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Superconductivity coupled to density waves
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We investigate a mechanism of superconductivity on the basis of the nested-Fermi-liquid theory. A
set of parquet equations is derived to investigate the instability towards superconductivity and spin-
or charge-density-wave states. The phase diagram is examined on the basis of the parquet equations.
We find that the polarization mode of the marginal-Fermi-liquid-type is of vital importance to
superconductivity. We also discuss the properties of a superconductor on the basis of the nested
Fermi liquid,

I. INTRODUCTION

Varma et al. proposed a phenomenological theory de-
scribing a type of liquid state called marginal Fermi liquid
(MFL) to account for anomalous properties in the normal
state of oxide superconductors. They introduced a polar-
ization propagator P which has an unusual dependence
on frequency:

—N(0) A, & for ~ai ( k~T,
ImPp (cu, q)

N(0)sgn~ for ~~~ ) kB+,

where N(0) is the density of states at the Fermi level.
In a one-loop approximation, this causes a logarithmic
singularity in electron self-energy at low energies, and the
quasiparticle picture breaks down; the liquid is no longer
a Fermi liquid. The MFL theory has been successful in
explaining anomalous normal-state properties.

The scaling properties of the MFL have been inves-
tigated by Zimanyi and Bedell2 by the renormalization
group method. On the other hand, we have shown that
the vertex renormalization is very important; it causes
a crossover in low-energy behavior from the MFL to the
usual Fermi liquid with a finite effective mass and a quasi-
particle residue. This comes essentially from screening
effects by particle hole pairs near the Fermi surface.

Virosztek and Ruvalds4 have proposed a microscopic
mechanism leading to the MFL anomaly; near half fill-

ing, nesting of the Fermi surface could cause a polariza-
tion mode of the MFL type. The microscopic mechanism
is called the nested-Fermi-liquid (NFL) theory. We ex-
pect a deep relation between the nested Fermi liquid and
high-temperature superconductivity because of MFL-like
behaviors of normal states.

In the present paper, we investigate the superconduct-
ing instability on the basis of the NFL theory in more
detail. We study a few types of extended Hubbard mod-
els with a nearly half-filled band.

At half filling, the spin-density wave or charge-density
wave [here after referred to as density wave (DW)
for brevity] channel and superconducting channel are

strongly coupled with each other, as shown in Fig. 2,
leading to the parquet-type simultaneous divergences in
both channels. Because of this, the hole liquid becomes a
Luttinger liquid characterized by power-law divergence of
various correlation functions, as was shown by Bychkov
et al. For finite doping, the Fermi surface is warped
as shown in Fig. 1. Fermi surface nesting is then sup-
pressed, and the DW singularity is cut off. We see that
the normal state recovers the Fermi-liquid nature for suf-
ficient doping. For energies lower than a characteristic
warping energy to be discussed shortly, NFL features are
cut off. We will study the crossover from MFL at high
energies to Fermi liquid at low energies.

We apply the parquet technique to the two-
dimensional Hubbard model. ' We find from our cal-
culation that the Hubbard model has only magnetic or-
ders such as SDW, and does not have a superconduct-
ing ground state. i Since we are interested in the super-
conducting phase, we shall add various terms (charge or
spin fluctuation terms) which cause superconductivity to
the Hubbard model. As an example of such models we
first examine the Emery model also by the parquet
method. We show that the nearest-neighbor Coulomb
term enhances the MFL-type polarization mode and at-

FIG. 1. Fermi surfaces represented in the magnetic Bril-
louin zone, and have two nesting vectors Qq and Q2. The
nested Fermi surface is warped by hole doping,
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tractive forces between holes, thus favoring the high-Tc
superconductivity. Next, we investigate the effects of spin
fiuctuation by using an extended Hubbard model with
an Ising-type interaction. An antiferromagnetic (AFM)
Ising interaction is found to enhance SDW and spin-
singlet d-wave-like superconductivity (SC). The Fermi
surface's warping effect screens the SDW singularity, but
enhances spin-singlet d-wave-like SC. The ferromagnetic
(FM) Ising interaction enhances spin-triplet p-wave-like
SC and SDW.

In Sec. II, we calculate the parquet equations for the
Hubbard model in order to study the interplay between
superconductivity and SDW. In Sec. III, we investigate
the Emery model by using the same method as in Sec. II.
In Sec. IV, we also investigate the extended Hubbard
model with an Ising-type interaction. In Sec. V, we dis-
cuss various properties of a superconductor coupled to
the NFL. In Sec. VI, we summarize our results.

II. THE HUBBARD MODEL

In this section we investigate the Hubbard model
adopting the parquet method. Near half filling, two dis-
tinct kinds of instabilities, superconducting instability
and density-wave instabilities (either SDW or CDW), oc-
cur simultaneously in particle-particle and particle-hole
channels: both channels have logarithmic divergence near
a half-filled band. It should be noted that, while Cooper
instability is rather insensitive to the shape of the Fermi
surface, the density-wave instability is quite easily sup-
pressed by a small amount of doping because of the Fermi
surface warping effect (see Fig. 1).

The complete nesting for an undoped system is cut off
by a Rnite curvature of the Fermi surface when holes are
doped. The logarithmic divergence at low energies (or at
low temperatures) is cut off at a characteristic energy uo.
In the logarithmic accuracy used in parquet equations,
we are justified to identify uc with the Fermi energy of
holes, neglecting numerical factors of order unity:

where t and 6 are a hopping integral of holes and a

TABLE I. Definitions of two-body vertices. I and R stand
for the irreducible and reducible vertices for each channel.

BCS

I BCS DW

I R I

SDW or CDW I I R Ror I

S
R or I Total

vertex
I Total

vertex

It follows that

BCS g + DW (4)

I + BCS

I + DW

where S and Z are irreducible parts of the DW and BCS
channels.

We can express these logical relations between vertices
by a set of parquet equations, as shown diagrammatically
in Fig. 3. The corresponding analytic expressions are
given by

amount of doped holes.
For later convenience we first give a very brief summary

of parquet theory. Let us assume that the momentum
dependence of polarizability in the NFL is weak around
two nesting vectors Qi and Q2. We can classify all the
interaction vertices logically either to reducible or irre-
ducible sets by cutting two fermion line diagrams in DW
or BCS channels. The classification is shown in Table I.

The total vertex part p consists of three parts. The
first is the sum of totally irreducible diagrams, which
we denote by p . The second is the sum of all vertices
which are reducible in the DW channel, which is denoted
by p . The third is the sum of all vertices which are
reducible in the BCS channel, which is denoted by p
(Fig. 2):

I + DW + BCS

d~ d&k+(~& &k)+(~ ~1) ~k —ci)~agee( 7i t) Y&ep&( l& t)&

2v', pa(n () =+2 d~ dSkG'(~, &k) G(~Z —~, &k —q) ~~~eE(ti () YEePI5(t'I () 'I

where quantities with or without the upper bar represent
vertices in electron-hole or electron-electron channels, re-
spectively. t —= 1nA/~. Energy variables, ui and cuz, are
energies of the center of mass of the DW channel and
the BCS channel, and are represented by corresponding
logarithmic variables g

—= lnA/ui and g:—lnA/w2. We
also define a logarithmic cutoff energy iso = lnA/uo.

The vertices have the following "crossing" symmetry:

By using the symmetry, we can rewrite the parquet equa-
tions only in terms of vertices in the particle-particle
channel (Fig. 3).

In order to study the e6'ects of spin degrees of freedom,
we decompose the vertices as follows:
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FIG. 3. Parquet diagrams.

In the parquet calculation with logarithmic accuracy
we can make the following substitutions. 5

In the case rl & (,

~ w [min(t, rl), q],

Z(t, () ~ 2 [min(t, rl), (]. (14)

FIG. 2. Diagrammatic expansion of the vertex, (a) total
vertex p(= R+p +p ), (b) reducible vertex for the DW
channel p, (c) reducible vertex for the SC channel p

The BCS channel is crucial in this case, because the
characteristic logarithmic energy becomes (. The case
of g & rI can be represented also by the same treatment
as follows:

~'cs [ri, min(t, g)],

& ~ps = »(~ p~» —~ stIp~) +»~ s~~p (10)
S(q, t) ~ S[rl, min(t, ()].

S ~ps = sg(6 pbbs —6 sb'p~) + s2b sb~p,

~ ~ps = o~(~ p~» —~ s~p~) + o~~ s~gp.

We have chosen tensor components in accordance with
Bychkov et al. The components pq and p2 —pq correspond
to b ackward scattering g q and forward scattering g2 as
shown in Fig. 4.

A wide class of models, including the Hubbard model,
can be properly treated by this decomposition, as long
as they have rotational symmetry in spin space. An ex-
ceptional case will be discussed in Sec. IV.

This approximation is very crude, however it is known to
correctly describe the most divergent terms of each ver-
tice. With this approximation together with the bound-
ary conditions at the cutoff energy A for the Hubbard
model,

pg(0, 0) = U,

»(0, 0) = 0,

we can rearrange the parquet equations as follows.

(i) For g & (,

» (rl, () = U + N(0) «([-2o ~ (t, () + o2(,()]»(t, () + o ~ (t, ()» (t, ()k

+N(0) dt([—2o z(g, () + og(q, ()]p,(t, () + o.~(g, ()»(t, ()), (18)

(ii) Forg&g&go,

s2(g, g) = +N(0) dt o2(t, g)»(t, () + N(0) dt o2 (rl, ()»(t, (). (19)

aq(q, () = U —N(0) dt(sz(g, t)»(q, t) + sz(g, t)p&(g, t) j —N(0) dt(s&(p, ()»(rI, t) + sz(rI, ()pz(p, t)), (20)
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cr2(rj, g) = —N(0) dt(sl(ri, t)pl(tl, t) + s2(il, t)p2(q, t)) —N(0) dt(sl(rl, ()pl(rl, t) + s2(tl, ()72(rl, t)), (21)

for 'gp & ( & iI » imp & q & (, the divergence in the DW
channel [Eqs. (18) and (19)j are cut off at 'gp by Fermi
surface warping. The two solutions of parquet equations
join smoothly at g = gp. Following the treatment by
Bychkov et al. , we solve the parquet equations for (
and g & gp.

Substituting the variable separated form p2(rl, ()
A2(q)B2(() the Eq. (19), we get

A2(q) —N(0) 0.2(t, $)A2(t)dt

d
"f3(t) t) = cT3(q) t)~„=i —2N(0)P3(t, t))

ctg'

0
dt 7+(t t) —

~ +(t ~)~t — N(0

—p (t, t) =
q
. (t, ()lt.=, +N(0)p'(t, t),

where we have defined,

7+ = V1+ V»

(26)

(27)

(28)

—N(0) o.2(q, ()A2(t)dt = ' . (22)
~2(n, ()

rl 2

DifFerentiating each side of Eq. (22) by g and (, respec-
tively, we get

N(0)A2(() =
B2

—B2((),
1 d

2

'7—= Y&

1y3: "rl 'y2.
2

(29)

For deriving Eqs. (26)—(28), we have used differential
equations as follows.

For rl &(andri & qp,

~2(n) = ~2(n, ()
rl rj

Rearranging Eqs. (23) and (24),

d 0—p2 (t, t) = cr2 (q, t)
~ q, + N(0) p2 (t, t),2

dt '
Brl

(25)

the other cases of rl & rip can be treated in a similar way,

1 d—2N(0)A3(() =
2

—Bs(().
3

For ( & il & lip,

1 d—N(0) B~(ri) =
2

—A+(rl),

N(0)B-(n) =, —A-(g).
1 d

A2 ri dry

(30)

(31)

In order to diagonalize the above equations, we rewrite
Eqs. (25)—(28). Using from Eqs. (4)—(6), we arrange as
follows:

1 1 1
'7l = ol + sl Rl 02 + 03 + sl + s2 Uq (33)2 2 2

1 1
pg = o.g+ sg —R2 ——o.z+ —s+ ——s

2 2
(34)

Differentiating both sides of Eqs. (33) and (34) and using
Eqs. (25)—(28), we get simplified sets of nonlinear equa-
tions:

d, ~ (t, t) = -2N(—0)~'(t, t),

—.u(t t) = -N(0)~i(t, t).
d 2

dt (36)

The solutions of Eqs. (35) and (36) with the boundary
condition Eq. (17) are obtained in a straightforward way:

FIG. 4. (a) and (b) are backward and forward scatter-
ings of which coupling constants are defined by gi(= pi) and
g2(= P2 —yi)

U
1 + 2N(0) Ut ''71tg = (37)
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1 U
2+ 4N(0) U&

Using the variable separated forms, we can also calcu-
late for ( & g & rip. For example, we solve p~. From
definitions of the variable separate form, we get A+(q) = Cexp —N(0)

rj

q+(t, s)dt,

d"„A+(n) = —N(0) V+(n)A+ q

Integrating Eq. (39), we get as follows:

(4o)

(41)

W+(n () =a+(( ()A
A+(n)

From Eq. (23),

(39) where C is an integral constant.
Using Eqs. (37)—(41), we get a solution given by, for

( & g & 'gp,

1 + 2N(0)U(
2 1 + 2N(0) U~ 1 + 2N(0

By the use of Eqs. (30)—(32), (37), and (38), the other solutions are given in a similar way.
For ( & g & gp,

(42)

For g&(& qp,

U 1+2N(0)Uq
p—(g, () + U+

( )
exp[2N(0) U(q —()]

&2(g, () = ——U+ — exp[~N(0)U(g —()]
1+2N(0)U( 4

(44)

1+2N(O)Uq 4

4 1 2N( )U I [2 ( ) (7 ()] j + 2N(0)U( (45)

We find that the vertices for (, g & gp have a power favorable for density waves.
In the case of r/p & ( and ll, similarly, the results are obtained by the same method. The singularity of the DW

channel ls cut OK by Fermi surface warping erects because the parquet equations are given by the following
(iii) For qp & g & (,

sq(r)~() = "fr('9 rp1p) + N(0) dt([—2oq(t, () + p2(|!,()]&~(t,() + o~(p, ()~2(p, ())

+N(0) dt([—2n&(g, () + ~q(g, ()]»(g, () + g~(9, () Y2(t, ()) (46)

&(Oi () '72('0p~ gp) + N(0) d~ &2(t~ ()"(2(ty () + N(0) dt CT2('g) () /2(t, (). (47)

(iv) For qp & ( & r),

~i(n () = »(~p np)

~2(n () = »(np "Ip) (49)

The results for ( and q & qp and for gp & ( and g
are joined smoothly at go. The solutions of the parquet
equations in this region are given as follows.

For gp & g and (,

Vs(n () = gs(qp, qp)
1 + 2N(0)(( —gp)p3(FJQ 7/p)'

where »(gp, gp) and p2(gp, qp) are given by

U"'"' "') = 1+2UN(0),.
U U
2 2+ 4UN(0)qp

(51)

(53)

( () '72(90~ gp)
1 —N(0) (( —gp)72('gp, gp)

' (50) Superconducting and density-wave instabilities reveal
themselves in the way the singularities of the vertices
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appear for II = const, ( —+ +oo and g —+ oo, ( = const,
respectively. Equations (50) and (51) do not have singu-
larities because the denominator is positive definite for
U ) 0. For finite doping, the singularity disappears by
the warping effects of Fermi surfaces with the characteris-
tic logarithmic energy scale go. At half filling, the vertex
has a singularity only at g = +oo.

We see from Eqs. (50) and (51) that the two-
dimensional Hubbard model slightly doped near half fill-

ing does not have superconducting singularity even at
zero temperature. The liquid state is a Fermi liquid in
the strict sense that the momentum distribution function
jumps finitely at the Fermi surface at zero temperature,
and the excitations reach to MFL above the characteris-
tic energy of Fermi surface warping.

fnpPb = '71(~nP~bp ~nb~Pp) + +2~nb~Pp. (55)

The boundary conditions are given by

1
~I(o, o) = —UR —v,&, (56)

where the subscript B represents the renormalized value
after the electrons on the copper site are integrated out,
and i, j now runs over oxygen sites.

Here, we treat the Emery model by the same method
used for the Hubbard model. The total vertex is repre-
sented by

III. THE EMERY' MODEL

Now, let us study the Emery model 3 since it is
more likely to have a superconducting instability. We
restrict ourselves to the case in which the difference in
atomic energy levels between oxygen 2p and copper 3d is
much smaller than the hopping integrals of holes. 5 In
this case, we can use the single-band Emery model given
by

+~eff =) tRa, na~n—+HC. +) 2
p~npin

i,jo i,a

Va = Va icos(4, a) + cos(4 ca)] —2VRcos —O'1 —h'),
2

(57)

U —2VB
2+ 2N(0)t[UR —2veB]

' (58)

where a is the lattice constant and 6 is the ratio of hole
doping.

For ( = q = t ( rip, the results are given by

) VR pi, a pg, n' s (54) 1 1 UR —2V ff

4 "+
2

"+
4 4N(0)~[U„—2V.,]

(i) For ( ( q ( qp,

1 3 UR —2U ff

+ (o)(U. — ')~.
x exp [4 N(0) (UR —2V B)(q —()]

1 + N(0) (UR —2V,B)( (6o)

1
U —2V

1 UR —2V,ff

4 1+N(0
1

x exp [ 4 N(0) (UR —2veB) (g —()]
1 + N (0) (UR —2veB) rj

(61)

(ii) For q ((( gp,

1 1 UR —2Uff
4 4 1 + N(0)(U —2V

&&exp[4 N(0)(UR —2VB) (q —()]
1+N(0)(UR —2V,B)( (62)

1 3 UR —2Ueff
~.(q, () = +-(U —2v.„)~-

3

x exp [ 4 N (0) (UR —2VB) (g —()]
1 + N(0) (UR —2V,B)g
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For iso ( rj, (, the density-wave singularity is cut ofF by
the warping efFects. Using the same treatment as the
Hubbard model, we write down the results given by

0.5-

Normal

( () &2(no rlo)

1 —N(0)p~(qo, go)(( —no)'

Vs(no no)
1 + 2N(0)ps(qo, qo)(( —qo)'

(64)

(65)

kBT/(4t) 0.3—
SDW

0.2—

0. 1—

I

0. 1 0.2 0.3 0.4 0.5 0.6

where pi(rlo, rto) and p2(rlo, rlo) are given by

U~ —2Vee
2 + 2(U~ —2U, ir)N(0)iso

' (66)

Ua —2V,g Ug —2V,g
4 4+ 4(Up —2Vs)N(0)rIo

(67)

0.5- (o&

04-

O. 3—
k T/(4g) SDW

0.2—

0, 1-

Normal

w, s-wave-like SC

0. 1 0.2 0.3 0.4 0.5 0.6

We find that, for U~ —&V@ ) 0, singularities of BCS
and CDW type do not appear. For Ug —2V,g ( 0, CDW
and spin-singlet s-wave-like superconductivity appear at
the characteristic logarithmic energy scale as

N (0) (U~ —2U, ir)
(68)

Let us now turn to the superconducting state which
is stabilized for U~ —2V,g & 0. For

CDW divergence is suppressed by the Fermi sur-
face warping, and only the spin-singlet s-wave-like su-
perconductivity remains. The characteristic energy is
«xpJ —iso + 2~(o& '& )]. Of course, when the char-2~(o)~8(no no)
acteristic energy of CDW instability is larger than the
characteristic energy of Fermi surface warping, CDW and
singlet s-wave superconductivity appear at a tempera-
ture Aexp[ —tc]. We find that the warping effects
reduce the characteristic energy of singlet s-wave super-
conductivity. This is shown in Figs. 5(a) and 5(b). We
find that self-consistent coupling of polarization modes
in comparison with usual superconductivity without cou-
pling to CDW greatly enhances Tc; as shown in Fig. 6,
high T~ remains even by hole doping, as shown in Fig.
5.

FIG. 6. Comparison between SC coupled to CDW with
usual SC. The solid line is the characteristic energy of SC cou-
pled to CDW. The dashed line shows the Fermi surface warp-
ing energy. The short-dashed line is the characteristic energy
of usual BCS not coupled to CDW. We set VR = 1/N(0) = 2
eV and U~ ——0.1 eV,

kBT/(4t)

o. 5- (b)

0. 1—

I

0. 1 0.2 0.3

r Normal

SC

I

0.4 0.5 0. 6

The two-dimensional model is difFerent from the one-
dimensional superconductivity calculation in that
the umklapp g3 scattering coupling constant can be ig-
nored because of the Fermi surface warping. In one
dimension, umklapp scattering cannot be ignored, and
CDW is more enhanced. The Emery picture is thus re-
covered.

IV. THE EXTENDED HUBBARD MODEL WITH
AN ISING-TYPE INTERACTION

FIG, 5. Dependence of the characteristic energy scale of
the CDW and singlet SC instability of the Emery model
by hole doping. Dotted lines are a graph neglecting Fermi
surface warping. Dashed lines describe the warping energy
of Fermi surfaces. Crossover from CDW and spin-singlet
s-wave-like superconductivity (SC) to spin-singlet s-wave-like
SC is represented by a hatched region. We set (a) Vz = 2
eV and UR = 0.1 eV, 1/N(0) = 2 eV; and (b) U~ = 1 eV,
VR= 1/N(0) = 2 eV.

In the previous section, we have investigated the efFect
of charge fiuctuation for the Hubbard model. In this
section, we shall study the effect of spin fiuctuation. We
restrict ourselves to the case in which the difference in
atomic energy levels between oxygen 2p and copper 3d
is much smaller than the hopping integrals of holes, so
we can treat them by the single-band picture. 5 We
start from an extended Hubbard model with an Ising-
type interaction given by



48 SUPERCONDUCTIVITY COUPLED TO DENSITY WAVES 3363

Hp= ) i tRa—+ a,; +Hc. +4JRS, S;)
$,g) o'

- UR+ Pi, o Pi, o )

'b) o
(69)

~ (t t) = v'g g. [ A-(t)+ v'~+A'(t)],

where

(82)

where the subscript B represents the renormalized value
after the electrons on the copper site are integrated out.

Here, we treat the Hubbard with an Ising-type inter-
action by the same method used for the previous model.
The total vertex is represented by

when the argument of the tangent is vr/2, the vertices
have the singularity at a logarithmic energy scale as fol-
lows:

op~ g = vi(~ p~~~ —~ ~4&) +»~ ~~~~+ &.~'a&p,

(70)

where o' is the z component of the Pauli matrix. In
order to completely span the spin space, we have added

z z
b P

The boundary conditions are given by

1tc=
4N(0) v'gag,

, (gi —g, l vr—tan
l „„ l

+-
$2v'gig, 9 2

j1 ——0,

Po = OO)

We study the singular vertices of SC or DW type.
(i) For (( ri ~ tc,

(84)

(86)
1 1

pi(0, 0) = —UR —
2
J ir, (7l.)

io+ =o (87)

p2(0, 0) = 0, (72) (ii) For q ( ( —+ tc,

p, (0, 0) = JR [cos(kF a) + cos(kp„a)]

2Eicos —v'1 —6)—:J,s,
2

where J,g is a function of hole doping b.
In order to separate the sets of parquet equations, we

define a new set of vertices given by

j2+ ——0,

——0,

Q3 = OO)

where the vertices are defined by

(88)

(89)

+1 = +1+ f2 Pz)

P2 Q2)

yz —yz

Then, the boundary conditions are defined by

ji(0, 0) = —(2'+ 2 J,g) =—gi,

(74)

(76)

i2+ = i2+iz

72 72 Pz )

1- 1-
73 71 P2 + Pz )2 2Z)

(92)

p, (0, 0) = 0 =—g„ (78)
1-

'70+ = 'l1 + Pz.2 (94)

i.(0 0) = Jir —= g'
Calculating by the same method as Secs. II and III, we
write down the results for energy above the warping of
Fermi surfaces as follows.

(a) For gi ) 0 and g, ) 0, the results for ( = rj = t are
given by

The logarithmic energy scale tc can be regarded as
the characteristic logarithmic scale of phase transition.
However, in the case of tc & go, the SC singularity is
suppressed and the SDW singularity is cut off at log-
arithmic scale go, because of the warping eKect of the
Fermi surfaces.

(b) For gi ( 0, g, ) 0, ( = i7 = t —+ +oo,

i (t t) = 2(g + g.) + v'g g.A(t) (80) ii = v'lgig. l+ 2(gi+ g.)—
1-

jg(t, t) = —(gi + g, ) —V'gig, v 1+- A (t)
1-

i~ = z(gi+g. ), (96)
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&. =+v'Ikg.
l

~

(i) For ( & q ~ +oo,

(97) p2+ ——0,

——0,

(11o)

ii(n () = i~(( ()
x e~p —N(o)

I

' —V gag. I (n —(),(gg+g,
2

(98)

io(n () = io(4 ()

&3 = +Oo)

where t& is given by

t' 1 (4 —gz+2v g gz&„„1n
8N(o) v'kg.

(112)

«xp -N(o)
I

+ v'gag. I (n 6),—(gy + gz

2

(99)
p] = +oo, (114)

(d) For gq ) 0, g, & 0 and gq + g, & 0, ( = g ~ t'&,

&o+(n 0) = io+(C, C)

«xp —N(0)
I

' + v'gag, I (r/ —()
(gg+g,

2 ')
(100)

(ii) For rj & g ~ +oo,

i +(n () =i+(n v)

xexp +N(0)
I

+ gg&g, I (( —g)
(gg+ g,

2

(101)

~~-(n, () = i~-(n n)

xexP +N(O)
I

—ggggz I (( —rl)
(gi+ g.

)
(102)

() ~&~-t'. ,

(ii) rj &(~ tc,

Qg = +oo)

p~ = —oo.

j, =0,

jp ——0,

Pp+ = —oo.

7g+ =0

——+oo,

(115)

(117)

(118)

(119)

(120)

(121)

is(rl () =is(n n)

xexp +N(0)
2

—v'kg. I (( —n) .

(103)

j, =0,

where t'& is the same function as in (c).
(E) Forgq &Oandg, &0,

(122)

(c) For gq ) 0, g, & 0 and gq + gz ) 0, ( = g ~ t'c, p, (t, t) = —(g~+ g, ) + Qggg, A(t),

&1 = +oo~

p2 = —oo)

j, = const.

(i) For(&g~t'c,

(104)

(105)
j2(t, t) = —(gg + g, ) + v gggzv 1+A (t))

'Y (t t) v 9&9 I. A(t) v 1 + A (t)i

where

(124)

(125)

pg ——0,

Pp = +oo)

jp+ ——0.

(107)

(108)

(109)

A(t)—:tan tan
I

„„' + 4N(0) V'g], gzt ~ (126)
gigz

When the argument of the tangent in A(t) is 2, the ver-
tices have the singularity at a logarithmic energy scale
tc which is the same form as in (a).

(e),(i) For ( & rj ~ to,

(ii) For g & ( —+ to, jg ——0, (127)
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jp ——0,

Qp+ = —00. (129)

0, 5

0.4—

k T/(4t) 0 i 3

Normal

(e),(ii) For rI & ( ~ tc,

i2+ =o (130)

0.2—
SD%'

O. l

I I I I I

O. l 0, 2 0.3 0.4 0.5 0.6

= oo, (131)

j, =0. (132)

( () j2+(rlo, no)
1 —N(0)i2+(no no)(( —rlo)

' (133)

( () 72 (re rlo)-
N(0)i2 —(rlo lo) (( 9o)

(134)

The tendency towards various instabilities for energy
ht'gher than A exp( —rlo) is summarized in the phase di-
agram in Fig. 7. In the gq & 0 and j, & 0 case, the
vertices have a singularity at zero energy, i.e. , the state
is a marginal phase between normal, SC, and SDW. The
other cases have singularities at finite energy.

Now, in order to examine the ground state, we shall
study Fermi surface warping effects for energies lower
than Aexp( —go). The vertices join smoothly at rlo here
again. The solution of the parquet equations for gp ( q
and ( is given by

FIG. 8. Dependence of the characteristic energy scale of
BCS instability by hole doing for JR & 0. The dashed line
corresponds to the warping energy of Fermi surfaces. We set
the parameter as follows: UR/2 = 1/N(0) = 2 eV and JR = 10
eV.

singlet d-wave-like superconductivity with vertex singu-
larity at zero energy; the parameters run to the upper
left side as shown in Fig. 7. Below the warping energy,
the superconducting state is barely able to appear. The
phase diagram for AF Ising case is shown in Fig. 8. We
see that the warping enhances superconductivity.

In the FM case (JR & 0), we see that the spin-density
interaction term enhances the susceptibility of SDW and
spin-triplet p-wave-like SC. The phase diagram for the
FM Ising case is shown in Fig. 9. We see that the warping
suppresses T~ contrary to the AFM Ising case.

( () is(no, no)
1 —2N(0)ps (rlo, r/o) (( —r/o)

' (135)

Above the warping energy, the model with the AFM Ising
interaction (JR ) 0) has a tendency to enhance SDW and

v. DIscUssIQN

Anomalous properties in the normal state of oxide su-
perconductors are rather well described by NFL theory
with a polarization mode of MFL type. We find that,
at energies higher than Aexp( —rlo), the extended mod-
els, such as the Emery model and the Hubbard model

sow
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FIG. 7. Tendencies to instabilities of vertices between
nested Fermi surfaces for the generalized Hubbard model
with an Ising-type interaction above the low-energy cutoff
&uo. Phase boundaries are gi = g, = 0, gq = —(3+ 2v2)g„
gq = —(3 —2v 2)g„and gq ———g, . We set UR = 4 eV and
N (0) = 2 eV. With hole doping, the parameter runs along
the dotted line. The small black circle shows the undoped
case. Doping for JR ) 0 and JR & 0, the parameters run to-
ward the upper half-plane and lower half-plane, respectively.

FIG. 9. Dependence of the characteristic energy scale of
BCS instability by hole doping for JR & 0. The dashed line
corresponds to the warping energy of Fermi surfaces. The
dotted line is a graph neglecting Fermi surface warping. The
hatched region shows the crossover region from SDW and
spin-triplet p-wave-like SC to spin-triplet p-wave-like SC. We
set the parameters as follows: UR/2 = 1/N(0) = 2 eV and
JR ———1.4 eV. A dashed line is the characteristic energy scale
of Fermi surface warping.
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with Ising interaction, have the same effect as the MFL-
type polarization mode. ~' Below the energy A exp( —rLo),
however, the models show Fermi-liquid behavior, essen-
tially because the Fermi surface warping suppresses the
density-wave instabilities.

Parquetlike coexistence of sup erconducting and
density-wave instabilities gives important roles to the
NFL polarization modes. The polarization mode en-
hances the attractive force and Tg. For go & tc;, the
density of state is enhanced above the logarithmic energy
scale t~ and is suppressed rapidly below Cc. We And that
the MFL-type polarization mode is in turn enhanced by
SC and DW, so that the MFL-type polarization mode in
the superconducting phase must be observed by a wide
variety of experiments, including nuclear magnetic reso-
nance and Raman scattering. For go ( t~, the MFL-
type polarization mode is cut off by Fermi surface warp-
ing effects, and the vertex singularities are cut off by the
maximum characteristic energy of SC, DW, and Fermi
surface warping effects.

Now let us discuss our results in connection with the
one-dimensional Emery model examined with use
of 9-ology. In the calculation of Sec. III, we focused
on hole doping in two dimensions. Therefore, gs, the
coupling constant for umklapp scattering, is unimpor-
tant due to the warping of Fermi surfaces. The two-
dimensional Emery model has instabilities in CDW and
singlet Cooper channels. Our results are consistent with
the well-known g-ology results. The only difference
comes from the umklapp term, which is not important
here.

VI. SUMMARY

We have studied superconductivity in NFL in two di-
mensions. Applying the parquet method of Bychkov et
at. , we have treated self-consistently the coupling of su-
perconductivity and density waves. We have taken into
account the Fermi surface warping caused by hole doping
by introducing the low-energy cutoff Aexp( —rLp). This
approximation is crude, but is sufhcient for our parquet
calculation in logarithmic accuracy.

We have examined the Hubbard model, Emery model,
and a generalized Hubbard model with Ising-type ex-
change interactions. Although no superconductivity was
found for the pure Hubbard model, we obtained su-
perconducting phases for the latter two models. The
calculated phase diagrams are found to be consistent
with known theoretical results and experimental data for
cuprate superconductors.
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