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We present a method for calculating the electronic structure of disordered alloys with short-
range order (SRO) which guarantees a positive density of states for all values of the SRO param-
eter. The method is based on the generalized augmented-space theorem which is valid for alloys
with SRO. This theorem is applied to alloys with SRO in the tight-binding linear-muffin-tin-orbital
(TB-LMTO) framework. This is done by using the augmented-space formulation of Mookerjee and
the cluster-coherent-potential approximation. As an illustration, the method is applied to a single-
band model TB-LMTO Hamiltonian. We find that the SRO can induce substantial changes in the

density of states.

I. INTRODUCTION

During the last two decades a good deal of progress has
been made in understanding the electronic structure of
random disordered alloys using the coherent potential ap-
proximation (CPA).1™2 However, most disordered alloys
have a certain degree of short-range order (SRO) which
cannot be studied using the CPA since it is a single site
theory.# The inclusion of the SRO is a challenging prob-
lem since it requires a self-consistent theory which goes
beyond the CPA, i.e., one has to develop a theory which
includes correlations between different sites and retains
the Herglotz property of the averaged Green’s function.
Such a development is important not only for studying
ordering and clustering in alloys, but also for develop-
ing analytic mean-field theories of liquid and amorphous
materials.?

During the last few years, we have developed a
theory for random disordered alloys in the Korringa-
Kohn-Rostoker (KKR) and tight-binding linear-muffin-
tin-orbital (TB-LMTO) frameworks, which goes beyond
the CPA and includes correlations between different
sites using the cluster coherent potential approximation
(CCPA).>71% This theory is based on the augmented-
space formulation (ASF) of Mookerjee!!''? and guaran-
tees a positive density of states.® However, inclusion of
the SRO in this theory became difficult because the orig-
inal augmented-space theorem is valid only for random
alloys. The best one could do was to expand the aver-
aged Green’s function of the disordered alloy with SRO
in terms of the averaged Green’s function of the ran-
dom alloy.# This expansion, which contained an infinite
number of terms, had to be truncated for numerical cal-
culations. Although the full expansion of the averaged
Green’s function was Herglotz, the truncation of the ex-
pansion sometimes gave a negative density of states for
large values of the SRO parameter.

In this paper, we present another method for calculat-
ing the electronic structure of disordered alloys with SRO
which does not use the expansion of the Green’s function
as used in the previous paper? and guarantees a positive
density of states for all values of the SRO parameter.
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The first attempt to include SRO in the ASF was that
of Kaplan and Gray!3 using the empirical tight-binding
Hamiltonian. For construction of certain operators in
the augmented space, we have followed an approach sim-
ilar to theirs and have given a proof of the generalized
augmented-space theorem in Sec. II. Although the theo-
rem was quoted in Ref. 13, its generalization is nontrivial
and a proof of the equality of the configuration average
with a particular matrix element in the augmented space
is essential. In Sec. III, we apply this theorem to the
TB-LMTO Hamiltonian of a disordered alloy with SRO
and derive necessary formulas. In our method the ef-
fective medium is calculated self-consistently using the
CCPA. Within the density functional theory!* it can be
made charge self-consistent also. Our approach is quite
different from that of Gonis and Freeman,'®* who have
used the embedded cluster method, which is a non-self-
consistent approach. In Sec. IV, we apply the formula-
tion to an s-band alloy in the TB-LMTO framework and
present the results for the density of states for several
values of the SRO parameter. In Sec. V we give our
conclusions.

II. THE AUGMENTED-SPACE THEOREM
FOR CORRELATED VARIABLES

We shall consider a function F({n;}) of many vari-
ables {n;} which are random but have correlations built
into their behavior. The average of the function over

all possible configurations of this random set is given
by5,11:

Fnap) = [ [ [ dmdna-dne-Find)

xP(ni,na,y...yNpy...) . (1)

Unlike the case of independent random variables, the
joint probability distribution, P(ni,ns,...,nk,...), does
not break up into individual probability densities. How-
ever, we may rewrite the above equation in terms of con-
ditional probability densities p;(n1), p2(n2|n1), etc.,'?
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Fnipy = [ [+ [dmdny-o-dni-- F(gnid)
xp1(n1)pz(nz|ni)pa(na|nz, n1) - - pr(ne|nk—1, ne—2, - ,m1) -+ . (2)

We notice that each of the conditional probability den-
sities has the positive definiteness necessary for the
augmented-space theorem to hold. In addition we also
impose finiteness to all the moments of these densities,
in order to avoid difficult convergence problems. This
restriction is not stringent, since almost all the physi-
cal conditional probability densities obey this restriction
anyway.

We shall first describe construction of operators asso-
ciated with each of the probability densities and subse-
quently give a proof of the generalized augmented-space
theorem regarding the configuration average of the type
shown in Eq. (1). We start with the unrestricted proba-
bility density p;(n1). We associate with this an operator
M; such that

pi(n1) = —(1/m)Im(f7|(nal — M1)7H|£7) - ®3)

Given the probability density, the construction of a rep-
resentation of the operator has been described in some
detail by Mookerjee.!! Here we wish to remark on some
relevant properties of this operator. The operator is a
mapping on the configuration space of the variable n;.
Corresponding to the various values m% randomly as-
sumed by n;, we may assign states |m¥) to our system.
The space spanned by these states is the configuration
space ¢; associated with the variable n;. The rank of
this space, as well as the rank of the operator M, is the
number of different values which n; can assume. From
the relationship between the resolvent of M; and the
probability density, we can immediately conclude that
the states corresponding to definite values attained by
n, are eigenstates of the operator M; with eigenvalues
m¥. Let wy be the statistical weight associated with the
value m¥. From Eq. (2) we can find that!!

(1) = (FRIML|FY) = miws . (4)
k

The alternative basis {|f7)} has been constructed as a
linear combination of the eigenbasis with

1) =D Vewrlmk) .
k

For a binary distribution of ni, e.g., taking two values
na and mp, the transformation matrix connecting the
eigenbasis to the basis |f]) is given by

Thus Ut M, U is diagonal, with elements n4 and ng. We
shall also define a set of projection operators, P§, which
project onto the eigenstates of M;. In the eigenbasis
these operators have representation matrices which are
zero everywhere except at the kth diagonal position. We

[

may easily find their representation in the basis {|f7)}
by premultiplying and postmultiplying by the transfor-
mation matrix U. For the binary case, for example, we
have

pPA — wa Vwawp
1 N/ wawp wp ’
PB — wp RV wWawB (6)
1 —\/waAwWB w4 :

The full configuration space consists of the product of the
individual configuration spaces of each of the variables,
i.e,

We now extend the operator M; onto the full configura-
tion space by

Mi=MQQIQQI®--- .

Let us now come to the variable n,. For this, we have
several distinct conditional probability densities, depend-
ing on the value taken by the variable ny. For each value
m¥ taken by n;, we associate with the corresponding con-
ditional probability density ps(nz|n; = m*) an operator
MY}, such that

p2(najny = my) = (=1/m)Im(f3|(n2I — Mz)7*|f3) . (7)

The operator M, we wish to associate with the variable
nz should be that MF which corresponds to the particular
configuration m¥ which n; takes. A natural generaliza-
tion then takes the form

M=) PF@M}QI®--- .
k

When we come to the next variable ng, there are now
different conditional probabilities ps(ng|n, = m;”,nl =
m'l“) depending on the different configurations attained
by both the variables n; and n,. With each one of these

we now associate an operator Mx'*?. Using the same
type of argument as in the previous case, we associate an
operator M3 with the variable ng, given by

My=3 S ProPreMyele .
k1 k2

We go on associating operators M,, with each of the vari-
ables n, in turn. In general,

] k k. kg kp_ o
MP=;"'ZP11®P22"'®M:1M B QI®--- .
1 kp_1
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Having done this, we now wish to prove the central the-
orem.

Theorem. The configuration average of the function
F({n;}) is given by (F°|F({M;})|F°), where |F°) =
I ®I£2)-

Proof. Let us first note that

PPy = b Py (8)
Let ms? denote the eigenvalues of M P~ with sta-
tistical weights equal to w’,:"k’ *p-1 Then we note that

we can expand

f°>—Z

k1,k2:-k

kl,kz kp_l

myr)

and
J

(FO|[ML]™ ® [Ms]™ ® -+ |F°) = (FO| M} [

ZP

ki k2
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Mgk Bl = kb [T )
_ msp w::’k"“ "_1|m;‘,’*’) ,
so that
(Fplgte ke Bl 1) = mipawd R Rt (9)
Since ]mp”) are eigenfunctions of M) kikake-1 o simple

generalization will give us
ka,kg e kp_
(F2) (M ko] B £0) = [mbe]” oo et
(10)

where r is an integer.
Consider now the following relationship:

Y Pk (Mfl)rz ®I--~]

k1

® P, ® (M’“l”“z) @] - |F) .

If we now expand the terms in the brackets and gather terms together, we get

3 [@m)y PPl

k“

208

Ao rY-

Z [(Mkl)rzpkzpkz .. P;"’Zl] [
kY

Using Eq. (8), the relevant § functions reduce all multiple summations per variable label to only one per label and
only one projection operator per label survives in the above expression and we get

> (M) P @ Y (M) P ®
k1 k2

Now taking the matrix elements between |F°) and using (10) we get

Z E (mk‘ )™ (

k1 k2

By definition, it is easy to see that this is (n]*ng? - --).

’262 )1‘2 . k1

k1,k2
(A)klwkzwka LA

Finally we define a well-behaved operator function F({M;}) of the operators {M;} as the series

FUMY =D ZBW, MM

T1 T2
Using the result already proved above, we obtain

(FO|F({M;})|F°) = ZZ ..

L T2

BTl,TZ"'(FolelMgz e

|F°)

ZZZ"'ZB"”T“'”

1 T2

B3 D 3

k1 k2
ki1,k2
_ZZ wklwkzwk;’
k1 k2
k1 1 k2 \72
E :E : B"‘1,7‘2 ) (m2 )
T T2
ki1,k k k
= E E wklwkgwks’ e F(myt,mg® )

k1 k2
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From definition this
(F(n1,mz--4)).

This completes the proof of the generalized augmented-
space theorem.

is the configuration average

ITI. THE TB-LMTO
AND THE CLUSTER-COHERENT-POTENTIAL
APPROXIMATION

The tight-binding or screened version of the linearized-
muffin-tin-orbitals method (TB-LMTO) has provided
an excellent starting point for first-principles electronic
structure determination of disordered alloys. The re-
sulting Hamiltonian is short-ranged and therefore ideally
provides the extension from the traditional ad hoc tight-
binding ideas into a fully-self-consistent first-principles
theory. The basis of the method has been described in
detail by Andersen'® and relevant details necessary for
disordered alloys are given in Refs. 8 and 17. Here we
shall quote only some of the principal results necessary
for our discussion.

We shall be using the most localized TB-LMTO repre-
sentation called 3 representation. In this paper, we shall
focus on a binary substitutional disordered alloy of A and
B atoms. Let R denote an atomic position and L a collec-
tive angular momentum index for (I, m). The scattering
properties of the potentials are characterized by the po-
tential parameters Crr, Arr, and yrr. Kudrnovsky and
Drchal'” have rewritten the Green’s function of the sys-
tem in terms of site-diagonal random functions ’\?z (2)
and [L% 1.(z), which are functions of the potential param-

eters, and an auxiliary Green’s function gg Lr (%)

Grr,r1(2) = Ngp(2)0rROLL

+M%L(z)glﬁ2L,R’L'(z)/’l'%’L'(z) ) (11)
with
9 rp(2) = (A YVrL L, (12)
where
—1
Apprr ={[PP(x) -5} . (1)

The potential functions Phj(z) are random and site-

diagonal but the screened structure functions S,ﬁu’ R'L'
are nonrandom if there is no structural disorder. The
potential function has a binary distribution and may be
written in terms of random occupation variables {ng}
which take the values 1 if the site R is occupied by an
atom of the type 4 and 0 if it is not. The probability
weights associated with the variables will, of course, de-
pend upon whether we wish to incorporate SRO or not.

Our first task would be to obtain a CCPA for the
configuration average of the auxiliary Green’s function,
ggL’ rr(2). For this we follow a procedure very simi-
lar to that of Razee and Prasad.® We shall first consider
the auxiliary Hamiltonian .4 written as an operator in a
Hilbert space H spanned by the site-angular momentum
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labeled TB-LMTO basis.

A= PRIR)RI -3 Shn|RNR,
R

R R

= P?BY"|R)(R|+ 6P _|R)
R R

x(Rlnp — Y Y Spp|RXR|, (14)

R R'

where
SP = pB4A _ pBB ,

and we have suppressed the angular momentum index
L for convenience. As described in the earlier section,
we may now associate with various site occupation vari-
ables ngp corresponding operators Mg in the configura-
tion space of the random variables. We notice that*

p(an) = mé(an - 1) + yé(an) )
p(nRzlan = 1) = (:l: + ay)‘s(nRz - 1) + (1 - a)yé(nkz) ’

P(nr;|ng, =0) = (1 —@)zé(nr, — 1) + (y + az)é(nr,) -

Here z and y are the concentrations of the A and B con-
stituents and o is the Warren-Cowley SRO parameter.*
Note that o = 0 when there is no SRO and the condi-
tional probabilities of the second variable become iden-
tical and equal to the unrestricted probability density of
the first variable. a < 0 indicates a tendency towards
ordering, while a@ > 0 indicates a tendency towards seg-
regation. The representations of the different operators
associated with the variables, discussed in the earlier sec-
tion, are

e (%),

T+ ay

AQ:(«@—@Wwa

VI e wen)

(1-a)y

o _ 1-a)x
M"(«u—anw+a@

V(1 - a)z(y + az) ) ,

Y+ ax

n- ().

Pf:(_\?;w_y “\f”_y) : (15)

In this representation, the operators associated with the
sites R; and R, operate only on the configuration spaces
of the respective variables. These configuration spaces
are of rank 2, as the operators described above. We
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have to generalize these operators on the full configu-
ration space of the alloy in a manner described in the
earlier section. Let us introduce projection and transfer
operators in the configuration space ¢, :

ABHIJIT MOOKERJEE AND RAJENDRA PRASAD 48

Po = 1N Fl T = 1f2){fal -

In terms of these, the two operators M, and M, may be
written as

My = [oPf +yPL + V@) (T + T2 © T @ - - (16)

M, = [zP? @ P + yP? @ Pi + XPi ® Py + X'P{ ® P; + B1PY ® (T3* + T3°)
+ByPl @ (T + T3°) + Ba(TL + 1) @ Py + Bo(T2 + T1%) @ Py
+Bs(T' + ) @ (R + L) ®I®---, (17)

where

X=z—-alz—y); X' =y+alz—y),

By = z+/(1 — a)y(z + ay) + /(1 — a)z(y + az) ,

By = y/(1 — a)y(z + ay) + z+/(1 - a)z(y + az) ,
B; = a/zy ,

By =

Qa./TY ,

Bs = oy [v/(1 - a)y(e + ay) — (I - @)z(y + az) .

We check that when o =0, i.e., when there is no SRO,

sz)X,:yaBlzBZ’:\/m ywB3=By=Bs=0,

reducing M to a form identical to Mj, as it should be for independent random variables.

The generalized augmented-space theorem then leads to

(9% ri) = (RF°|ATYR'F°) (18)

where

A=PPEN"|RNR|@T+6PY |R)(RI®@Mr—Y_ > S°rr|RNR|®T. (19)
R R

The CCPA now proceeds in a way identical to that de-
scribed for the KKR-CCPA by Razee et al.° The princi-
pal steps involve the following.

(i) Partitioning the full augmented space ¥ = H ®
@ into a subspace ¥! spanned by the cluster C and its
configurations. If the cluster C is of size N then the
rank of this subspace is N x2%. The Hamiltonian in the
rest of the augmented space is replaced by an effective,
nonrandom, translationally symmetric Hamiltonian A%,
corresponding to the potential function P#-*f at each site
and the structure functions Sg’gf of the effective medium.

(ii) The Green’s function in this subspace is obtained
by the partition theorem or downfolding'® into this sub-
space. This Green’s function will therefore involve the
effective Hamiltonian A°f.

R R’

f

(iii) We next partition this subspace into a subspace
spanned by the vectors {|R € CF°)} and its complement.
Again the Green’s function in this subspace is obtained
by the partition theorem or downfolding.

(iv) The generalized augmented-space theorem then
tells us that the Green’s function which we have obtained,
ie.,

(R € CF°|A YR € CF°),

is the configuration averaged Green’s function (g’?2 )

(v) We now choose the effective Hamiltonian 4%
such that the auxiliary Green’s function for the effec-
tive medium, g,‘; R» is the configuration averaged Green’s
function obtained in (iv), i.e.,
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g?m' = <g€lR' )

This gives us the CCPA equations for obtaining the ef-
fective Hamiltonian and hence the configuration averaged
Green’s function.

This procedure has been described in detail several
times in different contexts. We shall refer the reader to
the earlier references®%%10 and quote only those results
which are modified when we introduce SRO. In Appendix
A of Razee et al.,® it was shown that if we take a one-atom
cluster, then the self-consistent equations reduce exactly
to the traditional CPA equations. It becomes also clear
that within a one-site approximation SRO cannot be log-
ically introduced. We require at least a two-site approxi-
mation. Thus we choose our cluster C as consisting of two
sites, B; = 1 and Ry = 2.'°® Within this approximation,
the partitioning mentioned in (i) leads to a subspace I of
rank 8 = 2x22, and after replacing A in the subspace IT
by

A — pBieff Z |R)(R| — ZZS%EFIRMRI' )
R

R R

we get, for the matrix A [see Eq. (2.20) of Razee et al.,]
an 8x8 matrix:2?

. [100 200[101 110 111 201 210 211
100, V|0 W 0 0 0 0
2000V P |0 0 0 B, B, B,
1010 0 |P 0 W V 0 0
110/W 0|0 P, 0 0 V 0
111/ 0 o |W 0 P, 0 0 V
2010 B,|V 0 o0 P, B, B,
210/ 0 B,| 0 V 0 B, P B
211/ 0 B,|0O O V B, B, P,

Here,

P = (zPP4 4 yPPB) |
Pl = P_£11 ’
P, = (yPPA 4 2PPB) — ¢, ,
P =(1-a)P,+aP,— ¢,
Py=aP +(1—-a)P; — &1,
V = (8, + €12)
W = /zyéP ,

B!, =B,6P forn=1,...,5, (20)

where £gps are given by®1°
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&1 = PPeff [glﬁl — glﬁz(gfl)—lgg]_l )

€z = =S — [0, — g0, (6%,)1gh)

The further partitioning of this matrix as in (iii) is in-
dicated in the above matrix itself. The augmented-space
theorem then gives

PPt — p_ (D'E"'D),, , (21)
513" = 51, + (D'ET'D), (22)

where

p_(0WO0 o0 0 0
=\o o oB B, B, ) >

PL 0O WYV 0 0
0P, 0 0O V 0
W o P 0 0V
E=|lv o o P, B, B,
0 V 0 B, P, B,
0 0 V B, B, P,

Equations (21) and (22) are the self-consistent CCPA
equations which determine P?¥ and SP°f, It is easy
to check that these equations exactly coincide with Egs.
(30) and (31) of Razee and Prasad® when the SRO van-
ishes, i.e., a=0. The above discussion allows us to com-
pletely obtain a CCPA version of the auxiliary Green’s
function (gg g')- The calculation of the full Green’s func-
tion average then proceeds in a way very similar to Razee
and Prasad® and, therefore, we shall not repeat it here.
From these average Green’s functions, the density of
states and charge density can be calculated. We note
that the structure of the augmented-space Hamiltonian
(19) remains the same as in the case of no SRO, the only
change being in the construction of the operators Mg
associated with the random variable ng. As a result,
the proof of analyticity of the CCPA based on the ASF
given earlier by Razee et al.® also carries through and the
density of states is guaranteed to be positive.

IV. APPLICATION TO AN s-BAND ALLOY

To illustrate our formalism, we have chosen a simple
s-band model, on a bcc lattice. The model, while com-
putationally simple, contains essential ingredients of the
realistic TB-LMTO Hamiltonian. The model has been
previously used by Razee and Prasad® in connection with
the implementation of their TB-LMTO-CCPA formula-
tion and, therefore, we shall not repeat the details of
the model here. For this calculation, we have chosen a
two-atom cluster, consisting of site (0,0,0) and one of its
neighboring sites (0.5,0.5,0.5). The self-consistent equa-
tions for this cluster, Egs. (21) and (22), were solved iter-
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FIG. 1. Average density of states for the alloy with short
range order for concentration z = 0.9.

atively. The convergence in PA*f and $8-°f was achieved
within 0.001 a.u. . We have chosen the values of C, A,
and v as —0.75 Ry, 0.08 Ry, and 0.42 for A atoms and
—0.35 Ry, 0.17 Ry, and 0.39 for B atoms, respectively.
This choice corresponds to the case when both diagonal
and off-diagonal disorders are present.

In Fig. 1 we show the average density of states for
z = 0.9 for various values of the SRO parameter . Al-
though the majority band is not much affected by chang-
ing a, there are large changes in the impurity band. For
a = —0.1, which corresponds to the ordering tendency,
the impurity band shifts to lower energies. Also there
is a clear band gap between the majority band and the
impurity band. In contrast, for @ = 0.3, which corre-
sponds to a tendency towards segregation, the minority
band spreads out to higher energies compared to the ran-
dom case (a = 0). Also there is a substantial density of
states in the energy region, whereas for the random case
the density of states is almost zero.

In Fig. 2 the average density of states for £=0.5 is
shown for &« = —0.5, 0.0, and 0.3. Now we note sub-
stantial changes in both the bands. For a = —0.5, there
is a shift of weight from the lower band to the higher
one, and there is a narrowing of the bands. Also, in the
middle of the bands the density of states is smaller than
that for the random case. For a = 0.3, again there is a
broadening of the bands and the density of states in the
middle region is larger than that for the random case.
Some of these trends are also visible in earlier empirical
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FIG. 2. Same as in Fig. 1, but for z = 0.5.

tight-binding calculations,?1:2? although the changes in

bandwidths due to SRO appear to be quite small.

V. CONCLUSIONS

In this paper we have given a proof of the generalized
augmented-space theorem which is valid in the presence
of short-range order. We have applied this theorem to a
TB-LMTO Hamiltonian to calculate the electronic struc-
ture of a binary substitutional disordered alloy and devel-
oped a CCPA method which guarantees positive density
of states. The method was illustrated by applying it to an
s-band alloy model. We found that the inclusion of SRO
can change the density of states substantially. In par-
ticular, for SRO favoring ordering we find narrowing of
bands, while for SRO favoring clustering there is broad-
ening. We feel that this could lead to significant change
in the total energy.
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