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Spectral-weight transfer: Breakdown of low-energy-scale sum rules in correlated systems
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In this paper we study the spectral-weight transfer from the high- to the low-energy scale by means of
exact diagonalization of finite clusters for the Mott-Hubbard and charge-transfer model. We find that
the spectral-weight transfer is very sensitive to the hybridization strength as well as to the amount of
doping. This implies that the effective number of low-energy degrees of freedom is a function of the hy-
bridization and therefore of the volume and temperature. In this sense it is not possible to define a Ham-
iltonian which describes the low-energy-scale physics unless one accepts an effective nonparticle conser-
vation.

I. INTRODUCTION

In spite of a lot of theoretical and experimental studies,
there is still little understanding about the normal-state
excitation spectrum, and therefore of the low-energy-
scale physics, of (strongly) correlated systems. Because
the full many-body Schrodinger equation is not solvable,
one is forced to make approximations to describe the
(low-energy) physics of correlated materials. The first
thing usually done is to construct a model Hamiltonian,
which incorporates the most important characteristics of
strongly correlated systems. However, even the one-
dimensional Mott-Hubbard (MH) model, which is one of
the least complicated realistic model Hamiltonians, is not
fully understood. Although one has established that the
low-energy physics of the one-dimensional MH model,
which has been solved by Lieb and Wu, ' can be described
in terms of spinons and holons, the extraction of the
relevant physical information is still a problem. The
two- and three-dimensional MH model as well as the
three-band charge-transfer (CT) model, where an un-
correlated band exists between the lower Hubbard band
(LHB) and the upper Hubbard band (UHB) (as in the
high T, 's) have not been solved yet, and the description
of the low-energy physics is a very interesting field of pro-
posals and intelligent guesses.

For understanding the low-energy physics, further ap-
proximations have to be made. Often one treats the on-
site Coulomb repulsion in a mean field way as in a homo-
geneous or inhomogeneous Hartree-Fock (HF) calcula-
tion with the addition of random-phase approximation to
describe optical and spin excitations. To reduce the Hil-
bert space and thereby hopefully the complexity of the
problem, one projects out the high-energy states (doubly
occupied states) completely, as one does when reducing

the three-band Emery model or one-band Hubbard mod-
el to a t-J model. A different strategy is to use a slave
operator technique to project out double occupation.
This results in a mean-field starting point for the calcula-
tion but has the advantage that the usual many-body
techniques can be used to include correlations.

Another approach is to diagonalize the model Hamil-
tonian exactly or use Monte Carlo methods, but then one
is restricted to small finite clusters resulting in large ener-

gy spacings between the levels. These energy spacings for
a one-dimensional chain of 20 sites or a two-dimensional
4X4 cluster is of the order of 50 meV or 600 K. This is
much too large to describe the low-energy physics in de-
tail.

The main purpose of all these mentioned approxima-
tions is generally aimed at finding some suitable effective
Hamiltonian, which can be used to describe the low-
energy-scale properties of solids. However, this search
may be futile if it turns out that the low- and high-energy
scales cannot be decoupled, or that such a decoupling is
only valid provided one is willing to leave the concepts of
fermion or Bose statistics or perhaps even the comforts
of well established sum rules.

In this paper we study, using exact diagonalization,
one remarkable feature, out of many, of the normal-state
excitation spectra, namely, the doping and hybridization
dependence of the spectral weight transfer from the high-
to the low-energy scale. A nice experimental example of
this phenomenon is the 0 1s x-ray absorption study' '"
of the La2 Sr„Cu04 system, where, upon hole doping in
the 0 2p band, spectral intensity of the upper-Hubbard
band (high-energy scale) is transferred to the low-energy
scale near the Fermi edge. Similar behavior has experi-
mentally been found for several correlated systems. ' '
In a previous paper' we described the general physical
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origin of this redistribution of spectral intensities and its
doping dependence, while Hybertsen et al. ' gave a
description of the 0 K edge in particular. This oc-
currence of spectral weight transfer, which we believe is a
fingerprint for correlation effects, is now commonly ac-
cepted and has been observed in several numerical calcu-
lations' ' of correlated systems.

In this paper we will study the spectral weight transfer
in greater detail and describe the important consequences
for the description of the low-energy physics. Further-
more, different approaches such as the so-called Hubbard
I solution, ' the t-J model and mean-field theories will be
discussed with respect to the spectral weight transfer.

In Sec. II we review the differences between doping a
semiconductor, a localized MH and a CT system. In Sec.
III the influence of the hybridization for the MH (Sec.
III A) and CT system (Sec. III B) is taken into account.
The results will be discussed and compared with other
theories in Sec. IV, while also the consequences will be
considered. Conclusions are given in Sec. IV.

II. COUNTING PRINCIPLE

An interesting question is what happens with the low-
energy scale states if we dope a strongly correlated insula-
tor as for example in Li NiI 0 or La2 „Sr CuO&. We
may study this by looking at the one electron Green's
function. Assuming that there are N electrons in the
ground state, we define the one electron removal Green's
function as

(4)

We note that the pole strengths A —(k, co ) are just the
overlap between the eigenstates ttj

+—' and the state ob-
tained by suddenly adding or removing an electron from
the ground state; thus

't
yN y A + (k )yÃ+1

For an insulator, doped with x holes, we define the
low-energy spectral weight (LESW) for a certain spin and
momentum as

Az (x)= f WI, (co)den

= f A+ (k, co )5(co E+'+—E~~s )des,
(6)

A(x)=g A, q (x) .
ko.

The LESW for an electron-doped insulator is defined as

Az (x)=f Wz (co)den

= f A (k, co )5(co E'+E—os )de,
0

A(x)=g Aq (x) .
ka

Here the summation runs over all N —1 particle final
states with wave functions g ' and eigenenergies E
The pole strength is defined as

)
—/(qX

—
1/ /yN )/2

where ck annihilates an electron with momentum k and
spin o from the N-particle ground state /os. The angu-
lar integrated photoelectron spectrum 8' is now given
by

(~)=g Wq (co)=g —lim ImG (k, co) .1

7T q)0
(2)

In the same way the one-electron addition Green's func-
tion is given by

A+ (k, co )

cv+ I
co E +E~s l Yf

with pole strength

A+(k ~ )=[(@ +'[ct [@ )[

where c k creates an electron with momentum k and spin
o. into the ground state. The inverse photoelectron spec-
trum ~' is then given by

The upper limit of integration m is chosen somewhere in
the correlation gap, which divides the high-energy states
from the low-energy states. The chemical potential is set
equal to 0. Thus A(x) may be seen as the effective num-
ber of degrees of freedom in the low-energy regime, re-
sponsible for the low-energy physics.

Let us consider a semiconductor (which can be de-
scribed in an independent particle framework) with an
occupied valence band and an unoccupied conduction
band, separated by an energy gap E, . In this case the
poles G (k, co) are positioned at just the one-particle en-

ergies ek, as derived from some sort of band theory. The
pole strength A +—(k, ez ) is 1 or 0, depending on the oc-
cupation of the one electron levels. For the undoped
semiconductor the total electron removal and addition
spectrum will look as sketched in Fig. 1. If the total
number of sites equals A' then there are 2JV occupied
states and 2JV unoccupied states, separated E, . Sup-
pose we chemically dope the semiconductor, resulting in
the addition of one hole, then the chemical potential will
shift into the former occupied band, provided we can
neglect the impurity potential of the dopant. The total
electron removal spectral weight will be 2JV—1 (just the
number of electrons in the ground state) and the total
electron addition spectral weight will be 2JV+ I (total
number of holes in the ground state). We may divide the
electron addition spectrum into two parts, a high-
energy-scale part (the conduction band) and a low-
energy-scale part, which is the unoccupied part of the
valence band (see Fig. 1). We immediately see now that
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FIG. 1. A schematic drawing
of the electron-removal and
electron-addition spectra for a
semiconductor (left), a Mott-
Hubbard system in the localized
limit (middle) and a charge
transfer system in the localized
limit (right). (a) Undoped (half
filling), (b) one-electron doped,
and (c) one-hole doped. The
bars just above the figures
represent the sites and the dots
represent the electrons. The
on-site repulsion U and the
charge-transfer energy 6 are
also indicated.

the LESW equals 1. The same arguments hold for an
electron-doped semiconductor. Thus, when doping a
semiconductor, the total spectrum is just given by a repo-
sitioning of the chemical potential and the LESW grows
as x (with x the amount of doping). At the same time the
spectral weight of the high-energy band is not changed.
Thus, there is no redistribution of spectral intensities
upon doping a simple semiconductor.

Consider now a correlated system described by the MH
Hamiltonian. The one-band Hubbard Hamiltonian is
defined as

been JVx states transferred from high to low energy.
For the high-T, superconductors, an oxygen band is lo-

cated between the LHB and UHB. These systems there-
fore have to be described as a CT system. ' A prototype
charge-transfer Hamiltonian for Cu02 planes in the cu-
prates reads

H=e~gdtd, +e gptp

+t g ( —1) "'(p p' +Hc )

H=t g (c; c~ +H c )+U. g. c, &c;&c;ic;i,
(i,j ),a l

where t is the hybridization between nearest-neighbor or-
bitals and U is the on-site repulsion. (ij ) runs over all
nearest-neighbor pairs, i runs over all sites. The c, (c, )

creates (annihilates) an electron at site i with spin
o =I, I.

We first examine the one-particle Green's function for
an JV-site MH cluster in the localized limit [t =0 in Eq.
(8)] as a function of doping. In Fig. 1 (top middle) the to-
tal photoelectron and inverse photoelectron spectrum at
half filling is shown. The total electron-removal spectral
weight is equal to the number of occupied levels, while
the total electron-addition spectral weight is equal to the
number of unoccupied levels. Therefore, each has an in-
tensity equal to JV. Upon doping the system with one
hole, there are JV—1 singly occupied sites so the total
electron removal spectral weight will be JV—1. For elec-
tron addition there are JV—1 ways for adding the elec-
tron to a site which was already occupied. Therefore the
intensity of the UHB will also be JV—1 (not JV). We are
left with the empty site for which there are two ways of
adding an electron (spin up, spin down), both belonging
to the LHB. Thus we find JV—1 electron removal states
near the Fermi-level, two electron addition states near
the Fermi level and A' —1 electron addition states in the
UHB. The same arguments hold for the electron doped
case. Thus (normalizing the total PES+IPES spectrum
to 2), a doping concentration x yields a LESW A( x ) =2x
and the high-energy spectral weight is 1 —x. There have

+t~z g (
—1) "(p~ d; +H. c. )

+ Uqq g d;td, td;id;t,

where i runs over all Cu sites and j over all 0 sites and
(ij ) represents a nearest-neighbor pair. d, (d; ) creates
(annihilates) a hole on a copper site, while p; (p; ) creates
(annihilates) a hole on an oxygen site. The charge-
transfer energy 6 is defined as the difference between the
on-site energy of 0 and Cu (b, =@~—ez ). The hybridiza-
tion between the nearest-neighbor oxygen orbitals has
strength t while the hybridization between a copper or-
bital and a nearest-neighbor oxygen orbital is tpp Up& is
the on-site Coulomb interactions between two holes on a
copper site. The signs of tpJ and tpp are described by a;~
and u - which are 0 or 1, depending on the relative posi-
tion of a nearest-neighbor copper-oxygen and oxygen-
oxygen pair, respectively.

Assume first that we are dealing with a CT system in
the localized limit, i.e., we do not allow any hybridization
between the oxygen and copper sites (t z =0). Assume no
holes in the oxygen band (as in the insulating com-
pounds), then the one particle Green's function will look
like that sketched in Fig. 1 (top right). When we dope
this system with electrons, the situation is similar to the
MH case and we find a spectral weight transfer from high
to low energy. Thus in this case the LESW A(x)=2x.
However, upon hole doping, the situation is similar to
that of the semiconductor without any spectral weight
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transfer. So, for the CT system in the localized limit, we
find a fundamental asymmetry between hole and electron
doping.

In the examples above we could find the LESW just by
counting the available states, which can be reached when
we do a photoelectron experiment or an inverse photo-
electron experiment. This is because the oscillator
strength 2 +—(k, co ) is always one or zero, depending on
whether the state is occupied or empty. This is always
the case in theories where the Coulomb repulsion is treat-
ed in a mean-field way and where the photoelectron spec-
trum is equal to the density of states (DOS), i.e., when
"spectral weight" can be replaced by "states. " In local-
density approximation (LDA) or restricted Hartree-Fock
(HF) calculations the added holes will occupy k states,
and the change in potential due to these holes will be
evenly distributed over all sites and can therefore be
neglected when x «1. Therefore, we will always find a
LESW A(x)=x. Inhomogeneous Hartree-Fock calcula-
tions ' reveal that, for large U/t, upon doping a state
can be pushed out from the upper Hubbard band to the
Fermi level. In this case the LESW goes as A=2x, which
looks like the ionic MH model. In this case the extra
hole will form a local potential and therefore the count-
ing principle for the ionic Hubbard Inodel applies.
Lowering U one can expect that this hole will spread out.
This means that the extra state moves back to the upper
Hubbard band or lies somewhere in the gap. This may be
interpreted as A(x) somewhere between x and 2x. We
shall show that this is not the expected behavior for a
correlated system. Note that the definition of A(x) be-
comes meaningless when the gap fills up.

Close to half filling and for U)&t the Hubbard model
transforms into the t-J model. This model describes the
antiferromagnetic interaction between two spins on
neighboring sites and it allows for a restricted hopping
between neighboring sites. The restriction consists of the
fact that no doubly occupied sites are allowed. It means
that we are only dealing with empty and singly occupied
states and therefore again one can apply the above
reasoning. Thus the LESW goes as A(x) =2x. While the
factor 2x for the MH and CT model is really only valid in
the ionic limit (t or t d =0), in the t Jmodel it-is indepen-
dent of the actual value of t and/or J. Thus the t Jmodel-
behaves as a single-band Hubbard model with t =0 for all
values of the hybridization.

All these examples show a linear LESW with respect to
the doping concentration. We also found that for the
hole-doped CT model the LESW behaves like a simple
semiconductor, i.e., A(x) =x. This is contrary to what is
found experimentally for the high T, 's. ' '" In the next
section we will show that the hybridization yields a
strong deviation from linear behavior of the LESW for
the correlated MH and CT models and explains the ex-
perimental results.

MH and CT model. The Lanczos method as described
in, for instance, Refs. 20 or 21 is used. We perform cal-
culations for one- and two-dimensional MH clusters for
different values of U/t as well as the CT model for
different parameter values and we adopt periodic bound-
ary conditions.

A. Mott-Hubbard model
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All the calculations for the MH model IEq. (g)] are per-
formed with an on-site Coulomb repulsion U = 10 eV. In
Fig. 2 the total electron removal and addition spectra are
plotted for a 10-site one-dimensional ring with t = —1.0
eV and for different number of electrons N. The hole
(electron) doping concentration is given by
x = ~(N —JV)/JV~ with the number of sites JV= 10 (N & JV
corresponds to hole doping and N) JV' corresponds to
electron doping). From the figure we see immediately
that if we go from the one-hole- to one-electron-doped
case, the chemical potential shifts by just the amount of
the insulating gap. Therefore, there is no sign at all of a
chemical potential which remains roughly halfway be-
tween the two bands due to doping-induced midgap

III. INFLUENCE OF HYBRIDIZATION:
DYNAMICAL SPECTRAL WEIGHT TRANSFER

We use exact diagonalization on small clusters to cal-
culate the one electron Green's function G (k, co) for the

FIG. 2. One-particle Green's function for a one-dimensional
Hubbard-ring of X= 10 sites for U = 10 eV and t =1 eV. The
number of electrons in the ground state X are indicated. The
low-energy electron-addition spectral weight is obtained by in-

tegration over the shaded area.
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FIG. 3. The integrated LESW divided by the number of sites
as a function of the doping concentration x for the one-
dimensional ten-site Hubbard ring (U =10 eV). The solid lines
correspond to the localized limit t =0, the dotted line to the free
particle limit (hole doped) and the dashed line to hole doping a
semiconductor. The data points are from the calculations:
t = —0.5 eV (lowest) to t = —2 eV steps of 0.5 eV.

states, in agreement with Ref. 23 but in contrast to the
suggestion by Allen et al. We observe the same kind of
chemical potential shift for other values of t.

The LESW, as defined by Eq. (6), is obtained by in-
tegrating the shaded area. In Fig. 3 we plotted the low-
energy electron addition spectral weight for the 10-site
cluster from t = —0.5 to —2.0 eV in steps of 0.25 eV.
For strong hybridization it is no longer possible to define
co properly for all doping concentrations because, due to
hybridization, incoherent parts of G(k, co) are spread
through the gap. There is therefore no clean distinction
between the low- and high-energy scale. However, for
large doping concentrations and large hybridization it
may still be possible to define co because of an increase of
the gap with doping. This phenomenon is clearly seen in
Fig. 2. The observed increase of the original insulating
gap with increasing doping concentration is contrary to
what is usually found in mean-field-like theories, where
the effective on-site repulsion is proportional to the ex-
pectation value of the electron density, U,It= U(n; ).
Therefore, the gap always has the tendency to collapse
with doping because of a decrease of the effective interac-
tion. The increase of the gap in the exact diagonalization
with doping has a simple physical origin. Increasing the
hole-doping concentration results in an increase of the
number of N+1-particle states at the Fermi edge with
which the states in the UHB can hybridize. This will
push these two bands apart and cause an increase of the
gap between the low- and high-energy scale states.

It is also interesting to note that mean-field theory
gives correct first moment, i.e., the energy average. The
first moment for the combined photo-emission and
inverse-photo-emission spectrum is given by

g ([[ct,H], c, } ) (10)
l, CT

where ( ) is the expectation value in the exact ground
state. Substituting the MH Hamiltonian [Eq. (8)] we find
for the first moment m, = Un = U(N/A), 'where n is the
number of electrons per site. For paramagnetic Hartree-
Fock we have

HH„=g (uk+ U(n; ) )cI, cI, (11)
k, cr

Since the average of the band energies ek equals 0, the HF
and exact first moments are identical for a homogeneous
charge distribution. The same holds for antiferromagnet-
ic HF. However, in HF this correct first moment is gen-
erally obtained by changing the eigenenergies with dop-
ing, while the weights remain unchanged (equal to 1).
This is contrary to exact diagonalization, where the
eigenenergies change only little and the correct first mo-
ment is obtained by modifying the weights.

In Fig. 3 we also show A(x) =x corresponding to hole
doping a semiconductor as well as the free-particle limit.
In the free particle limit there is no high-energy scale so
the LESW goes as A(x)=x+1, i.e., A(x)=1 for zero
doping (half-filled band) and A(x) =2 for an empty or full
band.

From the figure we see that the low-energy spectral
weight grows even faster than twice the amount of dop-
ing and that it is increasing with increasing ~t~. At first
glance this result is surprising because on increasing ~t~

we would expect the LESW to go towards the one-
particle theory result, which is BA(x)/Bx = 1, but instead
we go even further away from it. Note that the slope for
large doping, close to the empty or full band situation,
goes towards the independent particle limit.

The-lowing doping regime for finite t can be under-
stood as follows. We may write the final-state and
ground-state wave function as a sum of states belonging
to the UHB and of states belonging to the LHB. When
calculating the oscillator strength

g + (k c, ) = ( q~+ I c t
I,y" ) ~'

the phases of the wave functions will constructively inter-
fere for transitions to the low-energy regime and destruc-
tively interfere for transitions to the high-energy regime,
thereby increasing the LESW. This is a situation similar
to one encountered in both core-level and valence-band
spectral weights of CE, Kondo-like systems, in which the
lowest-energy state obtains more weight than expected
from the occupation numbers. ~ A(x) )2x appears
strange because it looks like there is room for much more
than one electron per spin and per k state in the low-
energy scale whereas we know that the total number of
electrons we can add in the low-energy regime to reach
again the insulator cannot be more than the hole-doping
level. However, in a many-body system the phase space
available to add one electron is larger than the number of
electrons you can add in the low-energy scale.

If we substract the static part [the A(x)=2x part,
which comes from the counting of available states] we are
left with the dynamical part of the LESW [DLESW:
At, (x)=A(x) —2x], due to the kinetic energy of the elec-
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A(x)=2x — g (c,. c. ) .
2t

& Ij),o.
(13)

The first term describes the LESW for the MH model in
the localized limit IA(x)=2x]. The second term is al-
ways positive and proportional to the expectation value
of the kinetic energy. To calculate this expectation value,
one has to use the zeroth-order ( U~ ac ) wave functions,
which are equivalent to the spinless-fermion wave func-
tion. They are given by filling up the one-particle
momentum levels Iek =2t cos(ka)] with only one electron
per state up to the Fermi wave vector. Doing so, we find

trons. In Fig. 4 the DLESW for the MH system is shown
as well as AD(x)=1 —x, corresponding with the free-
particle limit and AD(x)= —x, corresponding with the
semiconductor.

Also shown are the results of Harris and Lange for
two values of t ( —0.5 and —2.0 eV). They worked out a
first-order expression in t/U for the spectral weights in
the lower and upper Hubbard bands. For the total in-
tegrated (i.e., PES and IPES) spectral weight of the LHB
(which is the zeroth-order moment m LHB) they found

mLHB =g 1 —&c, c,. ) — g &c,. c. ), (12)
o' &ij )

where (ij ) runs over all nearest-neighbor pairs. Making
use of the sum rules and assuming a homogeneous charge
distribution, it is now a straightforward exercise to derive
from Eq. (12) the LESW:

a simple expression for the first order in t jU contribution
to the DLESW:

AD(x) = sin(vrx ) .41rl
mU

(14)

From the figure we see that this first-order term (propor-
tional to the kinetic energy) gives a good approximation
to the DLESW for small t as expected. However, the
Harris-Lange result is symmetric around x =0.5. This is
quite different from the exact diagonalizations for larger
I t~ values where we find that this dynamical part is highly
asymmetric and that the maximum of the DLESW lies
somewhere in the doping range x &0.4. For small dop-
ing concentration the DLESW obtained from the exact
calculations is substantially larger than that from the
first-order approximation.

An often used approximation for the MH model is the
Hubbard I decoupling scheme, proposed by Hubbard. '

This approximation yields two poles for every momen-
tum and spin with energies and pole strengths dependent
on the occupation number in the ground state. The ener-
gies EI,"and EI, '(EI,"(Ek ') are given by

Ez "2' =
—,'(U+ek)+ —,'Q(U ek)+—4n Uek, (15)

where eI, are the one-particle energies (the center of the
band is chosen to be 0). The pole strength for each pole
can be found by differentiating the pole energies with
respect to ek, thus,

gE(1),(2)
()) (2) ko.
ko.
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FIG. 4. The dynamical part of the LESW
[AD(x) =A(x) —2x] as a function of (hole) doping concentration
xz for the MH model. The dotted line corresponds to the free-
particle limit (hole doped) and the dashed line to the semicon-
ductor. The data points ( 0 ) are from the calculations: U = 10,
t = —0.25 eV (lowest) to U= 10, t = —2 eV (highest) in steps of
0.25 eV. The first order in t/U results are shown in the upper
part of the figure for U =10, t = —0.5 (lower solid curve) and
t = —2.0 eV (upper solid curve). Also shown are results of the
Hubbard I approximation in the lower part of the figure. The
data points ( ) correspond to the Hubbard I decoupling using
ground state occupation numbers.

If we put the occupation number in the ground state
for the up spins equal to the occupation number for the
down spins it is straightforward to calculate the DLESW
by filling the momentum energy levels up to the chemical
potential, weighted by the pole strengths. The results are
the solid lines (t =0.5, 1, and 2 eV) plotted in Fig. 4. The
open squares are obtained by substituting the occupation
numbers for the up and down spins as obtained from the
exact diagonalized ground state of the 10-site cluster.
From Fig. 4 it can be seen that the dynamical contribu-
tion to the LESW is negative, contrary to what is found
in the exact diagonalization. As far as the LESW is con-
cerned, the Hubbard I approximation has the tendency to
go to the situation of doping a semiconductor, while the
exact diagonalization has the tendency to go to the right
free-particle limit for large hole or electron doping away
from half filling.

In Figs. 5 and 6 we plot the derivative of the LESW
with respect to the doping concentration x and the hy-
bridization strength t, respectively. We again see that the
LESW is a strong function of the hybridization t and
doping concentration x. This means that the effective
number of degrees of freedom in the low-energy regime
(responsible for the low-energy physics) is strongly depen-
dent on the hybridization and therefore on the volume
and temperature of the system.

It is interesting to see what will happen with the elec-
trons if the volume of a system is changed. Suppose we
contract one half of a material, which results in an in-
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crease of the hybridization in this region. If this material
can be described by an independent particle picture, the
electrons will go to that part of the sample with the larg-
est hybridization as long as the band is less than half
filled. Thus, if we are dealing with a hole-doped system,
the number of electrons in the part with the largest
volume will be lower than that in the part with smaller
volume. However, if we are dealing with a correlated
system the situation is really different. This is illustrated
in Fig. 7. We consider a 10 site MH cluster. The
Coulomb repulsion on every site is again 10 eV and the
hybridization in the "left" part (sites 1 —5) is 0.5 eV, while
the hybridization in the right part of the cluster (sites
6—10) is 1.0 eV. We plotted the number of electrons per
site for different values of the doping concentration. The
lowest curve corresponds to a doping concentration
x =0.9 and the upper curve to half filling.

FIG. 7. The number of electrons per site for a one-
dimensional MH chain (U =10 eV) for di6'erent values of the
(hole-) doping concentration xz. The lowest corresponds to
x =0.9 and the highest to the undoped case (n = 1, for all sites).
The hybridization strength in the left part of the chain is 0.5 eV,
while in the right part of the chain it is 1.0 eV.

From the figure it can be seen that for small electron
concentrations (large doping concentrations) the situation
resembles more or less the independent particle limit
where the electrons tend to go to the part with the largest
hybridization. However, this picture changes when we
approach a critical doping concentration of roughly 0.4.
At this point the electrons are distributed homogeneous-
ly. When we decrease the doping concentration still fur-
ther the role of electrons and holes are interchanged. For
low hole doping concentration, the holes tend to go to the
region with largest hybridization and not the electrons.

This may be compared with the electron-hole distribu-
tion in the U —+ ~ ground state. This is the spinless fer-
mion ground state and is constructed by filling up the
one-particle moment levels with only one electron. The
one-dimensional band structure for spinless fermions for
this system consists of two bands, one with high disper-
sion (corresponding with the right side of the sample) and
one with lower dispersion (corresponding with the left
side). Upon filling the system, we start filling up the band
with highest dispersion until the one-particle energy level
reaches the bottom of the other hand. Until this point is
reached, all electrons go to the right side of the sample,
where they gain most kinetic energy. From here, we fill

up both bands. At exactly quarter filled, the number of
electrons at both sides are equal, after which the role of
electrons and holes are interchanged. This turning point
can be seen to coincide with the critical doping concen-
tration for which a maximum in the DLESW is obtained.
This critical point moves towards lower doping concen-
trations when t /U is increased.

We also studied the effect of the cluster size as well as
the dimensionality of the system on the LESW. We per-
formed calculations on one-dimensional six-, eight-, and
ten-site as well as for two-dimensional nine- and ten-site
MH clusters. In order to be able to compare the one-
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B. Charge-transfer model

It can be shown that the periodic two-dimensional
Cu408 cluster, studied before as representing the Cu02
planes of the cuprates, ' is equivalent to the period-
ic one-dimensional Cu404 cluster if the onsite 0-O repul-
sion is neglected (as we do). Because in the Cu&Os cluster
there are four pairs of equivalent oxygens, one can take
linear combinations of these pairs. One linear combina-
tion does not couple to the Cu sites and forms nonbond-
ing levels. Therefore, the two-dimensional Cu408 cluster
reduces to a one-dimensional Cu4O4 chain with
a, =a;.=0 in Eq. (9), and t d ID&2t~d 2D and

tpp 1D 2 tpp 2D We perform ca1cu1ation s on the one-
dimensional four-unit-cell (eight site) CT model (Cu40&)
with a copper on-site repulsion Udd = 8 eV, charge-
transfer energy b, =E'p E'd 4 eV, and oxygen-oxygen

0.30 » I I l I I I I I I I » I I » I I I » I I I I I I I » I I I I I I I I I I I I I »»

dimensional and two-dimensional systems, we adjust the
hybridization in such a way that the same effective band-
width is obtained. We define the one particle effective
bandwidth as the root mean square value of the one parti-
cle energies, which equals the second moment (zt, with z
the number of nearest neighbors, thus tID =&2t2D). The
DLESW for the one- (t = —l eV) and two-dimensional
(t = —Vl/2 eV) clusters are shown in Fig. 8. For the
one-dimensional systems, no substantial differences in the
DLESW can be seen, from which we may conclude that
the cluster size is of no qualitative importance as far as
the DLESW is concerned. Also the two-dimensional
clusters compare very well with the one-dimensional clus-
ters provided the one-particle effective bandwidth is kept
constant. From this comparison we may conclude that
the phenomenon of spectral weight transfer is qualitative-
ly and quantitatively independent of cluster size and
dimensionality.
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hybridization t = —0.25 eV. The above relations for
pp

the hybridizations can be used to translate our results to
the two-dimensional Cu408 cluster.

The total electron removal and addition spectra for the
CT system with t d =1 eV and for different hole fillings

pd
are plotted in Fig. 9. The oxygen spectral weight is
represented by the dotted line and the copper spectral
weight by the solid line. The number of holes N in the
ground state is indicated. The insulating CT system cor-
responds to the spectrum with four holes in the ground
state. Thus the hole doping concentration is given by
x„=(N JV)I—JV(N ~ JV) with IV=4 the number of unit

cells. The electron doping concentration is given by
x, = ( JV N) IN—(N ~ A'). As in the MH case we find that
the chemical potential shifts by just the amount of the in-

sulating gap when we go from the one hole to the one-
electron-doped system.

The LESW, obtained by integrating the d and p spec-
tral weights over the shaded area, is shown in Fig. 10 for
different values of tpd. Again, we only focus on those
values of t d, which ensures a sensible definition of ~ .pd0

From the figure it can seen that the LESW as a function
of the hybridization for electron-doped CT system
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FIG. 9. One-particle Green's function for a one-dimensional
four-unit-cell CT model. The dotted lines correspond to the p
spectral weight and the solid lines to the d spectral weight.

Udd 8 eV tpd 1 tpp 0 25 and 6=4 eV. The number of
holes in the ground state N are indicated. The LESW is ob-
tained by integration over the shaded area.
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tpd 0. The data points are from the calculations: tpd 0.5 eV
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behaves more or less the same as found for the MH sys-
tern. However, for the hole-doped case, the situation is
quite different. For small hybridization between the
free-particle-like oxygen orbitals and correlated copper
orbitals it is found that the LESW behaves semiconduc-
torlike and every added hole adds a weight 1 to the total
spectrum. But when the hybridization is increased, the
LESW for the hole-doped CT system rapidly increases
and the LESW becomes almost symmetric with respect to
hole or electron doping for t d

= —2 eV. This can also be
seen from the derivative of the LESW with respect to the
doping concentration as plotted in Fig. 11, which also

shows a more or less symmetric figure with respect to
hole and electron doping for large hybridization. It is in-
teresting to note that the high-T, superconductors lie in
the regime with large hybridization, so the holes in the
hole-doped high T, 's will behave as strongly correlated
particles.

Due to the hybridization between the correlated Cu
and free-electron-like 0 orbitals a sort of mirror LHB ap-
pears at the low-energy side of the oxygen band and the d
spectral weight is strongly enhanced. This can also be
seen in Fig. 9. Holes in this sort of Zhang-Rice singlet
band will behave as strongly correlated particles with
restriction on double occupancy. This is also shown by
Feiner, ' who projected the CT model onto Cu04 cell-
eigenstates. This permits a description of the low-energy
physics by an effective MH model with an effective U in
the order of h. The set of cell eigenstates is a reduced set
of eigenstates of a Cu04 cluster, namely the zero-hole
vacuum state, one-hole state (linear combination of p and
d) and the two-hole Zhang-Rice singlet. The LESW can
now be described as a sum of intracellular [result of the
relation between the physical particles (holes) and the
effective particles (cell-eigenstates)] and intercellular con-
tributions (result of an effective MH model working on
the effective particles). The intracell contribution is
linear with doping. For electron doping it goes as 2x„
while for hole doping the intracell LESW equals cxI, with
c between l (ted=0) and 2 (t~d ~~). It turned out that
the prefactor c, which rejects the internal hybridized na-
ture of the cell states and can be calculated from the
model parameters, is equal to the LESW at x& =1, as
found in the exact diagonalizations. The further increase
of the LESW results from the intercell contributions and
is shown in Fig. 12. This part may be seen as the kinetic
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FIG. 11. The derivative of the LESW (see Fig. 10) with
respect to the doping concentration for the CT model (Udd =8,
t» = —0.25, 5=4): t~d =0.5 (U) to t~d =2 eV () in steps of 0.5
eV.

FIG. 12. The intercell contributions (see Ref. 31) to the
LESW (see Fig. 10) with respect to the doping concentration for
the CT model (Udd 8 tpp 0.25, 5=4). The intercell contri-
bution equals LESW —2x, for electron doping and LESW —cxq
for hole doping with c describing the internal hybridized nature
of the Cu04 cell eigenstates. The data points are from the cal-
culations: t~d =0.5 eV (lowest) to tpd 2 eV in steps of 0.5 eV.
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effect on the LESW due to the effective MH model com-
parable to the DLESW as found in the preceding section.
However, because the t d-dependent prefactor c already
contains some kinetic effect it is not that straightforward
to define a DLESW as in the MH case.

In Fig. 13 the d part (left) and p (right) part of the
LESW is shown. It is interesting to see that for a hole-
doped CT system the dynamical part of the LESW, due
to the hybridization between neighboring oxygen and
copper orbitals, is almost entirely due to a spectral weight
transfer from the d-like UHB to the ligand band near the
Fermi level, while no extra p spectral weight is observed
in the UHB. This can be seen from the fact that the p-
LESW coincides more or less with the A(xI, ) =xh curve,
corresponding with hole doping the CT system without
intersite hybridization. For the electron doped CT sys-
tern and for low doping concentrations, the situation is
reversed. Now the dynamical contribution to the LESW
is mostly due to extra p spectral weight while the d-
LESW follows the A(x, ) =2x, curve, corresponding with
electron doping the CT system in the localized limit.

The effect of the cluster size on the LESW is also stud-
ied. In Fig. 14 we show the LESW for three-, four-, and
five-unit-cell CT clusters with Udd 8 tpp 0 25 Leek 4,
and t d =1 eV. From the figure it can be seen that, as in
the MH case, the size of the cluster is of little or no im-
portance to the LESW.

IV. DISCUSSION AND CONCLUSIONS

For the Mott-Hubbard (MH) system, in which the
low-energy spectral weight (LESW) is symmetric with
respect to hole or electron doping, we found that the
LESW grows faster than two times the amount of doping
when the hybridization is taken into account. The LESW
may be divided into two parts, the static LESW (which is
just the result of counting the available states) and a
dynamical part (DLESW), which is the kinetic contribu-
tion. The DLESW is strongly dependent on the intersite
hybridization and on the amount of doping but indepen-
dent on cluster size and dimensionality. We could identi-
fy a sort of critical doping concentration for which the
DLESW reaches its maximum. This critical concentra-
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tion also seems to be related to the turn over from elec-
tron to hole-like behavior. This turn over was studied by
looking at the lattice parameter dependence of the elec-
tron density. For a nearly empty band in a MH model,
electrons move towards regions with smaller lattice pa-
rameters and larger bandwidths, whereas at an electron
concentration above the critical concentration of roughly
0.6—0.7 (doping concentration 0.4—0. 3) the electrons
move towards the lower bandwidth regions. For large
doping concentrations the situation is similar to that of
an independent particle picture where electrons like to be
in that part where they gain the most kinetic energy.

The CT system shows asymmetric behavior between
electron and hole doping when the intersite copper-
oxygen hybridization is small. Holes residing on oxygen
now occupy almost free-particle levels and scatter weakly
off the copper spins. In this region it is therefore not pos-
sible to reduce the problem to a (strongly correlated)
single-band Hubbard or t-J model. However, when the
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hybridization is large, as is the case in the high T, s the
LESW becomes similar to that of the MH system and the
electrons as well as the holes show correlated behavior.
In this case Cu and 0 degrees of freedom can no longer
be separated in zeroth order. Furthermore, it is shown
that the LESW is independent of the cluster size, as for
the MH systems, and that the hybridization dependent
enhancement of the LESW for hole doping is almost en-
tirely due to the Cu d spectral weight, while for small
electron doping concentrations it is almost entirely due to
the 0 p spectral weight.

In mean-field theories, where one describes the eigen-
states by a single Slater determinant, the LESW will al-
ways be linear with respect to the doping concentration,
because the oscillator strength will just be 1 or 0, since
spectral weight is now identical to counting states. Unre-
stricted Hartree-Fock can reproduce the U~ ~ behavior
of the MH model if the holes localize. Linear behavior of
the LESW with respect to doping is also found for the t-J
model, which behaves the same as the Hubbard model in
the localized limit for all values of t and J. The Hubbard
I decoupling approximation gives oscillator strengths,
which need not be 1 or 0. However, the DLESW calcu-
lated in this approximation yields a negative contribution
to the total LESW instead of a positive one. The Harris
and Lange first order in t/U theory shows that for small
t/U the DLESW is proportional to the kinetic-energy ex-

pectation value. However, for larger t/U values and for
low doping concentrations the first-order expression
highly underestimates the DLESW.

The strong dependency of the LESW on the hybridiza-
tion and doping concentration has interesting conse-
quences for the model Hamiltonians used to describe the
low-energy physics. This is because of the fact that the
number of effective particles in the low-energy regime is a
function of the hybridization and therefore of the
volume, temperature and electron-phonon interaction.
Therefore, it may well be impossible to define a low-
energy-scale Hamiltonian, which describes temperature
and pressure dependent properties unless one introduces
a kind of effective nonparticle conservation and fractional
statistics.
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