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The free energy and magnetization for the general SU(NN) one-impurity Kondo model in the mag-
netic field h are calculated by extending the previous 1/N expansion technique: the saddle point is
determined self-consistently to the 1/NN order. The obtained universal field-dependent magnetization
M (h/Tk) by this simple method is shown analytically to be asymptotically exact at both h < Tk
and h > Tk limits. For general “f-electron” fillings, except half filling, the M (h/Tk) curves cross
continuously from the weak to strong coupling limit, but overestimate the curvature in the crossover
region for moderate N. The magnetic Wilson crossover numbers are calculated approximately. Our
results explicitly verify that the 1/N parameter is nonsingular under the adiabatic continuation.

I. INTRODUCTION

The flowing of an effective interaction from weak
coupling at high energy to strong coupling at low en-
ergy is an important and frequently encountered phe-
nomenon in various physical systems. A well-known
condensed matter example is the Kondo effect.! Usu-
ally, it is only possible to construct perturbative solu-
tions in the weak- and strong-coupling limits. Since the
Kondo problem admits an exact solution, it provides
a useful testbed for new ideas and methods. Among
various methods applied to the problem, the numerical
renormalization group (NRG),2 Bethe ansatz,® and non-
crossing approximation,* nicely and accurately produce
the crossover. Unfortunately, these methods either are
very complicated or heavily rely on numerical calcula-
tions. A simple and elementary method describing the
crossover is desirable and may give us new insight.

Recently, motivated by the NRG results on the two-
impurity Kondo problem,®>® which claim that there is
a line of Fermi-liquid fixed points continuously modified
by the Ruderman-Kittel-Kasuya-Yosida (RKKY) inter-
action between the two impurity spins, we have devel-
oped an “Eliashberg equation” approach to build the
magnetic correlation between the two impurity spins non-
perturbatively into the ground state.” Naturally, we want
to test our method for the one-impurity Kondo prob-
lem. In this simple case, our approach amounts to the
self-consistent one-loop approximation. For the general
SU(N) impurity spin model® with the orbital degener-
acy N, we expand the free energy in 1/N and deter-
mine the saddle point self-consistently using the free en-
ergy including one-loop (1/N) fluctuation contributions.
We shall see that 1/N is a nonsingular parameter un-
der the adiabatic continuation,® at least outside a nar-
row crossover region. The effect of high-order terms is to
smooth out the crossover. Technically, 1/N fluctuations
always involve cutoff-dependent contributions. In order
to obtain the universal free energy and magnetization, all
the cutoff-dependent terms have to be absorbed into the
Kondo temperature Tx. In the following, we first sketch
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the procedure, then give the details in the next two sec-
tions so that whoever is not interested in details can skip
from the end of the Introduction directly to the Results.
The Kondo problem describes an impurity spin antifer-
romagnetically coupled with strength J to a wide conduc-
tion band with density of states p(¢). The Hamiltonian
for the general SU(N) model® in the magnetic field is

H= Z(ek + ah)ciacka

k,o
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The impurity spin is represented by N = 2S5 + 1 local-
ized degenerate levels partially filled with “f-electrons.”
Their creation and annihilation operators are subject to
the constraint

g = flfs=qoN. (2)

We have set the gyromagnetic ratio and Bohr magneton
equal to one so that the magnetic field strength A has the
energy scale. For Ce, the lower spin-orbit split multiplet
is usually N = 6. The coefficient gq is treated as a con-
stant of order one® in the expansion and will be given any
value at the end of calculation. We shall present results
for go = 1/2 and go = 1/N.

There are two physical parameters in the Kondo prob-
lem, the bandwidth D and the dimensionless coupling
constant g = Jp(0). In the scaling regime, h < D and
Tx < D, physical quantities depend on D and g only
through the Kondo temperature Tx = Tk (D,g). If the
initial bare ¢ < 1, we can find Tk in the D/Tx — oo
limit. This is equivalent to the ultraviolet renormaliza-
tion. The renormalizability of the Kondo problem was
stated long time ago!%!! and can be proved without dif-
ficulty. After absorbing the bare parameters into Tk,
physical quantities such as the magnetization must be a
one-variable function: M = M (h/Tk), since M is dimen-
sionless. Usually, there could be many different scaling
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TABLE I. Definition of symbols and notations.
Symbol Definition (Eq. No.) Symbol Definition (Eq. No.)
D Bandwidth r (26)
p(e) Density of states I (27)
h (1) T2 (28)
9o (2) N (29)
€f,To (15) 02 (30)
' (18) Ay (32), (A8)
Tar (19) Az (33)7 (34)a (AG)
T, (20) vo (31)
g, TY (21) Tx (38)
€fo, A (22) F (4)7 (37)
Pur (3), (23) Freg (4), (39)
Fyw (3), (24) FiE, (40)

functions M(z) with © = h/Tk, depending on the band
structures p(e). However, M (x) for the Kondo problem
is universal because changing band structure only adds
in irrelevant perturbations that quickly die out under
scaling if initial g < 1.2 The only possible exception
is particle-hole symmetry-breaking perturbation, which
is marginal and may lead to a modified M (z). Thus, the
obtained scaling solution for the magnetization in our
calculation is directly comparable with any previous re-
sult up to a proportionality constant between different
definitions of the Kondo temperature.'3

It has been known from the phenomenology of dilute
alloys'* that the nature of the strong-coupling fixed point
of the Kondo problem is a local resonant level. The two
parameters of the resonant level, its position €5 and width
A, are precisely the saddle-point parameters in the 1/N
expansion.!® Including 1/N fluctuations, the free energy
in the magnetic field can be written as

F(h,e5,A,g,D) = NFyr(h,e5,A,g,D)
+F1/N(ha€faAag’D)1 (3)

where the mean field and 1/N contributions, Fyr and
Fy/n, have no explicit dependence on N. The two pa-
rameters €5 and A are determined by the stationary con-
dition of the free energy. To find the Kondo temperature
Tk, we separate out from the free energy all terms de-
pending on the bare parameters g and D,

F(h,ef,A,g,D) = F(h,e5,A,g,D)
+Freg(hyer, A, Tk). (4)

The regularized free energy, Fi.s, depends on g and D

only through Tx. With a proper definition of Tk, F
becomes a constant depending only on g and D, repre-
senting the correction to the ground-state energy. The
thermodynamics is contained in Frez from which we ob-
tain the field-dependent magnetization.

The paper is organized as follows. In the next sec-
tion, we briefly recapture the large-N approach in the
magnetic field to define our notations. The renormaliza-
tion procedure is described in the third section. In the
fourth section, we present the field-dependent magneti-
zation from h < Tk to h > Tk for several values of
N. The magnetic Wilson crossover numbers are calcu-

lated approximately. The proof that the magnetization
calculated from Fieg has the correct h > Tk asymptotics
and the integral expressions of some functions appearing
in the regularization are included in the appendixes for
completeness. To alleviate cross referencing, we list the
frequently occurring symbols together with their defining
equation numbers in Table 1.

II. LARGE-N FORMALISM

Following previous treatments,'5'® we introduce a La-

grange multiplier A to enforce the constraint (2). By
using the fact that the constraint commutes with the
Hamiltonian, we write the partition function in the mag-
netic field h as

Z =Tr 6(hy — qoN) exp[—BH]

= '82% Tr exp{—B[H + iA(7iy — goN)]}
dA - s
= / %7;-— /D[c, S f, flexp [—A dr(Lo
+H — iqu/\):I (5)
Lo = Z c]toa‘rcka + Z f;(a'r + 1‘A)fd' (6)
k,o o

After performing Hubbard-Stratonovich transformation
to factorize the Kondo interaction, we rewrite the parti-
tion function as

[ BdA o
z_/ ?/D[c,c,f,f,cz,@]
<]
xexp!:—/ dT<£o+£I+ELJQ£_iq0N’\>]a
0
)

L= Z(ek + O'h)clacka

k,o
+ Qe fo + Qo) + 0 Y o fL 1 (8)
k,o o
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The above Lagrangian possesses a U(1) gauge invariance

fo — fclx = fo ei¢’
Q- Q =Qe™, (9)
d

A=A =2+ d¢
The redundant gauge degrees of freedom can be elimi-
nated by choosing to work in the radial gauge. Separat-
ing the complex field @ into an amplitude and a phase
Q = re~*®, the phase ¢ can be absorbed into new vari-
ables f. and \': f. = f, e, X' = A+d¢/dr . In terms
of new variables 7, X, f! and f., the partition function
can be cast in the form, after dropping the primes,

z- / Dle,e, £, fohr] [[ r(r)

B 2
X exp I:—/ dr <C"(7‘) + NTT - iqu/\>] ,
0

(10)
L' = Z clta (Or + ex + oh)cko
k,o s
+ 3 e +ixthos,
o=—S
+Zr(ciaf,, +f;rcka). (11)
ko

It is possible to completely gauge away the U(1) phase
¢ because it does not contain dynamics. Since the last
Lagrangian is bilinear in the Grassman variables ¢, and
fs, We can integrate them out to obtain an effective ac-
tion,

B
2= 20 [DD\r] expl-Sa(Aor) + 6(0) / drinr(r)],

(12)
Seg =— Y _ Tr In[d, + iX + ho + rGo(7)r]
7 B r2 .
+N [ dr (7 - iqu> , (13)
where 6(0) = (1/8) 3>_, 1 with v, = 2mn/3, and
1
Go(r) = - ? R (14)

Zy is the partition function of the noninteracting Fermi
sea.
The integration over the two real variables A and r can

be expanded around a saddle point
i)\=ef+ix, T=To+T. (15)

Retaining only quadratic terms in X and 7 in the ex-
pansion, the partition function, after dropping the tilde
becomes,

z
Z. e—sm(ef,ro)/lu'l dA(vn) dr(vy)

X exp ':—-Si? + Zln ro] , (16)
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SE == Z A(=vn), 7(~vm))

P(0)r3Tx(vr) ip(0)rol xr(n)
X (zp(O)TQF:r (Vﬂ) p(O)I‘T?Vn) )

A(vn)
X (r(un)) . (17)
The zero-temperature expressions of the matrix elements
Is appearing in ng) have been given by Read and
Newns.!® Their extension to include a magnetic field is
straightforward. Here we have pulled out explicitly some
prefactors for later convenience:

+ (lvn| + A)Z]

1
Ta(vm In
(1) = Nzlunl(lun|+2A) [ 2+ A?

(18)

—tan™? (%‘—)], (19)

2, + (|vnl +A)2}

(Tx)?
28 . [, + (lva] + A)2
— 1
ol n[ €2, + A? » (20)

where we have defined the mean-field Kondo tempera-
ture,

1
1 = Dexp (). 9= T0(0), (21)
and the convenient notations,
€fc = €5 + Oh, A = 7p(0)ra. (22)

The contributions to the free energy (3) are given by

2 2
R o K DA b Pt
FMF—NEU:{ iy tan (A)+27rln (TI({O))z

A 1
Y + (5 - %) €f, (23)

5% ; In[Tx (¥)Tr (Un) + I3, (vn)] + const.

F1/N =

(24)

In the free energy Fy,y, we note that the prefactors in
the front of I'’s in (17) exactly cancel the contribution
2=, In7o of (16), originating from the Jacobian of trans-
forming to the radial gauge.

ITII. RENORMALIZATION

To calculate zero-temperature quantities, we can sim-
ply replace the discrete Matsubara frequency sum by an
integration
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1 oo
Fyn = %A dvIn(T'»\T', +T3%),

(25)
1 * dv
EZV %/_mz_w’ ol = v

The upper integration limit is actually cut off by the
conduction-electron bandwidth D. One can see this from
the approximation we made in deriving the mean-field
free energy and 1/N fluctuation matrix element I''s,

1 D de
" — =P(O)/ .
o wn p twn — €

— €k —

—i2p(0) tan~* (£>

Wn

~ —i7p(0) sgnw, (D — |wn|).

Obviously, the F,n of (25) contains contributions linear
in D, which become divergent in the D — oo limit. A
little investigation shows that the subleading divergent
terms of Fy,n have the form of Inln D.

To separate out the cutoff-dependent terms of Fy,y,
which diverge as D — oo, we consider the v — oo asymp-
totic behavior of the integrand,

J

T
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2
['(v) =\I,4T1%, = % [rl(lnu) + ;I‘g(lnu) + O(V_Z)] .

(26)

The two functions I'; and I'; only depend on Inv and
have the following simple forms

v

v 1 2
1n? T T2 lnﬁ + 72 (5 —q()—"h) } s
(27)
v 1
Po(lnv) =4| Al —7mn)In — — A | = — 72
Tk 2

R

where we have introduced following two shorthand nota-
tions:

Fl(ln l/) =4

_ aFMF(ff,A) _ 1 1 —1 Cf_a
15T 8, 2 P wN;tan (A)’
(29)
2 A2

8FMF(6f, A) 1 V €to +
Np=—--T 2 = — In| ———1. (30)

2 A Nw zo: O
They are both independent of frequency v. The 1/N

fluctuation free energy is regularized as follows:

> d 2T, (1 Pd n(D/Tx) do T
Fyn = /0 21/ {lnl"(v) — [InI‘l(lny) + —2—(n—y)] (v — Vo)} +L %lnFl(lnu) +/ 10 + const.

vTi(Inv)

o In(vo/Tk) E I'y(z)

(31)

Since the first integral is convergent, we have extended the upper integration limit to infinity. Note that v is not a
parameter of the theory. F},y is independent of vp. We shall choose it for computational convenience. Actually, it
provides a useful consistency check for the numerical calculation. The cutoff dependence is then separated out from

the last two integrals of (31),

1 D
3 [ @vITi(ny) =D Ay(D, ) = vo Aa(vo,ma, ), (32)
vo

Fz(.’l?)
F1($)

1 [(D/Tx)
— / dz
™ In(vo /Tk)

The defined two functions, A; and Aj, are given in Ap-
pendix A.

To treat the cutoff-dependent terms D A;(D,n1,72)
and Ay(D,n1,1m2,€5,A), we first obtain explicitly

A D D
Ag(D,nl,le,Gf,A) = ;IHIDTE — 12 Alnln TI;,

(34)

where we have neglected terms that vanish as D — oo.
Using the fact that 7; and 72 are the derivatives of the
mean-field-free energy, we can show that A; and the sec-
ond term of (34) can be renormalized away from the
saddle-point equations if we let the saddle-point param-
eters €5 and A acquire the following 1/IN corrections:

=A2(D7771’7727€f7A) _A2(V0’771a7727€f7A)~ (33)

~ D 9 . % .
€f =€5 + N(—%;Al(m,nz), (35)
~ A D D 9

= _—— —_ ——_‘A T > 36
A=A Nlnln T + N oma 1(n1:m3), (36)

where 7} and 73 are the values at the point of the saddle-
point solution, € = €} and A = A*. When we rewrite
the mean-field free energy in terms of the renormalized
saddle-point parameters €; and ZS, we have to include
the difference Fvr(ef, A) — FMF(E},&) into the cutoff-
dependent part of the free energy F introduced in (4).
Collecting this difference term, (34), A1(D,n1,72), and a
term coming from replacing T}{O ) by Tk in Fur, the total
cutoff-dependent part of the free energy is
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_ 0)
F:—NAI T +él 1n£
Tk Tk
A1(77177]2) 3A1(77f,77§) ]
+ D |A R — — .
[ 1(m1,m2) oy, M I

(37)

Note that the terms in the last bracket are a constant, to
the order O(m;) ~ O(n2). The first two terms cancel out
if we define

—~1/N —~1/N
Tk =TI(<0) (ln %) =D(ln %) exp (——;) .

(38)

In the spirit of order by order renormalization, we replace
€f, A and TI({O) appearing in Fy/n by €, A and Tk,
respectively. This gives_us the regularized free energy
as a function of h, €7, A, and Tk only. Note that our
expression for the Kondo temperature is consistent with
the well known expression Tx = Dg'/N exp(—1/g) up to
O(1/N).

Actually, one can simply expand Aj(n1,72) in 1/N by
using the fact 7, ~ 72 ~ O(1/N), a consequence of the
saddle-point equations. We immediately see that the
only O(1) contribution of A;(71,72) to the free energy is
a constant. This constant is the correction to the ground-
state energy and has no effect on the physical quantities.
Higher-order terms in the expansion of A;(n;,72) can be
neglected in the order by order renormalization. The
second term of (34) is also dropped, since it is of order
O(1/N). After we renormalize away the first term of (34)
by defining the 1/N corrected Kondo temperature Tk via

(38) and replace the mean-field Kondo temperature TI(? )
in ', by Tk, the resulting regularized free energy is then
only a function of €7, A, h, and Tx. All these are due
to the fact that the free energy is stationary with respect
to ey and A. A O(1/N) shift of these parameters does
not induce any change in the free energy to the order
O(N) + O(1).

After completing the renormalization, the universal
free energy is, from (4) and (31)-(33),

b= 3 ()

NA |1 T o + A2
™ p TK
1 reg
+N ——qO Ef+F1/N’ (39)
F{;fv = —vo A1 (vo,m1,m2) — A2(vo, 1,72, €5, A)

+[) ‘;”{mr(u) [lnFl(lnu)

2T (Inv)
——|0(v — . 40
o Tiy) |0 ) (40)
The parameters 11 and 72 only depend on €f, A. Inside

n2 and I';., TI((0 ) is replaced by Tk.
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The saddle-point parameters, €y and A, are deter-
mined by solving the following two saddle-point equa-
tions,

%%Fmg(h, e, A, Tg) = % —qo — —— tan~ (e—f-d—)
}Vf mr-o, @
l_?_p (h,e AT)__ZI ____Vefaw
N oA T8\t T K
o P =0, (42)

Substituting the solution e; = €}(h/Tx) and A =
A*(h/Tk) back into Fieg, we obtain the scaling form of
the free energy depending only on h/Tk, up to an addi-
tive constant. The magnetization is

M(h/Tx) = ~ - Freg(hs €, A, Tc)

= % Z o tan™! (Eff) — %F;ng (43)

The one-dimensional integration in the regularized 1/N
free energy and its derivatives, as well as solving the two
coupled equations (41) and (42), are carried out numeri-
cally.

We emphasize that the obtained magnetization is not
a 1/N perturbative result if we solve the equations (41)
and (42) self-consistently, i.e., not by expanding €; and
A* in 1/N. The fact that we only carried out pertur-
bative ultraviolet renormalization only implies that the
Kondo temperature defined by (38) is perturbatively ac-
curate to the 1/N order. In other words, our result for
Freg or M(h/Tk) is perturbative at high energy but not
necessarily perturbative at low energy, depending on how
we solve the saddle-point equations. As we can see, the
same renormalization procedure can be carried out for ev-
ery physical quantity, and their calculation is a straight-
forward exercise.

IV. RESULTS

The solution of the saddle-point equations, €}(h/Tk)
and A*(h/Tk), for go = 1/6, N = 6 is shown in Fig. 1 as
an example. Generally for go # 1/2, there is more than
one solution in the weak-coupling regime for a given value
of h/Tk. Certainly, the criterion is to choose one with the
lowest energy. However, since we know the asymptotics
at both weak- and strong-coupling limits, we can follow
the solutions continuously by varying the magnetic field
slightly each time. For go = 1/6 and N = 6 as an exam-
ple, there are solutions other than that shown in Fig. 1
for h/Tx > 0.52 and give magnetizations much closer to
Hewson and Rasul’s exact results'” in near crossover re-
gion compared with the results shown in Fig. 3. But, if
we follow these solutions to the high magnetic field, they
do not have the correct asymptotics.

The field-dependent magnetizations M (h/Tk) for go =
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0.4 7 7
| - 7/
L // j
= 4
] L , -
< - // ] 4
< - P 4
L , i y
L A s
- 4 _ AN
0.2 - . 1 &
C . 2
7/
C /7
/
L %
0 FI’I § U N T B | S TSN TN S S T T e | | ) NN N O T S I
0 0.5 1 1.5
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FIG. 1. The solution of the saddle-point equations in the

magnetic field for go = 1/6 and N = 6. Tk is defined by (38).
€5 is the position of the resonant level and A is the width.

1/2 and various values of N are shown in Fig. 2. Note
that each curve has a window in the crossover region,
where no solution is found by the present method. This
happens only for go = 1/2. The reason is the following.
We try to describe the strong-coupling fixed point by a
resonant level. The particle-hole symmetry presented in
the go = 1/2 case ties the position of the resonant level at
the Fermi surface, €; = 0, in the strong coupling regime.
Certainly, the nature of the weak coupling is no longer

1F T T !III'I_I'{ T T ||||Ill T T I?ll([l T T T TTTTT
r: ./'/ // — -
. v -]
! P
L : - 4
r i 1
I
il 1
o i /'/ / 1‘ |
= 05 i
E - i / | b
r /'/ / ll do = 1/2 7
i // 1 N=2 4, 6 8 i
L ; /
L Yavs /) 4
L /v/ / / 4
S B
- L 4
L T -
O o %“ﬁ’l'}(/ll 1 L1 \I\Ill 1 11 Illlll 1 Ll 111l
0.01 0.1 1 10 100
h/Tg
FIG. 2. The universal magnetic field dependent magneti-

zation for go = 1/2 and for N = 2 (short dashed line), N = 4
(long dashed line), N = 6 (dash-dotted line), and N = 8
(solid line). All curves are parameter free. Note the improv-
ing quality for larger .
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a resonant level, thus €} # 0. A discontinuity must oc-
cur at some value of €} with increasing magnetic field
h, preventing continuous crossover from one side to the
other. Nevertheless, the window quickly narrows with
increasing N. For N = 8, the solid line of Fig. 2, the
window narrows to 0.45 < h/Tx < 0.55. The indica-
tion is that probably we need an infinite order of terms
in 1/N to close the window and to obtain a completely
smooth crossover. The more terms we put in, the better
the quality is in the crossover region. Similar features can
also be seen for general values of qo. In Fig. 3, we show
the magnetizations for go = 1/N, the “realistic” situa-
tion. Also shown are Hewson and Rasul’s Bethe-ansatz
results!™'® for N = 6, 8. Although the lines can cross
continuously from one side to the other, they obviously
overestimate the curvature in the crossover region. With
increasing IV, the curvature is reduced.

We calculate the magnetic Wilson crossover numbers
for the Cogblin-Schrieffer model,® go = 1/N, although
the calculation can be done for other values of gg. The
ambiguity in relating Tk from different cutoff schemes
can be eliminated by imposing the condition of a van-
ishing In"?(h/Tk) term in the h/Tx > 1 expansion of
M(h/Tk). The weak-coupling scaling form for the mag-
netization in terms of Tk is well known,3

h
M -1 1 _ lnlnﬁ
M, 2lnZ-  2NIn®
In2
+ - h/Tg > 1. 44
NanT}_;_(_ / K ( )

M/Mo

O||||Ll|||lJ|1(||\J1|LJL4LA

] 0.5 1
h/Tx

FIG. 3. The universal magnetic-field-dependent magneti-
zation for the Cogblin-Schrieffer model, i.e., go = 1/N, and for
N = 6 (dashed line), N = 8 (dash-dotted line), and N = 10
(solid line). All curves are parameter free. The points are
Hewson and Rasul’s Bethe-ansatz results: N = 6 (filled tri-
angles), and N = 8 (filled circles). The proportionality factor
between Tk defined by (38) and the T} appearing in Bethe-
ansatz solution is determined for each N by matching the
small field gradient of the magnetization.
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The last term of (44) can be removed by changing to a
new energy scale

2In2
Ihzz—WNszik/(1+ ; ). (45)

Although we only explicitly prove the first log term of
(44) in Appendix B, we expect that our result (43) will
precisely produce all three log terms of (44), since all
1/N order contributions to the free energy are included
in the present approach. Another direct way to see this
is following. Given the second term of (44), the last two
terms of (44) are determined by the second term of the
weak-coupling B function,®

3

dg_ 2, 9
damD . 9t (46)

B(g) =
Our expression for the Kondo temperature (38) gives ex-
actly the same beta function. The correct asymptotic
form (44) allows unambiguous determination of the en-
ergy scale T} in the present approach. In terms of the
unique energy scale T}, the coefficient o’ in the strong-
coupling asymptotic form of the magnetization

M Ao,k h
M, “Tx T’ T, < (47)

is just the magnetic Wilson crossover number. From (47)
and (45), we see &' = a/(1+2In2/N). The slope a will
be determined directly from M (h/Tk) curve. We list the
results for the general SU(IV) cases in Table II.

In summary, we calculated the universal field-deendent
magnetization for the general SU(INV) one impurity Kondo
model for various values of N and f-electron fillings.
At both low- and high-field limits, our results become
asymptotically exact, as shown analytically in Appendix
B. For other than half filling of the f-electrons, the mag-
netization curves cross continuously from one side to the
other. In the crossover region, the larger the N, the
smoother and the more accurate is the magnetization. In
contrast to a continuous phase transition, the crossover
involves no divergence. The other facet of the story is
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TABLE II. The calculated magnetic Wilson crossover
numbers for the Cogblin-Schrieffer model, go = 1/N, defined
as a’ of (47). With Tk defined by (38), we read off the ini-
tial gradient, a in (43), the magnetization curve. Then the
crossover number is &' = a/(1 + 2In2/N).

Bethe ansatz

0.25 0.342 (=1//em)
0.65

1.01
1.36
1.70

N Crossover number

[0 JI=rR A V]

—
[=]
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APPENDIX A: INTEGRALS A; AND A,

For simplicity, we set Tx = 1 in this section. From the
definition, A, is an integral of the type,

AZ(-Da M1, 7M2,€5, A) - Az(Vo, 77177]276)’7A)

_/Dd_l/ wlnv +v
- vo 7Tl/(1n21/+alnl/+b)’

where a, b, w, and v are all independent of frequency and
are given by

(A1)

a(eg, A) = —7na, (A2)
b(es,A) =n° (—;— —qo — m) , (A3)
w(es, A) = A(1 — mn), (A4)

1 1
v(ef, A) = —mAn, (5 —7"]2) — WEf (5 —qo— 771) .

that one then does need high-order terms to smooth out (A5)
the crossover for a given N. By carrying out integration, we find
J
1 2Invo+yva?—4b 2 '
2 — -~ ln( DTV — ), a*—4b>0
Az(vo,m,m2,€5,A) = ;ln (ln2y0+alnl/0+b) — v2— x \/a’2 4b _leni&% , (A6)
4 g \/E-_ﬁta‘n Zlnvo+a) ’ a® —4b < 0.
From the definition of A;, it is an integral of the type
D dy 2
DA1(D,n1,1m2) — voA1(vo, m,m2) = gln (ln 1/+aln1/+b) , (A7)
vo

where we choose 1 big enough so that the argument of the log function is always positive. We can see that A;(vo, 71, 72)
is analytic in @ and b for small values of @ and b. In some cases, A; can be expressed in terms of the standard integral
of exponential functions such as Ei(x). In the present problem, the parameters a and b never get very big. A series
expansion is sufficient for the practical purpose. The expression we used in the present calculation is,
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[Pl (In™" 1)

WAI(V07 M, 7’2) = In Vo o

nln” vy

where P, are polynomials of In"! vy,

P,(z) =1+ nz +n(n+1)z?

+---+nn+1)---(m—1)z™" (A9)
and a;, ag are related to a, b through
o) + az = a, 109 = b. (A].O)

Ei(z) is the standard integral of exponential function,
defined by

x et

Note that of + aj are expressed as polynomials of
a and b. In the expansion (A8), m is the order
of expansion. The neglected terms are of the order
[max(|a], |az])/ In o)™+t /m. Typical values used in our
calculation are m ~ 10 — 15 and Invg ~ 5 — 8.

(A11)

APPENDIX B: HIGH FIELD ASYMPTOTICS
OF THE MAGNETIZATION

The small-field asymptotic behavior of (47) is the well-
known result of the present approach.!® Here, we prove

1
1 A b
M = — —tan"' — ) —
Mo 27 an (5€f) /0

dv 1

- P, P(ln?
Z 1)n+1 (1’1 VO)( ?+ag)+2 [lnlIlV()— %{’.}0—)] s

’i;m [ X(V)_a—hl
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_ Ez(lnyo)] (e\/a2/4—b+e—-\/a2/4—b) e—a/2

(A8)

[
the high-field asymptotics for ¢go = 1/2 and ¢o = 1/N.
The proof for other values of go becomes parallel. We
shall set T = 1 and omit the asterisk in the notation of
saddle-point solution €}(h) and A*(h).

Let us first consider g = 1/2 and even N. In the
high magnetic field, the f-electron level is split into N
levels. Each of them is distant from the others. For
go = 1/2, the f-electrons occupy the lowest N/2 levels:
oc=-S, -S+1,---,-1/2. The 0 = —1/2 level will lie
close to the Fermi level. Spin exchange will result in a
small resonant width. Thus, we write the solution in the
form

as h — oo.
(B1)

We recall that S is the spin and N = 2S5 + 1. Since we
are looking for In"! A asymptotic terms, we neglect all
terms, which die as h~! or faster. Thus,

(C+Dh o#-k

6f=——56f, —_, — 0,

h 5ef é
2 h

€0 = €5 +0h = (B2)

—dey, o=- %
With this approximation, the magnetization is simplified
to

L) 22 42 () %

AT s, ] (B3)

where My =Y o500 is the saturation value of the magnetization. To shorten the notation, we use the unregularized
1/N fluctuation energy (25) to carry out the proof. Since the values for de; and A are given by the saddle-point
equations (41) and (42), we have to make use of them. With the simplification (B2), Eq. (41) is similarly reduced to

e (5L
——tan — |+
™ deg 0

The matrix element I'’s involve the spin component summation 3 _,

LYW, D) =5 S TO0),  Tanl Zr‘”’

Each spin component I'(?) of the I'’s can be read from (18)—(20). The difference between the derivatives of the 1/N
free energy appearing in (B3) and (B4) is that 8/0h in (B3) will bring down an additional factor o with respect to
8/08¢;. Dividing (B4) by two and subtracting it from (B3), we find

ok o) [t

Note that the 0 = —1/2 component vanishes in the above o summation so we can replace €¢, by (¢ +1/2)h. Carrying
out the derivatives, we find

dv 1

%F—(V—)‘ + 2I‘)‘7- (V)

[ s Ty B4

8FA1' _
174 a—ef-{-r‘r(ll)?)-;? :| =0

Oey

F)‘(V) =

ar(f’) F(U) ) (U)
(V)T (v ) +2FAr(V)

(B5)
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b h(o + 1) > 2+ (v + D)2
M= Mo———Z/ dv Mot ;) 2 5 gy | et AT
N I(v) (0 +3)2R2+ v+ A2 | N s €, + A2

*a o (G ) + B S [t () - (3] £y

By noting, from Eq. (42),

s
1
N 2 (. +4%) ~ O@/N),
u=-=5
we can expand the expression inside curly bracket of (B6) in 1/N. We shall also expand I'(v),
s 2 s 2
|1 2 2 2 -1 €fu -1 €fu
L) = |5 #;S In(f,+ (v +A)%) | +{ % M;S [tan (m —tan~" (L + O(1/N). (B7)
By changing the dummy variable, v = h z, we can make following expansion,
1o 1S
2
N Z In [Gfu +(v+A)?] =2Inh+ i Z In [(3 + )% + 27
p=-5 p=-5
=2lnh[1+ O(nz/Inh)],
where we dropped terms of order A/h as usual. That it is possible to make Inz / In h expansion in the last expression
is due to the convergence of the integration in (B6). We also expand I'(v), given by (B7), in In"'k and keep the

leading term. The upper integration limit in (B6) can be extended to infinity. The final result for the magnetization
is, after some manipulations,

2
M 1 ©dx (0+3) 1
Mo ar_\9Ta3) @ _° Inz/1
7 1 N, ;/ +1)2+m2 lnh_[l—l—(’)(nm/ nh)]

1
=1-
Inh 2N M, Z o
it
—1- 1 4y om?h. (BS)
~ 7 Nh
For go = 1/N, strictly speaking, 1/N is no longer the loop expansion parameter. Nevertheless, if we repeat the
above steps, we find
M 1
= =1--———+0(n"?h). B9
s s O R (B9)
Note that the leading log correction is independent of N for go = 1/N. It is easy to see this from the perturbation
in g. This term comes from the linear term, g/2, in the g <« 1 perturbation. The diagram for this term involves
one conduction electron loop and one f-electron loop, which together contribute a factor N2. The interaction vertex
brings in a factor 1/N. After normalization, i.e., dividing by S ~ N, it is independent of V.
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