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When an external force acts on an adsorbate structure, the structure may slide or Row relative to the
substrate. The mechanism behind this sliding motion is of fundamental importance for the understand-
ing of friction and lubrication between two Aat macroscopic surfaces, and is also related to the question
of what boundary condition should be used for the velocity field at a solid-liquid interface when solving
the Navier-Stokes equations of Auid dynamics. Here I study the friction which occurs when adsorbate
structures slide on surfaces. I present results of simulations based on Langevin or Brownian-motion dy-

namics, where the dependence of the linear sliding friction on the temperature and on the coverage is
studied. I also present results for the nonlinear {in the external driving force) sliding friction, which is
found to exhibit hysteresis giving rise to the well-known phenomenon of "stick-and-slip" motion. The
theory predicts that for a class of sliding systems the ratio fk If, between the kinetic and the static fric-
tion coe%cient should equal —,', in good agreement with experimental data.

I. INTRODUCTION

Tribology, the study of surfaces in moving contact, is a
very important field technologically. But in spite of its
technological importance, practically no understanding
of friction from an atomistic level exists. Some funda-
mental questions are the following.

(l) What is the geometrical and electronic structure of
the sliding interface?

(2) Where does the sliding occur?
(3) What is the origin of the sliding force'?
Some more specific questions are the following.
(4) Why is usually the friction force E proportional to

the load 1P.'

(5) Why in boundary lubrication (defined below) is the
friction force I roughly independent of the sliding veloci-
ty U?

(6) Why is the ratio fk If, between the kinetic and the
static friction coefficient close to —,

' for a large class of lu-

bricated surfaces'?
(7) What is the microscopic origin of "stick-and-slip"

motion?
It is convenient to distinguish between hydrodynamic

lubrication and boundary lubrication. ' Hydrodynamic
lubrication is used most frequently in bearings. The gen-
eral idea is that if the lubricant is dragged through a con-
vergent gap between the surfaces it will, on account of its
finite viscosity, develop a pressure which may be high
enough to keep the surfaces apart. The friction force can
be calculated using the Navier-Stokes equations of hydro-
dynamics, and increases monotonically with increasing
sliding velocity U.

If the velocity U becomes small enough the pressure
generated in the lubricant is not high enough to support
the journal and the two sliding surfaces may come in
solid contact. In this case, in the contact region, the sur-
faces are separated by at most a few layers of lubrication
molecules. This is the regime of boundary lubrication,

where the frictional forces usually are much higher (typi-
cally by a factor of 100) than in the hydrodynamic re-
gime, and roughly independent of the sliding velocity U.

In fact, if the load on the bearing is high enough the lu-
bricant molecules may be completely removed from the
contact area leading to a very high sliding friction and to
wear. In order to avoid this, one usually gives some "ad-
ditives" to the lubrication oil, e.g. , fatty acids, which are
long-chain hydrocarbons with a polar end group. These
molecules will react with the solid surfaces and form a
tightly held monolayer which is not removed even if the
load on the bearing is very high. It is this monolayer
which provides the main protection (reduced wear) and
lubrication of the sliding surfaces. Note that the lubrica-
tion oil used in the hydrodynamic regime usually consist
of hydrocarbons which do not interact as strongly with
the solid surfaces as fatty acids.

In sliding friction measurements involving macroscop-
ic bodies it is usually found that the friction force I' is
proportional to the normal load X, i.e.,

where f is the friction coefficient. There has been much
speculations in the literature about the origin of this
"law. " One idea is based on the fact that most macro-
scopic bodies have a rough surface and that because of
elastic and plastic deformations the actual contact area
6A between the two bodies is proportional to the external
load. Hence one can speak about a frictional stress (fric-
tion force per unit area) cr =FI6A, and if 6A -1V the
friction law above follows immediately. Hence, a. rather
than f is the fundamental quantity which has to be un-
derstood theoretically. In the measurements by Gee,
McGuiggan, and Israelachvili for "simple" 1ubricants
between smooth mica surfaces, it has been proved that a
is independent of the external load, i.e., elastic deforma-
tion is the origin of the dependence of the friction force I'
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on the 1oad X. On the other hand, for metals, plastic de-
formation is the main reason why F-X (Ref. 4).

During sliding of clean (unlubricated) metal surfaces,
the oxide film may be locally worn away and direct
metal-to-metal contact can occur. The surface asperities
weld together momentarily and are broken apart again to
produce wear debris largely composed of metallic parti-
cles. This is called adhesive wear and is probably the
main source of the friction force necessary to slide clean
metal surfaces. It is obvious that this process gives a
roughly velocity-independent sliding force since it de-
pends only on the number of "collisions" between asperi-
ties occurring during sliding. However, in boundary lu-
brication the friction force is usually not determined by
this mechanism since it is known experimentally from ra-
dioactive tracer experiments that while a boundary lu-

bricant may reduce the sliding friction by a factor of
—10, it may reduce the metallic transfer by a factor of
10 or more. Under these conditions the metallic junc-
tions contribute very little to the friction force; the fric-
tion is due almost entirely to the force required to shear
the lubricant film itself.

The study of the friction on an atomistic level has only
very recently been started by solid-state physicists and
chemists. New experimental techniques, such as the
atomic force microscope or the quartz-crystal microba1-
ance (QCM) studies of Krim et al. , and theoretical at-
tempts to understand these results on an atomistic level

by, e.g. , molecular-dynamic simulations, has lead to a
new research field called "atomic-scale friction" or
"nanotribology. " These and other studies have shown
that friction can depend dramatically on the chemical
and atomic nature of surfaces and can be extremely sensi-
tive even to submonolayers of adsorbed atoms or mole-
cule s.

In this paper I consider some simple sliding systems
where, I believe, some of the questions raised above can
be answered. In Sec. II, I define the model and present
the basic equations from which the sliding friction q can
be deduced. In Sec. III, I present a general discussion
about the coverage and temperature dependence of the
friction g which enters as an input parameter in the
theory. In Sec. IV, I discuss the temperature and cover-
age dependence of the linear sliding friction. Section V
presents a detailed study of the nonlinear (in the external
driving force) sliding friction and in light of the theoreti-
cal results I discuss the friction measurements of Gee,
McGuiggan, and Israelachvili. Section VI presents a
summary.

II. LANGEVIN OR BROWNIAN-MOTION
DYNAMIC SIMULATIONS OF SLIDING

OF ADSORBATE STRUCTURES

Consider now an adsorbate system and assume that in
addition to the periodically corrugated adsorbate-
substrate potential U =g, u (r; ) and the adsorbate-
adsorbate interaction potential V=

—,
' g,'~ v ( r, —ri ), an

external force F acts on each of the adsorbates. This will
lead to a drift motion so that mi)(r) =F where ( )
stands for thermal average and where r denotes the coor-

BU
mr +myr- =—

i l
+ f.+F

BI

where F is the external force introduced above and f; a
stochastically Auctuating force which describes the
inhuence on particle i from the irregular thermal motion
of the substrate. The components f, of f, are related to
the friction g via the fl.uctuation-dissipation theorem

For simplicity, I take

u (r) = Uo[2 —cos(kx )
—cos(ky )]

so that 2UO is the activation barrier for diffusion and
k=2~/a where a is the "lattice" constant of the sub-
strate. The adsorbate-adsorbate interaction potential Vis
taken as a sum of Lennard-Jones pair potentials

12

v(r)=e
ro—2

where e is the well depth and ro the particle separation at
the minima in the pair potential.

Equation (1) describes the motion of an adsorbate sys-
tem on a corrugated substrate. When the external force
F=O the particle performs irregular motion (diffusion)
with no long-time drift, i.e., (r, ) =0. For F)0, in addi-
tion to the irregular motion, the particles drift to the
right with the speed ( r ) = F /m g.

Let us first consider a limiting case. Assume that
Uo &&kz T. In this case we can neglect the periodic sub-

strate potential in (1). Taking the thermal average of (1)
and using ( f ) =0 then gives

or, since F is constant,

mg(r) =F
so that g =g as expected in this case.

In order to study (1) in a general case, it is convenient
to introduce dimensionless coordinates

f,. =kr;, t =t/w,

where
1/2

dinate of an arbitrary adsorbate. For a weak externa1
force F, the sliding friction coeScient g is independent of
F

We consider adsorbates on a (100) surface of a fcc crys-
tal. The QCM measurement by Krim et al. was per-
formed on evaporated silver films which have a (111)sur-
face, but below we do not attempt a detailed quantitative
comparison with the data of Krim et al. but rather em-
phasize general properties which should be independent
of the substrate lattice structure and of the detailed form
of U and V. The equation of motion for the particle coor-
dinate r;(t) taken to be
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In the new coordinates (1) becomes

+ f.+F
BF).

(f, (t )f~(0) ) =2g5 +,,5(t ) .

(5)

(6)

2UO/e = 2 k~ T/e = &

fl =1

In these equations,

u (F)= Uo(2 —cosx —cosy )

and

U(r)=Z
12

ip I"p
2

T

where

rp =krp, Up = Up /k~ T,
Z=elk~T, F=F/k~Tk .

In Secs. IV and V, I will present results for the sliding
friction g obtained from computer simulations based on
the Langevin equations (5) and (6). The random forces f,.
are assumed to form Gaussian random variables, generat-
ed by adding many random numbers which are equally
distributed in the interval [0,1]. The time variable was
discretized with the step length 6=0.01~ and the in-
tegration routine described by Schneider and Stoll' was
used in all the simulations. The basic unit was chosen as
a square containing M XM substrate atoms where typi-
cally M = 10. In the snapshot pictures of adsorbate struc-
tures shown below, it is assumed that the hollow sites
have the largest adsorbate-substrate binding energy, i.e.,
these sites correspond to the local minima of u(r) given
by (3). If N denotes the number of adsorbates in the basic
unit, then the coverage 8=N/(MXM). In all simula-
tions periodic boundary condition have been used. The
system was "thermalized" by —10 time steps which cor-
respond to the actual "preparation" time 10"~; this was
enough in all cases in order to reach thermal equilibrium.
Figure 1 shows an example for 2Up/@=2 and k~ T/e = 1,
where N=50 particles initially are located in the lower
part of the basic unit. Already after -5000 time steps a
c (2 X 2) structure is formed which is the thermal equilib-
rium structure for the coverage 8=0.5 (the deviation of
the adsorbates from the hollow sites is due to the
thermally excited parallel adsorbate vibrations).

Equation (5) depends on the dimensionless parameters
2 Up /E' k~ T/e, and a /r p. I have chosen the ratio a /r p

to correspond to Xe on Ag(100); in this case
a =b /V2=2. 89 A (where b is the lattice constant of Ag)
and ro=4. 54 A (the separation at the minimum in the
Lennard-Jones pair potential) so that ro/a = 1.56.

The drift friction g was obtained from the simulations
using the definition q=F/m ( v ) where F is an external
force acting in the x direction on each adsorbate and
which results in the adsorbate drift velocity (U ), which
was obtained from the simulations by averaging over all
the particles in the basic unit and over many integration
steps corresponding to the time —10 ~.

n =5000

FIG. 1. Snapshot pictures (after n =1, 30, and 5000 time
steps) from Langevin dynamic simulations.

III. SOME COMMENTS ON THE FRICTION g

It is well known that the Langevin equation (1) cannot
be microscopically correct. The frictional force on an ad-
sorbate is ultimately due to "collisions" with the sub-
strate ions and electrons, and takes the simple form—mar only on a time scale which is long compared to
the frequency and duration of individual collisions. ' In
general, one must replace

rtr(t)~ J dt'rI(t t')r(t') . — (7)

In order to satisfy the Auctuation-dissipation theorem,
the Auctuating force f must satisfy

(f (t)fz(t'))=mk~T5 zest(t t') . —

The actual time dependence of the kernel g(t) is deter-
mined by the nature of the adsorbate-substrate coupling;
if the time scale introduced by this coupling is short com-
pared with the time scale associated with the motion of
the adsorbate, one may replace q(t t')~2rt5(t t') in- —
which case one recovers the equations presented in Sec.
II.

In principle, the friction kernel g(t —t') depends also
on r(t), and varies periodically parallel to the surface.
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However, with respect to the electronic contribution to
the friction, this dependence is probably negligible for the
systems studied by Krim et al. ; the "corrugation" of g,&

is likely to be of similar magnitude as the corrugation in
the binding energy which is of order 10% or less for these
systems. The corrugation of the phonon contribution
may be larger, as discussed below.

Let us first consider the electronic friction. I will show
that using a "local" friction g,h(t t—') +2—g,&5(t —t') is
an excellent approximation and furthermore that g,I, is
practically temperature independent. Let us consider a
forced oscillation

r(t)=ro+a(e ' '+e' ') . (9)

The energy dissipation per unit time caused by the fric-
tional force can be written as

p=m f dt'q(t t')r(t'—) r(t)

=ma co g(co),

where

g(co)= f dt g(t)e
0

(10)

In (10) I have performed a time average which eliminate
the terms proportional to exp(+2icot). If a is small, we
can evaluate the power absorption directly using the
golden-rule formula. The most general form of the cou-
pling between an adsorbate and the electronic excitations
of the substrate is

H'= gr A @@
ap

where c and c are the creation and annihilation opera-
tors for electrons in the one-particle state ~a), which is
assumed to be an eigenstate of Ho. Using the golden-rule
formula, and accounting for both stimulated absorption
and emission, gives

P=2vrcog [n (1 n&) n&(—1 n—)]~a—A &~

ap

of max(k+T, co), and since we only are interested of very
small frequencies ~, of order k~ T or smaller, we can ex-
pand F(e, co) =F(e~,O)+a(e ez—)/e~+bco/e~+
where a and b are constants of order unity. Since

f d e[n ( e )—n ( e+ co ) ]=co

we get

P =27rco [F(e~,O)+ak~ T/ez+bco/e~+ ] .

coo,
P cT

where p and cz are the substrate mass density and the
transverse sound velocity, respectively. The frequency coo

is the frequency of small-amplitude vibrations at the sym-
metry site in question. We estimate coo using the form of
u(r) given in Sec. II. Expanding u(r) to quadratic order
in r gives

u(r)= Uo[2 —cos(kx) —cos(ky )]=Uok r /2

'2

Comparing (10) with (11) we conclude that, to an excel-
lent approximation, g,z (co) is both frequency and temper-
ature independent, with the leading corrections being of
order co/e~ and kz T/eF and completely negligible. Note
that this result is consistent with the Xe/Ag(111) data of
Krim et al. , where the sliding friction was found to be
temperature independent at incommensurate coverages. '

Let us now turn to the phonon friction g h. For an iso-
lated adsorbate, we can determine q~h(co) by evaluating
the energy dissipation rate associated with a small-
amplitude adsorbate vibration as in (9), and equating this
with (10). Since the force on the substrate ions, as the ad-
sorbate vibrates according to Eq. (9), may vary appreci-
ably with the position of the adsorbate in the substrate
unit cell, it follows that g h may exhibit a non-negligible
dependence of r, even for the weak-absorption systems
considered by Krim et a/. ' At substrate symmetry sites
we may estimate q, I, using'

'3
rn ~o

g h=0. 12 (12)

X5(e +co—ep)

=2vrcog (n n&)~a A &~
5(—e +co e&), —

ap

were n is the occupation of orbital ~a ). Let us intro-
duce

or

1 277—mcoor =—Uo
2 a

1/2
Uo

2

(13)

F(e,co)= g 5(e e)5(e+—co ep)~a A—p~

ap

so that

P =2mco f de[n (e) —n(e+co)]F(e, co),

where

n(e)=(e +1)

is the Fermi-Dirac distribution function. Now, the func-
tion F(e, co) is expected to vary slowly with e in the nar-
row energy interval where the factor [n(e) —n(e+co)] is
nonvanishing. The width of this interval is of the order

For Xe on Ag(111) with 2Uo = 10 meV this formula gives
coo =6 cm ' and from (12) the phononic friction
7/ph 4 X 10 s ', which is roughly one order of magni-
tude smaller than the electronic friction deduced from
surface resistivity measurements (see Ref. 19). This esti-
mate of the phononic friction is quite rough, but is con-
sistent with our earlier conclusion that the electronic
friction is very important for the sliding friction for the
systems studied by Krim et al.

Equation (12) is based on a continuum treatment of the
substrate and holds only if "typical" frequencies involved
in the adsorbate motion are small compared with the De-
bye frequency of the substrate. For the adsorbate sys-
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tems considered by Krim et al. these typical frequencies
are of order ~o-10 cm ' or of order U,h/a —10 cxn
both of which are much smaller than the Debye frequen-
cy ~D of approximately a few hundred cm '. Hence this
condition is rather well satisfied. Note that in this limit

is both frequency and temperature independent.
More generally, q h is temperature independent as long
as only one-phonon processes are involved (multiphonon
processes introduces a temperature dependence). But rI h

is frequency independent only as long as co «coD, even if
only one-phonon processes are involved.

Let us now briefly discuss the electronic and phononic
contributions to the sliding friction of incommensurate
adsorbate systems.

Surface resistivity data indicate that g,h is typically
30—50% smaller at incommensurate adsorbate coverages
as compared with low adsorbate coverages. Note that in
these measurexnents, the adsorbate structure as a whole
"move" relative to the electronic system, i.e., exactly the
same type of motion which occur during the sliding fric-
tion measurements of Krim et al. The relative small
change in the electronic friction between low and high
coverages is in accordance with what one would expect
from theory.

The situation is drastically different with respect to the
phononic friction. It has been shown by Aubry and An-
dry ' and by Sokoloff that the phononic friction during
sliding of incommensurate structures is extremely small
and in particular vanishes if the substrate pinning poten-
tial can be neglected. Nevertheless, Sokoloff has shown
that a small concentration of point imperfections can give
a phonon contribution which can account for the damp-
ing observed in the QCM experiments.

IV. LINEAR SLIDING FRICTION

G+L

G+ES

ES

0
0 0.1

G+CS

0.2 0.3
coverage

0.4 0.5 0.6

FICx. 2. The adsorbate phase diagram for (a) 2Uo/v=0. 5 and
(b) 2Uo/a=2. 0. The phase boundaries are only roughly correct
and obtained for a M =10 basic unit. In the figure F, G, L, IS,
and CS denotes Quid, gas, liquid, incommensurate solid, and
commensurate solid, respectively.

In this section I study the linear (in the external driving
force F) sliding friction g. For the adsorbate systems
studied by Krim et ah. the friction g is very small and in
this case it can be shown that g is directly proportional to

In the simulations reported on below I have chosen
F=O.OS and g=0. 1 which essentially correspond to the
linear response and low friction limits where rj/g is in-
dependent of I' and g; this limit is directly relevant for
the interpretation of the experimental data of Krim et al.

Figures 2(a) and 2(b) show the adsorbate phase dia-
grams for 2Uo/e=O. 5 and 2.0, respectively. In the form-
er case, the substrate corrugation is so weak that the
phase diagram is essentially that of a two-dimensional
Lennard-Jones system on a flat surface (note, no exten-
sive study of the exact location of the phase boundaries
has been undertaken and those indicated in Fig. 2 are ob-
tained with a M = 10 basic unit; however, this is not im-
portant for what follows). In the figure F, IC, G, and I.
denote the Auid phase, the incommensurate solid phase,
and the gas and liquid phases, respectively; the gas and
liquid phases are the Quid phase at low and high density,
respectively. Similarly, G+I, and G+ Ic denote the
gas-liquid and gas-incommensurate solid coexistence re-
gions, respectively. The phase diagram in Fig. 2(b)

differs most importantly from that in 2(a) by a new phase
around the coverage 8=0.5. This phase, a c(2 X2) com-
mensurate solid (CS) phase, is shown in Fig. 5(b) below.
It is obvious that this structure is stable if 2UO/e is large
enough because all adsorbates bind at hollow sites, i.e.,
the adsorbate-substrate binding energy is maximized
while the separation between nearby adsorbates is close
to the equilibrium separation in the pair potential v(r).
But in Fig. 2(a) the corrugation of the substrate potential
is so weak that the adsorbates prefer to minimize the
adsorbate-adsorbate interaction energy by forming a tri-
angular incommensurate solid phase, see Fig. 5(a).

For later use, let me discuss the nature of the transition
between the "low"-temperature c(2 X 2) structure and the
"high"-temperature Auid structure at 0=0.5. In Fig. 3,
I show the result for g/g as the temperature is reduced
from above T, to below, where T, is the fi'uid ~c(2X2)
phase transition temperature. Note that g/g equals the
ratio (v ) /vo between the actual drift velocity ( v ) (for
the corrugated substrate under consideration) and the
drift velocity vo which would occur if the surface were
Hat. This result follows directly from the definitions
mrt&v & =F and mqvo=F, which give rt/g= &v &/vo.
From the figure we conclude that k~ T, =1.2e and that
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2Up/e = 2

H=O5

1.S
k~ T/e

FIG. 3. The inverse of the normalized drift friction, g/g
(equal to the normalized drift velocity ( v ) /vo ), as a function of
temperature for 0=0.5 and 2Up/@=2. The melting tempera-
ture of the c(2 X 2) structure is at k& T, = 1.2e.

1.0

the transition is continuous; symmetry arguments show
that the transition is in the Ising universality class. The
result in Fig. 3 has been obtained with an external force
F=0.05, but this force is so weak that it has a negligible
inhuence on T, .

In Fig. 4, I show the result for q/q as a function of
coverage and for a few different temperatures. Let us
first consider the case of a "low"-corrugated adsorbate-
substrate interaction potential, 2Up/@=0. 5, see Fig. 4(a).

In this case, as the coverage increases, the sliding velocity
(u ) increases monotonically towards up. For large cov-
erages the adsorbate system is dominated by the
adsorbate-adsorbate interaction and a practically perfect
triangular adsorbate structure is formed, as shown by the
snapshot picture in Fig. 5(a) (for 8=0.54 and
k~ T/e =0.5 ). This structure can slide (collectively)
practically without any activation barriers on the sub-
strate, since as some adsorbates move uphill during slid-
ing, other adsorbates moves downhill. Hence, the pin-
ning potential induced by the substrate is negligible in
this case and (u ) =up. This also explains why (u ) is al-
most temperature independent for 0& 0.55—the barriers
which must be overcome during sliding are very small
and can be neglected.

On the other hand, for low adsorbate coverage, (u ) is
much smaller than vo and strongly temperature depen-
dent. This is easy to understand in the limit of very low
adsorbate coverage where a dilute lattice gas occurs—
here each adsorbate atom performs an independent ran-
dom walk type of motion with a slight drift in the direc-
tion of the weak external force F. The particles have to
"jump" over the barriers -2Uo separating the different
local minima on the potential energy surface and this is a
thermally activated process, the rate of which, at low
temperature, is proportional to —exp( —2 Up /k~ T ).
Note that the external force F is much too weak to by it-
self "move" adsorbates over the barriers in the system
(expect for incommensurate structures).

Between the low-coverage region and the region where

CO

0 5 00 0

0

2Up/~ = o 5 kn T/~ = O 5

8 = 054

2Up/~ = p. s

1.0
{b)

CD

& 0.5~~
II

k~ 7/~ =- 2

2Up/a=2 8=05
(b) kBT/. = o.5

0
0

'j5' OC—

0 0.1

O.s~

0.2 0.3
CQUCrRgC

0.5 0.6

FIG. 4. The inverse of the normalized drift friction, q/g
(equal to the normalized drift velocity ( v ) /vo), as a function of
coverage for several different temperatures. (a) 2 Up /e =0.5 and
(b) 2Up/@=2. 0.

FICx. 5. Snapshot pictures of the adsorbate structure for (a)
2Up/@=0. 5 and L9=0.54 where a triangular incommensurate
structure occur and (b) 2Up/a=2. 0 and 9=0.5 where a corn-
mensurate c(2X2) structure occur. In both cases k& T=0.5e.
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the sharp increase in (v )/uo occurs, i.e., for 0(0.4,
there is a weak monotonic increase of ( u ) with increas-
ing 0, in particular at low temperature. This can be un-
derstood as a result of a monotonic increase in the frac-
tion of adsorbates which occur in the incommensurate
solid or in the dense liquid phase, as the coverage in-
creases and by the fact that the latter structures slide
easier than the isolated adsorbates which occur in the lat-
tice gas surrounding these "islands" of condensate.

Let us now consider the case of a "strongly" corrugat-
ed substrate, 2Uo/@=2, see Fig. 4(b). Again, at high cov-
erage (v)~uo. That is, at high enough coverages the
adsorbate-adsorbate interaction dominates over the
adsorbate-substrate interaction and the pinning potential
is negligible. Note, however, that in the present case it is
necessary to go to slightly higher coverages than for
2Uo/@=0. 5, before one enters into the incommensurate
solid-phase region; this is exactly what one would expect
when the corrugation of the adsorbate-substrate interac-
tion potential increases. (In practice it may be impossible
to reach those high coverages where ( v ) = uo before
desorption or multilayer absorption occur. )

The drift velocity for very low adsorbate coverages,
where a dilute lattice gas exists, is of exactly the same na-
ture in the present case as in the earlier case where
2Uo/@=0. 5 (see above). But if k~T(1.2e, the drift ve-

locity decreases continuously with increasing coverage up
to 0=0.5. At 0=0.5 the drift velocity is extremely low,
in particular at low temperatures; the reason is obvious if
one considers a snapshot picture of the adsorbate system
at this coverage, see Fig. 5(b). Obviously, except for
thermal displacements of the adsorbates away from the
hollow sites, a perfect c(2X2) structure occurs. This
structure is strongly pinned by the adsorbate-substrate in-
teraction. In principle, elementary excitations can be
thermally excited in the c (2 X 2) structure and drift in the
direction of the applied force F, but in the present system
these excitations have a very high energy and will occur
only in a negligible concentration. The point is that mov-
ing an adsorbate from a hollow site to any of the nearby
empty hollow sites leads to a very strong increase in the
adsorbate-adsorbate repulsion energy. This will
effectively block the movement of the adsorbates and lead
to a very low drift velocity. But for coverages just slight-
ly higher than 0.5, the adsorbate system undergoes a
phase transition to the incommensurate triangular struc-
ture shown in Fig. 5(a) for which the pinning potential is
small.

The continuous decrease in the sliding velocity as 0 in-
creases towards 0.5 is caused by Auctuations, i.e., for
0(0.5 but close to the region where the c (2 X 2) struc-
ture occurs, patches of the c(2X2) structure occur in a
Auidlike phase. These patches are pinned stronger by the
substrate potential than isolated adsorbates and this con-
sequently reduces the drift velocity. For the weaker cor-
rugated substrate, 2Uo/a=0. 5, the c(2X2) structure
does not occur and, as discussed above, the sliding veloci-
ty increases continuously with increasing coverage. Note
also that for kz T ) 1.2e no c(2 X 2) structure occurs even
in the present case and sliding friction increases mono-
tonically with increasing coverage.

V. NONLINEAR SLIDING FRICTION—
"STICK-AND-SLIP" MOTION

In this section I consider the nonlinear sliding friction
which is relevant for "practical" sliding systems, e.g.,
when a block slides on a Hat surface with an intervening
layer of lubrication molecules (boundary lubrication).
Such a system often exhibit "stick-and-slip" motion
which can be understood based on the nonlinear nature
of the sliding friction (see below); within linear response
"stick-and-slip" is absent.

%e consider the same adsorbate systems as in Sec. IV
but now with an arbitrary strong force F acting on each
adsorbate. In Fig. 6, I show ( v ) /uo =rI/g as a function
of I' for a "strongly" corrugated substrate, 2Uo/@=2. In
Fig. 6(a), the coverage 9=0.25 and results are presented
for two temperatures, k~ T/e =0.5 (circles) and 1.0
(squares). In both cases the overlayer is in a Quid state
even for F=O. Note that for F)0.6, the adsorbate
structure slides as if there where no barriers to overcome
on the surface, i.e., ( v ) =uo. In fact, as shown in Appen-
dix A, as F~~,

(v)-u, 1 —
—,'U, m

I

1.0

FIG. 6. The drift velocity (v ) as a function of the external
force I' acting on each adsorbate for 2Up/@=2. 0. (a) 0=0.25
and (b) 0=0.5. The open and filled circles are obtained by in-

creasing the force F from zero and by reducing F from a high
value, respectively.
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to leading order in I /F. Note also that for F & 0.6, when
the temperature is increased, the sliding velocity ( v ) in-
creases; this result is obvious since at the higher tempera-
ture the thermal motion of the substrate ions and elec-
trons [as manifested by the fluctuating force f; in (I)] is
stronger and they will more frequently kick the adsor-
bates over the barriers in the system. The open and filled
circles (and squares) are obtained by increasing the force
F from zero and by reducing the force F from a high
value, respectively. More precisely, the open circles (and
squares) have been obtained as follows. (a) The system is
first "thermalized" with F=0 for about —10 time steps.
(b) Next, the force F is instantaneously increased to its
final value and another —10 time steps were performed
in order to reach a steady state. (c) Finally, (v ) is ob-
tained by averaging over all the particles in the basic unit
cell and over —10 additional time steps. The filled cir-
cles was obtained in a similar way, except that (a) was re-
placed by a "thermalization" of the system at a high
force, F-1. But in the present case both procedures
gives identical results, i.e., no hysteresis occurs. More
generally, whenever the adsorbate system (for F=0) is in
a fluid state, no hysteresis is observed. But if a (com-
mensurate) solid phase occurs, the sliding friction exhib-
its hysteresis. This is illustrated in Fig. 6(b) which shows
the result of simulations for 8=0.5 and k~T/e=0. 5,
where the c(2X2) structure shown in Fig. 5(b) prevails
when F=O [see the phase diagram, Fig. 2(b)]. In this
case a large hysteresis occurs: Initially, as the force F in-
creases from zero, the ordered c(2X2) structure prevails
and the sliding velocity vanishes, ( v ) =0, until F reaches
F p0. 6. At F=Fo, the sliding velocity (v ) increases
abruptly and inspection of the adsorbate structures shows
that it has changed from the c(2X2) structure which
occurs for F &F, to a Auidlike state for F)Fo, see Fig. 7.
But when the system is first "thermalized" with a large
force, F—1, and then F reduced, the system does not Aip
back to the c(2X2) structure until F=F, =0.3. Again,
inspection of adsorbate structures shows that for F)F&
the system is fluidlike while for F & F, the c(2 X 2) struc-
ture prevails. These results are completely general-
mhenever a solid commensurate adsorbate structure
occurs, the ( v ) =f(F) relation exhibits hysteresis This is.
probably also the case even if the substrate is disordered,
e.g., in a glassy state, as long as a solid adsorbate struc-
ture occurs for F=0.

In Fig. 8, I show the relation between F and (v ) as ob-
tained from Fig. 6. The dashed line is the result obtained
if the substrate where uncorrugated, i.e., it is determined
by g(v) =F.

The structure of the ( v ) =f(F) curve implies "stick-
and-slip" motion of macroscopic bodies. To see this,
consider a block on a substrate and assume that a spring
is attached to one end of the block, and that the other
end of the spring is pulled with the constant velocity v. If
v is smaller than v„where v, )0 is the lowest possible
(nonzero) sliding velocity of the lubricant layer [see Fig.
8(b)], then no stationary (i.e., constant velocity) sliding
motion of the block is possible. This follows at once from
the fact that there is a "velocity gap" 0& v & v, in the
v =f(F) curve, i.e., a velocity region where no stationary

2Up/e = 2 ii= 0.5

F =0.6

(b) F = 0.65

1.0

0.5

Fp i&

0.5—

0 I l

V~ 0.5

g(v)
FICi. 8. The relation between (v ) and the force F obtained

from Fig. 6.

1.0

FIG. 7. Snapshot pictures of the adsorbate structure for
0=0.5 as obtained by increasing the force F from zero. (a)
F=0.6 and (b) F=0.65.
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(i.e., constant velocity) motion of the lubrication film is
possible Hence, the actual motion will decompose itself
into a stick period and a slip period in such a way that
the average velocity of the block equals the spring veloci-
ty U. Note that the spring in this discussion could
represent the elastic properties of the block itself, i.e., it
does not need to be an "external" spring.

From the discussion above it follows that only when a
solid phase occurs (when F=O) does one expect to find
"stick-and-slip" motion, in good agreement with experi-
ment. ' No "stick-and-slip" motion is observed when
the lubricant is in a Quid state.

A deeper insight into the numerical results presented
above for the nonlinear sliding friction can be obtained
based on the following results. It is well known that a
stationary solid object imbedded in a Qowing Auid gives
rise to energy dissipation. That is, collective translational
energy of the Quid is converted into irregular motion
finally leading to a heating of the Quid. Now, the same
thing happens for a Quid adsorbate layer under the
inAuence of an external force I'. The external force
F=Fx accelerates the adsorbates in the x direction but
due to "scattering" from the corrugated substrate poten-
tial u(r) and due to the adsorbate-adsorbate interaction
(as manifested in the viscosity of the Quid), "drift momen-
tum" is transferred into irregular motion. In the absence
of thermal contact to a heat bath [i.e., with rI=O in (I)]
this "scrambling" of momentum would lead to a continu-
ous increase of the temperature of the two-dimensional
Auid. But in the present case, owing to the thermal con-
tact to the substrate (at temperature T), energy will Qow
to the substrate at a rate which, when steady state has
been reached, must equal the power transferred to the ad-
sorbate system from the external force F. Using this fact,
one can derive an expression for the effective temperature
T* of the adsorbate system as follows: The power (per
adsorbate) transferred to the adsorbate system from the
external force is

F
k~ T =k~ T+

2Pl 'g'g
(16)

In the dimensionless variables introduced in Sec. II this
equation takes the form

F2

T 2n'
(17)

Now, if the motion 5v is to correspond to the adsorbate
temperature T* then k~ T' =m & (5v) & /2 so that

k~ T*=m ( &
v'

&
—

& v &')/2 . (18)

The temperature deduced using this equation agrees
within the ' noise" of the simulations with those deduced
from Eq. (17). For example, for F=0.42 Eq. (17) gives
T*/T=2. 952 while (18) gives T*/T=2. 942. In order
for the motion 5v(t) to really correspond to a tempera-
ture it is necessary to show that both 5U and 6v„have
Maxwellian probability distributions of equal width, i.e.,

P(v )= m —~(U —(U )) /2k~T
1/2

2~k, T*

P(v )=
1/2 2

PPlU /2k' T
e

2~k, T*

The circles in Fig. 9 show T'/T as a function of F as ob-
tained from (17) and Fig. 6 (the filled circle on the dashed
line is obtained from the sliding friction of the metastable
fiuid in Figs. 16 and 18 below). But the temperature T*
can also be obtained directly from the simulations as fol-
lows. Let us write the velocity of an adsorbate as

v=&v&+5v,

where &5v& =0. Hence,

& v'& =
& v &'+ & (5v)'& .

P=F &v& =F /mii, (14)

where the last equality follows from the definition
nil& v& =F. But, at steady state, this power must equal
that transferred from the adsorbate system to the sub-
strate which has two contributions, namely, a term
a(T*—T) proportional to the diff'erence in temperature
between the film and the substrate and another term,
m il & v &, which describes the direct energy transfer to
the substrate (via the friction rt) from the drift motion of
the adsorbate system. Hence,

2U0/e = 2

kg T/& = 0.5

0 = 0.5

supercooled

(metastable)~ 2-
I

r'

P =a( T*—T)+m il & v & (15)

The heat transfer coeKcient o, can be derived as follows.
Assume that F=O and T=O and that the adsorbate sys-
tem has the temperature T*. The energy fl.ow from the
adsorbate system to the substrate is then determined by
the friction force, —

mdiv,

acting on each adsorbate, and
the average energy dissipation is therefore m il & v

which must equal aT*. Since k+T*=m&v &/2 this
gives a=2kzil. Substituting this in (15) and comparing
with (14) gives

00
I

0.5

FICz. 9. The effective temperature T* in the overlayer in
units of the substrate temperature T, as a function of the force
F. In the calculation 2UO/a=2 and k&T/a=0. 5. The data
point on the dashed line is deduced from Fig. 16.
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ture would be higher at the periphery of the cluster. The
latter follows while the periphery of the cluster is in
thermal contact to the surrounding Quid at temperature
T*&T. But if the heat transfer rate from the periphery
to the central part of the island occurs slowly, or if the is-
land is large enough, the central region would tend to be
at a temperature only sightly above that of the substrate.
It follows that the force per adsorbate necessary to Auid-
ize a very large island equals Fo, while the force is lower
for a small island.

Next, note that the force which act on an adsorbate in
an island has two contributions, namely, the external
force F plus a contribution from the drag force F-d„
which act on the island from the surrounding flowing
Quid. For a spherical object in a three-dimensional Quid
this force (to first order in UoR /v) is given by Stokes for-
mula. As shown in Appendix 8, the drag force on a large
rigid circular disk (radius R ) in a two-dimensional fiuid is
given by Fd„=n, vrR mg(v), where (v) is the drift ve-
locity of the fluid far away from the disk. But since
n, mR =X is the number of adsorbates in the island and
since mg(v)=F we get F~„=XF. Hence, the dvag
force per adsorbate in the island isjust F, and the total
force per adsorbate equals 2F. This result if valid for a
very large island; for a smaller island the drag force per
adsorbate is even larger. It follows that if an island of
c(2X2) structure is formed when F)Fo/2 it will "im-
mediately" Auidize since the effective force on an adsor-
bate in the island equals 2F & Fo which is above the Auid-
ization threshold of the c(2X2) structure. But if
F&F,/2, the total force 2F &Fo, and if the island is
large the drag force will not fluidize it. Hence, if the ad-
sorbate temperature T* is below T, when F=FO/2, one
expects the fiuid —+c(2X2) transition to occur at
F, =Fo/2. But if the temperature T* in the adsorbate
layer (when F=Fo/2) is above the melting temperature
T, of the c(2X2) structure, then an island of c(2X2)
structure would "immediately" melt. Hence, the return
to the pinned structure in this latter case is expected to
occur when F=F& (Fo/2 where T*(F~ )=T,. The dis-
cussion above assumes implicitly that the pinned island
has a circular shape and that the drag force acts uniform-
ly on all the adsorbates in the island.

One can argue that in most practical sliding systems
the condition T*(T, is satisfied. Hence, as shown
above, the ratio F, /Fo between the kinetic and the static

friction force equals —,'. From this result one would also
expect that the ratio fk If, between the kinetic and the
static friction coefticients should be approximately equal
to —,

' for lubricated surfaces. That this is often the case is
shown in Table I. Note that while f, and f& vary strong-
ly between the different systems (by a factor of —20) the
ratio fklf, is always close to 0.5. In fact, this ratio is
nearly equal to 0.5 also for many "clean" surfaces. But
note that "clean" surfaces, unless special care is taken,
are covered by a layer of "grease" (hydrocarbons) which
may have a very similar infIuence on the sliding friction
as the lubricants quoted in fable I. In some cases the lu-
brication molecules may react so strongly with the sur-
faces that no fluidization of the adsorbate structures can
occur; in this case there is no reason for why the ratio
fklf, should equal —,'. (This may be the case, for exam-
ple, for fatty acids which are often used in boundary lu-
brication, see below. ) But for the systems quoted in Table
I this is certainly not the case; the interaction between
the oil molecules (hydrocarbons) and the surfaces is main-
ly of van der Waals nature and weak.

It is interesting to note that (in accordance with
theory) there is no correlation between the viscosity of a
lubrication oil and the friction coefficients f, and fk and,
in particular, the ratio fk If, =0.5 is independent of the
film viscosity. For example, the oils in Table I have the
following viscosities (in poises): Atlantic spindle oil, 0.33;
Liberty aero oil, 8.92; castor oil, 4.73 but fk and f, are
very similar in all cases. The ratio fk lf, averaged over
all 12 measurements reported in Ref. 25 equals
0.51+0.14 in good agreement with theory.

As pointed out above, the ratio fk If, is expected to
equal 0.5 only if sliding occurs via a set of
Auidization~solidification transitions which require that
the adsorbate-substrate interaction potential is weakly
corrugated. If this condition is not satisfied there is no
reason for fk If, to equal 0.5. This is illustrated in Table
II for a number of sliding systems. The first few systems
in Table II are inorganic layered lattice systems (similar
to graphite). For these systems, as suggested by Bragg,
the lubricity is due to the sliding of one lamella over
another, which is made possible by the strong bonding
forces within the planes and the relative weak bonding
forces between the planes. The last four systems in Table
II are fatty acids. These molecules have a polar "head"
which is known to bind strongly to many metal oxides,

TABLE I. The static f, and the kinetic f& friction coeScient for a number of sliding systems. a,
from Ref. 25; b, from Ref. 28; c, from Ref. 29; d, from Ref. 30. For the steel-on-ice system, a layer of
water molecules will act as the lubricant during sliding.

System

steel on babbitt'

Lubricant

Atlantic spindle oil
castor oil
lard oil

0.25
0.12
0.10

0.13
0.06
0.05

0.52
0.50
0.50

steel on ice
steel on lead"
bronze on bronze"
steel on steel"

no lubricant
medium mineral oil
not specified
castor oil

0.027
0.50
0.11
0.15

0.014
0.30
0.06
0.08

0.52
0.6
0.55
0.53
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TABLE II. The static f, and kinetic fk friction coeScient for a number of sliding systems. From
Ref. 31.

System

steel on steel

Lubricant

molybdenum disulfide
barium hydroxide
silver iodide
borox
rottenstone
vermiculite
iron-manganese-phosphate layer
diethylene glycol stearate
calcium stearate
aluminum stearate
lithium-12-hydroxy stearate

0.053
0.163
0.245
0.226
0.195
0.167
0.218
0.089
0.113
0.113
0.218

0.050
0.151
0.231
0.210
0.189
0.160
0.213
0.083
0.107
0.107
0.211

0.94
0.93
0.94
0.93
0.97
0.96
0.98
0.93
0.95
0.95
0.97

and a hydrocarbon "tail" which points away from the
surface. In this case the adsorbate-substrate interaction
is so strong that no fluidization can occur during sliding
and, as discussed by Tabor, sliding is likely to occur be-
tween the ends of the hydrocarbon tails.

I have shown above that for 0=0.5, when the adsor-
bate system is in a fIuidized state, the probability distribu-
tions for 5v =v„—(v ) and v are perfect Maxwellians
with equal width. Nevertheless, the adsorbate-substrate
system is not in thermal equilibrium but rather in a
steady state with the temperature T* of the adsorbate
system being higher than the substrate temperature T.
The reason why thermal equilibrium occurs within the
adsorbate system is related to the high adsorbate cover-

age and concordant strong adsorbate-adsorbate interac-
tion which tend to "randomize" the adsorbate velocities.
But at low adsorbate coverages thermal equilibrium does
not occur within the adsorbate layer. This is illustrated
in Figs. 12 and 13 which show the velocity distributions
P and P„ for 0=0.25 and 0.01, respectively. In the
latter case only one adsorbate occurs in the basic unit and
the adsorbate-adsorbate interaction is negligible. Now, in
this case P is a perfect Maxwellian with the width deter-
mined by the substrate temperature T. This result is ex-
pected since the adsorbate-substrate potential u(r) is se-
parable so that the motion in the y direction is indepen-
dent of that in the x direction; hence the y motion does
not depend on the external force F and the distribution

0.0-—
F = 2Up/e = 2

kg T/~ = 0.5
0 = 025

0.2-

2Up/~ = 2

kBT/~ = 0.5
8 = 001

p

F =- 0.45

0
F

0.2—

0.2

F = 0.5

C5

0
F

0,2-

0
AP

Vx Vy
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FIG. 12. The probability distributions P and P~ of adsor-
bate velocities for 0=0.25, 2Uo/a=2, and kz T/@=0.5, and for
F=0.3, 0.45, and 0.5.

FIG. 13. The probability distributions P and P~ of adsor-
bate velocities for 0=0.01, 2UO/a=2, and kz T/@=0.5, and for
I' =0.3, 0.45, and 0.5.
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LJp e=2

3

2-

Oo 0.5
F

FICr. 14. The kinetic energy m (6v~) /2 in units of ks T. The
circles and squares show results for k&T/@=0. 5 and 1.0, re-
spectively. In the calculations 2UO /e =2 and 0=0.25.

P will be a Maxwellian with the width determined by the
substrate temperature T. But this is not the case for P
which exhibit a double-peak structure, see Fig. 13. The
peak on the left-hand side is centered at v, =0 and corre-
sponds to adsorbate vibrations in the substrate potential
wells. The peak on the right-hand side (RHS) corre-
sponds to "fast" drift motion between (or over) the wells;
in the present case where the friction g is small, once an
adsorbate is thermally excited over a substrate barrier, it
typically moves several lattice spacings before falling
down in a new potential well. Note that the peak on the
RHS is centered at a velocity v„ larger than (u ), since
in order for the net drift velocity to be ( u ) the adsor-
bates must drift faster than ( v, ) during the time periods
spent over the barriers to compensate for the time
periods that they are trapped in the potential wells.

In Fig. 12, I show the velocity distributions P and P
for 0=0.25. In this case P is rather well described by a
Max wellian distribution. But P is strongly non-
Maxwellian, i.e., the adsorbate-adsorbate interaction is
not strong enough to "thermalize" the energy input from
the external force F. In Fig. 14, I show for 0.25 the
kinetic energy m ((5v) ) /2 in units of k~ T. If the adsor-
bate system where in thermal equilibrium this quantity
would equal T*/T as in Fig. 9, but we have seen above
that this is not the case.

Let us compare the results presented above with the
measurements of Israelachvili and co-workers. They
have presented an extensive study of the sliding of two
mica surfaces separated by a thin layer of a liquid (the lu-
bricant). By varying the normal load they could change
the separation d between the mica surfaces; this distance
is known to within —1 A from recording the optical
fringe pattern from the sliding junction. Hence, the slid-
ing friction can be measured as a function of the number
of intervening layers n of lubricant molecules starting
from n = 1. As an example, in Fig. 15, I have reproduced
their result for sliding with two layers ( n =2 ) of oc-
tamethylcyclotetrasiloxane which is a nearly spherical
molecule with diameter —8. 5 A. The figure shows the

v=0.22 v=0.46 v=0. 74 v=1.35 1.05

CU

(3

0
CXI

(/) 1.05 v=1.35

Smooth Sliding

Time t

FIG. 15. Effect of increasing the velocity U on the spring
force of a two-layer film of octamethylcyclotetrasiloxane. On
increasing U from 0.22 to 1.05 pm/s the stick-slip frequency in-

creases while the stick-slip amplitude AI'" fall, but only slightly.
However, once v exceeds the critical velocity U, t'between 1.05
and 1.35 p,m/s) the stick-slip disappears abruptly, and returns
equally abruptly when U falls below u, again. From Ref. 3.

spring force as a function of the velocity v (in units of
pm/s) of the free end of the spring. As u increases, the
stick time decreases while the amplitude AF of the oscil-
lations in the spring force is nearly constant until v

reaches a critical spread v, where stick-slip suddenly
disappear (b,E=P) and is replaced by smooth sliding.
The disappearance of stick-slip for v )v, must, as has
been pointed out by Israelachvili and co-workers, be due
to "slow" molecular relaxation processes in the lubrica-
tion film. More generally, Gee, McGuiggan, and Israe-
lachvili found that the stick-slip was very sensitive not
only to the sliding velocity but also to the immediately
previous history of sliding. For example, if smooth slid-
ing (i.e., v & u, ) is suddenly stopped and then restarted, it
was found that if the stopping time is less than a certain
time ~* there is no change in the friction on restarting,
i.e., the sliding proceeds as if there had been no interrup
tion. But if the resting time exceeds ~* a single fully
developed stick-slip spike occurs. This indicates that well
after the surface have stopped moving relative to each
other, the molecules in the gap are still relaxing and that
some dramatic change in their configuration occurs at
time ~* after stopping. Furthermore, the fact that the
stick-slip spikes occur very abruptly for t )~* indicates
that the molecular relaxations in the resting regime may
be a nucleation phenomenon rather than a continuous
process. Experiments with several kinds of liquids have
shown that ~ is longer for more complex branched chain
molecules as compared with smaller nearly spherical mol-
ecules; this result is expected as the former molecules
need more time to "disentangle" and relax to the local
minima in the adsorbate-substrate potential.

In light of the simulations presented above, these in-
teresting effects in the sliding experiments are not unex-
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pected: During sliding the adsorbate system is in a
"fiuidized" state, see Fig. 7(b). If the external force I' is
suddenly reduced below Fi it takes some time r* (de-
pending on the final force) for the fiuid overlayer to relax
to the minimum free-energy configuration shown in Fig.
7(a). This is illustrated in Fig. 16(a) which shows the time
variation of the center-of-mass velocity U(t) as the exter-
nal force is changed from I'=0.4&I

&
to 0.2(F, at

t =1500~=t&. For t &t, the system is in a fIuidlike state
and the drift friction g/q=0. 6 as in Fig. 6. For t ) t,
the stable state is the pinned c(2X2) structure, see C in
Fig. 17, for which the drift velocity vanishes. But Fig.
16(a) shows that the system does not immediately switch
to this configuration at t =t, but remains in a Auidlike
configuration (see 8 in Fig. 17) until t, +~*(r*=750r),
where it suddenly jumps to the c(2 X 2) structure. The
abruptness of the transition indicates a nucleation phe-
nomena, i.e., the c(2X2) phase is nucleating in the fiuid-
like phase. That this is indeed the case was proved by
performing very many simulations with slightly different
times for the switching F=0.4—+0.2—see Fig. 18 for

F =0.4 2

(b)

FIG. 17. Snapshot pictures of the adsorbate structure at time
points 3 (t =1400~), B (t =2100~), and C (t =2300~) indicated
in Fig. 16(c).

0.4
,

'

0.2 0.4

0
1000 2000 3000

t/T
4000

FIG. 16. (a) The velocity of the center of mass of the adsor-
bate system as a function of time (more precisely, the velocity in

the x direction averaged over all the adsorbates and over a short
time interval, 10~). Initially, up to t =1500&, the velocity is so
large I =0.4 that the "fluid" state is stable and the drift velocity
is high. At t =1500~ the external force is instantaneously re-
duced to P=0.2. The system remains in a metastable fluidlike
state for a time ~* before returning to the pinned c(2X2) state.
(b) The same as (a) except that the force F is switched back to
0.4 at t=2100~. (c) The same as (a) except that the force is
switched back to 0.4 at t =3000~. In the simulations 2UO/6=2,
kz T/@=0.5, and g~=0. 1.

I

0 1000 2000 3000 0000
& /a'

FIG. 18. The velocity U (see Fig. 16 for the definition) as a
function of time in three different cases. Initially, the external
force F=0.4, but at three different time points the force is in-
stantaneous reduced to E=0.2.



three examples. In all cases the velocity u in the inter-
mediate state had the same value (when averaged over
the thermal noise) but the duration r* of this time period
varied randomly between the different cases, with a width
of the probability distribution P(r*) being of similar
magnitude as the mean time ( r* ), as indeed expected for
a nucleation type of phase transition. Furthermore, as is
illustrated in Figs. 16(b) and 16(c), the system exhibits
memory effects similar to those observed by Gee,
McCxuiggan, and Israelachvili. Figure 16(b) shows the
same simulation as in 16(a), except that the force F is
switched back to 0.4 at t2 ( t, +~*. In this case the slid-
ing velocity returns to the value it had for t & t„ i.e., the
system "remembers" its original sliding state. However,
if tz & t&+~*, the system remains in the pinned state even
if I' is increased to 0.4, see Fig. 16(c). The relaxation
time ~* depends sensitively on the absorbate-substrate
and the adsorbate-adsorbate interactions and can vary
from nanoseconds to seconds or more, if the barriers in-
volved in the molecular reorganization processes are
large.

It is interesting to note that the snapshot picture in B
in Fig. 17 shows a high degree of short-ranged order —a
triangular structure tends to be formed —while that in 3
in Fig. 17 is more disordered. We can explain this with
the relation between the external force I' and effective
temperature T* in the adsorbate layer shown in Fig. 9:
As F increases (but Ii (0.6) the effective temperature T*
increases and the system becomes more and more disor-
dered.

At this point, let me comment on the molecular dy-
namics simulations of Thompson and Robbins. They
studied relative thick (d —

1 lro) quid layers between two
parallel solid slabs. A spring was attached to the "top"
slab and the free end of the spring moved with the con-
stant velocity U. In the simulations, the top slab did not
move until the spring force reached some critical value
I'o. For low spring velocity U, stick-and-slip motion was
observed. When U increased further smooth sliding Anal-

ly occurred. Thompson and Robbins argued that the
solid, static slabs induce crystalline order in the film and
that during the stick-and-slip motion periodic shear-
rnelting transitions and recrystallization of the Alm occur.
Uniform motion occurred at high sliding velocity where
the film no longer had time to order. These results are
similar to those observed above in our simulations if a
solid adsorbate structure occurred when F=0.

In most of the simulations presented above, only the
steady-state properties of the adsorbate system where
probed but by applying an oscillating (in time) external
force it is possible to probe the nonlocal (in time) drift
friction which is needed in order to study the sliding fric-
tion in the most general case. Note, however, that be-
cause of the long relaxation times (r*—1 s) involved in
many "real" systems, it may, in general, be hard to study
this relaxation process directly via computer simulations.

In the simulations presented above the substrate is per-
fectly periodic and a unique (ordered) adsorbate structure
could be easily formed. Many real surfaces are much
more complicated with impurities (pinning centers) and
no periodic adsorbate structure will occur. Nevertheless

even in these cases one may, in general, expect the sliding
friction to exhibit hysteresis if solid adsorbate structures
can be formed, since when the sliding has stopped the ad-
sorbates will relax from the "Auidized" sliding
configuration to some (nonperiodic) structure which cor-
responds to a minima of the free energy. Of course, in
this case a large number of almost degenerate local ener-
gy minima may occur in configuration space and the sys-
tem will in general not have enough time to find the abso-
lute minima. This situation is similar to the spin-glass
problem where memory effects" and a wide distribution
of relaxation times occurs.

It is interesting to note that in "normal" liquids typical
relaxation times are of order picoseconds, or so, while the
molecular rearrangement processes observed by Gee,
McGuiggan, and Israelachvili occur on the scale of
seconds. The fundamental difFerence is the large (on the
scale of the thermal energy k~T-25 meV) diffusion or
rearrangements barriers which often occur for adsorbed
molecules but which are absent in liquids. These barriers
are particularly large for adsorbates on nonmetals, where
relative localized bonds may have to be broken and re-
formed as an adsorbate moves parallel to the substrate.
This is also true for mica surfaces which has a large unit
cell, with well-separated bonding sites, which may give
rise to a relatively strongly corrugated substrate potential
(see below).

In this context it is interesting to note that a drastic
reduction (typically by a factor of „,) in the sliding fric-
tion (and the absence of "stick-and-slip" ) occurs if water
is introduced in the lubricant. Now, it is known that
water binds very strongly to mica surfaces, and the water
molecules in the lubricant will migrate to the mica sur-
faces where it forms overlayers. The sliding will now al-
most certainly occur between the water layers and the lu-
bricant layer and if the barrier towards the lateral motion
of the lubricant molecules is much smaller for a water-
converged surface than for the clean surface, this leads to
a drastically reduced sliding friction. Now, a clean mica
surface has a large unit cell and the surface is strongly
polar. Hence, even for a saturated hydrocarbon mole-
cule, where no direct chemistry" is expected to be in-
volved in the adsorbate-substrate bond, a relative large
lateral corrugation in the binding potential is expected
because of electrostatic interactions between the adsor-
bate and the polar groups on the mica surface (the
charges on the mica surface induces dipoles in the adsor-
bates giving rise to charge-induced dipole interactions).
But the electric field from the polar groups on the mica
surface will be almost completely screened out when a
layer of water molecules occurs on the mica surface.
This results in a much weaker corrugated interaction po-
tential between the lubrication molecules and the mica
surfaces and hence to a strongly reduced sliding friction.

The measurements of Gee, McGuiggan, and Israelach-
vili were performed on extremely smooth mica surfaces
and the observed "stick-and-slip" motion is likely to in-
volve the whole contact area simultaneously. However,
most "practical" sliding systems involve surfaces which
are relative "rough, " at least on the microscopic scale.
Hence it is very likely that different surface areas in the
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(b)

local slip

m ~pe
M~PwP@

I~
local slip

FIG. 19. (a) An elastic block on a substrate. Left: the force
F deforms the block elastically but the surface stress F!5A
(where 6A is the contact area) is below the minimum critical
stress a.o necessary for a local sliding to occur. Right:
F/6A )o.o and the area under the dotted volume element have
undergone sliding. The local stress at the slid area equals
cr& &o.o. (b) A simple model which allows one to study the
cooperative nature of the sliding process.

VI. SUMMARY

The most important results of this study can be sum-
marized as follows.

(a) I have studied the coverage and temperature depen-
dence of the linear sliding friction for adsorbates on a
(100) surface of a fcc crystal. These simulations where

contact region experience different pinning potentials,
i.e., the local surface stress o.o, which must be overcome
for sliding to occur, vary over the surface. The conse-
quences this has on the sliding process are illustrated in
Fig. 19. Here a solid block slides on a surface and it is as-
sumed that the critical surface stress cro has its smallest
value on the surface area hA, where the dotted volume
element in Fig. 19 is in contact with the substrate.
Hence, as the force F increases, when the surface stress
F/5A reaches the value 0.0 the local surface area 6 A will
slide and stop first when the local surface stress falls
below the kinetic sliding stress cr, . In Fig. 19(a) this local
relaxation of the elastic body is indicated by the change
in the shape of the dotted volume element before and
after sliding. Since the local stress at the slid surface area
hA is lower than o.o, it follows that the surface stress on
the unslid surface area is higher after sliding than before.
For a macroscopic solid block, where one may assume
the existence of an almost continuous distribution of local
critical stresses oo, it follows that the initial sliding may
initiate further sliding on other surface areas. This in
turn increases the surface stress even further on the sur-
face area which has not undergone sliding. This may re-
sult in an increasing number of local sliding events which
could end up with the whole surface moving relative to
the substrate.

The simple model presented in Fig. 19(b) may be used
to gain further insight into the nature of this collective
sliding processes. This model is similar to the one stud-
ied by Carlson and Langer in the context of earth-
quakes, with the modification that a distribution of criti-
cal stresses o.

o and o.
&

now occur.

based on Langevin dynamics and where performed on
systems with both "small" and "large" corrugation of the
adsorbate-substrate interaction potential and with
Lennard-Jones interaction potentials between the parti-
cles. In the former case the sliding velocity increases
monotonically with increasing coverage, while in the
latter case (at low enough temperature) an ordered com-
mensurate structure is formed at the coverage 0=0.5,
where the drift velocity is extremely small.

(b) I have studied the nonlinear sliding friction and
shown that for solid adsorbate structures the relation
( u ) =f(F ) between the drift velocity ( u ) and the exter-
nal force F exhibit hysteresis which implies "stick-and-
slip" motion for macroscopic bodies. For liquid over-
layers no hysteresis occurs which implies smooth sliding.

(c) I have shown that if the adsorbate layer is in a solid
phase the ratio F& /Fo between the kinetic and the static
friction force equals —,

' for a large class of sliding systems.
This is in good agreement with experimental data for the
ratio f&lf, between the kinetic and the static friction
coescient.
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APPENDIX A

In this appendix, I study the sliding motion of adsor-
bate systems when the external force F=Fx is very
strong. We have

BU
mr;+mgr; =—

Br;
+F+f; .

Br;
(Al)

Let us write

r; =vot+x, ,

where

(A2)

m Yfvo=F

Substituting (A2) into (Al) gives

aU
mx +mgx. =—

Bx.I

where

av
Bx;

(A4)

mx;+mgx; = —kUO sin(cot+kx, . ) — +f„;,av
l

where cu =kUO. Let us write

x;=X;+g, ,

(AS)

(A6)

where X, and g; vary "slowly" and "fast" with time, re-
spectively.

Now, let us choose g; to satisfy

U(x;) = Uo[2 —cosk(uot+x;) —cosky; j .

Note that Vis independent of time. The x component of
(A4) gives
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m g; +m gg; = —k Uo sin( cut +kX; ) .

Since X; varies slowly with time, we get

(A7) sorbate would have if the surface where perfectly flat (i.e.,
Uo =0), then (A12) can be written as

i(cot+ kX, )
o e

2m & co I co'l7

Using (A5) —(A7) gives

—i(cot+ kX,. )
e

CO +le'g

U2
&u)=u, 1—

8E

This formula is valid only if K &) Uo, i.e., the drift kinetic
energy must be much larger than the substrate corruga-
tion Uo.

mX, +m gX; = —k Uo [sin( cot +kX; +k g; )

—sin( cot +kX; ) ]— +f, .
av

l

Expanding to first order in g,. and averaging (denoted by
an overbar) over the time period T= 2'/ro gives

APPENDIX B

In this appendix, I derive an expression for the drag
force on a stationary circular disk (radius R ) in a two-
dimensional Quid. The external force F acts on each Quid
atom and, far away from the disk, gives rise to the drift
velocity vo where m gvo= F. The basis equations are

mX; +m gX; = —k Uog; cos( cut +kX; ) — +f; .
1

(A9)

Next, using (AS),

V.v=O,

tv +v Vv=-
Bt

1
Vp+vV v —g(v —vo) .2

mno

(81)

(82a)

g; cos(tot+kX;)=
kUo NYf

CO +CO 'g
(A10

If we measure velocity in units of vo and distance in units
of R then the terms

kUo

2m Q)

since co))g when F is "large. " Substituting (A10) into
(A9) gives

v V'v: vV v: qv

will scale as

v o /R: vvo /R: duo

k Uo
mX;+mgX;= —

3
— +f„; . (A 1 1)

or

voR/v: 1: R g/v .

Hence, integrating out the rapid motion results in an
effective equation of motion for x;(t) where the periodic
force associated with the corrugated substrate potential is
replaced by a constant force. Using (A2) and (All), we
obtain the drift velocity

k U
&u)=u, —

2m co

Hence, the large- and small-R limits will be correct even
if we drop the nonlinear term v Vv (see discussion below,
however). If, in addition, we consider stationary flow,
dv/r)t =0, then (82a) reduces to

1
Vp+vV v —g(v —vo) =0 .2

mno

But my& u ) =mrtvo=F so that

k Uo

2mF ~3

Substituting to =kvo =kF /m g in this equation gives
4

~=1—& U~
rl

om (A12)

The drag force is given by

(Fd„s);= /de[ —px;+mnov(v; +u;)x ], (83)

v=VA+nXVB+vo .

Now, note that

(84)

where the integral is over the periphery of the disk, i.e.,
lxl =R and 0(y(2'. Let n be a unit vector normal to
the xy plane occupied by the Quid. Let us write

This formula is valid only if the last term is much smaller
than unity, i.e., F))(mU )'o~ g. Note that if we intro-
duce IC =mu~o/2, which is the drift kinetic energy an ad-

x, (v;)+u, ;)=x.Vv;+(u~x. ); —u; .

Substituting (84) into (85) gives

(85)

x V(VA+nXVB)+V(x VA+x nXVB) —VA —nXVB=x V(2VA+nXVB)+xXn. VVB . (86)
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Fd„g= /de[ px—+mn0vx V(2VA+n XVB)] .

Next, substituting (84) into (81) gives

(87)

But note that xXn V= —8/By, where (r, y) are polar
coordinates. Hence the last term in (86) does not con-
tribute to the integral in (83). Thus, using (83) and (86),

The relevant solutions of (88) and (810) are of the form

3 =a x/r

p =b.x/r

(812)

(813)

where a and b are two constant vectors. Next, the
relevant solution of (811) is of the form

7' A=O.

Substituting (84) into (82b) and using (Bg) gives

yp+~X VV'B —~ye —~+X VB =0 .
mnp

(BS)

(89)

8=c x/r +d.xf(r),
where

[d.xf (r ) ]=0

(814)

(815)

Operating with V on this equation and using (88) gives
or, in polar coordinates,

+2p —
O

Next, operating with n X V on (89) gives

V (vV 8 —ill)=0 .

(810)

(811)

d 1 d 1(rf )+— (rf ) (rf—) (rf ) =—0, (816)
dr r dr r 2 V

i.e., rf =K, (ar) where a=(g/v)' and where K, is a
modified Bessel function. Substituting (812), (813), and
(814) into (89) gives

1 b
mnp r 2

2b xx
4

a
'9

2

28 xx
4

c—gnX
r2

2c'xx
r4 (817)

Hence

b= —mnpqa, c=O .

must take a.x=ar cosy and d.x =dr sing. Substituting
(812) and (819) into (821) and (822) gives

Substituting these results in (813) and (814) gives

p = —mnpqa. x/r

B=d xf(r) .

(818)

(819) or

a+dR f(R ) —R u0=0,

a —dR [Rf(R)]'+R u0=0,

Substituting (812), (818), and (819) into (87) gives

F~„=mn0m [isa+ vn Xd[2rf '+ r(rf ')']„

But from (816)

v[2rf'+r(rf')']=rjr'f .

Hence

Fd„=mn0m. il(a+nXdR f ) . (820)

2Up

f(R )+ [Rf(R )]'

Using these results in (820) gives

=mn R~-' f' 'fv
dfRg 0 1 (Rf )t +f 0

aRK'& (aR ) —3Ki(aR )=mn p7TR 'g vpaRK', (aR )+K, (aR )

Next, assuming no slip at the periphery of the disk one
gets v =0 for r =R. Hence, using (84),

x-v=x. V'3 +x Xn-V'8+x. vp=0,

nXx v=nXx VA+nXx. nXVB+nXX vp=O

for r =R, or since n Xx.V'=0/By and n Xx-n X 7'

=RayM,

But, since

Ki(aR )= —K0(aR ) —Ki(aR )/aR,
we get

K, (aR )
F~„=mn0~R g 1+ v0 .

aR K0 aR
(823)

BA BBR — +Rup cosy=0,
BR

aW aB+R RUp sing —0
aq aR

(821)

(822)

Now, in order to satisfy these boundary conditions, one

rag mn p mR gvp
2— (824)

as aR ~ ~. Next, let aR ~0. Since
K i(aR ) —1/(aR )

and K0(aR ) ——ln(aR /2) as aR ~0, we get

Let us consider two limits of (823). Since
K, (aR )/K0(aR )~1 as aR ~~, we get
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4~m&o&

n(aR /2) o (825)

as aR —+0.
Finally, let me add the following comment. Note first

that according to (825), Fd„g~0 as 7i~O, which is an
unphysical and incorrect result. To see this, suppose we
put ri =0 in (82a) and for the moment neglect the compli-
cations that this has for the existence of two-dimensional
hydrodynamics (e.g. , the divergence of the physical
"macroscopic" viscosity). It is well known that in this
case it is necessary to keep the nonlinear term in (82)
when calculating the drag force on a circular disk; other-
wise no solution satisfying the boundary condition v=0
at the periphery of the disk exists for the Navier-Stokes
equations. As shown by Lamb, to leading order in

4mmn pv
drag l ( R/2) 0 ~ (826)

1 /2
Vp

4v

This formula reduces to (825) if UoR/v —+0 and to the
other known limit as g~0.

UoR /v one now has the same result as (825) except that
the argument of the logarithmic function in (825) is re-
Placed by voR /4v. Hence even when rlAO it is necessary
to keep the nonlinear term v Vv in (82) in order to obtain
the correct limiting formula as R ~0. To leading order
in aR and vpR /v such a treatment gives
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