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We present an analysis of the scattering of hot carriers by conduction electrons in heavily doped
semiconductors within the random-phase approximation (RPA). DifFerent approximations to the
temperature-dependent RPA are considered: (i) the two-pole approximation developed by Rorison
and Herbert, (ii) the plasmon-pole approximation, and (iii) the Lindhard dielectric function. We
present a range of results for n-doped GaAs for different carrier energies, doping levels, and tem-
peratures, and we examine the ranges of validity of the different approximations. As an extension
of our theory we include, within the two-pole approximation, the coupling of optical phonons to the
electron system.

I. INTRODUCTION

In heavily doped semiconductors or semiconductors
subject to intense photoexcitation carrier-carrier interac-
tions (electron-electron, hole-hole, and/or electron-hole)
become very important. In the analysis of transport
in hot-electron transistors/spectrometers and hetero-
junction bipolar transistors scattering by carriers and
polar longitudinal-optical (LO) phonons are found to be
the dominant scattering mechanism for hot carriers. It is
therefore necessary to have a good knowledge of the de-
tails of the carrier-carrier and carrier-phonon interactions
and their interplay.

The analysis of the interactions between a carrier and
a medium involves the study of the frequency (w) and
wave-vector (q) -dependent dynamical screening func-
tion e(w, q). For heavily doped semiconductors and rnet-
als the random-phase approximation (RPA) provides an
accurate description. ' Most of the various treatments
of carrier-carrier interaction involve this approximation.
For high carrier density systems such as metals, the zero-
temperature RPA works well with e(w, q) being the Lind-
hard dielectric function. ' In this regime it is possible to
make a clear distinction between collective (plasmon) and
single-particle excitations and one can with reasonable
accuracy divide the carrier-carrier interaction into col-
lective and single-particle parts through the introduction
of a cutoff wave vector. ' However, for the lower carrier
densities and lower excitation energies found in doped or
optically excited semiconductors temperature effects are
significantly more important than for metals. A result
of this is that the collective and single-particle excitation
modes become intricately coupled, making separation of
these modes very difBcult.

The dynamical screening function can be used directly

to evaluate carrier-carrier scattering and also describes
how carrier-lattice scattering (including carrier-phonon
and carrier-impurity scattering) is modified by screening.
In polar semiconductors mutual screening of lattice and
electronic modes leads to coupled plasmon —LO-phonon
modes which within the RPA formalism can be described
in terms of a coupling between the carrier and lattice
screening functions.

In this paper we study three different approxima-
tions to the full RPA expression for the dynamical
screening function in detail: (i) the Lindhard zero-
temperature RPA) which should be valid at low tem-
peratures and high carrier densities; (ii) a temperature-
dependent two-pole approximation incorporating nonde-
generate statistics, ' which should be valid at low den-
sities and a wide range of temperatures; and (iii) the
plasmon-pole approximation. Our primary goal is to es-
tablish the ranges of validity of the different models, in
particular to establish the importance of temperature ef-
fects and to determine the density range above which the
degeneracy of the sea of carriers becomes significant. We
present results for differential scattering rates, mean free
paths, and momentum-relaxation rates as functions of
doping level, electron energy, and temperature for a hot
electron traversing a heavily n-doped region in GaAs.
Since this is a polar semiconductor we also consider the
coupling of electrons to the LO phonons and present re-
sults for this system within the two-pole approximation.
Some of the results for the two-pole approximation have
been presented previously, ' but here we have used a
slightly different theoretical framework which enables us
to evaluate differential scattering rates which are neces-
sary for the eventual implementation of these scattering
processes into a Monte Carlo transport simulation, which
is one of the future aims of this work.
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Our results are discussed in relation to experimen-
tal results on hot-electron transport ' ' and compared
to other theoretical results, including the recent finite-
temperature RPA results of Hu and Das Sarma.

In the next section we outline the general formalism
and describe the three diferent models we have exam-
ined. In Sec. III we present a range of results that are
discussed in Sec. IV. We finally summarize our conclu-
sions in Sec. V.

k —Qk2+ 2m*~d/h, id & 0
q —k+ Qk2+ 2m*su/h, id ) 0,

q = k+ Qk2+ 2m*id/h

(2)

q and q+ are the minimum and maximum allowed mo-
mentum transfers determined by energy and momentum
conservation for given values of k and w:

II. THEORY

A. Formalism

In a homogeneous medium at temperature T with di-
electric function e(q, cu; T) the doubly differential scatter-
ing rate for a particle with charge Ze, mass m*, momen-
tum hk, and energy E = h k2/(2m*) derived from linear
response theory is '

d I'(id, q, E) 2m*Z e 1 ( —ep
Im

/

dcddq h (4~ep) jrkq (e(q, cd; T) )
1(-.(h-/k- ) —)" '-' "

x H(q+ (id, E) —q)
x [1 —f(E —h~d —p, )j

where q and w represent the momentum and energy
transfer in the scattering process, respectively, and eo
is the vacuum permittivity. The factor 1 —f, where f
is the Fermi function, takes into account the availability
of final states for the scattered particle, assumed to be
a fermion with chemical potential p. The wave vectors

Equation (1) shows that the scattering rates can be
obtained directly if the dynamical response function
e(q, w;T) is known. Below we describe three different
approximations to this response function.

The formulas above assume a parabolic band struc-
ture for the carriers. For polar semiconductors such as
GaAs there are significant deviations from a parabolic
band structure at higher energies. It is in principle sim-
ple to incorporate nonparabolicity for the hot carriers.
However, our primary aim here is to make relative com-
parisons between diferent models. We are thus justified
in neglecting this complication since the conclusions we
draw from the results for parabolic bands can be assumed
to hold also in the more general case with nonparabolic
bands.

B. Model dielectric functions

Lindhard function

If the sea of carriers is assumed to be a free-electron gas
present in a medium with a background dielectric con-
stant ep and we set T = 0, e(q, w):—e(q, id; T = 0) corre-
sponds to the well-known Lindhard dielectric function: '

eL (q, cd) = el (q, Q1) + xeL (q, cd),

4 1 1 z 2 z —z/4z+ 1 1 z+ z/4z+ 1
eL (q, cu)/ep ——+ —+ 1 — z- ln + 1 — z+ ln

0 ~aoq 2 8 4z z —z/4z —1 8z '."- )
(4)

' ~z/(8z), 0 & z & 4z(1 —z)
x 2

ep(q, ~)/ep ——& ~ 1 — z-
4z

, 0 otherwise

(8z), 4z(z —1) & z & 4z(z+ 1), z & 4z(1 —z),

where ap is the Bohr radius, z = hw/E~, and z
q/(2k~), with E~ and kp being the Fermi energy and
wave vector, respectively.

Two distinct contributions to the scattering rates arise
from the Lindhard dielectric function: single-particle ex-
citations in the region limited by 4z(z — 1)
& z & 4z(z+ 1) and plasmon excitations on the plasmon
dispersion line defined by e(q, w) = 0 outside the single-
particle-excitation region. Thus the dominant excitation

at large q is single-particle excitation and at small q plas-
mon excitation.

2. Plasmon-pole appv ozimation

In the plasmon-pole approximation the full range of
excitations is replaced by a single mode. The dielectric
function is written as
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e(q, (u)

Cp

2(d

~' —(Eq/5)' (6)

where the plasmon frequency w&~ is defined by u
&pl

47rne /(m*eo) with n being the electron density and
E~ = 6 q2/(2m, *). Thus the dispersion of the mode,
which is given by the roots of the equation e(q, u) = 0, is

cu(q) = + ur2& + (E~/h)2 where the plus and minus signs

represent absorption and emission, respectively. The
plasmon-pole approximation, as described by Eq. (6),
corresponds to the zero-temperature limit of the RPA
for a nondegenerate electron gas.

by optical phonons:

~o

1 —/d / (d~o

where u~o is the frequency of transverse-optical phonons
and e* is the high-frequency dielectric constant. The
result for the coupled dielectric function is a ratio of two
sixth-order polynomials in w, very similar to the ratio
of fourth-order polynomials obtained for the electronic
system without phonons (see above).

C. Calculated quantities

8. Tao-pole approximation

The two-pole approximation ' to the temperature-
dependent RPA provides a more detailed description of
the excitations than the single plasmon-pole approxima-
tion since it takes into account the temperature depen-
dence of the dielectric function. The dielectric func-
tion for a nondegenerate electron gas, i.e. , a gas obeying
Maxwell-Boltzman statistics, can be written as

dl (~, E) d2I'(q, (u, E)
Iq

GqGco

The total scattering rate is found as

In Sec. III we present a number of results derived from
the model dielectric functions described above. From the
doubly differential scattering rate, defined by (1), we have
evaluated the (singly) differential scattering rate

r(E) = d2I'(q, ~, E)du dq
p IqQQJ

(12)

with ( = gm*/(2k&T) w/q, a = hq/i/2m*k&T, k&

47rne /(eok~T), and the function Z is the plasma dis-
persion function. In the two-pole approximation Z is
approximated by

i~or + (~ —2)sZ s+ib
1 —i ~mrs —(~ —2) s2

Inserting Eq. (8) in Eq. (7) results in a dielectric function
which is the ratio of two fourth-order polynomials in ~
with coefBcients which depend on q. The four (complex)
roots of e for a given q correspond to the emission and ab-
sorption of two branches of excitation modes. Although
no formal distinction can be made between different types
of excitations, the lowest-energy mode can be associated
with single-particle excitations while the highest-energy
mode accounts for plasmon excitation at low q and ap-
proaches the single particle branch at high q.

Coupled electf on phonon mode-s

A particular strength of the two-pole approximation is
the ease with which the coupling of the electron system
with other excitation modes can be incorporated. As an
illustration of this we here present results for scattering
off coupled electron-phonon modes. The dielectric func-
tion for the coupled system can be written:

(q, M) = e '(q, ~) + eph(cd) —eo

where e, is the dielectric function for the electronic
system within the two-pole approximation as described
above and e~h is the dielectric function due to screening

which is related to the mean free path A as A(E)
(h.k/m*)/r(E) .

The mean free path describes the average distance
traveled between scattering events, including those where
the initial and final states have approximately the same
momentum and energy. To obtain a more appropriate
measure of the effect of scattering on carrier transport
one needs a quantity which assigns more weight to those
scattering events which change the momentum and/or
energy of the carrier substantially. This is provided
by the momentum relaxation length which is defined as
AA,.(E) = (hk/m*)/rg(E) where the momentum relax-
ation rate I'I, is given by

I A,.(E) =

1
k2

d21 (q, (u, E) ( k'

dqdld g k )
d21 (q, (u, E)

QJ Iq
p Gq8(d

x (q /2 —m*~/h)

Here k and k' are the momenta before after scattering,
respectively, and 0 is the scattering angle. Additional
information would be provided by the average energy
loss/gain per collision which can easily be calculated from
the difFerential scattering rates.

For the zero-temperature RPA the integrals can
be split into plasmon and single-particle excitation
contributions which were evaluated numerically. In the
case of the plasmon-pole approximation the ~ integral
has to be evaluated numerically.

For the two-pole approximation (with or without
phonons) we evaluate all integrals numerically. This is
in contrast to Refs. 12 and 13 where a temperature-
dependent Green's-function approach was used to express
the imaginary part of the self-energy, and hence the total
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temperature RPA (Lindhard) result. The contributions from

single-particle excitations within the zero-temperature RPA
is shown separately as the short-dashed line. The plasmon
peak near —50 meV reaches in both cases values of dI'/des

above 50 x 10' eV 's

single-particle excitations increases. The latter two fea-
tures are not included in the simpler plasmon-pole ap-
proximation.

We do not present results for the average energy
lass/gain per collision. However, it is evident from Figs.
5 and 6 that energy loss and gain processes are domi-
nated by the plasmon peaks in the differential scattering
rate, which implies that the average energy loss or gain
per collision will be close to the plasmon energy.

Finally we show in Fig. .7 mean free paths for scattering
o8' a coupled system of phonons and electrons within the
two-pole approximation, see Sec. II B 4, for n=5 x 10
cm where the coupling between optical phonons and
plasmons is strong. The figure demonstrates the impar-
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tric function (full lines). The mean free paths for systems
of phonons and electrons only are shown as the dot-dashed
and dashed lines, respectively, the latter calculated with the
two-pele approximation.

tance of the temperature dependence also when the elec-
tron system is coupled to phonons.

IV. DISCUSSION

An important conclusion which can be drawn from
the results in Sec. III is that the zero-temperature RPA
(Lindhard dielectric function) and the two-pole approx-
imation together provide an adequate description of
carrier-carrier scattering over a wide range of doping den-
sities and temperatures. At high densities the degeneracy
of the electron system is important, but temperature ef-
fects are small, which means that the zero-temperature
RPA provide an accurate description at these densi-
ties. At low densities temperature e8'ects are more pro-
nounced, but the use of Maxwell-Boltzmann statistics,
i.e., assuming a nondegenerate electron gas, is justified
for typical hot-electron energies in devices.

In n-type GaAs the crossover between the validity
of the two models lies for typical hot-electron energies
around 10 cm . This crossover density will depend on
the e8'ective mass of the carriers. For higher masses the
crossover density will be higher and the two-pole approx-
imation will be valid at substantially higher densities in
Si hot-electron transistors and in p-doped bases of het-
erojunction bipolar transistors where the hole masses
are larger than the electron masses in GaAs.

Several authors have compared low-temperature re-
sults for hot-electron spectrometers or experiments on
hot electrons in optically excited semiconductors with
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theories based on the Lindhard dielectric function cou-
pled to LO phonons. ' ' In all cases the agreement was
found to be good. At higher temperatures increased scat-
tering reduces the hot-electron path lengths and the per-
formance of hot-electron transistors is degraded. How-
ever, our results, in particular Figs. 3 and 4, show that
the reduction in path length is not as severe as predicted
by using the plasmon-pole approximation to estimate
carrier-carrier scattering. Thus, for hot-carrier devices
operating at room temperature it is important to include
an accurate description of carrier-carrier scattering, in-
corporating temperature effects properly, in modelling of
these devices, e.g. , by Monte Carlo simulation.

In addition to the results presented in the figures we
performed calculations at the same electron densities
as Hu and Das Sarma, who used the temperature-
dependent degenerate RPA to calculate scattering rates
for hot electrons in n-GaAs. We found, as expected, that
the two calculations agree well (within 10'%%up) when the
hot-electron energy is substantially larger than the Fermi
energy (in practice larger than five times E~).

We have in this paper restricted ourselves to discussing
the scattering of a single hot electron off a sea of con-
duction electrons in thermal equilibrium appropriate for
hot-electron transistors. However, the present models,
in particular the two-pole approximation, should also be
valuable in modeling the contribution to the screening
from electrons and holes in optically excited semicon-
ductors, although in these cases complications arise be-
cause carriers are scattered by both electrons and holes
in electron-hole plasmas and because the scatterers

(electrons, holes, phonons) are not necessarily in thermal
equilibrium. ' The most immediate extension of our
theory will be the calculation of scattering of carriers by
coupled light- and heavy-hole plasmas including coupling
with LO phonons.

V. CONCLUSION

We have discussed a number of different descriptions of
the scattering of hot carriers off high densities of carriers
in semiconductors and examined the range of validity for
each model. In particular, we have shown that the two-
pole approximation to the temperature-dependent RPA
(Refs. 12 and 13) is expected to be valid for the typ-
ical ranges of doping densities, temperatures, and hot-
electron energies.

We have also emphasized the importance of including
the temperature dependence of the dielectric response
and, in particular, shown that the two-pole approxima-
tion provides a convenient way of including this effect in
practical calculations.
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