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Numerical study of localization of Dirac fermions
on a lattice in two dimensions
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We studied the eKects of impurities on Dirac fermions numerically. We used a tight-binding
Hamiltonian of fermions with the magnetic Aux equal to m per plaquette for the model. A small
amount of strong impurities create states near the zero energy and strong localization of these
states is observed. Our results support a recent proposal of localization eKects in a gapless d-wave
superconductor.

There is strong interest in the possibilities of d-wave
pairing in oxide superconductors and the eKect of im-
purities on this state. In particular, one of us has argued
that a small concentration of strong impurities (unitary
limit) creates strongly localized states in the gap near
zero energy for a two-dimensional d-wave superconduc-
tor with short coherence length. The analytic theory is
based on the application of the scaling theory of local-
ization and it is useful to check this numerically. Instead
of a superconductor problem that involves the introduc-
tion of an ofF-diagonal order parameter, we focus on a
diBerent problem that should show the same physics.

The important feature of d-wave superconductivity is
that the energy gap closes linearly along a direction par-
allel to the Fermi surface. Near this zero point, the en-
ergy gap can be described approximately with a two-
dimensional massless Dirac fermion. Therefore we inves-
tigate the eÃects of disorder on Dirac fermions in two
dimensions. This problem is theoretically interesting by
itself and has not received much attention up to now.
Furthermore, Dirac fermions appear in the transition be-
tween different quantum Hall states and our problem
may be relevant to an impurity-driven transition between
quantum Hall plateaus.

To do a numerical simulation, we have to realize the
Dirac fermion on a lattice. We used a tight-binding model
with a uniform magnetic field on a square lattice. When
the magnetic flux through the plaquette, P, is p/q with
an even integer q = 2q', there are two energy bands with
a linear dispersion and which touch at zero energy. '

The most well-known case is the P = rr case that appears
in the flux phase, which is considered as an exotic mean-
field state of the two-dimensional Hubbard model. This
7r-flux model has two Dirac fermions and in general, the
P = p/2q' state has q' Dirac fermions near zero energy.
We focus on the vr-flux case because time-reversal sym-
metry is preserved in this case. Indeed, the eÃect of dis-
order on the vr-flux model has been addressed by Fisher
and Fradkin, who showed that it belongs to the univer-
sality class of O(2n, 2n)/O(2n) x O(2n) class cr model.
When combined with the observation that the dimension-
less conductance of a related model is of order unity, we
are led naturally to the conclusion that the states near
zero energy become localized.

Our Hamiltonian for the tight-binding model with uni-

form magnetic field with impurities is given by

&imp

H = t ) ct—e' *'c, + H.c. + ) V,.
' ~ct c, ,

(i,j) j„=1

where c is a creation operator of the lattice fermion at
site j and the last term is a random potential V~ at
random sites j„. A distribution of the random poten-
tial is assumed to be uniform between [

—V/2, V/2j. The
phase factor e' * & is chosen such as P & „,«, 0, i = rr to
produce the linear dispersion near the zero energy. We
used the Landau gauge 0~ ~+y

——ender and 0~ z+~ ——0 to
represent rr Aux where j = (rn, n). When there are no
impurities, the Hamiltonian is diagonalized in the mo-
mentum representation and the energy bands are given
by

E(k) = +2t cos2 k + cos2 k„ (2)

(k = k', i = 1, 2), (3)

where (k, k„) = (rr/2, rr/2) and (k, k„) = (rr/2, —rr/2).
This model has doubled Dirac fermions located at these
two points. We note that the Dirac fermion dispersion is
isotropic near k'. In the d-wave superconductivity prob-
lem, this corresponds to a very short coherence length of
order of the lattice constant. According to the analysis
of Ref. 1, this is the most favorable case for localiza-
tion. This model without randomness is well studied.
In Fig. 1, we plot the energy dispersion of the model.
One can see clearly the linear dispersion for the Dirac
fermions. We used a Brillouin zone of the original model
but the magnetic Brillouin zone is half of this. Therefore
the number of Dirac fermions is two. There are sev-
eral subtleties for the Dirac fermions on the lattice. The
Hall conductance of the system is a topological quantity
and it is characterized by the response to the boundary
condition. A nonzero Hall conductance means an ex-
istence of an extended state. When the Fermi energy
of the system lies at the zero energy of the vr-flux case,
the Hall conductance of the system is ill defined. An in-
finitesimal next-nearest-neighbor hopping t' opens a gap
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FIG. 1. Energy dispersion of the vr-Hum model. The Bril-
louin zone here is that without m Hux, the magnetic Brillouin
zone is half of this. Thus the number of Dirac fermions is two.

and the Hall conductance is given by —(t't/It'tl). ' It
suggests that the Dirac fermion appears when (integer)
Hall conductance changes from one integer to the other
integer discontinuously. Due to these subtleties of this
Dirac fermion, the effect of the disord. er is a nontrivial
problem by itself.

In the following, we show the results of numerical sim-
ulation for finite systems. We considered the effects of
the randomness in this vr-flux model by comparing a case
with a usual randomness without a magnetic field. The
unit of the energy is set to t = 1. In this paper, we
mainly study cases with a strong scattering potential, but
the impurities are assumed to be dilute, that is, V )) t
and 1V, ~/L (( 1, where L is a linear dimension of the
system. This dilute impurity may be comparable to the
realistic oxide materials. We remark here that this model
preserves the time-reversal symmetry due to the special
feature of the vr flux.

First let us discuss the density of states for the model.
When there is no randomness, there are two energy bands
with the Van Hove singularities and the density of states
of these two energy bands vanishes linearly at the zero
energy. In Fig. 2, we showed density of states for a
36 x 36 system with N' p: 20 and V: 100k for one
impurity realization. The density of the impurities is

1.5% and it is considered as a dilute impurity case.
An average over several samples is also performed but the
appearance of the states in the gap region is more clearly
observed in Fig. 2. For a reference, we plotted the density
of states for the system without the random potential
(dotted line). In the calculation, we included a small
imaginary part b = 0.03t to give a finite width to delta
functions. Due to the small system size, the spectrum is
discrete. However, we can see that the global structure of
the density of states remains unchanged. Inclusion of the
randomness causes the broadening of the spectrum which
is observed in the region IEI + 0.5t. On the other hand,
near the zero energy, some states appear with broadening
of the zero energy state (IEI + 0.3t). It suggests that
the small amount of the strong disorder creates states
near the zero energy which is consistent with the analytic
results.
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FIG. 2. Density of states for the 36 x 36 system with
n. flux (with small imaginary part 6 = 0.03t): solid line,
N; ~ = 20 1.5% and V = 100t; dotted line, the same
parameters without the random potential.

(g2E) 2 1/2

y(E) =
~(E)

where b, (E) is a local mean level spacing near E and

( ) means an average over a small energy range. We
note that since b, (E) is large in the m-flux case, the di-
mensionless conductance exhibits the localization effects
even more strongly than 8 E/Oy itself. In Fig. 4(a),
we plot a dimensionless conductance for the m-flux case
for the 36 x 36 system with N; p = 20 and V = 100t
for three different impurity realizations. In Fig. 4(b), we
plot a similar result without magnetic flux. The average
is taken over seven local energy eigenvalues. First of all,
the dimensionless conductance of the system without a
magnetic field is very large and of the order of the sys-
tem size. It suggests that the impurities are dilute and
the mean free path is large. For high energy states of
the m-Aux case IEI + 0.5t, fluctuations are large and the
values are also of the order of the system size [Fig. 4(b) j.
On the other hand, near the zero energy where the dis-
persion is linear in a pure system, it clearly shows that
conductance of the system is strongly suppressed. This

Next we study the nature of the eigenstates to see if
they are localized. A useful test for the localization is
the study of the sensitivity to changes in the boundary
condition, K~ = 0 E~/Oy where Ez is the jth eigen-
value with a twisted boundary condition 4(x + L, y) =
e'x@(z, y). For y direction, the periodic boundary condi-
tion is used. The results for three different impurity real-
izations are shown in Fig. 3(a) for the vr-Aux case in the
36 x 36 system with N; p

= 20 and V = 1004. For com-
parison, similar results for the standard Anderson model
(i.e. , without the 7r flux ) are shown in Fig. 3(b). It is
clear that the additional states introduced into the gap
in the m-flux case become very insensitive to the change
in boundary conditions.

We also calculated the dimensionless conductance,
g(E), to study the localization of the system. We used
the Thouless formula for g(E) (Ref. 14)
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is the striking feature of the vr-flux case. The conduc-
tance is very small g (( e /h in this region. It suggests

near e zero energy arethat the states which appeared near th
strongly localized even in the dilute impurity case. This
result is also consistent with the analytic result. We have
also studied an alternate model of disorder when a dis-
order potential V; is introduced on every site where V, is

n zs case, we findrandomly distributed between +V. I th
t at a substantial ratio of V/t is necessary before enough
states are introduced near energy zero. Furthermore, the
ocalization of these states is apparent only for V/t —3

or 4, when the eigenstate for the standard model ~i.e.
without the vr flux
the 6

a so begins to show localization f
nite-size system. Thus the introduction of a dense

ion or

istribution of weak disord. er does not have nearly as dra-
matic an effect on the Dirac spectrum as the introduc-
tion o a dilute concentration of strong scatterers. This
is also in agreement with the analytic analysis, which
s ows that the mean free path is very long in the case
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Energy

I IG The sensitivity to changes in boundary condi-~ ~ ~

ions, K~, for the jth eigenstates of the 36 x 36 system with
(mp: 20 1.5% and V = 100t. (a) With i(' Aux (different

symbols are for di
Aux. The de e
y r di erent impurity realizations~ ~b~ 'th
ux. e degeneracy at the zero energy in the tight-binding

model is not completely lifted b th d ly e i ute impurities. We
omitted these states from the calculations
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of Born scattering so that localization effects will not be
observed in small lattices.

In summary, we have investigated the effects of impuri-
ies or two- imensional Dirac fermion. W de use a 7r- ux

mo e o tight- in ing fermions on a square l tt t

i ute but strong scattering potential impurities where
the mean free path is large in the absence of the vr flux
compared to the lattice constant, and the system is a
goo metal. We observed that upon th t d
the vr

e in ro uctson of
e 7r ux some states are createde near e gap regionth

an t e dimensionless conductance of these states is ver
small ~ && e2 6

ese s a es is very

localized. To obtain quantitative results, we have to do
more extensive calculations dan an average over many
samples ma bey necessary. However, our numerical re-
su s qualitatively support the analytical results.
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