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The rates of electron scattering by acoustic phonons in a rectangular quantum wire embedded into
another material are calculated in the framework of the Fermi golden rule. Both intrasubband and in-
tersubband electron scattering by acoustic phonons are considered. It has been shown that due to uncer-
tainty of momentum conservation in quasi-one-dimensional systems the acoustic-phonon scattering be-
comes essentially inelastic in contrast to that in bulk materials. The acoustic-phonon scattering rate in
quantum wires increases with the decrease of cross section of the wire and is much greater than that in
bulk materials. It is shown that the correct treatment of inelasticity leads to a nonmonotonic depen-
dence of the emission rate on electron energy and to the disappearance of the divergency of the
acoustic-phonon scattering rate at the bottom of each subband. Therefore, the scattering time averaged
over the distribution function exceeds considerably that calculated using elastic and quasielastic ap-
proaches where the scattering rate is divergent. We demonstrate that electron mobility at temperatures
less than 100 K calculated within elastic or quasielastic approximations is greatly underestimated.

I. INTRODUCTION

Low-dimensional (LD) semiconductor structures are
now widely recognized as a very promising basis for fu-
ture technological applications. Quasi-one-dimensional
(1D) quantum wires (QWTI’s) were expected to exhibit ex-
tremely high electron mobilities at low temperatures.!
The point was that along with the virtual elimination of
ionized impurity scattering as in quantum wells, the
electron-electron scattering in QWUI’s is not as effective as
in quantum wells."? The electron transport in long
QWTDI’s at temperatures below 100 K is controlled by
acoustic-phonon scattering at low electric fields and by
optical-phonon scattering at high electric fields. Phonons
in LD structures recently attracted particular scientific
attention due to effects of confinement and localization.
There exist rather elaborated models for electron interac-
tion with 1D confined longitudinal-optical (LO) phonons
and by localized surface (interface) optical (SO) phonons
in QWI’s.3”% However, so far there is a considerable gap
in the understanding of some essential aspects of 1D elec-
tron scattering by acoustic phonons. The existing models
of acoustic-phonon scattering are mostly based on a large
electron energy asymptote (see, e.g., Refs. 7-10) where
acoustic-phonon energy is neglected. As we will see in
due course this elastic approximation is valid only in bulk
materials but fails in LD structures. Ridley has pro-
posed'"!2 a method to allow for acoustic-phonon scatter-
ing inelasticity in LD structures by substituting the form
factor, i.e., a function describing the momentum conser-
vation uncertainty perpendicular to a quantum structure
direction, by the sum of weighted Kronecker 8’s. In this
approach, further used by other authors (see, e.g., Ref.
13), some peculiarities of electron-phonon interaction are
lost. This fact yields the significant error in evaluating
electron mobility at low temperatures. There are just a
few theoretical studies (see, e.g. Refs. 14 and 15) where
acoustic-phonon scattering in quantum wells and wires is
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treated adequately taking into consideration strong
inelasticity caused by momentum conservation uncertain-
ty (quasiconservation). These studies, however, are re-
stricted to quasiequilibrium electron gas and to an ex-
treme quantum limit where only one lowest subband is
populated. The intersubband transitions due to
acoustic-phonon scattering, which are even more inelas-
tic, have not yet been considered correctly.

We present results of calculations of electron scattering
by acoustic phonons in a rectangular QWI where we con-
sider inelasticity of this scattering in full detail. In Sec. II
we give the basic equations of the model and derive the
form factor for the electron interaction with acoustic
phonons. In Sec. III various simplified as well as accu-
rate approaches for the scattering rates are presented and
compared. The low field electron mobility is calculated
in Sec. IIT for different approximations of acoustic-
phonon scattering. Section IV summarizes results ob-
tained in the present paper.

II. BASIC APPROACH

The rate of electron scattering from the state k to the
state k’, with the assistance of a phonon with wave vector
q is given by the Fermi golden rule,

2
W(k,k',q):*ézI((I)’cpk'lH[(D‘Pk )2

X8(e; —€p—AeFtiw,) , (1)
where @ is the phonon wave function and ¢ is the elec-
tron wave function, the prime denotes the state after the
scattering event, the & function represents energy conser-
vation, and A€ is the energy separation between initial
(j,0) and final (j',!’) subbands. Here and everywhere
below the upper sign corresponds to emission and the
lower sign to absorption of the acoustic phonon. Within
the approach of the deformation potential the above ex-
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pression turns into

W(k,k’,q)=—z-ﬁlr—(Nq—}-%i%)lH(q)leP

X8(ex —€p —AeFhiw,) , ()
where
ﬁEZqZ
2—-__87 3
|H(q)| Ve, (3)

V is the principal volume of the crystal, E?2 is the defor-
mation acoustic potential, p is the density of the materi-
als, o, =ugq is the long wave approximation of acoustic-
phonon dispersion, where u is a sound velocity in the ma-
terial, and I in (2) is an overlap integral:

I=<(Pkrleiq.r!¢7k) . 4)

We will consider here a rectangular quantum wire with
an infinitely deep potential well in both perpendicular
directions (y and z) so that the electron wave function is
given by
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0<y<L, 0<z<L,, (5

where j and / are subband indices in y and z quantized
directions, respectively. The electron kinetic energy and
the energy separation between subbands are given by

#k?
€ = 2 i N (6)
* m
2 2
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Ae= — | =i+ |— | "= . (7N
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Integrating over the volume of the quantum wire and
neglecting umklapp processes we get

2 —
IP=GX8, - ;>

2[(2m)%q, L, jj' P[1—(—1Y "/ cos(q,L,)]
[(gyL,)*—27%(q,L,(j*+j?) +a*(j2— )T
2[(2m)2q, L' P[1—(—1) "V cos(g,L,)]
[(g,L,)*—27%(q, L)X I>+ 1) +a*(12—1"?)* ]
(8)

The overlap integral I contains the Kronecker 8 which
reflects momentum conservation in the x direction. Due
to the lack of translational symmetry in the y and z direc-
tions, the form factor G deviates considerably from the
double Kronecker 8 which is relevant to bulk materials.
This deviation is responsible for the uncertainty of
momentum conservation (quasiconservation) in the y and
z directions. Roughly speaking the half-width of G deter-
mines this uncertainty. To get an idea of how large this
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uncertainty is we have to analyze the detailed structure of
the form factor. The form factor has its main maxima at

q,L,=xw(j£j"), q,L,=xm(Ixl") 9)

and a number of subsidiary maxima which are several or-
ders of magnitude lower than the main maxima and are
not as important as the main maxima. For intrasubband
electron scattering (j =’ and / =1’) the form factor has
the absolute maximum G =1 at ¢, =0,q, =0. For rough
estimates we may assume that the position of the second
maximum (sign plus) defines the uncertainty of momen-
tum conservation and is responsible for additional inelas-
ticity of electron scattering by acoustic phonons in
QWTr’s. Obviously, we have stronger inelasticity for elec-
tron scattering between higher subbands and in thinner
wires. As sizes of the quantum wire L, and L, turn to
infinity, the form factor G turns into a double Kronecker
5.

The dependences of the form factor on one component
of the phonon wave vector are presented in Fig. 1 for
several intrasubband and intersubband transitions. As
one can see from Fig. 1 the two maxima of the form fac-
tor overlap for the transitions inside the first subband as
well as between the first subband and upper subbands
forming a broader peak. The point is that positions of
the first and the second maxima j'—1 and j’+1, respec-
tively, are close to each other. The region between two
indistinguishable maxima contributes essentially to the
scattering rate and cannot be ignored as it has been done
in Ref. 11. The complete three dimensional plot of G as a
function of g, and g, is very complicated since it consists
of many peaks: one for each single set of g, and g, given
by Eq. (9).

Substituting I back into Eq. (2) we can find the scatter-
ing rate from the state k, of subband (j,]) to any state of
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FIG. 1. The form factor G as a function of the normalized
transverse component of phonon wave vector g,L, /7. Another
transverse component g, is set to be zero. The numbers in the
legend represent different intrasubband or intersubband transi-
tions, e.g., 1-1 means transitions from the subband j =1 to the
subband j'=1, etc.
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subband (j',1),

Ak,)

3zfarqw kiq) (10)

The above equation after the summation over k, turns
into

E2
o [ dq,dq,dq,(q2+q2+g2)"?

Mk, )=

XG(N, +1x1)

272

Xs[ekx_kaiq —Ae

Fu(gltql+q2)'?]. (11)

This is a basic equation for the calculation of the
scattering rates. The complexity of the form factor does
not allow one to get analytical results without certain
simplifications. In the next section we introduce some
simplifications permitting us to analyze asymptotic
behavior of the scattering rates. We will present (Appen-
dix B) exact numerical integration of Eq. (11) as well.

III. SCATTERING RATES
AND LOW-FIELD ELECTRON MOBILITY

We will consider a QWI embedded into another ma-
terial with similar elastic properties so that acoustic pho-
nons can penetrate through the interface between these
materials. Due to different sound velocities in these ma-
terials the acoustic wave will refract (change its wave-
length) while penetrating and will adjust to a new envi-
ronment. That is why all parameters are taken from the
first material (quantum wire). Some corrections due to
partial reflection of the acoustic wave should be con-
sidered in a more elaborated approach. For all numerical
calculations we use parameters of GaAs QW1I’s supposed-
ly embedded in A1, Ga,_,As. As we deal with 1D struc-
tures it is convenient to separate the scattering back (elec-
tron wave vector changes its sign to the opposite during
the scattering event) and the scattering forth (electron
wave vector does not change its sign). In some cases,
however, when dealing with the different approximations
we will compare the total scattering rates which are sums
of the forward and backward scattering rates.

Let us first obtain somewhat simplified but analytically
transparent results. We assume that phonon energy
fiug <<kyT. Then

N, ~N, +1~22T
97 "q ~ﬁuq

The second assumption

>>1 . (12)

is that g, <<g;, where
qr= \/ q2+qz is a transverse component of the phonon
wave vector. This assumption is valid for a wide range of
electron energies (see Appendix A). Within this assump-
tion we may neglect the g, component in the phonon en-
ergy.

To meet both above assumptions it is required that

UG max <<kpT , (13)
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where

1+ 2"

L

j+i

L,

9T max™ T (14)

z

is roughly the maximum transverse component of the
phonon wave vector. For GaAs 250>< 150 A QWT’s and
transitions in the first subband (j =/ =]'"=1) the in-
equality (13) is satisfied roughly for T>> 15 K. This pho-
non wave vector coincides with the position of one of the
main maxima of G.

Then integrating (11) over g, we get

EaszT 172

m *
dmlpu

dq,dq,G
Al

}\,(E)Z Re———
\/e?ﬁun—Ae

(15)

The integration limits for the absorption rate are im-
posed by the form factor which tends to zero above
drmax- As the electron energy tends to zero the absorp-
tion rate saturates since grp,, is not equal to zero. This
is in contrast to the elastic and quasielastic approxima-
tions where absorption and emission rates diverge as
one-over-square-root of electron energy.

For the emission rate let us consider two asymptotic
cases of (i) very small and (ii) very large electron energies
€.

(i) € <<fiuqgr max- In this case we will consider only in-
trasubband scattering Ae=0. The limits of integration of
(15) for the emission rate are imposed in this case by the
requirement that the expression under the square root is
positive, i.e., fiugr <€ <<fiugr..- In this range of
q1 <<{grmax the form factor G is close to its first max-
imum value equal to 1 and weakly depends on the pho-
non wave vector. Therefore, we have taken G =1 for
qualitative estimates. Then Eq. (15) can be simplified to

2 172
2E;kyT 372 (16)

m*

Ae)= 5

3mpu#t

As one can see from (16) the emission rate increases as a
3/2 power of electron energy and does not depend on the
thickness of a QWI. The emission rate goes to zero as
electron energy approaches zero. (In a more elaborated
approach where the g, component is not neglected the
forward emission rate turns to zero for electron energy
€<m*u?/2 and backward emission rate for € <2m*u?.)
Physically it corresponds to the reduction of the final
states for the scattered electron.

(i) e— A€ >>Auqgy ., In this case we may neglect pho-
non energy (the expression under the square root is al-
ways positive within the range of nonzero form factor G).
Note that for this asymptote emission and absorption
rates are equal. Then (15) turns into

172
(1+15,;

*

EZk,T
pu*#’L,L,

m

Me)= 2(e—Ae)

(1418, .

(17)

Thus the high-energy asymptote is a one-over-square-root
function of electron kinetic energy after scattering, the
same as the 1D density of states function. This suggests
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that there is a maximum emission rate in the intermedi-
ate energy region.

Figure 2 demonstrates the scattering rates in the first
subband versus electron energy for GaAs QW1I’s calculat-
ed with Eq. (15). For comparison we also plot the exact
scattering rates obtained without any simplifications of
Eq. (11). The details of numerical calculation of the in-
tegral (11) are given in Appendix B. The coincidence be-
tween results obtained within exact (11) and simplified
(15) models is rather good. The discrepancy primarily
stems from approximation (12) which is not accurate
enough at such low temperatures as 7'=30 K. (This
leads to an essential difference between emission and ab-
sorption rates.) The qualitative behavior, however, is in
excellent agreement. The emission rate has its maximum
at the electron energy corresponding to the transition
from low energy asymptote to high energy asymptote,
which can be roughly estimated as €, =#uqs.,, with
drmax given by (14). Since qrp,,*<1/L, where L
is the effective thickness of the quantum wire
L _2=Ly‘2+L[2, the maximum emission energy €, in-
creases as the QWI thickness decreases. This is illustrat-
ed in Fig. 3, where the scattering rate for two QWTI sizes
is plotted against electron energy. Note that these
scattering rates are calculated by direct numerical in-
tegration of (11) without further simplifications and for-
ward and backward scattering rates are plotted separate-
ly. Well below the maximum emission energy €. the
emission does not depend on QWI size as it has been
pointed out above. The maximum emission rate and the
rate above the maximum (as well as the absorption rate)
increase as the thickness of a quantum wire decreases.
One can see that the rates of backward and forward
scattering coincide in a wide energy region.

1012 T —
250x150 A e €q. (15): absorption
T=30 K — eq. (15): emission,
° = —e— eq.(11): absorption
3 —o— eq. (11): emission
-
w
-
<
o T
o 10 T [ mu, o 1
g <
0 =
w ",
-
<
8 R »
1010 ' L
1074 1073 1072 107"

ENERGY (eV)

FIG. 2. The total acoustic-phonon emission and absorption
rates (backward +forward) versus electron energy for the transi-
tions in the lowest subband. Curves with circles represent re-
sults of exact numerical integration of Eq. (11); the other two
curves (solid and dotted) represent simplified results given b
Eq. (15). The GaAs/AlAs QWI with cross section 250X 150 A",
lattice temperature 7' =30 K.
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FIG. 3. Acoustic-phonon scattering rates in the lowest sub-
band calculated from Eq. (11) versus electron energy for two
cross sections of the QWI. Backward and forward scattering
rates are plotted separately. For notation see Fig. 5. T =30 K.

The high-energy asymptote given by Eq. (17) is fre-
quently extended to a low-energy region (see, e.g., Refs.
7-9 and 13) ignoring the fact that inequality
€—Ae>#Auqgr ., no longer holds. This, the so-called
elastic approximation, yields equal emission and absorp-
tion rates and divergency of these rates as € tends to zero.
The elastic approximation cannot be justified for the
transport calculations at low temperatures, i.e., exactly
where acoustic-phonon scattering plays a decisive role.
The point is that at low temperatures a vast majority of
electrons are accumulated close to the subband bottom
where the elastic approximation leads to the overestimat-
ed scattering rates.

In the momentum conservation or quasielastic ap-
proach of Ref. 11 the substitute for the form factor G is
used in the form of the sum of the weighted Kronecker
8’s,

Gx |36
n

+28, 08, [zaqz,qzmﬂsqpoa,,,, ,
m

ay:4,,

where g,, and g, are the positions of the nth and mth
maxima given by Eq. (9). This approximation neglects
the smooth shape of the form factor responsible for the
uncertainty of momentum conservation. The inelasticity
of acoustic-phonon scattering within this approximation
stems from &’s corresponding to the upper maxima of the
form factor. The major contribution to the scattering
rate, however, comes from the first § function corre-
sponding to the maximum of G at g,=g, =0, i.e., from
the elastic term in the expansion of the form factor. For
[ =" the maximum corresponding to g, =0 comes into
the sum four times, while the secondary maximum ¢,70
comes only twice. Consequently, the major contribution
to the intrasubband scattering rate comes from the acous-
tic phonons with zero transverse components of their
wave vector. Substituting the above approximation for G
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in (15) one gets
EXkyT

4pu#’L,L,

172
m*

2

O(eF fiugy; — Ae)
T V(e Ffiugy — Ae) ’
(18)

Me)=

where the index i runs over all major maxima (9) of the
form factor in the non-negative quarter of the g,g, plane.
This means that terms corresponding to zero g, or g, ap-
pear twice and terms corresponding to both g, and g,
equal to zero appear four times in the above sum. It is
evident from (18) that both emission (sign minus) and ab-
sorption (sign plus) rates diverge at é=0 for intrasubband
transitions. In addition to this divergency the emission
rate diverges at each electron energy corresponding to
the maximum of the form factor. The scattering rate
within this quasielastic approach, like the elastic approxi-
mation, is inversely proportional to a QWI cross section
L,XL, and diverges as the cross section approaches
zero. The inelastic approach avoids this divergency since
the maximum acoustic phonon energy at the edge of the
Brillouin zone sets the limits for integration over phonon
wave vector in Eq. (11) (see Appendix B).

Figure 4 demonstrates the differences between the
scattering rate dependencies on electron energy calculat-
ed within inelastic, quasielastic, and elastic models. One
can see that for the quasielastic approximation the emis-
sion and absorption rates differ significantly only in the
intermediate energy region and coincide at low and large
energies. Some difference between emission and absorp-
tion rates, particularly at low temperatures, would occur
if the approximation (12) was not used. At high tempera-
tures, where approximation (12) holds, this difference
would be negligible. The same apply to the elastic ap-

proximation. The correct inelastic treatment of
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FIG. 4. Energy dependencies of the acoustic-phonon scatter-
ing rates obtained within different approaches: elastic from Eq.
(17), quasielastic from Eq. (18), and inelastic from Eq. (11). The
total rates plotted (backward-+forward) are for transitions
within the lowest subband of the 250X 150 A’ QWI at T=30
K. Note that the maxima on the quasielastic emission rate in
fact are divergent.
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acoustic-phonon scattering, however, yields qualitatively
different scattering rates. Emission and absorption rates
within the latter approach are always considerably
different at low energies independent of lattice tempera-
ture. There is no divergency of the scattering rates
within the inelastic approach unlike divergencies that are
inherent to elastic and quasielastic models. Due to diver-
gencies of the scattering rates for elastic and quasielastic
approximations, the scattering rate averaged over the dis-
tribution function is substantially overestimated.

The scattering rates for transitions between the upper
subbands we calculated by direct integration of (11)
without any simplifications. The rates of electron scatter-
ing in the upper subbands are presented in Fig. 5. One
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FIG. 5. The rates of scattering within the upper subbands:
(a) within the subband (2,2): J =2,/ =2, (b) within the subband
9,9): j =9, =9. Forward and backward scatterings are plotted
separately. QWI sizes 250X 150 A%, T =30 K.
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can see additional distinguishable peaks caused by the
secondary maxima of the form factor on the emission
rates inside the upper subbands. The secondary maxima,
corresponding to at least one nonzero component of pho-
non wave vector g, or q,, contribute to the absorption
and emission rates in essentially different ways. Any elec-
tron, regardless of its energy, can absorb a phonon with
arbitrarily large energy and with an arbitrarily large
transverse component of phonon wave vector. Therefore,
the secondary maxima of the form factor, corresponding
to large phonon energies, contribute to the absorption
rate for all electron energies. The situation is completely
different with the emission processes. An electron can
emit only those phonons that have energy less than its
own energy. Consequently, the upper maximum of the
form factor cannot contribute to the emission rate if the
electron energy is less than the energy of the phonon cor-
responding to that particular maximum. This is why the
emission rate can increase sharply as the electron energy
reaches the energy of the acoustic phonon corresponding
to the upper maximum of the form factor. One can see
three distinguishable peaks that form the fine structure
for the transitions where subband indices before and after
scattering j,j’ and /,I' are considerably greater than 1
[see Fig. 5(b) for the transition in the subband (9,9)], be-
cause the maxima of the form factor are well separated
(see Fig. 1). Each peak corresponds to a maximum of the
form factor. There are three peaks because the form fac-
tor is a two-dimensional function and it has several maxi-
ma in the g,q, plane that correspond to different phonon
energies (since L,7L,). When subband indices are close
to 1 [see the emission rate for transitions in subband (2,2)
in Fig. 5(a)] all these peaks caused by the secondary maxi-
ma of the form factor are not distinguishable; they turn
into one broad maximum.

In order to compare physical consequences of different
approaches to acoustic-phonon scattering we have calcu-
lated low field electron mobility using probe particle
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FIG. 6. Low-field electron mobility as a function of tempera-
ture. Various curves represent different approaches: inelastic
Egq. (11), quasielastic Eq. (18), elastic Eq. (17). QWI sizes 40X40
22

A
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method: u=e/m*{r), where (1) is the momentum re-
laxation time due to acoustic-phonon scattering averaged
over the equilibrium electron distribution function. The
mobility is plotted versus temperature in Fig. 6. As one
can see, electron mobility calculated within elastic and
quasielastic approaches is significantly underestimated in
the low temperature region. The mobility calculated
within an accurate inelastic approach is higher by an or-
der of magnitude than “elastic’ mobility at T=10 K.
The quasielastic approach of Refs. 11 and 12 leads to
close agreement with the inelastic approach at higher
temperatures but still the mobility below T'=100 K
differs significantly. The reason for this is obvious: an
overestimation of the acoustic-phonon scattering rate
(especially emission rate) at the low energy region. Since
elastic and quasielastic models both do not avoid diver-
gency of the scattering rate, these divergency points and
their vicinity contribute greatly to the total scattering
rate averaged over the distribution function (in other
words, they contribute negligibly to the average scatter-
ing time). Moreover, even without divergency the emis-
sion rate is far overestimated in the low-energy region
(see Fig. 4) and thus leads to underestimated electron
mobilities at low temperatures. It is worthwhile to stress
again that mobility decreases as the cross section of the
quantum wire decreases.

IV. SUMMARY AND DISCUSSION

We have calculated 1D electron scattering rates by
acoustic phonons in a rectangular quantum wire in the
framework of the Fermi golden rule. The calculated
rates are suitable for direct incorporation into Monte
Carlo codes (because forward and backward scattering
processes are treated separately). Our investigation has
shown that many details of the electron scattering usually
omitted in previous works come into effect in low dimen-
sional structures and should be taken into account. The
elasticity of electron—acoustic-phonon scattering is a
commonly used approximation.”!> A closer look at this
mechanism of scattering shows that electron scattering
by acoustic phonons in quantum wires becomes essential-
ly inelastic. This is due to the fact that the momentum
conservation for electron—acoustic-phonon systems is
preserved only with an accuracy of 27#/L, where
L7*=L,>+L,; > For a GaAs quantum wire with
L,=L,=40 A the electron energy corresponding to
momentum 277 /L is approximately equal to 7 meV, i.e.,
corresponding to 1D electron temperature over 100 K.
So in a wide range of system parameters an electron can
absorb or emit an acoustic phonon with energy com-
parable with its own energy. That means the
electron—acoustic-phonon scattering turns out to be
essentially inelastic and becomes an effective mechanism
of energy dissipation. Moreover, the momentum conser-
vation for electron transitions in between upper subbands
is satisfied even with lower accuracy. This results in even
higher inelasticity of electron-acoustic-phonon scatter-
ing so that the long-wave approximation for acoustic-
phonon scattering breaks down. The total rate of
acoustic-phonon scattering differs considerably from
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€172 (where € is the electron kinetic energy after scatter-
ing) function obtained in Refs. 7 and 13. The real energy
dependence of the scattering rate is determined by details
of the overlap integral and can have very complex struc-
ture. The complex nature of the overlap integral is re-
sponsible for a fine structure of the scattering rate for
transitions in upper subbands of a quantum wire.

Low-field electron mobility at low lattice temperatures
calculated within the accurate inelastic approach exceeds
significantly the mobility calculated within elastic and
quasielastic approximations.

We have used a somewhat simplified model of infinitely
high potential barriers for electrons. For a finite height
of barriers the electron wave function extends into the
barrier regions. Therefore, the effect of finite height bar-
riers is analogous to the increase of the effective thickness
of a QWI and should not be strong in GaAs/AlAs struc-
tures.
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APPENDIX A: RELATIONSHIP BETWEEN
PARALLEL AND PERPENDICULAR COMPONENTS
OF THE PHONON WAVE VECTOR

From energy conservation it follows that

2
(g, F2k,)*—1|=gq?

2 =4qr -

qx

(A1)

2m*u

The factor in square brackets on the left-hand side of the
above equation is much larger than 1 if

#q, T2k, )?

*

>m*u (A2)

2m

By substituting numerical values for GaAs one can see
that the above inequality holds for electron energies
higher than 0.01 meV.

APPENDIX B: EXACT NUMERICAL CALCULATION
OF THE ACOUSTIC-PHONON SCATTERING RATES

If we do not neglect parallel components of phonon
wave vector g, in the expression for phonon energy, the
most convenient way to proceed with numerical integra-

tion of Eq. (11) is to integrate it first over one of the
J

R. MICKEVICIUS AND V. MITIN

transverse components, say g,. This integration leads to

quax
Mk)= [ "™dq,F(q,),
2
F = a2 ekx_ek)(;q —Ae
% 2mpuh fiu
quax
X [ "™ dg,G(N,+1+1)
'y min
€ Ekx:':q —Ae 2
X
fiu
-172
44 (B1)
In Eq. (11) g, is substituted by
€, —€r 74— Ac 2 172
.= " —g:—q;| , (B2

which follows from energy conservation (integration over
q, of the 8 function).

Function F(g,) defines the nonelasticity of acoustic
scattering (g, is uniquely related to phonon energy #w)
and is used to randomly choose the electron final state
after acoustic scattering.

Unlike the form factor, the function F has its max-
imum shifted up from zero. This is due to the fact that
accurate treatment of inelasticity gives rise to an addi-
tional factor before the scattering rate proportional to g2,
i.e., it forbids transitions with g, =0 (i.e., elastic with
zero phonon energy). Note that the maximum point is
defined solely by the form factor, i.e., by the QWI thick-
ness. For backward scattering we have threshold phonon
energy (defined by momentum conservation) and almost
all backscattering is assisted by acoustic phonons which
have energy equal to or just above this threshold (g;=0)
for high energetic electrons. For lower electron energies
backward electron scattering has a peak at the same pho-
non energy as forward scattering since the threshold pho-
non energy is below this maximum point.

The limits of integration are imposed by energy conser-
vation (the requirement that the expression under the
square root is greater than zero). It is convenient to con-
sider backward and forward scattering separately in
quantum wires. The point is that this form is well suited
for direct incorporation into Monte Carlo codes. More-
over, it is important to distinguish between forward and
backward scattering by acoustic phonons as backward
scattering plays a far more important role in electron
momentum relaxation and defining transport parameters.
Then the limits of integration in the above equations are
defined by

2 172
* * "
Gmin=— K —sgn(Ae) T+ kx+sgn(A€)mhu N 2mﬁzA6 ,
Qxmax— @ for forward absorption;
* . 2 om*A 1/2
Gemin =l —sgn(Ae) "L — {kx—sgn(AG)mﬁu Imiae |
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9ymax =k, for forward emission; 2 o .
m*u m*u 2m*Ae
9xmax _kx - % + kx + P — 7
Gymin=— o for backward absorption;
* . )2 m*A 172
m-u m u m €
quax=kx - 4 + kx - # - ﬁ2 R

k, for backward emission.

9xmin~ Kx

Here the sgn function is equal to +1 if Ae=0. The above limits are for the case when electron kinetic energy in sub-

band (j,0) is greater than Ae. In the opposite case emission is impossible and for absorption we have g, ... =

—k,. If the

upper limit in (B3) is less than the lower limit (as it can be in the case of emission), the scattering rate is equal to zero.
For all above cases the limits of integration over g, are given by

2

1
qyzmax= #22 —q)? ’

u

#q;} - #q.k,

2m* m*

+Ae

q}%min =0.

(B4)

The additional restrictions for integration limits are imposed by qyzmax > 0 and the requirement that acoustic-phonon en-
ergy is less than that at the edge of the Brillouin zone. The latter restriction, however, may be ignored since the contri-
bution of acoustic phonons with energies of the order of optical phonon energy is negligible. In the case of intrasub-

band scattering the above limits turn to a simple form:
Gimin=0> Gxmax— o for forward absorption;

Qemin=0 Grmax—=k, for forward emission;

Qxmin=— %> Gxmax— — 2k, —2m*u/# for backward absorption; (BS)
Gemin=Kx> Gxmax—2Kk, —2m*u /# for backward emission .
The limits of integration over g, are now given by
. _Fa} @ T2k
qymax—Zm* 2m*u? x7
(B6)

qyzmin =0.

The integral for scattering rate (B1) has been taken numerically. There are, however, extraordinary points (limits of
internal and external integrals) where the function under the internal integral (over g,) diverges. The vicinity of these

points has been integrated analytically.
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