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The frequency dependencies of the uniform transverse and longitudinal susceptibilities of Heisen-
berg ferromagnets with a dipole-dipole interaction are studied in di8'erent temperature regions.
Within a broad range of parameters the major contribution to the longitudinal component of the sus-
ceptibility, as well as to the dispersion of the fiuctuational corrections to the transverse one is found
to be the process containing a couple of spin waves in the intermediate state. The ferromagnetic-
resonance (FMR) linewidth, which at zero temperature exists due to the quantum fiuctuations is
calculated. Deviations of the FMR line shape from a Lorentzian are shown to be rather signi6cant
at sufBciently high temperatures. The results obtained within the framework of the developed per-
turbation theory based on the approach of Vaks, Larkin, and Pikin are generalized for the critical
dynamics region. The range of validity of the employed approach is discussed. It is shown that
dipole-dipole forces cannot be considered as a perturbation not only in the close vicinity of the
Curie point but also at any temperature at low enough frequencies. In particular, the longitudinal
susceptibility reveals the infrared discontinuity in the zero-frequency limit.

I. INTRODUCTION

The energy of the dipole-dipole interaction between
atomic magnetic moments in ferromagnets is usually 2 or
3 orders of magnitude smaller than the exchange inter-
action energy for neighboring atoms. However it is well
known that the importance of the dipolar forces increases
at long distances owing to their long-range character.
As a result the spectrum of long-wavelength spin Huc-
tuations is signiGcantly modiGed by the dipolar forces.
Moreover, the internal magnetic field in a sample differs
&om the external field and depends on the shape of a
sample. Finally, the dipolar interaction in contrast to
the exchange one does not conserve the total spin of the
system providing the mechanism for the uniform relax-
ation of the magnetization Buctuations.

This relaxation mechanism in the spin subsystem is of
special interest among other inHuences of dipolar forces
mentioned above. This is due to the fact that sometimes
just the processes of internal spin-spin relaxation bring a
major contribution to the absorption of the alternating
external electromagnetic Geld.

The ferromagnetic-resonance (FMR) line broadening
caused by these processes has been studied in a num-
ber of theoretical papers (see, e.g. , Refs. 2—4). However,
the picture of behavior of the transverse susceptibility
as a function of Geld and temperature is still not com-
plete, especially for weak Gelds. Moreover, to the best
of our knowledge no studies of its kequency dependence
have been undertaken yet. Also, despite the signiGcant
experimental interest, 7 the dynamical behavior of the
longitudinal susceptibility has not been studied theoret-

ically at all while the static case has been analyzed in
Refs. 8 and 9.

In the present paper the &equency dependence of the
uniform transverse and longitudinal susceptibilities in
zero external magnetic field is examined. In order to
cover a broad temperature range we have used the per-
turbation theory approach developed by Vaks, Larkin,
and Pikin in Refs. 10 and 11. This approach provides us
a regular way to account for the Quctuational corrections
to the results of mean-field approximation (MFA) assum-
ing that the efFective range of the exchange interaction ro
(measured in the interspin distances) is large enough. We
also assume that the energy uo characterizing the dipolar
interaction is much smaller than the exchange energy Vo.

Thus, we built up the biparametrical perturbation the-
ory which made it possible to calculate the dynamical
susceptibilities within the unambiguously defined range
of parameters where the decay of the uniform modes into
a couple of virtual spin waves is the major process of
their relaxation. The obtained results can obviously be
reproduced at temperatures T much lower then the Curie
temperature T using the conventional spin-wave theory.
On the contrary, this theory is not appropriate at T T,
while our approach is quite suitable to introduce the scal-
ing hypothesis and thus to generalize the results into the
range of critical dynamics.

The outline of this paper is as follows. In Sec. II we
formulate the main principles of the perturbation theory
which will be applied to the analysis of the dynamical
susceptibility tensor. In Sec. III we examine the behavior
of the transverse susceptibility in three temperature re-
gions, i.e. , at zero temperature, in the intermediate tem-
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perature region, and in the vicinity of the Curie point.
In this section we concentrate on the study of the fol-
lowing problems: (i) the residual FMR linewidth and the
resonance &equency shift at zero temperature which ap-
pear owing to the zero-point oscillations induced by the
dipolar forces, (ii) the deviation of the FMR line shape
from the Lorentzian arises from the frequency dispersion
of the fluctuational corrections, and (iii) the possibility
to generalize our results beyond the mean-field temper-
ature region into the critical one. At last, in Sec. IV we
calculate the dynamical longitudinal susceptibility which
in our approximation reveals the infrared discontinuity in
the zero-frequency limit, and discuss the problem related
to this feature.

II. HEISENBERG FERROMAGNET WITH
DIPOLAR FORCES

Following Ref. 2, let us represent the Hamiltonian of
a Heisenberg ferromagnet with dipolar interaction in the
form 'R = 'Rp++' g, where 'Rp corresponds to the mean-
field approximation

V„„(r—r') = V(r —r') b~ + (gyp) o)„8
i
r —r'

i

&p
V~„(q) = Vq + bp clfp Dpn, q P 0,

3 (4)

where S, is the spin of the atom located in the lattice site
with coordinate r, gyp is the effective magnetic moment
of the atom, H' is the external magnetic field, ( S, } is the
local mean value of the atomic spin, V(r) is the exchange
integral, o)~ = 0/Br~, p, v = x, y, z. In Eq. (1) we have
neglected an unimportant constant which is independent
on the spin operators S,.

I et us consider an ellipsoidal sample with the principal
axes coinciding with the coordinate axes. Vile suppose
that the external field is directed along the z axis. Then
(S) does not depend on r, and the internal field H' in
the sample is uniform. This field is related to the external
field and the magnetization M by the expression H' =
H —47tN, M, where N is the demagnetizing factor in
the field direction.

The Fourier transform of the interaction potential
V„(r) is given by

'Rp ———) S," glj,pH„'+ ) (S,, }V„(r —r')

and 'R;„q describes the interaction between fluctuations

R;„, = ——) (S," —(S,"))(S,", —(S,",)) V„( — '),

(2)

where Vz ——g, V(r) e ' i', up ——4m(gpp) v, i is the
characteristic energy of dipolar interaction, v is the
magnetic unit-cell volume, and n~ = q„q; at q = 0
the tensor n„n is transformed into the tensor of de-
magnetizing factors N„. In our geometry the latter
has the diagonal form N„—:N„= diag[N, N„, N, ],
Tr N„= 1, and is defined &om the system of equations:
(g))jp)' Q, 02r ' = ~p(1/3 —N„).

Let us define the temperature Green function as fol-
lows:

(q, cu ) = dv'e ' " ) e ' ' (T [S (w) —(S }][S",(0) —(S }]}.
(r —r')

Here w„ is the Matsubara frequency, P = T, T is the 7-
arrangement operator, and the brackets denote the ther-
modynamic averaging.

It is well known, that the analytic continuation of
the temperature Green function to the real frequencies
i w ~ u+ ib coincides with the retarded Green function
G„„(q,cu). This function is related to the magnetic sus-
ceptibility of the material y~ (q, ur) describing the linear
response of the system to the alternating external mag-
netic field

I

troduce the circular spin components S+ = 1/v 2 (S
iS"). Then in the MFA only the following components
of the tensor E~ (q, w ) remain nonzero:

Z +(q, (u„) = Z+ (q, —u)„) = bK(~„),

Z„(q, (u„) = b„Pb',

K(&u„) = [y/P —iur„]

~o
~~-(q ~) = —G.-(q ~).4' (6)

b(y) = S& (Sy) = (S'}p

The function G~„(q, cu ) is given by the Larkin
equation

G„(q, (u ) = Z~„(q, w )
+ Z~ (q, w )V~(q)G~„(q, &u ),

where Z~„(q, u ) is the irreducible part of G~ (q, ur ).
For the convenience of further consideration let us in-

g = p (Vo+ —
) (g*)+ggoH*

where H, (x) is the Brillouin function for the spin S and
(S }p is the mean value of an atomic spin in the MFA.

Substituting (8) into Eq. (7), for the transverse com-
ponents of the Green function of MFA GP„(q, w ) in the
case w g 0 one has2
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G ~(g, ~„) =b (e„+ +~~„) )e —(i~„) )

(a)

G +(q, ~„)= G+ (q, —~„),
FIG. 1. Diagrams correspond to the first Buctuational cor-

rections for the irreducible parts Z„„(u ) .

other and the second one proportional to b~ t is con-
nected with the scattering of spin waves by the static
spin fluctuations. At the low temperatures the second
type of corrections are exponentially small as compared
with the spin-wave corrections whose temperature depen-
dence is described by the power law, and their role goes
up when the temperature increases. In the following we
restrict ourselves mostly by the study of the spin-wave
corrections, neglecting the terms proportional to bt

Besides, hereinafter we shall consider a sample having
the shape of an infinite cylinder magnetized along its
axis. Such a sample can obviously be magnetized by
any weak external field. The results presented below are
applicable in practice for the case of a prolate spheroid
in the field range 4vrN M &( H' &( 4aM. For nearly
isotropic ferromagnets in the considered range of H the
external field suppresses the domain structure but at the
same time this field is so weak that H' = H —4aM M
H' (& 4vrM. Then in the first approximation one can
neglect the influence of the magnetic field on the spin
dynamics. As it can be seen from the comparison of our
results with the results of Ref. 2, the difFerent processes
determine the uniform relaxation in weak (H' (& 4vrM)
and strong (H' ) 47rM) magnetic fields.

Here s~ = b (Vp —V~) + gppH', n~ = ~g sin

~o (S )o &~ = [&z (&z + nz)] ~, 8z and yz are the
polar and the azimuth angles of vector q, respectively;
b (Vp —Vz) Dq at q —+ 0 and D is the spin-wave
sti8'ness. We should point out that the other components
of the tensor G„„(q,w ) in the case u~ g 0 are equal
to zero. The poles of the transverse components of the
retarded Green function determine the well-known spin-
@rave spectrum '

(u =+s~ =+ f(Dq'+ gppH')

x (Dg + gppH + Mg slil 79&)) (10)

Solving Eq (7) .in the case q = 0, for the uniform spin
precession frequency co one obtains '

(u = +so ——+(((ugN + gppH') ((up%„+ gppH'))

In the present paper the uniform retarded Green func-
tions G„„(0,a)) = G„(cu) are studied accounting for
the first fluctuational corrections to the irreducible parts
E&„(w ). The diagrams corresponding to the functions

K„„(u ) are shown in Fig. 1, where the circles repre-
sent the single-cell blocks of the diagram technique de-
scribed in Refs. 10 and 11. In particular, the circles in
Figs. 1(a) and 1(b) correspond to the Fourier transform
of the average with the Hamiltonian 'Ro of three and four
spin projection operators (T S"(vi)S (&2)S (ws) )p and

(T S"(ri)S (~2)S~(~s)S"(~4) )o, respectively. The wavy
lines represent the efFective interaction B„„(q,~„) given
by

III. TRANSVERSE SUSCEPTIBILITY'

In this section the transverse susceptibility y +(~) will
be analyzed by taking into account the decay process of
the uniform precession mode into two spin waves in the
intermediate state. First of all we should mention that
the first fluctuational corrections 2+i+(u„), Zi (a)„),
Z, +(w ), Z, (u ), Z+, (w ), Z, (u1 ) are equal to zero.
For the infinite cylindrical sample magnetized along its
axis N = K„= 1/2, %, = 0, and thus in the uniform
limit only the following components of tensor V~ differ

V+ —= Vp —wp/6, V = Vo+(up/3. As
on of the Larkin equation for G +(w )

R„„(q,(u„) = V„(q) + V„(q) Go (q, (u„) Vp„(q). (12)

where Z +(w ) = Z +(u ) + Zi+(w ). After summing
over the intermediate &equencies and after analytic con-
tinuation the function E +(w) can be written as

(14)

Because of the tensor character of the Larkin equation from zero: &—+ =
in the presence of dipolar forces all Green functions in the
MFA [and all components of the tensor R~ (q, cu )] have
a static part proportional to b ob'. Moreover, the ana-
lytic expressions for the single-cell blocks contain terms
proportional to 8 ob( ), where b( ~ = d™b/dy™Hence, .
there are two types of fluctuational corrections. The first
type is related to the scattering of spin waves by each

Z +(~) = (S,)K((u) + bP(~+ ib)K (~),

P((u+ ih) = (2b) ') n~s —P~ (2s + n„) + n~P~s (2e + o.~+ ~) [s —(co+ ih) /4] s '
~

n~ + —~,

(15)
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y +(~) = (2m) 's[a+ As((u) —(u —ip((u)]

As(~) = —Re P(cu + ih), p(u)) = Im P(w + ib),

s = —(S,). (16)

The FMR line shape is determined by the frequency de-
pendence of the imaginary parts of the transverse com-

where {S,) is the mean value of the atomic spin pro-
jection including the first fluctuational correction, P~ =
ugcos 8z, nz ——[exp(Ps&) —1] . In Eq. (15) we have
neglected the terms proportional to,b' and 6".' This is
correct for the temperatures not very close to T, (see
Sec. III C).

In zero external magnetic fieM the uniform precession
frequency in the MFA is equal to so ——ug/2 for the cho-
sen sample shape. Considering the Huctuational correc-
tions in the hydrodynamic frequency range

I
ur

I
(( 6 Ve,

we can neglect the poles of the function K(ur). Then,
accounting for the condition ~0 (( Vo, it is convenient to
represent the expression for the transverse susceptibility

+(u)) in the form

ponents of the inagnetic susceptibility tensor y„„(cu),
p, v = +, —. Below we shall refer to the expression
L(w) = Im y +((u) given by

L(~) = (2~) 's ~(~) [(s + &s(~) —~)'+ ~'(~) ]
'

as either the "resonant curve" or the "FMR line shape. "
Thus, the consideration of decay processes for the pre-

cession mode has led to (i) a renormalization of the mag-
netization in the expression for frequency of the uniform
spin precession; (ii) the appearance of the uniform spin
precession damping p(cu), and (iii) a dynamical shift of
the precession frequency Ae'(~). The fluctuational renor-
malization of the magnetization in the Heisenberg ferro-
magnet with bipolar interaction for temperature not very
close to T, has been well studied (see, e.g. , Ref. 1), and
we concentrate on the detailed analysis of the eKects con-
nected with the presence of p(w) and As(m).

Fortunately, the imaginary part of the integral in
Eq. (15) can easily be calculated and the result for p(u)
has the form

Q(~) —~0 (gd/r0) coth
I
~ I/4T [sgn~ fi (I ~/~~ I) + f2 (I ~/~d I) ]

3~3
2048 m

s 1 —z vrl 4, 1+~2x+x
(27x + 15z —5z + 15) + 8z

I
arctan + —

I
+ (9x + 6x + 5) ln

3 V'2x 2 J /1+ x'

f (*) = 1 —x sr 1 1+ v'2x+ z /2x—2x
I

arctan + —
I

—(1 —x ) ln (6z' —z+ 3)v»
where qg = (2uro/Vo) i~2 has the sense of the characteristic dipolar momentum and we remind that ro is the effective
range of the exchange interaction. However, Eq. (18) seems to be rather complicated, and we shall analyze its
asymptotic behavior as a function of u at low and high temperatures, respectively (see also Fig. 2).

The real part of the integral in Eq. (15) cannot be calculated in the general form. Therefore, in the subsequent
sections it will be analyzed in the limiting cases. Here we just would like to mention that, .similar to p (u), the function
As(u) can also conveniently be decomposed in even and odd functions of cu:

&s(~) -
l ai (I~/~~l) + sgn~» (l~/~~l) l.

A. Transverse susceptibility at zero temperature

As is evident &om Eq. (15), the Larmor precession damping exists at zero temperature only due to the zero-point
oscillations which are induced by the dipolar forces. In this case it follows from Eq. (18) that

1/64 sgn~ (u)/(ug)2,

( v 2/30 vr ) ( ~/~d ) l,
—(~2/315~)

I
~/~, I-'~',

I~I )) ~&, ~) 0,
I

cd
I )) cd', cd ( 0.

(2o)

The analysis of the asymptotic behavior of As(u) at T = 0 gives

3~3 Ldo

8 vr ('rp j
—1/16 ~/cup,

—3/32,
, ~2/15 I(u/cup I'~',

I
cd

I
)) cdg, cd ) 0,

I
cd

I
)) (dan, cd ( 0.
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(b)

FIG. 2. Frequency dependence of the Larmor precession
damping at a low {a)and high {b) temperatures, respectively.

We see that p(w) and As(u) alter their signs at u = 0;
in the limit w -+ 0 p(~) and As(u) decrease linearly and
quadratically, respectively. In the high-frequency region
two obstacles must be mentioned. First, we should note
the difference in the behavior of both the damping p(ur)
and the shift As(~) at positive and negative values of u:
for example, p(~) cu ~ at ~ ) 0 and p(u)
at u & 0. This is connected with the fact that the damp-
ing p(u) is a sum of two terms, the first of which is an
odd function of u and the second is an even one. In
the case u & 0 the mutual cancellation of several terms
of asymptotic expansions for functions fq and f2 occurs
while at ~ ) 0 they have the same sign. A similar situa-
tion takes place for the shift As(u), but in this case the

&~3g, l
'

p((u) = p(ep) = 0.16~p
(2 ' rp)

&~3q, ~
As(~) = As(so) = —0.32(up

27l Pp )

(22)

This leads to a replacement of the actual resonance curve
by the Lorentz function, which is usually applied in the
treatment of experimental data on the FMR. At low
temperatures the Lorentzian approximation seems to be
quite reasonable, at least not very far away from the reso-
nance position. Nevertheless, the actual FMR line shape
deviates from the I.orentzian both close to and far from
the resonance. In the latter case for L(u) one has

terms of the asymptotic expansions for gz and g2 cancel
each other at ~ & 0.

Secondly, it follows from Eqs. (20) and (21) that
the Huctuational corrections increase in6nitely with in-
creased frequency: p(w) w~~ at u ) 0 and Ac'(u)

at ur ( 0. However it is pertinent to remind
one, that we have used the hydrodynamic approach here.
Thus, Eq. (16) is valid only if [u

~
(& b Vo. Within this

range the corrections at T = 0 are always small compared
to the resonance &equency ro in the MFA.

In accordance with Eqs. (16), (20), and (21) the re-
sponse function in the considered range of parameters
reveals a rather sharp maximum at ~ eo. Therefore, in
the vicinity of the resonance

~
so u~ &—p(ur), As(~) with

the relative error of the order of max [ p(e'o), As(so) ] so
one can neglect in Eq. (16) the dispersion of p(w) and
e'(u) and approximately set

s ' 1/64 sgn(u (~/~g)2,

, —(~2/»5~) (s/~)'
I
~/~~

I

" ~«& [~I, ~ ) 0,
Ldg ((

i
Cd [, Cd ( Q.

(23)

We see if cu ~ 0, then L(u) tends to zero proportionally
to u and changes its sign at u = 0 while the Lorentz
function is always positive and finite at u = 0. In the
high-frequency region the Lorentz function decreases as

, but L(~) - (u a~2 at ~ ) 0 and L(ur) - —
~

~
~

atm&0.
Thus the dipolar forces yield the finite width of the

FMR line at zero temperature. Near its maximum the
resonance curve may be approximated by the Lorentz
function. However, due to the frequency dispersion of
Quctuational corrections, there are significant deviations
&om the Lorentzian shape in the wings. We note that
the results obtained at zero temperature are valid in the
region T « cu, ug, as well.

B. Transverse susceptibility in the
intermediate-temperature region

If the condition T )) u, cup is satisfied, we can approx-
irnately set (nz + 1/2) = (Ps&) ~ in Eq. (15); hence in

I

this temperature region the damping p(w) is written as

p(~) = Tb '(qg/rp) I'(~/(ug), (24)

~h~~~ +(*) = 4I*I ' [sgn~f~(I*I) + f2(I*I)j and

fq z are defined by the same equation (18) as above.
Therefore, in this case the asymptotic behavior of p(ur)
can easily be obtained from Eq. (20) accounting for the
additional factor 4T/[u

~

in Eq. (24). It allows us to
draw the qualitative behavior of the damping for both
cases T « ug and T )) ug as shown in Fig. 2.

In contrast to the case T = 0, at T )) ~g the shift
Ks(w) can also be calculated in the whole range of u «
T, this gives us the analytic expression for the transverse
susceptibility. Thus, in addition to Eq. (19) for As(u),
one has the following equation:
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&qa) ( ( ur 'l
&s(~) = —

I

—
I gi I

—
I

+ sgn~» I

b E«) E~& i E ~~ )

3~3
gi (x) = x (27z —15x —5x —15) + m (8x + 5) —(9x + 6x + 5)

~

arctan +-
512vr 3

1+ /2z+ x+8z ln 1+x'

( 1 —x 7r1 /2z 1+~i*+z
g~(z) = * ' (1 —*')

~

»«an + —
~

—7r+ (6x'+x+3) —2x'ln
64m ( +2z 2 ) 3 Ql + z2 (25)

In the limiting cases of low and high frequencies it
follows from Eq. (25), that

1]4,
64 ~ (ro j

(26)

which shows only weak dependence on u; here u
min [T, b Vo]. It should be noted, however, that in ac-
cordance with Eqs. (21) and (25) the dynamical shift
As(u) is usually small compared to the renormalization
of the resonance frequency due to the fluctuations of the
magnetization.

Similar to the case T = 0, in the &equency range

~
so —a

~

& p(u), Ks(u) the transverse susceptibility can
be approximated by the Lorentz function with the pa-
rameters p(u) = p(so) and As(u) = &s(so):

, ( 3q„
p(eo) = 1.3Th

~ro )

As(so) = 1.2Th , ( 3g„&
27rro )

(27)

In contrast to the zero-temperature case, the relative
error of the approximation max [p(so), Es(so) ] so de-
pends now on temperature: it is proportional to T if
7. = ~T, —T~T, 1 and proportional to w if w && 1.
In other words, the differences between transverse sus-
ceptibility and its Lorentz approximation increases with
increasing temperature and they may amount to 30—40%
at a suKciently high temperatures.

This is illustrated in Fig. 3. In this figure the typical
resonant curve L(u) with Eqs. (24) and (25) taken into
account is denoted by the solid line; the dashed line de-
notes the Lorentz function with the same value of the
reduced resonant damping p(so) so . We see that the
dispersion of the ffuctuational corrections leads to (i) the
asymmetry of the resonance line near its maximum, (ii)
an additional broadening of the FMR line, and (iii) a
lowering of its maximum value.

An even more dramatic deviation of the actual FMR
line shape &om the Lorentzian occurs beyond the res-
onant region of u. Indeed, the asymptotic behavior of

L(ur) can readily be obtained &om Eq. (23) by account-
ing an extra factor 4T/~ cu ~. This, apparently, changes
the decay of L(u) at high frequencies. In particular, at

one has L(~) u ~, i.e. , the decay of
the true function is steeper than the Lorentz one, while
at T = 0 L(~) is proportional to u

Therefore, the experimental data should be evaluated
using Eqs. (24), (25), and (17). As a result a set of pa-
rameters, for example, 6'o, s, and p(e'o), can be extracted.
On the other hand, if the Lorentz approximation is nev-
ertheless used, one can extract &om the data also three
parameters, i.e., the resonance frequency ~„, the width
of the resonance line p„, and the normalizing factor go.
In general, for a well-defined resonance c ~„and the
temperature dependence of the position of the maximum
of the resonance is mostly determined by the tempera-
ture dependence of the magnetization. At T )) ~g both
paraineters p(so) and p„show a linear dependence upon
T. At T « wg the parameter p(so) is temperature in-
dependent, whereas the width of the effective Lorentzian
contains a term proportional to T appearing only be-
cause of the nonlorentzian behavior of L(u).

In summary we conclude that the dispersion of fluctu-
ational corrections leads to the fact that the transverse
susceptibility significantly deviates &om the Lorentz
function both apart and (at sufficiently high tempera-
tures) near the resonance.

C. Transverse susceptibility close to the Curie point

It is well known o' that the mean-field theory (MFT)
in the exchange approximation is applicable when 7. )&
ro . However, our results could not be valid in the
whole MFT range v && ro, if the condition qpro

FIG. 3. Resonant curve L(u) (solid line) and its Lorentz
approximation (dashed line). The difference in behavior is
connected with the dispersion of Quctuational corrections.
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1 takes place. Indeed, inserting b = (S )o
into Eq. (24), we can estimate the reduced resonant
damping as p(eo) so ~ (ror ~ ) (qg r ~ ), where
we take into account that T T Vo, qg
(~o/Vo) ~, F(eo/&ud) 1, and s ug uo b. On the
other hand. , the contribution to the reduced damping
from the process of spin-wave scattering by the longitudi-
nal Huctuations is proportional to (rori~2) (qgr ~ )s.
At low temperatures 7 )

q& this contribution is small
whereas at w && q& it becomes the most important. At
the same time, at low enough r rd = (qg/ro) ~ the rel-
ative damping appears to be of the order of unity. This
means that in the temperature range v & rg the spin-
wave approach is not valid anymore.

By definition ro —— (V2/Vo), where V2

v, g, r2V(r) is the second moment of the exchange
integral. Therefore, similar to the case T ) T, (see, e.g. ,
Ref. 12) the characteristic dipolar temperature is defined
as follows:

r~ = (~o/V2)'~'. (28)

It is necessary to point out that the fluctuational contri-
bution to the damping is the leading term in the quite
narrow range rg ( r (( q& and only if rg (Vo/V2)
It is interesting to note that the latter restriction can be
rewritten in the form v.~ Gi, where Gi is the Ginzburg
parameter of the phenomenological theory of phase
transitions. Thus, within the range vg ) w Gi, where
the MFT is still formally valid, we are not able to de-
scribe the uniform transverse susceptibility in the kame
of perturbation theory.

In the opposite case, Gi )) 7g, two temperature re-
gions can be distinguished. In the first one the MFT is
correct throughout the region 1 )) w )) Gi, and the de-
cay of the uniform precession mode into two spin waves
is the major relaxation process. When the temperature
increases, the range of the spin-wave approach validity is
shrunken. However, the main contribution to the reso-
nance shift and to the uniform precession damping comes
&om low-wavelength excitations, i.e., spin waves even in
the temperature region Gi )) 7.. Thus, the results of pre-
vious subsections can readily be generalized by means of
the replacement of the mean-field exponents by the crit-
ical ones for the relevant quantities. In particular, the
expression for p(u) can be written in the form [see Eqs.
(24) and (18)]

7((u) = AT, (S') '(~g/D) i F((u/(ud), (29)

p(~) = Ai T. K ~"(qo/~)'F(~/~d), (30)

where Ai 1 and z 5/3 is the dynamic critical expo-
nent. Expression for Ae(m) may also be rewritten in the
same way.

where A 1, and we assume that (S') r~, D
Do r, ~g = ~o (S'), P P' 1/3. This expres-
sion is convenient to represent via the inverse correla-
tion length e (r) = r, (r) a r", a v, , v 2/3,
and renormalized characteristic dipolar momentum qo

(~o/T. )":

We see that p(w) written in form (30) has a critical di-
mension in accordance with the dynamic scaling theory, ~4

and the factor O(r) = T,vs~2 has the sense of the char-
acteristic energy of critical Quctuations. In general, the
scaling function F is the function of two dimensionless
parameters, u/ug and u/O(e). However, the latter one
is considered to be small in Eq. (30).

The resonance frequency s in Eq. (16) is represented
in the scaling notations as follows:

s = BT,+2+~~" (qo/K) = BO( K)(qo/r)', (31)

where B 1. Prom Eqs. (30) and (31) it is clearly seen
that e p Le at K qo or at w vg, and the ap-
proximation used above is valid as e ) qq. The range) wp in complete analogy to the case of T ) T can
be characterized as a range of the exchange critical dy-
namics, whereas the region w & rd corresponds to the
dipolar one. The dipolar dynamics in the range r ) wp

above the Curie temperature has been considered in Ref.
15 and generalized for the EPR in Ref. 16. It was shown
that the main relaxation process in this case is the decay
of the uniform precession mode into the spin di8'usion
modes. This results in a precession mode damping pro-
portional to O (r) (qo/v)4, which is by factor (qo/r) less
then in our case, when the spin difFusion in the interme-
diate state at T ) T, is replaced by the spin waves at
T (T.

As the boundary of the exchange region vp is ap-
proached, other relaxation processes (for example, spin-
wave scattering by the longitudinal fluctuations, de-
cays for three and more spin waves, etc.) become of
the same importance as the considered one. Moreover,
at this boundary ug O(tc) and the scaling function
F[u/ug, u/O(K)] should be strongly renormalized.

Within the dipolar region ~ ( 7g the dipole-dipole in-
teraction cannot be accounted for as a perturbation nei-
ther at T ) T nor at T & T . Above T the problem
is reviewed in Ref. 12 in detail. Obviously, below T the
situation should be similar in many respects, but the rel-
evant problems are beyond the scope of this study. Here
we just mention that at 7- && 7g the resonance frequency
of FMR is expected to be of the same order as its width.

IV. LONGITUDINAL SUSCEPTIBILITY

G, (~„) = T) ) (G + (q, (u„, ) G + (q, (u„, +(u„)
g 711

+ G++ (q, (u„, ) G (q, ~„, +u)„)), (3

In this section the longitudinal retarded Green func-
tion G (~) is examined in the same way as it has been
done in the previous sections. This function is related
to the longitudinal susceptibility y„(u) by the expres-
sion y, (u) = ~o/47t G„(ur). It is well known that the
longitudinal Green function in the MFA is purely static,
whereas its frequency dependence is related to the Buc-
tuational corrections. The contribution of the Grst order
in ro

s to the temperature Green function G„(~ ) has
the form
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where functions Go (q, w ) are defined by Eq. (9). As above, we neglect the terms which are proportional to b~

Expression (32) describes the process of the decay of the longitudinal fluctuation into two spin waves in the intermediate
state. After the summation over the intermediate frequencies and the analytic continuation i ~ ~ w +ib we obtain

The integral over q in Eq. (33) can readily be evaluated in the absence of the internal magnetic field and for temper-
atures high enough, i.e. , at T » ur, su~. Hence, substitution of (nz + 1/2) by (Ps~) in (33) gives

G.'.(~)=

»(z) =

p2(z) =

T fqdl' f(u 'l . (
I i

I

—
I
+ i sgn~ p2 Il0«) E&)

a~a, 1+ ~2x+ z
x —2x ln —3m+

647r

ai/3 1 —x vr)
x 2x arctan + —

l
+ 3

64m 2x 2)

3(1+x) (1 —z) l
arctan + —

l
+ ~2z

2x 2)
1+ ~ax+ x

(1 —z) (1+x) ln
gl + z2

(34)

The corresponding analytical expression for the imaginary part of G„(w) which is valid in both high- and low-
temperature ranges T & w& and T ( w& follows from Eq. (34) if one multiplies this expression by the factor
u/4T coth w/4T.

In the limiting cases of low (high) frequencies from (34) we find

—.(«&' —3 + 21 (dg/(d,

64 (r()) (~g/~) [
—3+i, sgn(u (i/264/15ir)

l
~g/~ [i~2], (35)

At T = 0 G„(cu) does not vanish because of zero-point oscillations and at low and high frequencies it ca,n be
written as follows:

ava i (qual
' 1/16[ In

l
cuz/~ l+ isgncun/2 ],

4~ ' pro) ~/2/» l~~/~l" [
—1+isgn~],

Thus, G„(ur) decreases fast enough at high frequen-
cies

l
w

l
» wg both at T » wg and at T = 0. At the

same time there are essential differences between these
two cases at low frequencies. For instance, in the case
T » ~d, , tu = 0 the real part of G„(w) is finite and
increases as temperature goes up, while the imaginary
part of G„(u) connected with the absorption of the al-
ternating external magnetic field increases as u when
u ~ 0. On the other hand, in the case T = 0, cu = 0
the imaginary part is finite, while the real part logarith-
mically diverges when w ~ 0. It is well known, however,
that the susceptibility should not show singularities in
the limit w ~ 0, therefore the formulas of this section
are inapplicable in the region of low enough frequencies.
The condition that 4m

l y l
1 is in fact the criterion

of their applicability. This condition may be rewritten
for the case of Gnite temperatures and low frequencies in
the form

l
w

l
& p (so). In other words, if the damping of

spin waves in the intermediate state is not accounted for
the results are valid just for &equencies which are higher
than the characteristic damping. It seems to be quite rea-
sonable that taking the damping into consideration can
remove the divergence in the limit of u m 0 for the bipar-
ticle process. At the same time this procedure forces us
to go beyond the kame of perturbation theory in param-
eter rp because it presupposes the selective resuming of

I

the infinite series of terms of different orders in rp To
prove the validity of this procedure, it is necessary to an-
alyze the general structure of the diagram expansion, i.e,
to estimate the contribution to G, kom the processes
containing multispin-wave intermediate states. This is a
problem which we do not address in the present paper.

Similar to the transverse Green function (see Sec.
III C), the expression for the longitudinal one can be gen-
eralized for the temperature region of critical dynamics

Gi. Using the scaling notations, we can rewrite
Eq. (34) in the form

(~) G (T K ) (K/qo) [ pl (l ~/~~ l)

+ 'sgn~ » (l ~/~~I)] (»)
where C 1 and the quantities qp, K, ud are defined in
Sec. III C. We see that the critical dimension of G, is in
accordance with the dynamic scaling theory. Consid-
ering only the high-frequency (u & ug) behavior of the
longitudinal susceptibility we find that within the whole
exchange critical range, r ) wp, the inequality y
is valid. At the boundary of the dipolar critical range

wd the processes with multispin-wave intermediate
states become of the same importance as the considered
decay into a couple of spin waves. At the same time it
is necessary to take into account the spin-wave damping.
Hence, our results are valid only as T ) 7.p.
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In conclusion of this section we w'ould like to note that
in Ref. 17 where, in particular, the staggered susceptibil-
ity of antiferromagnets has been examined theoretically,
an anomalous behavior of the corresponding quantities
at q = 0, ~ —+ 0 has been found. It allows us to suppose
that a similar situation is quite general and takes place
for all cases in which the total spin of the system is not
conserved.
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