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Model for surface cracking
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We introduce a network model to study the cracking of the surface of a material subjected to an im-

posed strain along one boundary, or to a surface shrinkage induced by drying or cooling. The model we

study is an electrical analog of the mechanical problem, and consists in a network of fuses whose break-
ing thresholds are randomly distributed. The coupling with a substrate, where a uniform electric field is

applied, models the hindering to shrinking of the mechanical problem. Some analytical results are de-

rived for the one-dimensional version of this model. In two dimensions, we study numerically a number
of mechanical and geometrical properties for two distributions of breaking strengths and make a qualita-
tive comparison with experimental results.

I. INTRODUCTION

The damage and fracture of disordered media has re-
cently attracted' a lot of attention in particular in con-
nection with the phenomenon of "localization. " In some
cases, the homogeneous deformation field in a solid is no
longer stable but it begins to get spatially confined to a
narrow region. This phenomenon has a number of conse-
quences. For instance, the measured stress-strain relation
during a mechanical test is no longer representative of a
behavior law of the entire material but combines both the
effect of the mechanical behavior and that of dishomo-
geneties of the strain field due to localization.

Heterogeneities have the tendency to delay the oc-
currence of localization and to affect the small scale stress
and strain field in the localized region. Hence, their role
is to be understood in order to achieve a better descrip-
tion of the damage process and its range of validity. One
of the consequences of the localization is that the macro-
scopic behavior becomes crucially dependent on the size
of the localized region. Therefore, disorder gives rise to
unexpected size effects and shape effects that cannot be
described without explicitly considering the hetero-
geneities.

It is therefore extremely important to identify the
length scales, which are involved in a fracture process, as
well as to characterize the effect of the boundary condi-
tions. In particular, in connection with the latter point, a
new mechanical test has been recently proposed ' in or-
der to prevent localization, and thus to reveal the
mechanical behavior of a material in a regime where this
is difficult to identify. The principle of this test consists
in imposing a strain along the border of the sample in-

stead of a stress. For instance a concrete specimen can be
glued to two aluminum plates, which are subjected to a
traction. The elastic limit of the aluminum plates is
much higher than the one of concrete and thus the strain
can be considered as homogeneous. The glued interface
transmits the strain to the concrete sample. It is obvious
under those conditions that a crack in the concrete part
will develop along a plane normal to the tensile stress and

thus perpendicularly to the aluminum plate. Therefore,
the presence of cracks will not prevent the further dam-
age of the sample. However, the stress distribution in the
vicinity of a crack is an essential element in the interpre-
tation of this test, and a close analysis of this geometry
reveals the occurrence of a length scale, which is charac-
teristic of the interface (glue, roughness of the sample
surface, rheology of the tested material, etc.).

The simple numerical model we introduce here aims at
investigating the scaling behavior of fracture of disor-
dered media with a loading condition, which is close to
the previous testing conditions. Such a model may also
give some insights to the problem of fracture induced by
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FIG. 1. Fracture pattern obtained on a thin layer of clay (20
cm X 20 cm X2 mm). The cracks were created as a result of the
shrinking of the clay after drying for about 7 h.
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differential shrinking or swelling which occurs for in-
stance in clay or concrete when fresh samples are drying
from a surface. ' Figure 1 shows such an example of
fracture pattern obtained on a thin layer of clay deposited
on a rigid substrate. The geometry of the fracture pat-
terns generated in such conditions are very common, and
can be seen on many walls or drying clay. Let us also
mention that we will show a few results for a one-
dimensional version of the model, which are relevant for
the fracture of fiber-reinforced ceramic composites, as re-
cently developed by Curtin and Hild.

II. NETWORK MODEL
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In order to model the cracking of a surface, one can
consider a two-dimensional heterogeneous network of
elements whose breaking characteristics are brittle. Pre-
vious work using this description has been published by
Meakin. All the elements have the same elastic
behavior, i.e., the same elastic constant, but their break-
ing thresholds are randomly assigned following a given
distribution. The external loading is applied to the sys-
tem via the coupling to a stiff substrate. Namely, each
site of the system is connected by an elastic bond to a
lower network where a uniform deformation is applied.
All the coupling bonds are identical and not susceptible
to breaking.

One needs next to specify the nature of the elements of
the system. A natural choice is to consider a network of
elastic springs; however, this raises some problems in or-
der to identify the cracks in a simple geometrical way. In
fact, due to the free rotation of the springs at the nodes, it
is possible to obtain a real fracture between two elastic
blocks even if the set of broken bonds does not form a
connected cluster in the dual lattice. ' This problem can
be avoided by considering a network of elastic beams
fixed at the nodes of the lattice. " In this case, however,
several parameters must be introduced to characterize
the elastic and breaking behavior of each element.

We have chosen to simplify the problem by considering
an electrical analog. Previous detailed comparisons' be-
tween mechanical network models and electrical analog
have revealed that the scaling properties of those models
were quite similar, but the simplicity of the electrical sca-
lar problem leads to a more efficient numerical program
and thus larger system sizes and better statistics can be
achieved. The system is a I XI square lattice at 45 of
electrical fuses having equal unit conductance and ran-
domly assigned breaking threshold. The substrate is a
similar network, where the external potential is applied at
the nodes via a uniform electric field. The fuse network is
coupled to the substrate by electrical resistors of conduc-
tance g, as shown in Fig. 2. The conductance g, is a free
parameter of the problem and can be compared to the in-
verse thickness of the layer of drying material as we will
discuss below. Periodic boundary conditions are used in
both the direction parallel and perpendicular to the ap-
plied field for the current and the voltage drop. A
discontinuity in the potential must therefore be taken
into account along the direction of the field to allow for a
nonzero mean current density.

FIG. 2. Our electrical analog model is represented by a two-
dimensional lattice of fuses (white elements) coupled by resistors
to a set of sites where a uniform electric field E is imposed.

The simulation is performed along the same method as
used in earlier work with different systems. ' ' A po-
tential difference is applied to the substrate and the local
currents are calculated using the conjugate gradient algo-
rithm to a precision @=10 . For all the fuses the ratio
of the Aowing current j to the breaking threshold j, is
evaluated and the fuse for which the value of this ratio
j/j, is maximum, is removed (i.e. , its conductance is set
to zero). The local currents are therefore calculated
again in order to determine the fuse to break next. At
each step the external potential is adjusted so that only
one fuse reaches its threshold value, and thus breaks.
The process is continued until a macroscopic crack ap-
pears, whose projection on the direction perpendicular
to the field is equal to the linear size of the system I..

During the breaking process a number of "mechani-
cal" (or rather their electrical analogs) and geometrical
properties are monitored and averaged over several initial
configurations of bonds. The results are discussed in the
following sections. In order to investigate the inhuence
of the disorder on the behavior of the system, we analyze
two different cases: a strong disorder situation where the
breaking thresholds are drawn from a uniform distribu-
tion between zero and one; and a weak disorder situation
where they are uniformly distributed between one and
two. Those two kinds of distribution have been studied
extensively in the past for usual loading (a voltage drop
imposed across the network), respectively, in Refs. 13 and
14. Moreover, for each disorder case different values of
the coupling conductance g, are analyzed. As we will see
later, this parameter is related to a characteristic length g
of the problem. The range of g' considered goes from the
lattice constant up to the system size.

As a final remark we want to point out that this partic-
ular choice of a scalar model, definitely convenient from
the numerical point of view, represents a strong
simplification of the problem. Moreover, the presence of
an electric field introduces a preferential direction for the
cracks, which tend to align perpendicularly to the field.
In the case of an isotropic shrinking of the surface of a
brittle solid, this is evidently not the case. However, in
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the case of the mechanical test designed to avoid localiza-
tion mentioned in the Introduction, the uniaxial exten-
sion imposed on the surface introduces a comparable
orientational effect.

Therefore one cannot expect to obtain from the model
results to compare quantitatively with the experimental
data, but it is reasonable to think that the qualitative
behavior observed for the model can give useful insights
to the physics of the problem, and allows to identify scal-
ing regimes faithfully.

III. COUPLING LENGTH

The value of the conductance g, coupling the system to
the substrate is a fundamental parameter of the model.
More precisely, the ratio of g, to the conductance of the
fuses, equal to unity in our model, introduces a charac-
teristic length g, that represents the range of influence of
a missing fuse. In an experimental situation, like the one
mentioned before of a thin layer of clay drying on a sub-
strate, this length combines at the time the effects of the
thickness of the layer and the elastic coupling between
the clay and the substrate. In the test mentioned in the
Introduction as well as for fibers in reinforced composite
materials, a similar problem arises from the coupling be-
tween two different materials.

This notion of coupling length can be well understood
in the framework of a one-dimensional model. The net-
work (Fig. 3) is a one-dimensional chain of fuses coupled
by the conductances g, to the substrate. The external po-
tential at the site n of the substrate is simply U, =nE,
where E is the electric field. When all the fuses are
present, the current is constant in the chain of fuses and
the potential at the node n between two fuses is V„=U„.

Let us suppose now that the fuse between n = —1 and
0 has been broken (Fig. 3) and let us evaluate the poten-
tials V„atthe nodes of the chain. The conservation law
of the current at each node n ~ 1 can be written as

X„+t —X„=X„—X„,+ (g, /2)X„ (2)

for n ) 1 and the boundary conditions (where we have set
E =1 for simplicity)

X, =(1+g, /2)XO —1,
X„~O as n~~ .

V„~,—V„=V„—V„ t+(g, /2)( V„—U„).
Since far from the default V„—U„,one can introduce the
correction X„sothat V„=U„+X„andthe recursion
equation becomes

To find the X„oneneeds to solve the characteristic equa-
tion A,

—(2+g„/2 )A, + 1 =0 whose roots 1+= ( 1+g, /4)
+Qg, /2+ g, /16 give the quantity X„as
X„=3 A,

" +BA, +. Determining the constants by the
boundary conditions one finds

(1+g, /4 —Qg, /2+g, /16)"X„=
Qg, /2+g, /16+g, /4

(4)

This expression shows that the correction X tends to zero
exponentially with the distance. One can therefore write
that X„-exp( n—/g), where g is a characteristic length
function of the solution of the characteristic equation,
g = —I /ln( A, ).

Figure 4 shows the evolution of g as function of g, .
Asymptotically, the following behaviors are obtained

for g, «1,
1

for g, ))1 .
lng, /2

(5)
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From the physical point of view this length represents
the range of inhuence of a defect. At a distance larger
than g the field is not affected by the absence of a fuse but
only by the interaction with the substrate. At shorter dis-
tances instead the coupling with the substrate becomes
less relevant and the field is mostly determined by the lo-
cal configuration of fuses.

Let us emphasize that only screening effects are
correctly described by the one-dimensional version of the
model. In two dimensions, a crack which does not span
the entire system will induce a large current concentra-
tion in the vicinity of its tips. This enhancement will also
be localized in a zone of maximum size g.
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FIG. 3. One-dimensional version of the model shown in Fig.
2. The chain is the one-dimensional projection on the direction
parallel to the field. The value of the conductances is here twice
the value in the two-dimensional model.

FIG. 4. The evolution of g as function of g, as obtained in
the one-dimensional model.
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IV. BREAKING STRENGTH

The external field for which a bond breaks is given by
the minimum over all bonds of the ratio of the local
threshold over the local voltage drop. Thus two effects
are competing: First, the enhancement of the current at
the tip of a crack will favor a localized damage giving rise
to a macroscopic crack, and second the minimization of
the local threshold has the opposite tendency of spread-
ing the damage evenly in the sample. This is the basis of
the stabilizing effect of heterogeneities, which was men-
tioned in the Introduction. The two types of disorder
considered will show two examples where these two
effects have different weights, but we will first consider
the case of the one-dimensional model.

A. One dimension
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In one dimension, there is no enhancement of the
current in the vicinity of a crack. In this case, the map-
ping from the two-dimensional model implies that the
crack is spanning through the network, and thus no
enhancement of the current is expected. Only the screen-
ing effect is reproduced. This screening has been studied
in the previous section, and the current has been seen to
be affected only in a region of size g around a crack. For
a one-dimensional chain of length L, the weakest bonds
will fail first. Let P (j, ) be the cumulative distribution of
breaking strength, and N the inverse function
P(@(x))=x The w.eakest element in the chain has a
threshold of the order of N(1/L). The nth weakest has a
mean threshold of N(n /L). Suppose we pick the n weak-
est bonds in the chain. Those bonds are spatially un-
correlated and thus the distribution of distance between
two consecutive bonds will be exponential. The average
separation between two such bonds will be L/n. As long
as this distance will be greater than g, we can neglect the
decrease in current due to the vicinity of a crack. The
macroscopic breaking voltage for the nth bond to break
will thus be

V, (n)=4(n/L) for n ((L/g .

When the typical separation between broken bonds be-
comes closer to g, one should take into account the
screening effect. This will increase V, compared to the
latter expression, which can be seen as a lower bound.
Therefore, the damage will always be controlled.

B. Weak disorder

Before discussing the results we show in Fig. 5 some
configurations of cracks at the final stage of the simula-
tion. The four samples are obtained for a value of the
coupling constant g, ranging from 0.01 to 1.0. The
periodic boundary conditions are explicitly shown by
drawing four networks side by side. One sees clearly that
the cracks are oriented perpendicularly to the field.
Moreover, for a weak disorder and a large coupling
length (g, =0.01) only one large crack crosses the sys-
tern, whereas several small cracks start to appear with a
well-defined minimum distance between them as the cou-

g=0.3 g=l.O

FIG. 5. Four configurations of cracks at the final stage of the
simulation using our stopping criterion. The four samples are
obtained for a system size I =40 and a value of the coupling
constant g, ranging from 0.01 to 1.0. The periodic boundary
conditions are explicitly shown by drawing four networks side
by side. All examples are obtained with a weak disorder. The
thickness of the broken bonds is proportional to the local open-
ing of the crack.

pling length becomes smaller than the lattice size.
Since at each rupture step the value of the external po-

tential is tuned so that only one fuse breaks at its thresh-
old, it is easy to monitor the value of the external poten-
tial as function of the number of broken bonds n. Figure
6(a) shows the data for g, =0.01. For small g, we ob-
serve that the breaking voltage rapidly decreases as one
crack is initiated. That means that a macroscopic crack
appears abruptly in the system, and its propagation is
self-sustained if the electric field is kept constant. As g,
increases this effect is less important, however, in the first
stage of the process the breaking voltage still steadily de-
creases. For instance, for g, =1 and a system size L =20
about 40 bonds have to break before reaching the same
value of the potential as for the first broken bond. We
have also carried out a few simulations letting the system
evolve after one major crack has been created. In this
case, after a first decrease, the breaking voltage appears
to increase at the latter stage. This increase is attributed
to the overall screening effect, which will progressively
reduce the total current in the fuse network as more and
more cracks are present, and the weaker effect of the
enhancement of the current at the crack tips.

The case g, =0.3 is particularly interesting since
1&/(L with easily accessible system sizes. Figure 5
shows that several parallel cracks are created before one
of them reaches the size of the system. The breaking
voltage of a single configuration presents strong fluctua-
tions and reveals a sequence of strong peaks whose upper
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envelope slowly increases. The breaking process is con-
trolled over a long time range (as expected from the one-
dimensional model). The voltage decrease due to fluctua-
tions indicates that the rupture evolves by bursts, with
several bonds breaking at the same time.

C. Strong disorder

The geometry of the crack configuration at the final
stage of rupture becomes definitely richer in the presence

(,", ,
/ /

WV A I
I

I P i i /
V/gi ~V A ) 'i V/~i ~V V'X

I I V

I
%/ YV, AjA . 5 /I ' X/ yY, I' 5 'll /

I %*j/

g=0.01

A', , Xy 'A/'

v(
I I

W/A/

/I V WAA/~ /

y

g=0.1

10

10

', ) ' p/~ vV'+ii ', ) ' (Q/~
/

V

/VVjv' 'vj/ g. v) jjj
"j/j/I"'"// Q,

/i/ j, N*Q/ ' i / /
' ll/ gX Q/ X I

V

*I I / XI

I b b

g=0.3

e~./fY „,A/ i ).Q „,A

IIA

V I V /

U ' I'@~4U "Aj~jC
~ /j0 '*~%"a 4/"jjy '*~

"IAP~. / g
g=1.0

FIG. 7. Four configurations of cracks at the final stage of the
simulation as in Fig. 5 for a strong disorder.
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of strong disorder in the breaking thresholds (Fig. 7).
Also for a large coupling length cracks of all sizes are
now present with a large crack spanning the system. As
the coupling length becomes smaller the cracks evolve to-
ward a denser configuration at the point where our stop-
ping criterion is encountered (one spanning crack).

The breaking potential has in this case a very different
behavior. Vis here an increasing function of n [Fig. 6(b)j,
the process is then stable and the potential must be raised
each time a bond has to break. The slope of the straight
lines is approximately 1.0 for the three values of g, ana-
lyzed, suggesting that the voltage drop on each bond is
almost constant and that the process is controlled by the
breaking thresholds. In fact, the breaking potential is the
minimum over all the present fuses of the ratio j, /j,
where j is the current through the bond for a unit electric
field and j, its breaking threshold. Ifj is practically con-
stant then the breaking potential is equivalent to the cu-
mulated distribution of thresholds, that is V( n ) = n IL .

The coupling length has a very weak inAuence in this
case and mainly at the last stage of the process. One can
observe in fact that for small values of g, the potential
tends to increase faster at the end of process. At this
stage the local currents are reduced in the vicinity of a
crack causing an increase in the breaking potential. The
larger the value of the coupling length the sooner this
effect comes into play. For instance, for small g (e.g. ,

g, = 1 ) it does not appear.

(b) V. CRACK OPENING

FIG. 6. External breaking voltage V as function of the num-

ber of broken bonds n for 50 configurations of system size
L =40. The coupling parameter is g, =0.01 for (a) weak and (b)
strong disorder.

A. One dimension

A quantity of great interest to the engineers is the dis-
tribution of local opening of a crack in a given
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gc

Maximum crack opening
1—d Weak disorder Strong disorder

0.01
0.1

0.3
1.0

27.30
8.0
4.26
2.0

17.0
7.0
4.0
1.6

15.0
6.0
4.0
2.0

TABLE I. Maximum crack opening for different values of
the coupling parameter g, . The table reports the values ob-
tained for the one-dimensional model with one crack in an
infinite system, and for the numerical simulations with weak
and strong disorder in the thresholds.

configuration. Within the framework of the one-
dimensional model introduced in Sec. III, it is possible to
calculate the opening of a single crack in an infinite sys-
tern. The opening is defined in our model as the
difference of potential at the two ends of a broken bond,
minus the voltage drop imposed by the substrate. Fol-
lowing the notation introduced before this opening w can
be expressed as

w =2Xp = 2

g, /4+ Qg, /2+ g, /16

which gives qualitative information on the evolution of
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FIG. 8. Distribution of crack opening N(w) at the last stage of the rupture process for 200 configurations of system size L =20:
(a) for weak disorder and g, = 1.0; for strong disorder and g, = 1.0 (b) and 0.01 (c).
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the crack opening with g, (Table I).
This simple calculation can easily be generalized by in-

troducing two cracks in the system separated by a dis-
tance 5 in order to evaluate the crack opening as a func-
tion of the relative distance. At small distance w is pro-
portional to 5 and independent of g (and thus g, ). At a
distance larger than a few g the opening becomes in-
dependent of 5 and reaches a value 2g that corresponds
to the solution (7) found for an infinite system.

P(q)
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B. Weak disorder

We analyze numerically the distribution of crack open-
ing at the last stage of the rupture process, according to
our stopping criterion. The data show a very pronounced
peak [Fig. 8(a)j at a value of the maximum opening very
close to the predictions of the one-dimensional model
(Table I). This simple model gives then a good estimate
in the case of weak disorder where the geometry of the
cracks is well described by a set of periodically spaced
linear cracks.

We have also analyzed the scaling properties of the
moments of the distribution as function of L. The data
show that they follow constant gap scaling for both
values analyzed g, =0.01 and 1.0. This result indicates
that there is a characteristic opening controlling the criti-
cal behavior of all the moments of the distribution.

10
10

I

10' 10'

vious study, ' multifractal behavior was detected for the
distribution of local currents at the last stage of rupture.
We found that also the distribution of crack openings has
a multifractal behavior for this model.

FIG. 9. Renormalized moments of the opening distribution,
P(q) =[M(q)/M(0)]' ', for q =1, . . . , 4 and the average zero
moment (M(0) ) as a function of g for 50 configurations of a
system size L =40.

C. Strong disorder VI. GEOMETRICAL PROPERTIES

The behavior of the distribution of crack openings is
rather difFerent in this case. Figures 8(b) and 8(c) show a
distribution almost uniform for small opening values. As
the coupling constant g, decreases a peak develops at
large m and progressively separates from the bulk of the
distribution. This peak corresponds to the macroscopic
crack where the wide opening concentrates, whereas the
isolated microcracks are less open. To support this pic-
ture, one can notice that the value of the maximum open-
ing is in good agreement with the result from the one-
dimensional model (Table I). Furthermore, the height of
the peak, which gives the number of broken bonds be-
longing to the macroscopic crack, is as expected inversely
proportional to the coupling length g and therefore pro-
portional to the maximum crack opening.

The study of the scaling behavior of the moments of
the distribution as function of L shows that constant gap
scaling is followed for small g (i.e., g, =1.0). We find,
however, that there is some evidence for a more complex
scaling at large values of the coupling length (g, =0.01).
We analyzed then the moments as function of g' for a sys-
tem size L =40 (Fig. 9) over a range of coupling lengths
smaller than I. The data indeed exhibit multifractal
behavior' over the range of length considered, that is the
di6'erent q moments, appropriately rescaled, follow
straight lines whose scope is not constant (constant gap
scaling) but depends on q.

Finally, we performed the same analysis for the case of
a zero interaction with the substrate (g, =0.0). In this
case our model reduces to a model for fracture of an
heterogeneous system studied in the literature. In a pre-

A. Weak disorder

Each time a new bond is broken we monitor the num-
ber of distinct cracks (e.g. , connected clusters in the dual
of the fuse network) present in the system N, . For small
values of the coupling parameter basically one or a few
cracks develop in the system (Fig. 5). As can be seen in
Fig. 10, the number of cracks remains indeed constant
and close to one for most of the evolution and indepen-
dently of the system size. For g, =0.1, for instance,
X,=1.5, which indicates that two cracks are initiated
but only one propagates to span through the system.
Beyond this stage, that corresponds to our stopping cri-
terion, another crack will eventually be initiated, propa-
gate, and the process then will go on.

For small values of g (g, =1) many cracks are instead
present in the system. Their number increases with n, in-
dicating that many microcracks are initially created. The
height of the maximum depends on the system size (it is
for instance equal to 27 in a system L =20) but the densi-
ty of cracks at the maximum is constant, that is the num-
ber of cracks is proportional to L . Beyond this point N,
starts to decrease suggesting that small cracks interact
among them and coalesce contributing to the formation
of a spanning macroscopic crack. The intermediate case,
g, =0.3, shows a similar behavior but with a lower densi-
ty of cracks at the maximum due to the larger range of
the interactions.

At the final stage of the process we study the geometri-
cal properties of the configuration of cracks obtained. We
start by analyzing the distribution of distances between
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cracks. This consists in calculating the distance separat-
ing two cracks along the direction parallel to the applied
electric field. The distribution of such distances shows a
very different behavior for g, larger and smaller than 0.3
(Fig. 11). For a strong coupling the distribution is an ex-
ponential N(5)-exp —(5/d), where d is a typical separa-
tion between two cracks. This characteristic distance is
close to 1.5 for g, =1 and I.=40 and slightly decreases as
the system size increases. For a small coupling, the dis-
tribution of distances is instead rather uniform over the
whole range of 5.

During the breaking process we also measure the num-
ber of broken bonds, i.e., the mass M, of the major crack
and its extension in the directions parallel ( Y) and per-

pendicular (X) to the field. In this way, we can analyze
the fractal properties of the largest crack during its evo-
lution. The fractal dimension of the crack —such that

d
M ~X —is, as expected, close to one, ' ' df =1.15 for
g, =1 and df =1.05 forg, =0.01.

Furthermore, we analyze the roughness of the macro-
scopic crack, Y(X) (Fig. 12). We find that the width of
the crack is definitely smaller than its length. We investi-
gate the self-affinity of cracks by searching for an eventu-
al power-law relation Y~X~. The evolution of the ex-
ponent g gives interesting insights on the range of corre-
lations in the system. In fact, if linear cracks were ran-
domly connected, the expected value of the exponent
would be 0.5 as for a biased random walk. If, on the con-
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FIG. 10. Number of cracks (clusters) N, as a function of the number of broken bonds n for 50 configurations of system size L =40:
for weak disorder and g, =0.1 (a) and 1.0 (b); for strong disorder and g, = 1.0 (c).
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trary, the coupling with the substrate did not play any
significant role, one would expect to find the property of
self-affinity already detected in a fuse network model with
a usual loading' with an exponent /=0. 77 in two dimen-
sions. We find that for a small value of the coupling
length the data follow the first behavior (/=0. 5). As g'

increases, the exponent g also increases and reaches the
value (=0.7 for g, =0.01.

From the ensemble of results, it appears that in the
case of weak disorder a characteristic length scale exists
separating two distinct regimes. At a scale larger than
this length (or for small g, ) the breaking process is similar
to the one observed for systems, where the external load

is applied in the usual way. More precisely, the case for
the electric analog is a two-dimensional fuse network
where a difference of potential is applied between op-
posed boundaries. The coupling with the substrate does
not play any significant role and the macroscopic crack is
mainly linear and self-affine. At a smaller scale (or for
large g, ) the microcracks do not interact among them-
selves and the macroscopic crack pattern is formed by
the random superposition of independent contributions.

B. Strong disorder

The number of cracks (clusters) present in the system
as function of the number of broken bonds (Fig. 10) in
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FIG. 11. Distribution of distance between cracks N(5) at the
last stage of the rupture process for 50 configurations of system
size I. =40 with g, =1.0 for (a) weak and (b) strong disorder.
The inverse value of the slopes are given in Table II.

FIG. 12. Roughness of the largest crack, Y(X), as a function
of its extension for I. =40 and g, =1.0. The straight lines show
an exponent /=0. 5 for a weak disorder {a) and /=0. 9 for a
strong disorder (b).
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TABLE II. Characteristic separation from the numerical
simulations with strong disorder for different values of g, . The
values reported are the inverse slope of the semilog plot of the
distribution of distance cracks for the system sizes L =20 and
40.

gc

0.01
0.1

1.0

Characteristic crack separation
L =20

3.4
1.8
1.4

L =40

3.5
1.6
1.2

this case has a behavior similar to the one found previ-
ously for small coupling lengths for all g, . N, (n) shows
an initial increasing phase, where many microcracks are
created, then reaches a maximum beyond which cracks
start to coalesce and N, (n) rapidly decreases. The max-
irnum number of cracks does not appear to depend on g,
but it is proportional to the number of fuses in the system
I. . The value of n at which the function reaches its max-
imurn n is also quite independent of g, and proportional
to I. as well. The expected behavior is given in fact by
the superposition of (L/g) subsystems of size g, where
the coupling with the substrate becomes unimportant and
it was found n*~g' .' Therefore n*~(L/g) g'
~ I. g, '. Our data are in agreement with a slow increase
of n* with g, .

The distribution of distances between cracks here ex-
hibits an exponential behavior for all values of g, (Fig.
11) for large separation 5, and a smaller density for 5 (g.
The characteristic separation d varies as expected with g,
(Table II), that is it increases as the coupling length in-
creases, and depends on the disorder and the system size.
The stopping criterion for the process, since the quanti-
ties are measured on the final configuration of cracks,
might also inhuence the value of d. These estimates of d
take into account the repulsion effect between parallel
cracks that can be seen in Fig. 7. However, the structure
at large scale that appears for small g„doesnot come out
from this analysis, since the evaluation of d is not sensi-
tive to the size of the cracks.

The evolution of the mass of the largest crack as func-
tion of its size perpendicularly to the field gives the frac-
tal dimension, estimated to be approximately 1.3 for
g, =0.01 and 0.1. However, in the limit g, =0 our model
reduces to a well-known fracture model, in this case a
fractal dimension approaching 1 as the system size in-
creases was observed, and thus the above-mentioned ap-
parent fractal dimension may be due to strong size
effects. The data for g, =1 are slightly curved with an
average slope of 1.5.

The width of the crack is always smaller than its size,
since the cracks are aligned perpendicularly to the field.
The straight lines (Fig. 12) scale with an exponent /=0. 8
for g, =0.01 and 0.1, and /=0. 9 for g, =1. The value of
g for small g, is in good agreement with the value found
for usual fracture models, ' where the property of self-
affinity has been detected with an exponent /=0. 77.

The analysis of the data indicates that the breaking
process is driven by the disorder in the thresholds and

that the electric field is quite irrelevant at least at the first
stage of the process. It is, therefore, interesting to com-
pare the fractal dimension obtained in this case with the
one obtained from a model where the disorder is the only
breaking criterion (percolation limit). ' The model is a
random network of fuses, where the element with the
lowest threshold is broken each time. The problem be-
cornes purely geometrical and it has been widely studied
in the past.

For this model two behaviors have been detected: If
the fraction of broken bonds is close to zero the clusters
obtained are known as animals' and have a fractal di-
mension of the order of 1.53 in two dimensions. If in-
stead one is close to the percolation threshold, the fractal
dimension of the percolation cluster, 1.89, is recovered.
We have performed a numerical simulation in this case of
infinite disorder with our precise geometry and range of
sizes. We found that the fractal dimension varies con-
tinuously from the animal limit at the first stage of rup-
ture to the percolation value, with an average slope of
1.55. On the other hand, since there is no electric field in
this model, the cracks are isotropic and the width is pro-
portional to the size (/= 1). We find then that for the
case of strong disorder and for small coupling length,
that is for cracks weakly interacting with each other, the
results are in agreement with the case of infinite disorder:
The fractal dimension is about equal to 1.5 and the cracks
are isotropic ((=1).

We note that a conclusion similar to the one obtained
for a small disorder is obtained: At a small scale (smaller
than g), the system behaves as expected in the absence of
coupling to a substrate. The cracks appear to be self-
affine with a similar exponent as the one already obtained
in previous works. Above the coupling length, cracks do
not interact and the system can faithfully be described as
the superposition of independent subnetworks. In partic-
ular a percolationlike behavior can be identified in the
limit of a strong disorder and small coupling length. For
intermediate cases, a crossover is expected, however, the
small system sizes considered did not allow us to see
clearly the crossover between the two identified behaviors
but rather apparent power laws with exponents whose
value continuously varies from one case to the other.

VII. CONCLUSIONS

The model we have studied has revealed the role and
importance of an intermediate length scale, which has
been traced back to the coupling between the two layers
(the fuse network and the substrate). This length scale
separates a small scale regime where the loading does not
seem to play any fundamental role, and a large scale re-
girne where cracks do not interact with each others. We
have identified in different properties the effect of this in-
trinsic length scale. This study may stimulate the precise
measurement of this length scale in experimental tests as
the one described in the Introduction in order to deter-
mine the scale at which the delocalization of the starting
field will be effective.

The comparison with fractures induced by drying in
materials such as clay, is more difficult. In our model, we
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have lost the isotropic nature of the shrinkage. However,
a few qualitative comparisons can be made. The fact that
the maximum crack opening increases as the thickness
(and thus the coupling length in our model) increases is
well known. Moreover, the characteristic separation be-
tween cracks for strong disorder increases in our model
with the coupling length. It is experimentally observed
that plaquettes of larger thickness fracture, in fact, with
fewer but wider cracks. Furthermore, for small
thicknesses the characteristic separation decreases as the
system size increases, in agreement with the experimental
observation that larger samples exhibit a denser crack
configuration. Finally, the fractal dimension obtained in

the case of strong disorder is in fair accordance with the
experimental values, albeit a quantitative agreement was
not expected.
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