal shift comes not only from EPI, but also
from thermal expansion of the crystal. However, no
effort has been made to take this factor into account. We
will give an approach to enable the calculation of its con-
tribution.

(iv) After all those contributions to TS mentioned
above are made clear, numerical calculations of R-line TS
for MgO:Cr + will be given in detail by fitting the experi-
mental data.

Finally, the expressions of the parameters in the most
important term (the contributions from t2 T, ) will be de-
rived microscopically and their values will be calculated
and compared with those obtained by fitting the experi-
mental data.

In Sec. II, the approaches of various contributions to
TS and corresponding formulas will be given. Section III
is devoted to the derivation of formulas for the acoustic
branches where all possible contributions of the I y terms
in EPI corresponding to the site group at 3d or 4f ions
are taken into account. In Sec. IV, numerical TS calcula-
tions for the R line of MgO:Cr, as well as formulas for
parameters in the expression for contributions from
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Tj are presented. Conclusions and discussions are
given in Sec. V.

II. THEORETICAL CALCULATIONS
OF VARIOUS CONTRIBUTIONS TO TS

We are going to deal with the TS of the crystal-field
spectra, i.e., purely electronic (zero-phonon) transition
spectra, of 3d or 4f ions.

The TS of a spectral line is the algebraic sum of the TS
of the two levels involved in the transition. The contribu-
tions to TS consist of two parts: that of thermal expan-
sion and those of EPI.

A. Contribution of thermal expansion

Let us consider 3d or 4f ions in a crystal field. The en-
ergy of a crystal-field level related to TS may be con-
sidered a statistical average of microscopic quantity, i.e.,
a thermodynamic quantity. If the temperature T and
volume of crystal V are taken as independent variables,
the energy of a crystal-field level can be expressed as

E =E(T, V) .

should cause the same level shift, and TS caused by
thermal expansion can be calculated by use of the
thermal expansion coefficient and theory of the pressure-
induced spectral shift.

B. Contributions of EPI (the acoustic branches)

Let us consider an interaction system of the local elec-
tronic state of 3d or 4f ions and lattice vibration. Its
Hamiltonian is

H =H)„,+H;,„+H;„, . (3)

+g p,"
J+l lJ

Assuming isotropy of the elastic waves and simplifying
the interaction Hamiltonian (i.e., EPI) Hl„, (H;„,
=K'+H"), Di Bartolo gave the contribution of EPI
(the acoustic branches) of i-level TS as

SE, =nE,'"+SE"'
4

T T~ /T
=a; dx

e —1

As a general thermodynamic relation, we have

(aE/aT) =(aE/BT), +
BV BT

(2)

TD /T 3d

(e"—1)[x —(T, /T) j

where (BE/BT) is the TS rate of a crystal-field level at
normal pressure; (BE/BT)i, is the shift rate of a level
caused solely by temperature variation, i.e., contribution
of the EPI; (aV/aT)„ is thermal expansion rate at nor-
mal pressure; and (BE/BV)T is the shift rate of a level
caused solely by volume (or interionic distance) variation.
Obviously, (BE/BV)T(BV/BT) is the contribution of
thermal expansion to TS.

According to our theory on pressure-induced spectral
shift, distances between ions reduce under hydrostatic
pressure, their interactions change, and the radial elec-
tronic wave functions expand, which causes Dq (crystal-
field parameter), B, C (Racah parameters), and g (spin-
orbital coupling parameter), as well as levels, to vary.

According to experimental data, the pressure-induced
shift rate of the R, line of ruby does not depend on tem-
perature, i.e., independent of EPI; in the temperature in-
terval 2 5 C—200 C and pressure interval 0—40 Kbar, the
temperature and pressure coefFicients of the shift of the
ruby R

&
line were found to be independent of each oth-

r 10

From these experimental results and Eq. (2) it can be
suggested that the level shifts caused by variations of in-
terionic distances R (whether the variations are brought
about by thermal expansion or by compression) are in-
dependent of EPI and temperature, and are determined
only by the variations of R. As has been shown above,
the variation of R and the corresponding expansion of ra-
dial electronic wave functions give rise to the shift of a
level. This is the mechanism of the level shift caused by
thermal expansion or compression. Therefore, the same
variation of R from thermal expansion or compression

where 5E, is in cm . and a; in Eq. (4a) is
4

kTD3
(X.—

4~pv C

l( ell V
l

el) l2

JWl l J

(4b)

where p is the crystal density, v is the average sound ve-
locity, C is the velocity of light, k is Boltzmann constant,
A'=h/2m. , h is Planck's constant; TD is the Debye tem-
perature, and V& and V2 are expansion coefFicients in

H;„,. 5E,."' is often called the Raman term, where the
summation g &, is taken only for those energy levels
which satisfy E" EJ"l

))kTD. —All the j levels which
satisfy lE E" SkTD giv—e their contributions in the
second term of Eq. (4a), 5E ' (called the direct-process
term), where T; = (E;" E")/k, P indicate—s the principal
value of the integral (when TJ ( TD, there will be a singu-
lar point in the integrand), and

3(E;"—E")
Pjj 3 g 4 I gl I ill4mpv AC

Usually, a; and P;~ are treated as adjustable parameters.

(4c)

C. Contributions of EPI (the optical branches)

So far, nothing has been done to take into account the
contributions to TS by phonon modes of optical branches
in the references. Our work on TS of R

&
and R2 levels of

YA103:Nd + (Ref. 11), as well as our research in this pa-
per, shows definitively that ignorance of the contribution
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of the optical branches is unreasonable. We derive its ex-
pression as follows.

Starting from H;„, as

H;„,=H'+H"=i g V~k
fi

2McoK~

1/2 1
X E' —E' —Aa)i j KA,

KA. 'K A,

1/2
1

~K~;K ~

+ (bKA. bKA. )(bK'A, ' bK'A, ' )

where K is a wave vector, X is the label of the branch,
coK& is the frequency, M is the total mass of the crystal,
and bK& and b K& are the phonon annihilation and
creation operators, we obtain

1

Ee —Ej +AcoK

+2&/", I y Iy". &
. (7b)

J

y, , independent of temperature, may be taken as an ad-
justable parameter. co,z may be taken from the peaks of
the optical branches in the density of states of phonons.

III. REDERIVATION OF 5E;"', 5E ', AND p;J.

1

el elE.' —E' —ficoi j KA.

1

Ee —E' +ficoK~

5E(3) (
~en'

1 )
—( (7a)

where

+2&1t II'Kk, Kk lg &
',

where the summation +Kk is taken for all the optical
branches. Since the spectrum of optical phono ns is
confined to a very narrow frequency region, the single-
frequency model may be taken as a simplification i.e.,

%co~~/kT fin& &/k
nzk= 1/(e —1) is substituted by 1/(e ' —1)
and is taken out of the summation sign. Then we have

Numerical calculations show that the second term in
Eq. (4a) (i.e., the term from the j levels which satisfy

I
E;" EJ"I

~ kT—D ) play a main role among various contri-
butions to TS. It is necessary to study it in more detail.
We will especially derive the expression for P; from mi-
croscopic theory and compare it numerically with that
obtained by fitting the theory with the experimental data.

For this purpose, the isotropic approximation is inade-
quate, and the dynamic strains e(I y ) for all possible I y
under the point group of the site of the impurity ion must
be involved.

Following Kushida and Kikuchi, ' we can write H' as

H'=g C(I y)E(l y),
ry

where I is the irreducible representation of the point
group about the central metal ion and y is the component
of the representation. The C(I y)'s are orbital operators
of impurity d or f electrons and the s(ry)'s are phonon
operators. These operators transform in the same way as
the y base of the I representation. So we have

j I j jKA,

pl&a IC(r) )lg" &I I&n e(l y)ln +1&l'
. rq

E;"—(E"+A' k)

& I&@ lc(ry)lp" &I l&n l (krEy)In k
—1&l

+ry

where the summation for A, covers only the acoustic branches Ithe optical branches have been included in Eq. (7)]. E

represents the dynamic strain due to the phonon field. We can get

l&n~klE( lnKk+1&I'=
gM

(n~k+1)le~k, (& +eKk, &(I',
8McoKg

gM n+kle~k, (& +eKk, &(I',
8M' K&

(10)

where le~& (K +e~k K(l must be averaged over all directions of propagation and polarization. This average has
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been done by Van Vleck, ' Blume et al. , ' and Kushida and Kikuchi' for a cubic crystal. If the point group about the
central metal ion is cubic (for example, it is 0& for MgO:Cr +, i.e., the six oxygen ions nearest to Cr + form a regular
octahedron), the only even vibrations of such a cluster which need to be considered are the E and Tz vibrations. ' ' So
we have'

T

( —,", )~K A (longitudinal)

for E(T2$), c(T2g), and s(T2j)
( —,", )~K A(transverse)

I&nK~IE(l y)lnK~+»I'= '(„,
) ~2~(i,„„„d,.„,i)15

for E(Eu) and s(EU)

( —'„' )~K A (transverse),

where 2 =Pi(n&&+1)/(SMcox&). I & nK&l (sI y)ln&& —1) I has a similar result.
After inserting them into Eq. (9), summing over three acoustic branches, and disregarding the temperature-

independent zero-field contribution, we have

l(H'), , I'

E.—E,j i J
& I&@ lc(T2y)l@ &I'+g& I&& lc«y)l@ &I'

jwi r r

nKlK 2
1 1

+ " y y I&@;.'Ic(T,y)l@ &I'+8yl&@ Ic(Ey)ly &I'
jAi r

n„,K' I 1 1

1 1 3

15m'Cp v,
' 2v,'

Two cases can be distinguished.
(i) When IE;" E"

I
»A'coD—, we can get the contribution of all the j levels in the sum g. ' I(H');1 I /(E; E) which—

satisfy the condition (adopting the Debye model)

y l&q Ic(T,y)ly &I'+sy l&y Ic(Ey)lq &I'

gE( la)
Eel Eel

J

kT~ T TD ~T
dX

Tg) o e —1
(13)

Adding 6E "' in contributions from the second term of
Eq. (4b), we get the new expression for 5E,'" (the Raman
term).

(ii) When IE," E"
I
5 A'coD, all the j—levels in the sum

&J' l (H');J I /(E; E~ ) which satisfy this condition
should be treated difFerently than those in the Raman
term. We will see later that it is of great importance.

If the approximation of the Debye model is adopted as
we did above, from Eq. (12) we get

where

P — T3D
iJ sJ sJ

k 1 3

Cpk vI 2v

x y I&@ Ic(T2y)ly ) I'

gE(2) —y P
T

jwi ij

TD /T X dX

(e"—1)[x —(TJ/T) ]

(14a)

+ 8 g I & z/i'
I c(Ey ) I P") I (14b)

As for D;., we will calculate it in more detail with wave
functions later in the example of MgO:Cr +.
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IV. CALCULATIONS OF THE R-LINE TS OF MgO:Cr +

A. Calculations of energy spectrum and wave functions

The sites of most of the Cr + ions in MgO:Cr + pos-
sess Oz symmetry. Cr + has a (3d) electronic
configuration. According to Runciman and Schroeder, '

making use of their matrices of spin-orbital coupling in
the aSI PI TyT scheme, and the electrostatic and cubic
crystal-field matrix elements of Sugano, Tanabe, and
Kamimura, ' we have the complete matrices of the d

configuration (including a 21 X 21 submatrix and two
9 X 9 submatrices). The next step is to diagonalize the
matrices by computer to fit the experimental data by a
least-squares method.

In the calculation of the energy spectrum here, we have
applied a pressure-induced shift of the experimental
data' and four experimental data at normal pressure in
order to obtain more accurate results. By a least-squares
fitting of all the data we get crystal-field parameters for
MgO:Cr + at normal pressure, Dq =1619 cm ', B =648
cm ', C =3180 cm ', and g =212 cm '. The calculated

TABLE I. Energy spectrum of MgO:Cr'+ at normal pressure and part of the mixing coefficients of wave functions.

2s+ll P
Energy levels (cm ')

calculated observed Mixing coefficients'

t23

t23

t23

t2( Tl )e

4A,
2E
'T

'T
4T

I8
I8
r,
r,

0
14 302.1

14 861.8
14 919.1

16 105.7
16 160.9

14302
58c

(splitting of
t3 2T )

16200

ao =0.975 68
b (I )=0.98460
b (I )=0.98432

t23

( Ti)e

4T
T'

2

'T2

4T
1

4T

r,
rq
I8
I7
18
17

16266.2
16278.8
21 423.4
21 512.8
22 670.6
22 697.3

22700'

ai =0019637 b (1 )=0 029164

t ('E)e
t2(3T )

t2('T2)e

t2('E)e
( T, )e

t2e'('A2)

t2('T, )e

t2('E)e
t2e ('A2)

t2e2('E)

t2('A, )e
t2e {'E)

t2e ('A, )

3

4T
4T

Al
'T

2E
'T

4T
4Tt

1

4T
4T
'T

A2
'T

2E
'T

2E

r,
r,
r,
r,
I8
r,
I8
I8
18
r,
17
rg
r,
r,
I7
l"

8

r,
r,
I8
r,
I8
I8
r,
I8
I8
I7
I8

22 706.7
22 714.2
28 333.7
30 353.5
30 398.9
30 647.4
30 818.7
32 451.7
35 214.5
35 233.0
35 601.0
35 613.6
35 733.6
35 770.8
39 890.3
39 967.2
41 291.1
46 516.3
46 618.2
48 109.2
48 221.0
49 645.9
52 892.6
53 003.0
67 460.8
67 631.4
69 774.3

0.002 100 8

ai =0.019723
0.089 220

aI = —0.0016292, b (I 8) =0.078243
b ( l ) =0.070 288

aI =0.004 6461, b ( I, ) =0.013 690

'Only part of the mixing coefficients concerned with D (I 6) and D (I 8) was tabulated.
Reference 17.

'Reference 19.
Reference 18.
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energy spectrum at normal pressure and the pressure-
induced shift are in good agreement with the experimen-
tal data (the pressure-induced shift calculations will be re-
ported later). The results of the energy spectrum and
part of the wave-function mixing coefficients are shown
in Table I. For the sake of simplicity, we have omitted
the subscript g denoting the even-parity character
throughout the paper.

B. TS experimental data and calculations
of the contribution of thermal expansion

Imbusch et aI. measured TS for the R line of
MgO:Cr + relative to 4.2 K. Since TS from 0 to 4.2 K is
insignificant, we can consider their results as being rela-
tive to 0 K. The results at 14 experimental points hE,„„
were taken from Ref. 2 and are shown in Table II. The
contributions to TS of the R line from thermal expansion
AE„are calculated as follows.

Cxanesan measured the linear expansion coefficient e
of MgO from 140 to 284.5 K with an accuracy of better
than 3%. For lower temperatures we failed to find any
experimental data. So the following formula of Gao ' is
used:

&Ua=
3

cz'„

3(0 PC
P

a'
1 — ' (5s+5r B~)—f C dT

P

(15)

BoP= (a. '—1),
Bo

(16)

where a, and C are the volume-expansion coefficient
and heat capacity at temperature To,

Bs = ( BBs/Bp )r,
5s = (a„Bs—) '(BBz /BT )

5,= —(a„B,)-'(aB, /aT), ,

and B is the bulk modulus. Some numerical values from
the measurements are given also as 5&=3.1, 5z-=4. 7,
B'=4 5S

By use of the experimental data of a from Ref. 20, C
[from 9.759 to 269.793 K (Ref. 22) and above 273.15 K
(Ref. 23)] and the values of a calculated for various tem-
peratures are given in Table III, where the data of Ref. 20
are listed too. We see surprisingly good agreement
within experimental error.

In case of isotropy or approximate isotropy, we can
take x R/=R2~9=( V/V29)3', where R and V are the
interionic distance and crystal volume at T, respectively,
and 8293 and V293 are quantities at T=293 K.

By use of the a values in Table III, the values of ~ at
various temperatures are calculated. As we argued in
Sec. II, TS caused by thermal expansion with a certain
variation of interionic distance a(T) is equal to the
pressure-induced shift with the same variation of in-
terionic distance. The latter can be calculated as follows.

The P-~ dependence can be calculated from the Mur-
naghan equation

~ w

~ W

0

0
~ W

0
O

0
~ pE

cd

+

U
0

0
~ W

0

cd

E

OO

'40

CO

OO

CO

OO

CO

OO

C)

CO

OO

VO

o

W W &I W &I

CO

OO

OO
C)

OO

CO

~ W0

c5
6
0

bQ

0

6
O

CO

0
a5

~ ~

~ W

6

0 g
c5

0

a5

V3

cA g5

M Q

~ ~
0

blj q5

ji) ~~

O

ce g
~ IW Q

G4 W
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0 0
(17)

where A,p=6992 A, ' P is in Kbars, and AE is equal to
TS of the R line caused by thermal expansion with the
same v value, relative to room temperature (293 K).
After converting it into TS relative to 0 K, we finally get
a contribution to TS of the R line by thermal expansion
AE„as shown in Table II. The positive values of AE„
mean blueshifts.

where Bp and Bp are the isothermal bulk modulus and its
pressure derivative at zero pressure. From ultrasonic
measurements, Bp =1622 Kbar and Bp =4.54. Calcu-
lated P-sc dependence agrees well with experiment.
Chopelas and Boehler' measured the redshifts of the R
line of MgO:Cr + and MgO:V + under hydrostatic pres-
sure at room temperature. They found the shifts to be
linear with the slope g=dA, /dp =0.437 A/Kbar for
MgO:Cr + up to 30 Kbar. We may calculate the P-~
data with Eq. (16) and then get the corresponding shift of
the R line by

hE, is shown in Table II.
It was mentioned that the contribution to TS of the i

level by EPI (including acoustic and optical branches) is

5E; =5E "+5E +5E (19)

Let the i level be t2 EI s (it is the excited-state level of
the R-line transition), then oE; represents its TS. But
hE, , as a contribution by EPI to TS of the R line, is the
algebraic sum of TS of the excited state t 2 EI 8 and that
of the ground state t2 A2I &. Since t2 A2I 8 is far away
from other levels ( & 14302 cm '), its EPI with those lev-
els may be ignored. From Eqs. (4b) and (7b) we see that
the diagonal elements (g"

~ V2~fs ) and (fs'~ Vzz. &&~/ s)

(g denotes ground state) might give contributions, but
they can be absorbed simply into coeScients a; of 5E,.'"
and y; of 5E ' and only make a; and y; change into a,'

and y', . Hence, with a,'. and y',-, Eq. (19) is still effective
for the calculation of hE,

For the sake of clarity, we rewrite the expression of TS
of the R line by EPI as

ZLE'"'=LE'"+ AE' '+EE"', (20)

C. Calculations of the contribution of EPI

As for the TS of the R line as we mentioned above, the
contribution caused by EPI is

AE, =hE,„—hE„.

TABLE III. The linear expansion coefticient of MgO (in 10
K ')

where hE' '=5E' ' and there are a' and y' in hE'" and
AE' '. The subscript i is omitted here and hereafter.

It is known from the energy spectrum of MgO:Cr +

that hE' ' includes two terms: contributions of t2 T1 I 8

and t2 T1I 6. As for the other levels in the energy spec-
trum, since they all satisfy ~E;" E~"~ )&kT—D, they may
be included in hE'" (contributions of acoustic branches).

For convenience, the expression of AE,"" may be
rewritten as

&canc
a

exp
hE '( T)=aR ( T)+D ( r6)S ( T)+y0( T), (21)

10.0
30.0
50.0
76.8
97.4
106.5
116.9
125.6
139.6
140.0
154.9
159.1
175.1
179.1
184.3
195.2
195.8
204.4
211.3
225.8
231.6
239.6
244.0
252.2
260.1

265.6

'Reference 20.

0.001 313
0.038 47
0.2338
1.031
2.042
2.552
3.153
3.667
4.486
4.510
5.342
5.566
6.383
6.577
6.821
7.303
7.329
7.685
7.961
8.496
8.699
8.961
9.102
9.351
9.582
9.735

4.60

5.55

6.63

7.47

8.13
8.67

9.06

9.35
9.57

where
4

T TD/T x3
dX

P ex

2

S(T)=T~, f
31

2
3 T+PT21

T21

X

(e"—1)[x —(T»/T) ]

O(T)= 1

X

(e —1)[x —(T2, /T) ]

+~et'
TQ

D(r, )

D(I 6)
(22)

The value of T0 in Eq. (22) may be determined as fol-
lows: Ref. 26 gives the phonon density of states for MgO
(inelastic neutron-scattering and lattice-dynamics calcula-
tions) and the vibrational sideband of the optical spec-
trum of the E ~ A2 transition of MgO:Cr +. The
peaks of the sideband spectra match the peaks in the pho-
non density of states. Taking into account Fig. 1 and
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Table 1 in Ref. 26, we take the average of the phonon en-
ergies of the strong peaks in the optical branches, 422.5
cm ', as fico,z:, hence, we have To =irido, slk =608 K.
Then, we calculate hE,"' by least-squares fitting the ex-
perimental data with the adjustable parameters a, y,
D ( I 6), TD, and p. Finally, we get TD =380 K
(A'coD =264 cm '), p = 1.85 (corresponding to
q,s.= —1.08lel), a=420 cm ', y= —120 cm ', and
D(I 6) =7.01 X 10 cm ' K . Corresponding bE,"'
and its three constituent terms are shown in Table II.

D. Theoretical calculations for D( I 6)

It is shown in Table II that AE' ' gives the main con-
tribution to AE, . In order to check our theory and to
have a better understanding of the microscopic mecha-
nism of TS, it is necessary to calculate theoretically two
parameters, D(I 6) and D (I s) (or p), in the expression of
gE(2)

Here the i level is t2 EI 8 and AE' ' includes contribu-
tions ofj,—:t2 T, I 6 [for D(I 6)] and j2=tz T, I 8 [for
D (I s)]. From Eq. (14b) we have

and

+0.009 990Z +0.001 577YZ],

I(I ) =—'[0.004487P +0.003 279Yi

—0.001074YZ+0.017 73Z ],

D(r, ) I(r, )

D(r, ) r(r, )

(26)

(27)

(28)

In order to obtain the values of I(I 6) and I(I 8), we
must evaluate those of P, Y, and Z (P —= & tz II C( E)lit@ &,

and z—= &r2llc(T, )lie &). On the
basis of the point-charge model, Refs. 12 and 27 gave for-
mulas for P, 7, and Z,

P= 2949&"& 1827

It is the mixing of wave functions in Eqs. (25) that
makes D (I 6) and D (I 8) different from zero. After a de-
tailed calculation we finally obtained,

I(I ) = —,
' [0.004483P +0.000062 27Y2

D(r,)=. . .+, r(r, ),k 1 3

15 Cpk vI 2v,

1(r,)= y I&1(, Ic(T,y)lp, , &I'
Vi)

+8 y I&@, lc(Ey)ly, , &I',
7& V

k 1 3D(r,)=. . .+, I(r, ),
15~ Cpk vI 2v,

I(r, )= y l&q, Ic(T,y)l@

+8 y I&@, lc(Ey)ly
7& Y

where

&g r I=ao&r', 'Er, y; I+&a, &a,s, r, r,y; I,
l

ly, ,, & =b,(r, )lr' 'T, r,y'&

+g b (I )la s r r,y'&,
m

'& =bo(rs)li~ Tir8y'&

(23)

(25)

Y=8 349 & "& 9 527 (29)

Z= 6817&"& 5834

Dq = '
&r4&,

6R
(30)

where R is the distance between Cr + and 0 in atomic
units. Skinner measured the lattice parameter of peri-
clase ao =4.2117+0.0002 A at 298.16 K. So,
R =ao/2=2. 1059 A=3.9796 a.u.

It is well known that the point-charge model has its
shortcomings. In an application of Eq. (29), adequate
corrections must be taken. In fact, there are interactions
between the electronic wave functions of central metal
cation and ligand ions —overlap, covalence, etc. In com-
parison with those of free ions, wave functions of ions in
crystal expand radially. We will still apply Eq. (29).
However, & r & and & r & will not be the expected values
of electronic wave functions of free Cr + ions, & r &0 and
& r &o, but those of Cr + in crystal. The values of two pa-
rameters (Dq and p, ) determined by the experimental data
will be used to evaluate & r & and & r

First, we make use of formula

+yb (r, )la s r r,y'& .

The mixing coefficients involved in Eq. (25) were gained
in diagonalization of the complete energy matrices of
MgO:Cr +. All the necessary mixing coefficients in the
calculation are given in Table I. The wave-function mix-
ing occurring here comes from a Coulomb interaction
and/or a spin-orbital interaction.

We found through the calculations that both Eqs. (23)
and (24) were irrelevant to components y, . This indicates
the fact that both t2 T, I6 and tz EI 8, by interaction
H' with t2 EI 8, make it shifted rather than split.

where Dq = 1619 cm ' has been determined from the cal-
culation of the energy spectrum in the preceding section
and q,~ is the effective charge of the ligand ion 0
Since we have had p=1.85 through least-squares fitting,
we can find q,~ in the following way.

The relation

4&
li2

&r'&0
(31)

holds approximately. According to Ref. 30, for free
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Cr ions (r )O=1.434 a.u. and (r )O=4. 277 a.u.
From Eqs. (26)—(31) and @=1.85, we get q,s= —1 08~e~.
Then we finally obtained (r ) =4.44 a.u. , (r")=40.9
a.u.

Using Eqs. (26) and (29) and the values of (r ) and
(r ), we get the theoretical value 3.36X10 erg for
I(l 6). With this value of I(I 6) and Eq. (23), the theoret-
ical value of D (I 6) can be obtained.

By use of the values of the elastic stiffness constants of
MgO at room temperature, '

C&& =28.6X10" dyn/cm

C44 = 14.8 X 10" dyn /cm

the density of periclase measured with the x-ray tech-
nique, 3 p=3. 5837+0.0013 g/cm (25'C), and the calcu-
lated velocities of sound, v&

=QC» /p =8.93 X 10 cm/s
and v, =+C4&/p=6. 43X10 cm/s, we get from Eq. (23)
D(I 6)=6.9X10 cm 'K which agrees quite well
with that obtained by fitting the experimental data
(7.0X 10 cm ' K ).

V. DISCUSSION AND CONCLUSIONS

b E' ', related to D (I 6) and D (I s), gives a main con-
tribution to TS. Since D (I 6) and D (I s) depend solely
on the interaction of t2 TI I 6 and t2 T& I 8 with t,' 'EI, ,
and are irrelevant to other levels, they can be calculated
more accurately. Therefore, the good agreement of the
theoretical value of D(I 6) with that from fitting the ex-
perimental data is a good support to our theory as well as
calculations based on it.

When To in the optical branches is determined by their
peaks in the phonon spectrum taken from the references,
by least-squares fitting we get ACED =264 cm ' and

q,s= —1.08~e~. This value of A'coD agrees well with the
peak of the acoustic branch (-270 cm '). Noticing
that the Debye model is applicable only to the acoustic
branch, TD defined in the Debye model is available for
the acoustic branch, also. The q,z obtained is reasonable,
in comparison with that usually adopted in the references
(q,s/~e = —1).

Table II shows that our calculations of TS are in good
agreement with the experimental data of TS. In our cal-
culations, a series of other experimental data (including
thermal expansion coefficients, heat capacities, equations
of state, pressure-induced spectral shifts, absorption spec-
trum at normal pressure, density of states of phonons,
elastic stiffness constants, and density of crystal and lat-
tice constants) were applied, too. This indicates that our
theoretical calculations agree with many experimental
data.

Table II shows AE„/~ b E exp
~

=29.7% (at 265.5 K) or
27.4% (at 97.4 K), indicating that the contribution from
thermal expansion is important among various contribu-
tions to TS. Similar results are obtained in our work on
TS for the R lines of MgO:V + and ruby. Therefore, it is
incorrect that previous researchers ignored the contribu-
tion of thermal expansion to TS for R lines of these crys-
tals.

We have mentioned that the EPI contributions to TS,

hE, , are composed of those of acoustic as well as opti-
cal branches. As for the contribution of the acoustic
branches, it includes the Raman term (bE'") and that
from tz T, (i.e., bE' '). It is shown in Table II, that
b,E' ' gives a main contribution [it can be considered as a
"resonance" coming from the factor (E," E"—Acox—

~ ) at
denominators in Eqs. (12)] and has the same sign as total
TS (redshift), b,E'" is second in magnitude but with op-
posite sign (blueshift), and b,E' ' is the least (redshift).
However, if we compare the whole contribution of the
acoustic branches (bE"'+DE' ') with that of the optical
branches (b,E' '), the importance of the latter is quite
clear: b,E' '/hE'"'= 10% (at 76.8 K) or 50.8% (at 175.1
K) or 62.6% (at 265.6 K), i.e., the contribution of the op-
tical branches becomes more and more important when
the temperature is increased [it is clear from the 0 ( T) ex-
pression in Eq. (22)] and exceeds that of the acoustic
branches at 175.1 K.

Usually, only the Raman term was taken to fit the ex-
periments of TS in Refs. 1 —4 so far, and its calculated
contribution was the redshift, i.e., a; &0. But in our
derivation, it is clear that the Raman term was merely
one of four parts of contributions to TS.

After detailed numerical calculations we obtained the
following.

(i) The Raman term is the blueshift, opposite in sign to
the experimental TS result AE p.

(ii) The contribution of t2 T, (b,E' ') is the redshift, it
is partly eliminated by the Raman term (bE"'). The
algebraic sum (bE'"+DE' ') is the whole contribution
of the acoustic branches.

(iii) The contribution of the optical branches is the red-
shift (b,E ), and (b,E +b,E ')+b,E' gives hE;"'.

(iv) The contribution of the thermal expansion AE„ is
the blueshift, and the algebraic sum of AE,""and AE„
gives the total TS.

According to our derivation, the Raman term is the
algebraic sum of the contribution caused by the interac-
tion of the i level with those j levels which satisfy
~E;"—E"

~

&&A'coD through H' and [(H");;—(H")sg] «r
the acoustic branches [(H")gg is the contribution of the
ground state tz Azl s].

The Raman term is the blueshift, i.e., o,') 0. Noticing
the expression

y I&@ IC(T,y)lq;. '&I'+8y [(q;.'[C(Ey)lq &['
r r

JWl J
&0

(where i refers to t2 EI z), it is clear from Eqs. (4b) and
(13) that a,. & 0 occurs only when

((y II;lg &
—&P IV, I@ &)&0

and when it is the dominant part of a. Further study on
this point is worthwhile.
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