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Complex spatiotemporal dynamics of current filaments in crossed electric and magnetic fieids
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We propose a novel model for the nonlinear dynamics of spatiotemporal patterns in semiconductors
with negative differential conductivity under the inhuence of a transverse magnetic field. Dielectric re-
laxation of both the applied electric field and the Hall field combined with the generation-recombination
kinetics of the carriers obtained from a Monte Carlo simulation induces a transverse motion of the
current filaments and complex sequences of nucleation, traveling, and destruction of filaments which re-
sult in chaotic current and voltage oscillations.

Nonlinear and chaotic spatiotemporal dynamics of
electrical transport in semiconductors has attracted con-
siderable theoretical' and experimental research to date.
In particular, high-purity semiconductors under the
simultaneous application of parallel or crossed electric
and magnetic fields have been found to exhibit self-
generated chaotic current or voltage oscillations under dc
bias. In the regime of impurity impact ionization
breakdown at low temperatures, but also in other
semiconductor structures and in plasma physics, ' such
oscillatory instabilities are often connected with S-shaped
current density-field characteristics and negative
difFerential conductivity (SNDC), which gives rise to
current filamentation. For perpendicular electric and
magnetic fields, the occurring filaments show either
asymmetric breathing states, or travel transversally in
the direction of the Lorentz force across the sample.
While for positive differential conductivity a mechanism
for spatially homogeneous magnetic-field-induced oscilla-
tions in terms of a dynamic Hall effect was proposed re-
cently, "' an extension of this model to filamentary con-
duction is necessary in order to understand these com-
plex spatiotemporal instabilities. This is the purpose of
this paper. Up to now, to the best of our knowledge, an
adequate theory of filamentary transport in crossed mag-
netic and electric fields does not exist. Previous qualita-
tive and phenomenological descriptions discussed the dy-
namics of a single carrier under the inhuence of the
Lorentz force, resulting in a transverse current, or used
simple approximations of ordinary differential equations
disregarding the space charge in the filament walls. '

In this paper we propose a novel physically founded
model, which is based upon semiclassical semiconductor
transport theory combined with Monte Carlo simulations
of the generation-recombination processes, and is able to
account for the spatiotemporal degrees of freedom of uni-
polar nonlinear filamentary conduction and instabilities
in crossed electric and magnetic fields. It extends previ-
ous work on current filaments' which was confined to
the case without magnetic field. Following Ref. 11, we
neglect quantum effects leading to the splitting of the
conduction band into discrete Landau levels of spacing
AE =fico„where co, =eX/m * with magnetic induction

, elementary charge e )0, and effective mass rn*. In
the impurity breakdown regime the mean energy E per

W«, ) an,+ =P(n, n„6'), =P, (n, n„8), (2)

and the dielectric relaxation equations

8@
Cq =j o (p~(n )—+or, )A'„—p~S —(n@, )

An

t)C, /Bt = nu, , —

supplemented by Maxwell's equations

(3)

(4)

carrier is comparable to the ionization energy E,h of the
impurities. A classical treatment will thus be applicable
in the magnetic-field regime where hE &&E,& holds. '

The conduction current density can generally be calcu-
lated from the first moment of the Boltzmann equa-
tion. ' ' However, in the regime we are interested in, a
constant momentum relaxation time ~ may be assumed.
In the presence of a magnetic field the current density
j=qnv is then given by"'

j=enp&F/q qnpp&(X— XF/q)+np p~S(% F), (1)

where n is the carrier density, v is the mean group veloci-
ty of the carriers, q =+e is their charge, p=~ e/m* is
the mobility for %=0, p&=p/(I+p S ), F=q@
—eDn 'p~ 'V,n, and D is the diffusion constant.

As the relevant dynamic variables we choose, besides 8
and n, the densities of carriers bound at M shallow im-
purity levels n; (i =1, . . . , M) corresponding to ground
and excited states of donors or acceptors. Transitions be-
tween these levels and the band states are possible due to
generation-recombination (GR) processes including im-
pact ionization. It is important that both the applied
drift field 6'„and the induced Hall field 6', are treated
dynamically reAecting their finite dielectric relaxation
time, "while X (applied in y direction) is treated as a con-
trol parameter. As the dominant spatial inhomogeneity
in the SNDC regime occurs perpendicular to the drift
field in the form of current filaments, ' we assume spatial
inhomogeneity only in the z direction. The dynamic
equations for a sufficiently long sample with ideal planar
contacts connected in series with a voltage source Uo and
a load resistor R and in parallel with a capacitance C are
the continuity equations
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M
Bb„/az=0, ab, laz=p= n—+ g n, —1, (5)

where c„=1+LCI(sA), A =bWLD is the lateral
cross section of the sample, L is the length in the x
direction, E is the permittivity, jo = Uo/(R Aep&N~ Co),
o

&

=rMLLo l(R A e ), v, =p&[ 6', —( 1 ln )Bn laz +@X' ]
is the mean velocity in the z direction, p is the local
charge density, P, P, are the GR rates [we have intro-
duced M-dimensional vector fields n, =(n „.. . , nM ) and

p, =(p„. . . , pM )]. The angular brackets denote the spa-
tial mean value jo dz/W, where W is the width of the
sample, and b,n= n(W—) —n(0). Note that these equa-
tions hold for holes (q =e), but can easily be adapted to
electrons by inverting the sign of @,. All quantities are
given in dimensionless units, i.e., p, t, z, 6, and n, n, are
scaled by the low-field mobility pI, the dielectric
relaxation time ~M =EI(eptN~ ), the Debye length
Lo = [ks TL s/(e N„' )]', the thermal field

bo=k~TL l(eLD), and the effective acceptor concentra-
tion N~ =N„—XD, respectively. The classical static
Hall effect is reproduced by the homogeneous steady
states (denoted by an asterisk): 6,*= —@%8*,
jo=n*p@„. We now consider the case that the static
jo(6„) characteristic exhibits SNDC. The stability of
the homogeneous stationary states @*=(n*,n, , 6„,C,*)

with respect to fiuctuations 5@(z,t) ~ e'"'e ' can be inves-
tigated by linearization of (2)—(5). Due to (5) only homo-
geneous modes (k =0) allow for 56„%0. This motivates
a separate treatment for homogeneous and inhomogene-
ous modes.

The homogeneous modes yield oscillatory instabilities
previously found for the dynamic Hall effect. "' For the
inhomogeneous case we obtain a new spatiotemporal in-
stability. From (2)—(5) the eigenvalue equation

(A+@,&n*) =@~ —k +ik(pp, &)
H(A) 2 . (g2 F(k)

G A,
(6)

can be derived, where G(A, )=det(B —k), B, =BP,."/Bn,
H(A, )=G(A, ) —g; adj(B —

A, ); d =det(AoR —
A, ), d,.

=a/, /Bn, and (adjB); is ( —1)'+J times the determinant
of the matrix obtained by deleting the jth row and the ith
column of B (adjunct of B) Ao. R is B, ~ di5;—.

J and de-GR, l j J &.J
scribes charge-neutral fiuctuations with 56', =0, 5p=0,
and F(A.)= —g; . adj(B I, );~e~

—with e,. =a/;/BC and
( g2 + @2)1/2

Bifurcations with A,(k =0)=0 are possible at the turn-
ing points of an SNDC regime of the current density-field
characteristic. ' At these points we expand (6) for small
k, A, , restricting our analysis to the case of two impurity
levels (M =2): A(k)=iuk Dk an—d get

u = (pp~)' %(ap/BC)[(ap, /Bn, )(B$2/Bn2 ) (Bp—/2Bn, )(Bp, /Bn )2]/[ n "[—(Bp, /Bn, ) —(B$2/Bn2 )
—(a/lan) ]] . (7)

It can be shown under general conditions that U has the
opposite sign of%. Thus the fiuctuation moves transver
sally in the direction of the Lorentz force. The velocity is
proportional to S for small % in agreement with experi-
ment, until p+ differs significantly from p. The effective
diff'usion coefficient D =Do+pal Dsi can be split in a S-
independent part Do and p2PD& with

(BP&/B &)n(ap /Bn ) —(BP /Bn, )(ay, /an )

n[(ay, /an, )+(ay,—/an, )+(ay/an )]

D&=p&(FIG)'FGI(n*H' ) F /(n "H' )—
lJ&[F2/(2n H—' )][(H"G 2G'H')/G ],— (9)

where the prime denotes the derivative with respect to k,
and the argument 1,=0 is taken.

To get a physical idea of this remarkable transverse
motion of the fluctuations, we consider a carrier density
fluctuation around the unstable homogeneous state with
and without a magnetic field. This fluctuation will grow
in both cases due to the GR instability. Thus a fluctua-
tion of the transverse electric field will be built up accord-
ing to (4), so that the drift and diff'usion currents will tend
to cancel each other: n56, =B5n laz. In the case %=0
this will lead to a symmetric change of the absolute value
of the electric field, since 8,*=0. This local increase of
the electric field results in a symmetric increase of the
fiuctuation due to the GR processes. In the case %%0
the fluctuation 58, will reduce the absolute value of the
electric field on one side, while it will increase it on the

I

opposite site. Due to the GR processes the side of the
fluctuation with lower electric field will decrease and the
opposite side will increase. As a result, the fluctuation
will move in the direction of the Lorentz force. Note
that in this picture only the shape of the fluctuation
moves transversally while the carriers themselves remain
at their transverse positions, performing free to bound
transitions and vice versa. This corrects the former view
of traveling filaments being due to individual carriers
moving in the direction of the Lorentz force. Rather,
the situation is analogous to the motion of water mole-
cules in a water wave.

We have simulated the system numerically for p-type
Ge at 4 K with c„=1, o

&
=0 (current control)

in the impurity breakdown regime with GR rates
/=X', n2 —T', n (1+c n) n2)+X, nn—,

—+X*,nn2,
= T*n2 X*n, X—, nn „P2—= P P„wh—ere-
c =AD/N~ is the compensation. The GR coe%cients
have been obtained for a two-impurity-level model'
(ground and excited level) from a spatially homogeneous
Monte Carlo simulation with %=0 (Ref. 14) and scaling
the electric field 6' by a factor (1+@% )

'~ . This is
possible because we have assumed constant mobility.
The resulting jo( 6*) characteristic shows SNDC (Fig. 1).
The Monte Carlo data have been fitted by smooth func-
tions (see Fig. 1) and substituted into the difFerential
equations (2)—(5) which have been solved with the aid of
the method of particles' ' using cyclic transverse
boundary conditions. Our nonlinear spatiotemporal
analysis predicts the formation of current filaments on
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FICr. 1. Static current density-field characteristic calculated
with N& =10' cm, ND=5X10' cm 8=16Eo TL =4 K,
p=p~ =10 cm /Vs, ~~=10 ' s, LD =5.6X10
cm, CO=60. 8 V/cm, X*= 10 ', T*=7.21 X 10, X&
=1.4X10, a=60.8(1+p S ) ', X&(@)=7.85X10
Xexp[ —11.3(a@) ' '], X, (4)=4. 18 X 10
Xexp[ —3.72(ab) ], T;(8)= —1.2X 10
X exp[ —0.2( —0.254+a@)~]+1.73 X 10 '(0.421+a@)
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FIG. 3. Transverse velocity of the traveling filaments as a
function of the magnetic field for jo=93.76 mA/cm, W=120
pm from the nonlinear simulation (dots). The full line shows
the velocity obtained by the linear stability analysis for the same
control parameters.

y =jp (ps)(ll/L )+cr, )U —p~S —(nC, )aU hn
at

the NDC branch of the current density-field characteris-
tic. These filaments move in the direction of the Lorentz
force (Fig. 2). After some transients the filament travels
with a constant velocity v. Figure 3 shows U as a function
of the applied magnetic field. Additionally, the velocity
obtained by the linear stability analysis (6) is plotted. The
latter is larger because it describes only smal/ fluctuations
from the NDC state. Note that the velocity (=10 —10
cm/s) is much smaller than the drift velocity of the car-
riers ( = 10 —10 cm/s), in agreement with experiment.

For a finite sample with Dirichlet boundary condi-
tions' 8,(0, t)=6,(W;t)=0 the filament travels to the
boundary and is pinned there. This behavior changes if
other contact geometries are used. We demonstrate this
for triangular contacts (Fig. 4) which may also serve as a
model for nonideal planar Ohmic contacts. In this case
the length of the sample L =Lp+2L' z —W/2!/&is a
function of the transverse coordinate. Due to our as-
sumption of homogeneity in the x direction we restrict
ourselves to small contact angles, i.e., L'/W should be
small against logarithmic derivatives like (8 1nn/c)z). In
this case the model equations read

B(LA, )/Bz=Lp, Le„= conts= U(t) (12)

with y=(1/L )+CI(EA), o& =rM/(RAE).
Qualitatively, these contacts yield the following

scenario: the free carriers inside the moving filament will
be spread over an increasing efFective sample length L (z),
which reduces the maximum carrier density in the fila-
ment. Additionally, the drift field and therefore the gen-
eration rate decrease. Both effects tend to destroy the
filament. As a result, the current through the sample de-
creases, which increases the voltage of the sample and
thus enhances the filament due to increased generation
rates.

The time scales of these processes are given by the time
the filament needs to travel across the sample, the GR
time, and the dielectric relaxation time of the electric
field.

Depending upon the ratios of these time scales and the
geometry of the contacts, different states of the filament
are possible. For small magnetic fields and comparable
time scales the filament rests in the middle of the sample

B(Ln ) IBt +B(Lnv, ) IBz =LP, (10) Ly+ L'
= 246@m

Lg
= 180@m
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FIG. 2. Spatiotemporal dynamics of the carrier density
n (z, t) in the presence of an externally applied magnetic field un-
der cyclic boundary conditions for jo =34 mA/cm, %=10 rnT
with planar contacts. The total time is 8. 1X 10 s, the sample
width is W=90 pm.

FIG. 4. Traveling filaments for jo =0.85 mA/cm, %=20 mT
with triangular contacts. The inset shows the sample geometry.
(a) Spatiotemporal dynamics of n (z, t). The total time is
2X10 s. (b) Time series of the sample voltage U(t) and
currents I',I" (see inset), all in arbitrary units.
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and shows an asymmetric breathing of the filament walls
as observed in n-type GaAs. ' '

A more complex dynamic behavior is found if the
dielectric relaxation and the destruction of the filament
through the GR processes are slower than the transverse
motion of the filament. Such a situation is shown in Fig.
4(a). The filament travels in the direction of the Lorentz
force. Due to the inertia of the dielectric relaxation the
drift field increases slowly. This supports destruction of
the filament, so that with increasing voltage a new fila-
ment in the middle of the sample can be generated. This
successive nucleation, traveling, and destruction of fila-
ments leads to slow chaotic voltage and current oscilla-
tions [Fig. 4(b)] and has indeed been found in recent ex-
periments on p-type Ge.

As a function of magnetic field, above a minimum
threshold S, we find successively asymmetric breathing
oscillations; small regular oscillations due to periodic nas-
cence and destruction of traveling filaments; chaotic os-

cillations due to intermittent nascence and destruction;
pinning of the filaments at the transverse boundary after
some transient traveling sequences.

In conclusion, we have developed a semiconductor
model for filamentary transport in crossed electric and
magnetic fields in the regime of SNDC, which predicts a
variety of complex self-organized spatiotemporal non-
linear behavior. Using generation-recombination rates
obtained from a Monte Carlo simulation with no adjust-
able parameters, we are able to explain transverse motion
of filaments in the direction of the Lorentz force, and
chaotic sequences of nucleation, traveling, and destruc-
tion of filaments in good agreement with recent experi-
ments in the regime of low-temperature impurity break-
doWIl.
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