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Vacancy-formation energies at the (111) surface and in bulk Al, Cu, Ag, and Rh
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The vacancies at the Al, Cu, Ag, and Rh (111) surface are investigated using total-energy and
charge-density calculations. For comparison, results of the bulk vacancies are presented as well. In
both cases the (v3 x ~3)R30' surface unit cell is used. The calculations apply density-functional
theory together with the local-density approximation and the O,b initio full-potential linear-mufBn-
tin-orbital method. The results compare well with known experimental data. In addition, the results
are discussed in terms of a tight-binding model in the second moment approximation. It is found
that among those metals which are studied here, Al has exceptionally small values for the vacancy-
formation energies in the bulk and at the surface. This is related to the formation of a sp bonding
component in the Al bonds on the (111) surface for the case of a periodic vacancy structure with a
(V 3 x v 3)R30' surface unit cell.

I. INTRODUCTION

The adsorption of alkali-metal atoms on metallic
surfaces is interesting, partly because of its strong
adsorption-induced electric fields, which imply a tech-
nological importance for efficient electrodes (low work
function) and for heterogeneous catalysis. Furthermore,
alkali metals are prototype systems to study the basic
mechanisms of chemisorption 4 because of their simple
electronic structure. Until recently, it was generally as-
sumed that alkali-metal adatoms on a close-packed metal
surface will occupy a high-coordination site on an oth-
erwise almost perfect substrate. This view has been re-
cently challenged by experimental and theoretical results.
More specifically, it was found that for Na adsorbed on
the Al(111) surface the configuration with the lowest en-
ergy is that of Na replacing an Al surface atom. s 7 The
same was shown to hold for K.Y This process can be
thought to occur in the following sequence: (1) forma-
tion of a surface Frenkel pair (i.e. , a surface vacancy and
a substrate adatom), (2) diffusion of the adatom to a
kink site at the surface, and (3) adsorption of the Na
atom in the vacancy. The sum of the energies of the first
two processes gives the formation energy of a surface va-
cancy, EP'.7 The surface vacancy-formation energy is
endothermal (i.e. , Epe ) 0), while the third step is an
exothermal reaction (i.e. , Es ( 0). The condition for
the realization of the substitutional adsorption is that
AE = Es —E"g™iis negative and lower than EP'. —
Here with E"&' ' we denote the energy gained by the
adsorption of a Na atom at the perfect surface. From the
above, we see that the energy to form surface vacancies
is crucial for this process to occur or not.

The substitutional adsorption of Na or K on Al(ill) is
observed for the (v 3 x ~3)R30' surface unit cell. s s This

unit cell contains one alkali metal and two Al surface
atoms. The surface layer can be thought of as a two-
dimensional array of vacancies with a (~3 x ~3)R30'
surface unit cell occupied by Na or K atoms. The-
oretical investigations have shown that the main rea-
son for this substitutional adsorption is the unusually
low energy required to create surface vacancies with the
(~3 x v 3)R30' structure on Al(ill). 7 With the aim
to find other systems which show similar behavior we
study the energy needed to create this particular surface-
vacancy structure at the (111) surface of difFerent met-
als, and try to understand if and how this energy re-
lates to the properties of the material. Such a goal can
be accomplished by ab initio total-energy calculations
based on the local-density approximation (LDA).s ii As
is well known, such techniques give reliable results for
the ground-state geometry of a wide variety of systems,
including surfaces (see, for example, Refs. 12—15).

We choose the fcc metals Al, Cu, Ag, and Rh and con-
sider the (111)surface, because there already exist results
for the alkali-metal adsorption as well as for the vacancy
structure on Al(ill). s Besides Al(ill) we study tran-
sition metals from the same row of the Periodic Table
with filled and partially filled d bands (Rh and Ag), and
noble metals from difFerent rows (Cu and Ag). In Sec. II
we present the theory and the details of the calculations,
and in Sec. III the results and the discussion. Section IV
is devoted to conclusions.

II. THEORY AND METHOD

In our surface calculations the surface is modeled by
a periodically repeated slab. i is The electronic states
and the total energy are calculated using the density-
functional theory in the local-density approximation
(DFT-LDA), s ii where the resulting Kohn-Sham equa-
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tion is solved using the full-potential linear-muffin-tin-
orbital (FP-LMTO) method. is'i" No relativistic correc-
tions were included. The details of how the FP-I MTO
method can be used to perform surface calculations are
described in Ref. 14.

The lattice constants, obtained from bulk calculations
with 499 k points in the irreducible part of the Brillouin
zone, are 7.48, 6.71, 7.74, and 7.19 bohr for Al, Cu, Ag,
and Rh, respectively. Later on, in Sec. III, it will be
necessary to know the cohesive energy relative to the non-
spin-polarized atom (E',oh) Th. e calculated values for
the fcc structure are 4.09, 4.47, 3.37, and 7.99 eV/atom
for Al, Cu, Ag, and Rh, respectively.

The surface calculations are performed using a slab
consisting of seven (ill) layers separated by vacuum
equivalent to five such layers. The surface unit cell is
that of a (~3 x ~3)R30' structure. We use a truncated-
bulk geometry with the above-noted lattice constants.
Therefore, surface relaxations are neglected. We expect
that they may change our results by ( 0.1 eV. An evenly
distributed set of k points is used with seven k points in
the irreducible part of the surface Brillouin zone. For a
better numerical stability, each sampled energy is broad-
ened with a Gaussian having ~ = 0.3 eV. For the surface
vacancy we remove one surface atom per surface unit cell.
The nearest vacancy distance is the distance of the third-
nearest neighbors in the bulk metal. The total number
of atoms contained in the supercell is 21 and 19 for the
perfect slab and for the vacancy system, respectively.

In the present study we want to calculate both the sur-
face and the bulk vacancy applying essentially the same
numerical approximations, as, for example, k summa-
tions, energy broadening, and basis functions. As a con-
sequence the energy difFerences between results for the
surface and the bulk vacancies should be particularly ac-
curate. Therefore, the bulk-vacancy calculations are per-
formed for a (~3 x ~3)R30' vacancy arrangement at the
central layer of the slab.

Ab initio calculations provide results which can be re-
lated to several physical properties, but they also give
results which can be used to test and to determine the
parameters of simple empirical models. Such models

can describe the physics of complicated systems in a
more economical and intuitive way, albeit with less accu-
racy and sometimes even with unreliable results. One of
the many models, which have been used to describe the
metallic bonding, is the tight-binding model in the sec-
ond moment approximation. ' In this model the cor-
rect total energy of the interacting many-atom system is

approximated by the energy per atom as a function of its
local coordination number C,

E(C) = Ep —A~C+ BC

Besides a constant, there is an attractive term, which

goes as the square root of C and a (typically weak) re-

pulsive term proportional to C. In principle, the coefB-
cients A and B depend, for example, on the interatomic
distances, number of electrons, and the local symmetry.
Equation (1) is also the essential ingredient of many sim-

plified theories such as the efFective-medium theory and
the embedded-atom method. is The quality of Eq. (1) has
been recently studied by performing calculations for sev-

eral real and hypothetical arrangements of metal atoms,
with the same interatomic distance. The coefficients A,
B, and Eo have been determined from least-squares fits
of the ab initio total energies. ' It was shown that the
surface energies for (ill), (100), and (110) surfaces for
all 4d elements are more or less well predicted by this
model. From these results one may expect that the for-

mation energies of bulk and surface vacancies are also
described by the model. We will see that this is not al-

ways true.

III. RESULTS AND DISCUSSION

A. Surface properties

For the perfect surface and a 1 x 1 unit cell, the surface
energy is given by the relation) E,(~b = 2E,„,g+ mEb„~g.
Here, E,~ b is the total energy of the slab per unit cell,
Eb„~p is the energy per atom in an infinite crystal, E,„,p
is the surface energy, and m is the number of atoms in
the slab unit cell. The work function is the minimum en-

TABLE I. Surface energy (cr) and work function (4) for the fcc(ill) surface.

o (J/m )

C (eV)

Present work
LMTO-ASA calculation
Experimental results
Experimental results'

Present work
LMTO-AS A calculation
Experimental results'
Experimental results "

Al

0.83
1.27
1.17
1.16

4.17
4.54
4.24
4.30

CU

1.94
1.96
2.02
1.83

5.10
5.30
4.94
4 9'

1.21
1.12
1.54
1.25

4.67
5.91
4.98

2.54
2.78

2.70

5.44
5.01
4.74

Reference 20.
Reference 21.
Reference 22.
Reference 23.
Reference 24.
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FIG. 1. Valence-electron charge density
of Al (a) for a perfect surface, (h) a sur-
face with vacancies, and (c) their difference.
The vacancies have the (~3 x v 3)R30' struc-
ture. The plane of the contour plots is normal
to the surface and parallel to the [121] axis.
Units are in 10 bohr

a)
26 2 40

b)

26 40 38
c)

FIG. 2. Same as Fig. 1 but for Cu.

26 2 48

b)

2 28 46
46

c)

FIG. 3. Same as Fig. 1 but for Rh.
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TABLE II. Vacancy-formation energies at the (ill) surface (Ef" ') and in the hulg (E"a' ~)

A (V 3 x ~3)R30' structure of vacancies is used. The calculation of Ref. 25 deals with a 27-atom
bulk unit cell, and the experimental results refer to the limit of an isolated vacancy.

Ef ' (eV)

Evac —b
( V)

Present results
Pseudopotential calculation

Present results
Experimental results
Experimental results'
Pseudopotential calculation

Al

0.36
0.49

0.57
0.65
0.66
0.56

0.92

1.29
1.04
1.28

Ag

0.67

1.06
0.93
1.11

1.32

2.26
1.71

Reference 7.
Reference 22.

'Reference 26.
Reference 25.
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FIG. 4. Valence-electron charge density
of Al (a) for a perfect slab, (b) a slab with
vacancies in the central layer, and (c) their
difFerence. The vacancies have the (~3 x
v 3)R30' structure. The plane of the contour
plots is normal to the surface and parallel to
the [121] axis. Units are in 10 bohr

ergy to remove one electron from the slab. It is obtained
by the difference of the potential in the vacuum and
the Fermi energy. In Table I we present the calculated
properties, results of other calculations and experimental
data. The most recent complete theoretical calculations
have been performed using the FP-LMTO (Ref. 14) and
the Green-function LMTO method in the atomic-sphere
approximation (ASA).2o We do not present values from
the former because they are identical with the present
results. It is to be noted that the experimental data for
the (111) surface energy are not known, and that these
data in Table I refer to some (unclear) average of sev-
eral low index planes of the crystal surfaces or to liquid
metals. Therefore the experimental data for the surface
energy should have, in general, higher values than the
calculated ones. The comparison shows that the agree-
ment between the different theoretical results and the
experimental data is good.

the perfect surface, the surface with vacancies and their
difference for Al, Cu, and Rh. We observe that indeed
the charge-density perturbation induced by the surface
vacancies is rather localized reaching only slightly farther
than the nearest-neighbor atoms. The charge density in
the core region is high because we use the true wave func-
tion, i.e. , no pseudopotential approach as in Ref. 7. As a
consequence, the perturbation of the charge density close
to the nuclei is only a tiny fraction of the unperturbed
density, although it looks quite sizable. Furthermore,
it can be seen that the strength of the perturbation in-
creases in the sequence Al, Cu, and Rh.

The calculated values for the surface-vacancy-
formation energies are given in Table II along with the
result for Al, obtained using the ab initio pseudopotential
method and the same vacancy structure. 7 The agreement
between the present FP-LMTO calculation and the pre-
vious pseudopotential calculation is satisfactory.

B. Surface-vacancy calculation

In view of recent theoretical and experimental findings
about the alkali-metal adsorption on Al(111) we studied
a (v 3 x v 3)R30' structure of surface vacancies. As men-
tioned before, this structure was found to actuate the ad-
sorption and island formation of Na and K on Al(ill). 7

In the following we will analyze the properties of this va-
cancy structure for Al, Cu, Ag, and Rh. The distance
between nearest vacancies equals the distance between
an atom and its third-nearest neighbors in the bulk. Be-
cause screening in metals is very effective one may expect
that the different vacancies are coupled only weakly. In
Figs. 1, 2, and 3 we show the calculated charge density of

C. Bulk-vacancy calculation

We use the same supercell as in Sec. II B, but now we
remove one atom per (v 3 x v 3)R30' unit cell from the
central layer of the slab. In Figs. 4—6 we show the charge
density of the perfect slab, the slab with the vacancies,
and the difference between the two for Al, Cu, and Rh.
Similar as for the surface vacancies, the perturbation in
the charge density is very localized. In Table II we in-
clude the values for the bulk-vacancy-formation energy
(E" '

) along with known experimental data. Also we
include the previous theoretical result for Al obtained by
the pseudopotential method. The agreement with ex-
perimental results is quite good and in some cases excel-
lent. Furthermore, the agreement between the previous

a)

40

b)

40

c)

2
I

2
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Q.i ~T~c
)) 'Qo

FIG. 5. Same as Fig. 4 but for Cu.
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+0 —i Ogo FIG. 6. Same as Fig. 4 but for Rh.
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FIG. 7. Valence-electron charge density
of Al (a) for a perfect surface, (b) a surface
with vacancies, and (c) their difference. The
vacancies have the (~3 x ~3)R30' structure.
The plane of the contour plots is the surface
atomic plane, i.e. , a [111]plane. Units are in
10 bohr

FIG. 8. Valence-electron charge density
of Al (a) for a perfect slab, (b) a slab with
a vacancy in the central layer, and (c) their
difFerence. The vacancies have the (~3 x
~3)R30' structure. The plane of the con-
tour plots is the central atomic plane, i.e. , a
[ill] plane. Units are in 10 bohr

FIG. 9. Same as Fig. 7 but for Rh.

FIG. 10. Same as Fig. 8 but for Rh.
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TABLE III. Surface energies (o) and formation energies
for a (V3 x ~3)R30' arrangement of bulk vacancies Ef '
and of surface vacancies Ef '. The ab initio results are from
the present calculation and the simple model ones are ob-
tained using Eq. (1) and the parameters given in Eq. (2).

Al Cu Ag Rh

a. (J/m )

QvBlc —b
( V)

ab initio
Simple model

ab initio
Simple model

0.83
0.90

0.57
1.37

1.94
1.19

1.29
1.50

1.21
0.65

1.06
1.13

2.54
1.94

2.26
2.61

@vac (e~) ab initio
Simple model

0.36 0.92
0.88 0.97

0.67
0.73

1.32
1.75

pseudopotential calculation and the present FP-LMTO
calculation is very good.

D. Discussion

It is always desirable to find a simple way to account
for the energies and the trends in the results of a full-scale
microscopic, quantum-mechanical calculation. The aim
of the present section is to compare results of the simple
bond-strength —coordication-number model [see Eq. (1)j
to the full ab initio calculations. The parameters of the
tight-binding model are determined as follows:

density change is similar, but quantitatively the accumu-
lation is less pronounced. It is interesting to note that
the (~3 x ~3)R30' vacancy structure implies a graphitic
stucture of the remaining atoms in the layer. In fact, the
above results can be thought of as the realization of an
sp2 type of bonding which is favored by the considered
geometry. Obviously, the comparison with graphite has
some limitations, because here we consider only a single
layer of "graphitic aluminum" on (or in) an otherwise fcc
Al crystal.

It is interesting to see whether similar effects occur
for metals whose bonding is partly due to d electrons.
In particular, we study the case of Rh. The results are
given in Figs. 9 and 10. It can be noticed that due to
the vacancies a small amount of charge flows away from
the Rh bonds. Compared to Al the effect is in the op-
posite direction and much smaller in view of the large
difference in the number of valence electrons. Therefore,
the exceptional behavior of Al can be ascribed to the ge-
ometry of the atoms at the (~3 x ~3)R30' surface in
the presence of vacancies and to the sp bonding charac-
ter of Al. Aluminum is typically called a "jelliumlike"
system. However, the results show that it is very close to
a covalent one. If it is placed in a different local environ-
ment, clearly localized, directional bonds are formed. Of
course, this is known about molecules as well as about
III-V semiconductors. For the pure aluminum system the
strength of the effect is somehow surprising.

Ep ——0,

E(12) = —E'„h)
B = 0.03E'«h

where, as mentioned before, E', h is the calculated cohe-
sive energy relative to the non-spin-polarized atom. The
constant Eo is set to zero because it does not play any
role, as we are only interested in energy differences. This
choice of parameters has been previously used for the
surface energy of the 4d transition metals, ~5 where it was
shown to give similar results for the surface energies as
the full ab initio calculations.

In Table III we present results for the surface energy,
bulk, and surface-vacancy-formation energies. Compar-
ison of the simple model with the full-scale calculations
shows that there is a fair agreement for the surface ener-
gies, but particularly large discrepancies occur for Ef '
of Rh and Ag, and even larger for the E ~' and Ef '
of Al. This means that for those cases where the devia-
tions are large there are effects, like charge redistribution,
which cannot be accounted for by the simple model.

In Fig. 7 the charge density of Al along the surface
atomic plane is depicted for the cases of the perfect sur-
face, the surface with vacancies, and the difference of the
two. It can be seen that the vacancies induce an accu-
mulation of charge in the nearest-neighbor bonds. The
corresponding results for the bulk vacancy are shown in
Fig. 8. For this case the qualitative electron charge-

IV. CONCLUSIONS

The vacancies in the bulk and at the (111) surface of
Al, Cu, Ag, and Rh have been studied, using a repeated
slab with the (~3 x ~3)R30' surface unit cell. The bulk-
vacancy-formation energies are in good agreement with
known experimental data. Comparison of the estimates
of a simple tight-binding second moment model shows
large deviations for the bulk-vacancy-formation energy
of Al and for the surface-vacancy-formation energy of all
the studied metals. The largest deviation is for the case of
Al. It is found that the geometry of the (~3 x v 3)R30'
surface unit cell and the occupied s and p bonding or-
bitals make it possible for the in-plane Al bonds to ac-
quire an sp bonding component. The other metals do
not show such an effect. However, the present results
seem to indicate that for the considered structure there
exists appreciable interaction between the surface vacan-
cies. It seems that silver is a good choice for studying in
detail such an interaction.
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