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Effect of strong scattering on the low-temperature penetration depth of a d-wave superconductor
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For a pure superconductor in a d-wave-like state at temperatures T well below the critical ten1perature
T„ the deviation hA, of the penetration depth from its zero-temperature value A,(0) is proportional to T.
When the concentration n; of strongly scattering impurities is nonzero, hA, ~ T", where n =2 for
T& T*«T, and n =1 for T*&T«T, . The crossover temperature T and the increase in A,(0) scale
as V'n; up to logarithmic corrections when resonant scattering is dominant. We argue that this case is
relevant to recent measurements on YBa2Cu307 q and present specific results for a model pairing state
with d 2 2 symmetry.x —y

Measurements of the electromagnetic penetration
depth A, at low temperature T are beginning to yield a
consistent picture of the pairing state of the high-
temperature superconductors. ' Until recently it had
been thought that the most credible data exhibited an ex-
ponential temperature dependence at low temperatures,
but a reanalysis of the data of Fiory et aI. clearly
showed that the deviation AA, from the zero-temperature
value A, (0) was quadratic in temperature. Subsequently,
this finding has been confirmed in a number of studies
and reanalyses ' of existing data. ' Remarkably, the
available data are well described over the entire tempera-
ture range below the critical temperature T, by the
empirical formula A, (T)=A,(0)/+1 —t, where t = T/T, .

In contrast to this body of data are equally credible
studies of the penetration depth in T12CaBa2Cu208 z sin-
gle crystals"' and in Y-Ba-Cu-0 single crystals. ' In
the case of the T12CaBa2Cuz08 & single crystals, all in-
dependent components of the penetration depth tensor
were measured. These studies report that at the lowest
temperatures measured, the penetration depth varied
linearly with temperature, not quadr atically. If
confirmed, these latter observations would be consistent
with the prediction that for an unconventional singlet
superconductor with the point group symmetry of
Y-Ba-Cu-O, the only nodes allowed are line nodes, distri-
buted on the Fermi surface in such a way that all corn-
ponents of the penetration depth should exhibit a linear
temperature dependence at low temperatures.

Annett, Goldenfeld, and Renn also argued that
AA, ~ T could still be indicative of an unconventional
singlet state, given that it has been known for some time
that scattering and Fermi-liquid efFects may have this
e6'ect on superconductors with line nodes. ' ' Further-
more, in discussing the discrepancy between early data on
Y-Ba-Cu-0 and their own data, Hardy et al. postulate'
that the intrinsic behavior, found in crystals as pure as

those in their study, is indeed linear, but that impurities
and other defects present in thin films and poorer quality
crystals change the low-temperature power law from
linear to quadratic.

The purpose of the present paper is to consider this ex-
planation in some detail. We propose that the dominant
scattering mechanism in thin films and single crystals of
Y-Ba-Cu-0 is resonant scattering, ' which is consistent
with the phenomenology in two distinct ways. First, if
the scattering responsible for the change in the power law
of the penetration depth were Born scattering, there
would be a large suppression of T„which is simply not
observed. ' Secondly, as noted previously, ' the low-
temperature thermal conductivity ~ of single crystals of
Y-Ba-Cu-0 changes from ~-T to x-T for tempera-
tures below about 0.3 K.' This is apparently accom-
panied by a linear term in the specific heat. ' These tern-
perature dependences are consistent with those predicted
by resonant scattering processes. ' lf resonant scattering
is indeed responsible for the quadratic temperature
dependence of A, in impure samples, then the precise na-
ture of the crossover can be predicted, and compared
with experiments in which the impurity concentration is
systematically varied. Such a prediction is the principal
result of the present paper.

Our calculation given below is valid for a two-
dimensional d» superconductor, but ignores possible
e6'ects due to the presence of localized states. Such states
have been argued to cause the asymptotic temperature
dependence to be exponential rather than power law,
but it is not clear whether or not an intermediate quadra-
tic temperature regime will still exist. Furthermore, the
e6'ect of localized states on thermodynamic properties
should be confined to temperatures below a mobility gap
which is found to scale with expl —(Ez/bo)]. Although
the ratio E~/6p may be considerably smaller than in or-
dinary superconductors, it still appears possible that the
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mobility gap is so small so as to make localization effects
irrelevant for experiments.

To determine the penetration depth or superAuid den-
sity in a model d-wave superconductor, we calculate the
electromagnetic response tensor K, relating the current
density j to an applied vector potential A: j = —K A. If
the electromagnetic response tensor K; is diagonal, it is
simply related to the eigenvalues of the penetration depth
tensor (4m/c)K;; =A, , where A, is the penetration depth
for current Sow in the direction i. In the simplest BCS-
like model for an anisotropic superconducting state in the
presence of elastic scattering, the response tensor is given
by

2
COX)= v;(k)v (k) I devteeh Re

)C 0 2T (-2 g2 )3/2

where ( . )—:2(2m ) "fdSF /I v(k) . represents an
angular average over an arbitrary Fermi surface in
a d-dimensional metal, and v(k) is the Fermi velocity.
The renormalized frequency 6 is defined by co=co —X0,
where the impurity self-energy X0 in the s-wave
(t-matrix) scattering approximation is given by
XO=I Go/(c —Go), and I =n, n/(vrNO) . is a scattering
rate parameter dependent only on the impurity concen-
tration n;, the electron density n, and the density of states
Np- The parameter c characterizes the strength of the in-
teraction in an individual scattering event, varying be-
tween weak (c ))1, Born approximation) and strong
(c «1, unitarity limit) scattering. Finally, Go is the in-
tegrated diagonal Green's function averaged over disor-
der, Go= i (co /(—co —b, k)'/ ). We note that in Eq. (1)
and what follows, we have specialized to those unconven-
tional superconducting states for which the gap renor-
malization vanishes (Xk =b.k ) for symmetry reasons; this
includes the d 2 2 state of current interest.x —y

As shown by Gor'kov ' and by Ueda and Rice, an
infinitesimal amount of disorder in unconventional super-
conducting states with line nodes in three dimensions
leads to a nonzero density of states at zero energy N(0)
Ithe same conclusion holds for point nodes in two dimen-
sions (2D)]. This implies the existence of a "gapless"
temperature regime, where all superconducting proper-
ties reAect the temperature dependence of the corre-
sponding normal-state Fermi-liquid properties, albeit
with reduced coeKcients varying with N (0). For the
case of the penetration depth, which has no normal-state
analog, it was pointed out in Ref. 14 that a low-
temperature behavior of the form A, =A,0+c2T was to be
expected for 3D line node states in the presence of disor-
der. The shift A0 Xp from the pure London penetration
depth Ao= [4rrmc /(ne ) ]'/ (spherical Fermi surface), as
well as the range over which the characteristic gapless
temperature dependence A, —A,0- T is observed, are pre-
dicted to scale with N(0). Here we explicitly estimate
both quantities as functions of impurity concentration in
order to facilitate comparison of the theory with experi-
ment.

The crossover temperature is estimated crudely by as-

suming that an impurity-dominated regime exists at low
temperatures, where the penetration depth obeys the T
relation discussed above, and that at somewhat higher
temperatures (still considerably less than T, ) the penetra-
tion depth displays the temperature dependence of the
pure state, A, =A,0+c& T. In fact, such a clean separation
of energy scales is possible only in the strong scattering
limit, ' but we will nevertheless define a rough measure of
the crossover temperature for the general case by interpo-
lating between the low- and intermediate-temperature re-
gimes as A, =XO+bT /(T'+ T). Fitting this form in the
two cases T« T* and T» T* leads to the result
T*=c,/c2. The coeffi.cient c& is of order A,0/T, . To cal-
culate c2, we first extract the temperature-dependent part
of Eq. (1), defining K(T)=K(0)+5K(T), with

M'; (T)

2e Q2
v;(k)v, (k) J dvvf(vv)Re ),C 0 (-2 g2 )3/2

(2)

To make further analytic progress, we note that in the
impurity-dominated "gapless" regime, the renormalized
frequency co takes the limiting form co~i y+aco, where y
is a constant dependent on impurity concentration and
scattering strength, and the constant a =O(1).

The Fermi function in the integral in Eq. (2) restricts
the important integration range to small frequencies at
low temperatures. We may thus replace the renormalized
frequency co everywhere by its low-frequency limiting
form. Careful treatment of the branch cut then leads to
the final result

2 2 Q2
hk, ,(T)= TvT' v, (k)v)(k). . .~, )

.v c 2 ' f (y2+g2 )5/2
(3)

The angular average may now be performed easily for
any model superconducting state and Fermi surface. It is
clear, however, that for any order parameter 6k which
vanishes linearly in the neighborhood of line nodes (point
nodes in 2D) the angular average in Eq. (3) varies as y
and the coefficient c2 therefore varies typically as y
As discussed below, y is a monotonically increasing func-
tion of impurity concentration; the result for c2 may
therefore seem somewhat surprising at first glance. It is
important to note, however, that in the limit of vanish-
ingly small impurity concentrations y~O, the range of
gapless behavior 5A, -T is restricted to a vanishingly
small range below T*-c,/c2-y.

We now examine the gapless solution iy to the zero-
frequency transcendental equation for S. For general
scattering parameters I and c, y satisfies

where f (ai) is the Fermi function. The branch of the
square root in Eq. (2) is defined such that for co) 0,
(6 —hk )' =pleo 6k I' —e', where 2I=1 if Redo)

I
b, k I

and g =i if Redo &
I
b, k I. The angle 0 is given by

9=tan 'I Imago/(Remi —6k )]

+tan 'I Immi/(Redo+ b, k ) ] .
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y=I no/(c +no), where no=A(0)/Xo=(y/(y
+6k)' } is the normalized residual density of states
at the Fermi level. In the Born limit, c ))1, this—~o/'~w
equation may be solved to yield y=hoe, where
ho is the gap maximum over the Fermi surface, and
I ~=l /(1+c ). It is thus clear that in order to obtain
an experimentally observable T contribution to the
penetration depth in this limit, scattering rates I &-ho
are necessary. As the critical temperature for all scatter-
ing strengths in the s-wave t-matrix approximation for
unconventional super conducting states obeys an
Abrikosov-Gorkov relation, ln( T, /T, o) =P( —,

'
)

P( I +I—'z/(—2m. T, )}, where g is the digamma function
and T,o is the pure T„such large scattering rates must
perforce lead to a large [0(T,o) ] suppression of the criti-
cal temperature, which is apparently not observed in ex-
periments.

The situation is quite different in the presence of strong
scattering, c «1. In this case a closed form solution for
y=1 /no is not generally possible, but it is easy to esti-
mate that y —(I ho)'~ up to a logarithmic correction.
The crucial point is that a relatively small concentration
of defects can lead to a substantial residual density of
states of y, within a range where the relative T, suppres-
sion (T,o T, )/T, o

—is of order I /Ao«1. We estimate
that resonant defect concentrations of order 1% would
lead to gapless behavior (5A, -T ) over a temperature
range T* of order 10% of T„but negligible (& 1%) T,
suppression. Concentrations of order 0.1% would also
lead to negligible T, suppression, and the gapless range
would be restricted to temperatures below 2 —3 % of T„
below the lowest temperatures where penetration depth
experiments on high-T, superconducting materials have
been performed at this writing.

For concreteness, we now present explicit results for a
d 2 2 state in a system with cylindrical Fermi surface.
The model order parameter then takes the form
b, k =b,o(k„—k )=hocos2$. A low-temperature analytic
estimate for A, j in the basal plane then yields a pure
penetration depth A,i(T) =A,o+c, T, with ci =(in2)lolkp.
The constant y satisfies the exact self-consistency relation
y=I /no, where n o2yK(b /Qoy +ho)/Qy +ho,
and K is the complete elliptic integral of the first kind.
For low impurity concentrations y « Ao, we find
no=2yin(45o/y)/(mb, o). The numerically determined
dependence of y on the scattering rate I in the d 2x —y
state is shown in Fig. 1 for resonant scattering, c =0,
along with a fit of the form y =0.63(I ho)'~ . Evaluation
of Eq. (3) yields c2 ——mA, o/(6yho), and a crossover temper-
ature estimate of T*= 61 n(2) y/~= 08 (3I bo)'~, using
the result of Fig. 1.

An independent estimate of the effect of impurity
scattering may be obtained by accepting the interpolation
formula A, =Xo+a T /( T*+T) given above, and extrapo-
lating a fit to the linear-T penetration depth data in the
intermediate-temperature range down to T =0. The
difference A,o

—Xo & 0 between this intercept and the actu-
al limiting low-temperature value of the penetration
depth may thus be estimated even in some experiments
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FIG. 1. Dependence of y on I for a d 2 2 pairing state.
x —y

The full curve is the numerical evaluation of the elliptic func-
tion, while the dashed curve is an empirical fit y =0.63I'

(
2

v, (k)U, (k). . .~, l
.

c (y +Qk)'

For the d 2 2 state, we arrive atx

(Xo—1o)/Ao ——[y/(neo)]in(4bo/y)=l /(2y),

(4)

where the last result follows from the self-consistency
equation for y. Using the empirical fit y =0.63(I bo)'~,
we find finally (Xo—Ao)/ko —-0.79(I'/bo)i~. Thus the
limiting low-temperature value of the penetration depth
also scales roughly with the size of the gapless region, or
N(0).

The range of applicability of our analytic estimates is
illustrated by examining exact numerical evaluations of
Eq. (1), as given in Fig. 2 where we plot the normalized
superfluid density n'/n =(Ao/X) for various values of
the scattering parameters c and I . For resonant scatter-
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FIG. 2. Normalized superQuid density n'/n vs reduced tem-
perature T/T, . Solid line: I /T, =0; dashed c =0,
I /T, =0.01; dashed-dotted; c =0, I /T, =0.05.

which do not determine the absolute value of A.(T=O).
Here we give results for ko —A,o only in the resonant
scattering limit c « 1. By setting T =0 in Eq. (1}and de-
forming the contour in the complex co plane onto the
imaginary axis, then changing variables co—+co, we find

K,.'. =K,~.(T =0, I ) —X,"(T=0, I =0)
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ing c =0 and I /T, =0.01, our estimate of the crossover
temperature above yields T*=0.12T„using
Ao/T, =2.14 for a d 2 2 state. This in fact corresponds

roughly to the range of temperatures where the superQuid
density deviates substantially from the pure case. For the
larger scattering rate, I /T, =0.05, the deviations from
the pure result above the estimated crossover
T' =0.27T, are substantially larger, and there is no tem-
perature range over which a linear-T {"pure") behavior is
realized. Thus the crude calculation we have described
can be expected to give a useful approximation to exact
results only for concentrations n; ~10 T, /Ez, where
EF is the effective Fermi energy for the system. As
T, /EF is not too much smaller than one in the Cuo ma-
terials, the estimates made here are probably appropriate
for nominally clean samples. In addition, we expect our
qualitatiue predictions for the rough scaling of various
quantities with concentration to hold over a much larger

range. The theory could thus be used to analyze sys-
tematic doping studies of penetration with concentrations
of nonmagnetic impurities in the CuO planes at the few-
percent level.

Con6rmation of this picture of penetration depth mea-
surements awaits a consistent description of other low-
temperature properties within the same framework. In
addition, we are lacking a persuasive explanation of the
origin of resonant impurity scattering in the high-T, ma-
terials. We hope to address these questions in a future
publication.
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