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Electron-phonon interactions anti the phonon anomaly in P-phase NiTi
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The electronic structure of P-phase NiTi has been calculated using a first-princi ples linear-
combination-of-atomic-orbitals method. The resulting band structure was fitted with a nonorthogonal
tight-binding Hamiltonian from which electron-phonon matrix elements were evaluated. The soft pho-
non near Qo =( —,, 3,0)ir/a, which is responsible for the premartensitic phase transition in P-phase NiTi,

is found to arise from the strong electron-phonon coupling of nested electronic states on the Fermi sur-

face. Thermal vibrations and changes in electronic occupation cause a smearing of the nested features,
which in turn cause a hardening of the phonon anomaly.

I. INTRODUCTION

Equiatomic NiTi is perhaps the best known and tech-
nologically the most important compound exhibiting the
shape-memory effect, which is related to a reversible mar-
tensitic transformation. ' At high temperatures, NiTi
possesses a simple cubic CsC1-type structure (also called
the B2 or P-phase structure). As temperature is lowered,
P-phase NiTi undergoes a displacive structural transfor-
mation to an intermediate or so-called R phase at about
293 K, and then undergoes a martensitic transformation
to a monoclinic structure near 273 K. The exact tem-
perature of the phase transformation depends on
stoichiometry. X-ray and electron-difFraction studies
have revealed superlattice spots associated with the R
phase. ' In addition, inelastic neutron-scattering experi-
ments have found that the TAz [110] (or X~) phonon
branch in the P phase is temperature dependent and be-
comes soft near Qo= —,'(1, 1,0)2n. /a at about room tem-
perature. ' ' The condensation of this soft phonon
mode is responsible for the premartensitic or R-phase
structure. This phase transformation can account for the
most prominent premartensitic phenomena, such as the
—,'-type superstructure reAections, the internal friction,
and the electrical resistivity anomalies. ' ' A model for
the R transformation was proposed by Shapiro et a1. ,
and extended by Folkins and Walker, who presented a
fairly complete Landau expansion of the free energy
which included the coupling of phonon displacements
and lattice strains. The origin of the phonon softening
at Qo has long been speculated to be due to Fermi surface
nesting ' ' however, a previous calculation of the
phonon-dispersion curves in P-phase NiTi which includ-
ed an evaluation of approximate electron-phonon (e-ph)
matrix elements failed to show any feature near Qc which

would explain the sharp phonon anomaly found in the
measurements. Questions have therefore been raised
about other possible driving mechanisms for the
anomalies.

It is the purpose of this paper to give details of a calcu-
lation of the phonon-dispersion curves of NiTi which in-
clude more accurate electron-phonon matrix elements
and which clearly demonstrate the electronic origin of
the observed phonon anomaly. We brieAy reported on
this work in a previous publication, and here we review
the important results, supply details, and include
"temperature-dependent" phonon-dispersion curves
which highlight the sharpness of the Fermi surface nest-
ing. A slightly better set of empirical parameters was
found for the band structure and short-range force con-
stants, and these are also presented.

II. ELECTRONIC STRUCTURE

A study of the e-ph interaction requires the calculation
of the electronic structure and the evaluation of e-ph ma-
trix elements. As the first step, the electronic structure of
P-phase equiatomic NiTi was calculated using a self-
consistent first-principles linear-combination-of-atomic-
orbitals (LCAO) method. The density of states from the
first-principles calculation is given in Fig. 1. The peaks in
the density of states at low energy (from about —0.3 to—0. 1 Ry) are mainly from Ni 3d states, while the peaks
around EF (here EF =0) are mainly from Ti 3d states.

The first-principles band structure was fitted using a
nonorthogonal Slater-Koster tight-binding Hamiltoni-
an. A high-quality fit of the bands is vital for the calcu-
lation of the e-ph interaction since a subtle distortion of
the Fermi surface may smear out any nesting feature con-
tributing to the phonon anomaly. Thus special attention
is needed in the fitting procedure. In this calculation 15
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FIG. l. The total density of states for P-phase NiTi from the
first-principles calculation. The Fermi energy (EI; ) has been set
as zero. The low-energy peaks are mainly from the d states of
Ni, and the peaks around the Fermi energy are mainly from the
d states of Ti.

Flax. 2. Electronic energy bands of P-phase NiTi. The bands
were calculated by using a first-principles LCAO method and
then fitted by an empirical tight-binding Hamiltonian.

TABLE I. The TB parameters for P-phase NiTi (in Ry). E„
E~, and Ed are the atomic energy levels; c.f. (1st) and c.f. (2nd)
are the empirical crystal-field parameters for the first and
second shell of atoms; H stands for Hamiltonian and S for over-
lap.

Ep E„ c.f. (1st) c.f. (2nd)

Ni
Ti

0.3268
0.2063

0.6816 —0.1247
0.6114 0.0442

0.0034 —0.0040
0.0109 0.0052

k points were used, which were chosen at the high-
symmetry points or lines in the irreducible Brillouin
zone. At the first stage of the fitting, all the bands of the
15 high-symmetry k points were used and an average rms
error of about 2.7 m Ry was reached. Group theory was
used to fit the irreducible representations separately.
Then the energy bands around the Fermi energy (EF=0)
were assigned higher weight since these bands are the
most important for the e-ph interaction. An average rms
error of 1.8 m Ry was obtained, with the fitting errors for
the energy bands around EF being about 1 mRy. The
fitted tight-binding (TB) parameters are listed in Table I.

In the case of II-phase NiTi, only bands 7 and 8 (from the
bottom) cross the Fermi energy, and give the dominant
e-ph interaction contributions to the phonon dynamical
matrix. As a whole, the TB fitted band structure is indis-
tinguishable from that obtained from the first-principles
calculation. In Fig. 2, the TB band structure has been
drawn along some of the high-symmetry directions, and
the Fermi energy EF has been chosen to be zero. The
band structure in Fig. 2 looks similar to that of Papacon-
stantopoulos, Kamm, and Poulopoulos, ' which was the
band structure used in an earlier evaluation of the e-ph
interaction. As we pointed out below, there are subtle
differences in the Fermi surfaces of the two calculations
which occur near the nesting region. In addition, the
simplification used by Bruinsma for the e-ph matrix ele-
ments results in an incorrect weak coupling to the TA2
phonon branch. The relevant nesting feature of the Fer-
mi surface is displayed in Fig. 3, with the spanning vector
Qo=( —', , —3,0)n/a shown. The nested Fermi surface re-

gion of band 7 is near the I -M line and is labeled X in
Fig. 2, while the band-8 nested region is near the I -X line
and is labeled X' in Fig. 2. The Fermi energy EF is very
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FIG. 3. The Fermi surface of band 7 in the left zone and
band 8 in the right zone. The shaded areas are occupied. The
arrow shows the wave vector Qo between the nested regions.
The dashed curve shows a piece of the NiTi Fermi surface from
the calculation of Ref. 21.
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close to the bottom of band 7 near the N point. A small
shift of EF or of the band structure (e.g., by alloying) will
move the position of the nesting away from

Qo = ( —'„—,', 0)m. /a.

III. CALCULATION OF THE PHONON ANOMALY

A. Method and formulas

and

gj,„i,. = g A*(k'v~Pm, )

Plm )P2m2

X [y.(P,I,P,in, lk)5p.

r.(p—,m i p2m2 I k')sp, .]

x A(kplP&mi) (2)

BH
y (pimip2m2 ~k)=y yp yp

—ik.R(Pl I l,P212 )Xe (3)

Here ~Pp ) is the mth orbital of the atomic wave
function at site P; R(l,g„l2P2) =R(l &P& )

—R(l2P2);

TABLE II. The longitudinal (l) and transverse (t) short-
range axia11y symmetric force constants for (Dp+Dl) used in
the Born —von Karman model for the P-phase of Ni-Ti.

Pair

Ni-Ni
Ni-Al
Al-Al

Shell

1st
1st
1st

3.015
2.611
3.015

(~)
(10' dyn/'cm)

—0.3835
40.9651
56.0682

(t)
( 10 dyn/cm)

—2.5697
—3.5358
—4.5049

The contribution of the e-ph interaction to the phonon
dynamical matrix can be evaluated by second-order per-
turbation theory. %'e follow the method of Varma and
Weber. The total dynamical matrix can be divided into
a short-range part (denoted as Do+D, in Ref. 27) and a
long-range part Dz, which is responsible for the sharp
features in the phonon-dispersion curves. The short-
range part of the dynamical matrix can be modeled with
a few Born —von Karman force constants (listed in Table
II) which we obtained by fitting the theoretical dispersion
curves to the measured phonon frequencies at high-
symmetry points. The phonon-dispersion curves from
only the short-range Born —von Kirman model are
smooth and featureless. They are shown in Fig. 3 of Ref.
24. The important e-ph interactions arise from the D2
part of the dynamical matrix, which is given by

f~„(1—fi,+,.)
Dz(aa, a'a'~q) = —g

kpv ~k+qv ~kg

KCX K (X
g kp, ,k+qvg k+qv, kp

in which

A (kp ~Pm ) is the (Pm ) component of pth eigenstate at
the wave vector k; ck„ is the energy of the pth band at k;
M is the Hamiltonian; u (Pl ) is the displacement of the
atom at site P of the lth cell; and fez is the Fermi distri-
bution function which gives the temperature dependence
of electron occupation.

In the summation over bands in Eq. (1), we included
only bands 7 and 8, which cross the Fermi level. The
other band contributions are generally featureless and
have been lumped together with the Do+D, short-range
contributions to the dynamical matrix.

For the k-space summation, the Brillouin zone was
partitioned into cubes on a z/20a mesh and the e-ph ma-
trix elements were assumed to be constant within each
cube. The tetrahedron method was used to perform the
analytic integration for the linearly interpolated energy
bands within each cube.

B. Phonon anomaly

The calculated low-temperature ph on on-dispersion
curves for the acoustic modes along three high-symmetry
directions are shown as the solid lines in Figs 4(a)., 4(b),
and 4(c). The symbols shown in these figures are the ex-
perimental data points. The dip in the lowest
transverse-acoustic [110] branch actually goes soft (i.e.,
the dynamical matrix yields an imaginary frequency) at
Qo =(0.65, 0.65, 0)~/a Becaus.e the calculated phonons
are restricted to the m/20a mesh, it is possible that the
minimum in the dip occurs slightly away from this value
of Qo. A calculation on a much finer mesh of just the
bare susceptibility, y(q), which is the same as Eq. (1) but
without the e-ph matrix elements, suggests that
the minimum of the dip should be closer to
Qo =(0.64, 0.64, 0)m /a. "

The experiments indicate that the phonon dip in the
[110] TAz branch goes soft near 293 K and has a very
dramatic temperature dependence. ' While a theoretical
treatment of all temperature-dependent effects is very
dificult, it is possible to study how smearing the Fermi
surface can reduce the nesting and inhuence the phonon
dip. The smearing of the Fermi surface arises from disor-
der caused by thermal vibrations or by temperature-
independent disorder from impurities, defects, non-
stoichiometry, antiphase boundaries, etc. Even without
these sources of disorder, the Fermi surface would be
smeared at higher temperatures by changes in the elec-
tronic Fermi-Dirac occupations. It is very simple to in-
troduce temperature as a parameter in the Fermi func-
tion, and evaluate Eq. (1) with various degrees of Fermi-
surface smearing. The phonon-dispersion curves ob-
tained for "temperatures" of 320, 500, and 1000 K are
also shown in Figs. 4(a), 4(b), and 4(c). The short-range
force constants were kept the same (Table II), so only
changes in Dz arising from changes in the Fermi-Dirac
occupation account for the changes in the dispersion
curves.

Figure 4(a) shows that just a small amount of smearing
the Fermi surface is enough to stabilize the Qo phonon
mode, and that with an effective temperature of only
1000 K (kT=0. 1 eV) the phonon anomaly has nearly
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disappeared. Experimentally, the anomaly is weakened
at somewhat lower temperatures, ' because of the other
thermal contributions to the smearing. Figure 4(a) also
shows that, because the longitudinal branch is coupled to
the same set of electronic states, it also has a noticeable
"temperature" dependence in the region of Qo. The e-ph

{a)

TA

symmetries which cause strong coupling to the [110]LA
and TAz branches, but not the TA„branch, are discussed
in the next section.

We note that there is also some sensitivity to tempera-
ture" exhibited by the longitudinal [ill] phonon branch,
but there are not specific q vectors where nesting occurs.
Rather, there are many states near EF which contribute
over a wide range of q values. It is also this region that
gave the poorest agreement with experiment, so that
those states near EF giving rise to the larger electronic
screening and lower theoretical phonon frequencies may
not be accurately positioned. The dispersion curves
along the [100] direction show little "temperature"
dependence. The theoretical curve for the longitudina1
branch in this direction exhibits wiggles which we believe
are caused by numerical noise and the fact that we evalu-
ated the frequencies on a finite mesh (every 0.05 units).
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C. Analysis of the D2 matrix at q=(0.65,0.65, 0)m. /a

The soft phonon of the TA2 branch with a polarization
along ( 110) at q = (0.65, 0.65,0)m. /a is caused by the
strong coupling of the electronic states at the Fermi sur-
face. The most important contribution to D2(q) at
q=(0.65,0.65,0)vrla comes from the coupling of elec-
tronic states (k and k+q) across the nesting feature of
the Fermi surface, as in Fig. 3. From the analysis of the
wave functions of states in these regions, we find that the
dominant contribution is from the coupling between
states at k with Ti d 2 2 character and states at k+q
with Ni d character. A schematic representation for
these orbitals is shown in Fig. 5. The overlap matrix be-
tween these two states is zero when the Ni and Ti atoms
are at rest on the regular lattice, that is,

(d(Ti) ~d(Ni) ) —
Q Q2 2 xy

(c)

0.2 1.0 where the x —y character of Ti comes from states with
wave vector k on one piece of the Fermi surfaces and the
xy character of Ni from states at (k+q) on the other
side. Here q=(0. 65,0.65, 0)m/a. Because of the symme-
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FICx. 4. The phonon-dispersion curves of P-phase NiTi. All
the symbols are the experimental results (Ref. 29). The squares
are the longitudinal phonons and the dots and crosses are the
transverse-acoustic phonons. The lines are the calculated re-
sults. , T=1 K;. . ., 320 K; ———., 500 K; and
———,1000 K. The acoustic phonons are along (a) the [110],
(b) the [111],and (c) the [110]directions.

[«C)) Ti

FIG. 5. A depiction of the coupling of the wave functions
with Ti d 2 2 and Ni d„~ characters, which make the most im-

X

portant contributions to the electron-phonon matrix elements
causing the soft phonon in the TA, branch along the [110]
direction. Note that the Ni orbital is not in the same plane as
the Ti orbitals.
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try properties of the Ti d 2 2 and the Ni d wave func-x —y
tions, these two states have zero overlap (see Fig. 5). The
vibrations of atoms change the situation. The vibration
of atoms along the (110) direction, which is the polar-
ization of the TA2 [110]phonon, will destroy the symme-
try. Such a situation can give rise to large e-ph matrix
elements which are proportional to the gradient of the
overlap or Hamiltonian matrix elements. The vibration
of atoms along the (110) direction, which is the polar-
ization direction of the longitudinal [110] phonon (LA),
will have almost the same effect. So the D2(q) matrix in
this region receives a large contribution from atomic vi-
brations along the (110) and (110) directions, which
correspond to the TA2 and LA phonon branches. How-
ever, the movements of atoms along the (001) direction
do not have this effect and make little contribution to the
D2(q) matrix. The longitudinal phonon has a much
higher phonon frequency at q=(0.65, 0.65,0)7r/a than
that of the TA2 transverse phonon, so the coupling of
electronic states from the nesting feature of the Fermi
surface can drive the TA2 phonon soft, but will only
lower the frequency of the LA phonon, as in Fig. 4(a).
This is made clear by considering the differences of pho-
non frequencies between the two calculations, one of
which includes D2 and another without D2. If we define

bf =f(no Dz) —f(with D2),
where f is the phonon frequency, we find

TA2. bf(( 110)) =3.29 (THz),

LA: b f((110)) =2.72 (THz),

TA Af((001) ) =0.38 (THz),

at q=(0. 65,0.65, 0)m/a. The difference between the
D2 contributions for the LA and TA2 modes arises from
the other orbital components of the electronic wave func-
tions in the nesting regions. The shift in frequency for
the TA, mode also arises from these other symmetry
components and is small.

D. P-phase Ni„Ti, „alloys
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FIG. 6. The calculated positions of the phonon anomaly,
Q;„, along the [110]direction as the function of the number of
valence electrons. (The 0 corresponds to P-phase Nio, OTio, o.)

of interest, we can easily evaluate the generalized suscep-
tibility y(q) and follow the peak position as a function of
the electron count.

The generalized susceptibility y(q) is defined as

fkp fk+qv

kp~ k+ qv kp
(4)

which differs from the formula of D2(q) only by the mul-
tiplication of the e-ph coupling matrix elements. If we
take all the e-ph coupling matrix elements to be constant,
then the formula of D2(q) reduces to the formula of y(q).
By shifting the Fermi energy and using the same band
structure, the peak in y(q) has been calculated, and is
given in Fig. 6 as a function of the total- number of
valence electrons. It can be seen that a small shift of Fer-
mi energy can have a dramatic effect on the position of
the phonon anomaly. A downward shift of Fermi energy
by 0.006 Ry (about —0.35 electrons/cell), and the
peak position of y(q) is moved from about
Qo =(0.63,0.63,0)vr/a to Qo = (0.58, 0.58, 0)m. /a.

For p-phase Ni„Ti, „,alloys, where x is close 0.5, the
rigid-band model may be a reasonable description for
some of the properties of the system. We can then use
the same electronic band structure for all the p-phase
Ni„Ti, „alloys, but the Fermi energies will be different
for different concentrations according to the total num-
ber of valence electrons. Since the position of the phonon
anomaly and the strength of the e-ph coupling are sensi-
tive to the Fermi energy, a slight shift of the Fermi ener-
gy results in a noticeable change in the position of the
phonon anomaly. It can also affect the transition temper-
ature at which the phonon becomes soft, as in the case of
p-phase Ni, A1, „alloys. By using the rigid-band model,
the position of the phonon anomaly of p-phase Ni Ti,
alloys has been examined. With a vr/20a mesh, it is
difticult to follow theoretically subtle changes in the
phonon-dispersion curves; however, if the e-ph matrix
elements are reasonably constant over the k-space region

IV. CONCLUSION

From our study, it is found that an accurate calcula-
tion of e-ph interaction can explain the behavior of the
phonon anomaly in P-phase NiTi alloys. The soft pho-
non around Qo=( —', , —', ,0)m/a, which results in the
premartensitic phase transition in p-phase NiTi, can be
understood by the coupling of the phonons to the nested
electronic states on the Fermi surface. The nesting plus
strong e-ph interactions are the source of the phonon
anomaly and the soft phonon. The coupling to the nested
Fermi surface is quite sensitive to the temperature be-
cause thermal disorder and/or changes in the Fermi dis-
tribution reduce the effectiveness of the nesting at high
temperature. The temperature dependence of the phonon
anomaly can be explained as a smearing effect of the Fer-
mi surface in the region of nesting.
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