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Lattice scattering of a two-dimensional electron gas at low temperatures

S. S. Paul
Department ofPhysics, Tarakeswarildahavidyalaya, Tarakestuar, Hooghly 712410, West Bengal, India

A. K. Ghorai and D. P. Bhattacharya
Department ofPhysics, Jadavpur University, Calcutta 700032, India

(Received 27 May 1993)

The acoustic scattering rate of the carriers in a two-dimensional electron gas is calculated here under
the condition of low temperature when the approximations of the well-known traditional theory are not
valid. The results of numerical calculations are presented for GaAs and Si. The results are interesting in
that they are significantly different from those that follow from the traditional theory.

The advent of the metal-oxide-semiconductor field-
effect transistor with easily controllable surface charac-
teristics has made it important to study, from the solid-
state device point of view, the electrical transport in the
two-dimensional electron gas (2DEG) formed in the in-
version and accumulation layers. ' ' Because of ad-
vanced Si technology most of the studies made so far on
the 2DEG are devoted to the Si-SiQ2 system. %'ork on

compound semiconductor systems has also been under-
taken in recent years. '

The electrical transport is determined by the dominant
interactions which the carriers have with various static
and dynamic lattice defects in the layer. It is now well
known that under the prevailing circumstances with
respect to lattice temperature, sample material, amount
of impurity content, etc., the electrical transport charac-
teristics of the 2DEG's are determined by one or more
such mechanisms such as the electron-lattice scattering,
the scattering due to surface roughness, and by the
charged impurities near the oxide-semiconductor inter-
face. ' Of all these, the acoustic phonon scattering is
know to be the most important mechanism in interpret-
ing the available results of experiments on the transport
characteristics at high lattice temperatures. ' Useful re-
sults on the study of the transport at low lattice tempera-
tures have also been reported. The 2DEG in GaAs has
been realized by Storrner et a/. who employed a GaAs-
Ga Al& As heterostructure and observed Shubnikov-
de Haas oscillations around 4.2 K and reported the mo-
bility values at the same temperatures. At such low tem-
peratures though the impurity scattering is usually dom-
inant if the impurity content is sufficiently large; the
acoustic scattering also makes significant contribution in
the transport process. This apart, since a range of lattice
temperatures exist where the carriers in high-purity ma-
terials may interact dominantly with intravalley acoustic
phonons, and the possibility of obtaining such materials
of higher and higher purity being not beyond the scope of
the advanced semiconductor technology, the study of the
problem of electrical transport at low lattice tempera-
tures has become interesting.

The traditional theory of intravalley acoustic phonon
scattering in the 2DEG is already developed and expres-
sions for the corresponding relaxation times have been

obtained under the condition of high lattice tempera-
tures. ' In the traditional theory the acoustic scattering
is assumed to be elastic and the phonon energy is neglect-
ed in comparison to the carrier energy. As a conse-
quence, the energy distribution of the phonons is assumed
to be given by the equipartition law. These simplified as-
sumptions indeed hold for relatively higher lattice tem-
peratures of a few tens of degrees Kelvin or more.
However, at lower temperatures, the phonon energy be-
comes comparable to the carrier energy and hence can
neither be neglected nor can the phonon distribution be
approximated by the equipartition law. Under this con-
dition the acoustic scattering becomes inelastic and a re-
laxation time can hardly be defined. As such, a wrong
balance of electron energy may result if either the true
phonon population or the finite phonon energy are not
taken into account with sufhcient precision. Actually,
the small amount of energy exchanged in the collision be-
tween the carrier and the phonons now becomes impor-
tant in ensuring the stationarity of the carrier-phonon
system in the presence of any electric field. ' ' A
proper theory of the acoustic scattering in the 2DEG at
low lattice temperatures is not yet available in the litera-
ture. Hence, it would be interesting not only from a
purely theoretical point of view to develop the same
without making the approximations of the traditional
theory. The purpose of this paper is to develop the
theory of the inelastic acoustic scattering in a 2DEG at
low lattice temperatures giving due regard to the energy
carried by an acoustic phonon and also to their true ener-
gy distribution. The result is then used to obtain the
scattering rate and its dependence upon carrier energy,
lattice temperature, impurity concentration, etc. , in a
2DEG in GaAs and Si.

The conduction electrons in a 2DEG have classical
free-electron motion in the x-y plane parallel to the
oxide-semiconductor interface, and the motion in the z
direction, perpendicular to the interface, is quantized.
Even though the lattice wave is a three-dimensional
wave, the scattering of the electrons will be confined to
two dimensions. Considering a nondegenerate 2DEG,
the intravalley acoustic scattering rate P„(ek) for an elec-
tron with an energy ck may be obtained from the pertur-
bation theory in a similar way to the three-dimensional
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case ' as
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where the matrix element is given by
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Here k and q are, respectively, the components of the
electron and phonon wave vectors parallel to the surface.
c& is the effective deformation-potential constant which
may assume a value larger than that for the bulk material
for higher-order subbands. In the above equation
A'=h /2m. , h being Planck's constant, s is the surface area
of the layer, d is the width of the layer of lattice atoms
with which the electrons can interact, p, is the mass den-
sity, co =uiq, uI being the acoustic velocity, and n is the
phonon population. The upper or lower sign (and n or
n + 1) must be taken, respectively, for the process of ab-
sorption and emission of phonons. q& and q2 are, respec-
tively, the lower and upper limits of q.

For spherical constant energy surfaces, the energy lev-
els for electrons in a surface channel represented by a tri-
angular potential well, can be expressed as '

g2k2 g2k2 ~2k2 (eg~ )2/3

(2)
2m& 2m2

"
2mII (2m3 )'

where mll =(m fmz )' is the effective mass of the elec-
tron parallel to the surface; c,„ is the energy of the nth
subband; E, is the surface electric field related to the
inversion-layer concentration X, by E, =eX, /e„, e being
the electronic charge and e„ the permittivity of the
semiconductor; m3 is the effective mass perpendicular
to the surface and y„are the roots of the equation
Ai( —y„)=0; Ai( —z) being the Airy function.

When the lattice temperature T is low and the phonon
energy cannot be neglected in comparison to the carrier
energy, one can perform the integration over 8 in Eq. (1)
to yield

C)m
II

q2 nq
~.,(~g) =

2m'dp, u, k 4, (n, +1)

Xq dq/[1 (q/2k)'(1 —2~—
II

ui/~q) ~
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Now in order to carry out the integration over q, expres-
I

I

sions for n and the limits q& and q2 must be ascertained
under the condition of low temperature of interest here.
When the lattice temperature is higher than a few tens of
degrees K, the energy distribution of the phonons is as-
sumed in the traditional theory to be given by the
equipartition approximation of the Bose-Einstein distri-
bution function. But at lower lattice temperatures the
equipartition approximation for the phonon distribution
is hardly valid. A good approximation of the true n un-
der this condition is given by the truncated Laurent ex-
pansion of the form

1/x ——'+x/12 —x'/720 for x (x
2 (4)n (x)=

(Sa)

exp( —x) for x )X,
where x =A'qui/k&T, kz being the Boltzmann constant
and x =3.5. The upper and lower limits of q can be ob-
tained from the energy-balance condition for any transi-
tion as a result of inelastic collision accompanied by ei-
ther absorption or emission of a phonon. At low lattice
temperatures the probability of multiphonon scattering
process is rather small. Since the phonon energy can-
not be neglected in the present analysis, the range of the
phonon wave vector involved in the absorption process
comes out to be larger than the corresponding range for
the emission process; whereas the traditional theory with
elastic approximations assigns the same range 0—2k for
both the processes.

At low temperature there would be a good number of
electrons in the energy range c. c, where c, =mII ui /2
and these electrons can only absorb phonons while
suffering collisions. Thus for c ~ c,, the integration lim-
ts are q&=2mll ul/A 2k and q2=2mll ui/A'+2k when

there would be only absorption. For c)c„q&=0 and
q2=2K+2m

II
u, /A' in the case of ~bso~ptio~, and q, =0

and q2 =2k —2m
II

uI /A' in the case of emission of a pho-
non. Now carrying out the integration one can obtain
the scattering rate for an electron in a nondegenerate
2DEG for relatively high surface fields and low-lattice
temperature in the range ~A N;/m

II
n, k~ )T ) SE, /

xk~, n, being the number of equivalent valleys at the sur-
face as

(A, /QE„) a4(0, —~/2 —2 0) +(b 2/vc' —c )(0,—0, )+ ga;xz'QR(x2)
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where
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At high temperature, when the acoustic scattering may
be considered elastic, one can neglect the phonon energy
and assume the equipartition approximation for the pho-
non population to be valid. Carrying out the integration
in Eq. (1), one now obtains a simple expression for the
combined processes of emission and absorption probabili-
ty:

P„(El, ) =4~ A, 1/e, /kz T .

It is seen that under this condition the scattering proba-
bility is independent of the carrier energy but increases
linearly with the lattice temperature.

For an application of the above formulation, samples
of GaAs and Si are considered with the parameter values
given in Table I. It is assumed that the electrons occupy
only the lowest subband when the layer thickness d is
given by [A e„/2m 3e N; ]' yo. It is to be kept in mind
that for GaAs, m~~ =m3 =m'. In case of Si however,
the six valleys are not always equivalent. If one considers
(100) surface, m

II
=m," and m 3

=mt* in the two
equivalent valleys and for the other four valleys
m' =(m*ml*)'/ and m* =m*.

l 3

The dependence of the scattering rate on the carrier
energy as obtained for different lattice temperatures is
shown in Figs. 1—3 using a logarithmic scale. Consider-
ing the (100) surface in Si one can see that for the four
equivalent valleys the range of applicability of the above

10

12
10 — 3OO K

GaAs
12 -2

N; =1.0x10 cm

theory is rather limited and since 8c., /xA:~=2. 6, the
characteristics could not be obtained for T=1 K. It is
seen from the figures that the scattering probability now
indeed depends upon the carrier energy in a rather com-
plex manner except for very low values of the energy
Ek ~ E, and there have been significant changes in both
the qualitative and quantitative aspects of such depen-
dence at low lattice temperatures in comparison to what
follows from the traditional theory. Moreover, as expect-
ed the above effect is more significant the lower the lattice
temperature. The discrepency of our results from those
of the traditional theory arises because of the finite ener-
gy of the acoustic phonons. The scattering rate is now
below the traditional result in an important range of en-
ergy. At lower temperatures a rather Hat plateau in the
energy dependence of the scattering rates is obtained
around an energy equal to the average thermal energy of
the carriers. At higher energies the scattering rate, like
the three-dimensional case, assumes a simple dependence
of the form P„(E&)-Qez. Such a dependence occurs at
higher and higher energies the higher the lattice tempera-
ture. It may be further noted that in comparison to the

TABLE I. Material parameters of GaAs and Si.

Physical constant CxaAs Si
11

10
20K

Deformation
potential c& (eV)

Acoustic velocity,

ul (10 ms
Density,

p, (10 kgrn )

Static dielectric
constant, e„

12.0

5.66

13.1

9.037

2.329

11.9
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Effective-mass ratio

m X

mp
=0.072

mp

mp

—longitudinal =0.96

—transverse =0.19

FIG. 1. Dependence of the acoustic scattering rate upon the
carrier energy at difFerent lattice temperatures for a 2DECi in
GaAs. The solid curves are the results obtained from the
present theory and the dashed ones are predicted from the tradi-
tional theory.
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FIG. 2. Dependence of the acoustic scattering rate upon the
carrier energy at different lattice temperatures for a 2DEG in Si.
The solid curves are the results obtained from the present
theory and the dashed one are predicted from the traditional
theory.
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FIG. 3. Dependence of the acoustic scattering rate upon the
carrier energy at different lattice temperatures for a 2DEG in Si.
The solid curves are the results obtained from the present
theory and the dashed one are predicted from the traditional
theory.

results of the traditional theory, the dependence of the
scattering probability on the concentration now remains
unchanged, increasing slowly with the latter as
P„(c,,„)-N, '~ .
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