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Thermal-noise-induced resistance and supercurrent correlation function
in YBa2Cu307 z grain-boundary Josephson junctions
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Thermal noise is known to cause a finite resistance R~ of overdamped Josephson junctions even in the
zero-current limit. By extending the treatment of Ambegaokar and Halperin the magnetic-field depen-
dence of this resistance is analyzed for arbitrary current-phase relations. We show that the measurement
of the magnetic-field dependence of R~ allows the determination of the magnetic-field dependence of the
critical current in the temperature regime where thermal-noise rounding effects prevent the application
of the usual methods. Applying this technique the correlation function of the supercurrent distribution
of YBa2Cu307 z grain-boundary junctions could be determined with a spatial resolution of 130 nm. The
correlation function indicates that the supercurrent distribution along the grain boundary is spatially
nonuniform on a sub-pm scale.

In recent years the superconducting transport proper-
ties of grain boundaries in the high-temperature super-
conductors have been studied intensively. ' Much of our
present knowledge is based on the study of grain boun-
daries in YBa2Cu3O7 z where individual grain-boundary
junctions (GBJ s) have been fabricated by growing epitax-
ial YBa2Cu3Q7 & Alms on SrTi03 bicrystal substrates. '

These GBJ's have been shown to behave as ideal over-
damped Josephson junctions. Despite the large research
effort the nature of the electrical transport across grain
boundaries in the cuprate superconductors is still dis-
cussed controversially. Here a key issue is the homo-
geneity of the current IIIow across grain boundaries. This
question has been addressed recently by several experi-
ments. ' In this paper we present a new method for the
determination of the supercurrent correlation function in
YBa2CU307 Q GBJ's giving information on the homo-
geneity of the supercurrent Row across grain boundaries
on a sub-pm scale.

In general, for Josephson junctions information on the
spatial distribution of the critical current density J,(x,y)
can be obtained by measuring the magnetic-Aeld depen-
dence of the integral critical current I, (H) of the junc-
tion. However, for junctions with spatial dimensions
larger than the Josephson penetration depth A, & the rela-
tion between the I,(H) dependencies and the super-
current distribution usually is complex making it difficult
to extract information on J,(x,y) from the measured

I, (H) dependencies. On the other hand, such informa-
tion can be obtained for small junctions where the rela-
tion is simple. As discussed in more detail below, in this
limit I, (H) is given by the magnitude of the Fourier
transform of the spatial variation of the critical current
J, per unit length. Here, J, is the integral of the critical
current density along the field direction. Unfortunately,
for small high- T, GBJ's the coupling energy
Ez(T)=fiI, (T)/2e often is of the same order as the
thermal energy k&T resulting in considerable thermal
noise effects. These effects prevent the simple measure-
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FIG. 1. Temperature dependence of the Josephson penetra-
tion depth A,z and the width S'* at which E~(T)=10k~ T for a
YBa2Cu307 z GBJ with thickness d = 100 nm and
J,(T=O)=10 A/cm .

ment of I,(H) using a voltage criterion. Therefore, a new
method for measuring the I, (H) dependence of small
high-T, junctions is required.

In order to make the inhuence of thermal noise
effects more clear, in Fig. 1 we have plotted the tem-
perature dependence of the Josephson penetration depth

and the width 8'* of a 100-nm-thick GBJ for
which Ez( T)= 10k~ T. The curves are calculated
for J, ( T =0)= 10 A/cm2, which is typical for
YBa2Cu307 $ GBJ's. ' Note that for 8'& 8"' thermal
noise effects are important. For example, for a 10-pm-
wide GBJ thermal noise effects have to be taken into ac-
count down to about 0.8T, . Below this temperature
thermal noise is negligible, however, in this temperature
regime a 10-pm-wide junction is already large ( W' & A,z ).
For the theoretical analysis given below, W &A&(T),
8'~(T) is required. Figure 1 shows that this requirement
is satisAed for typical GBJ's over a wide temperature re-
gime below T, . In contrast, the condition W& W'(T)
and 8'&Xz(T) is more difficult to satisfy. That is, for
high-T, GBJ s it is difficult to have small junctions with
sufficiently high coupling energy required for the use of
the straightforward technique of measurement of I, (H).
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We note that the latter conditions can be satisfied over a
larger temperature range than shown in Fig. 1, if the
thickness of the GBJ's is increased.

A theoretical analysis of thermal effects on the charac-
teristics of overdamped zero-dimensional Josephson junc-
tion has been given by Ambegaokar and Halperin (AH),
based on the resistively shunted junction (RSJ) model.
Solving the Smoluchowski equation (see, e.g. , Ref. 9) in
the stationary case they derived the I (V}-curves for a
sinusoidal supercurrent-phase relation I, =I, sin( P ).
Here, ( V } is the time-averaged voltage and P the phase
difference across the junction. They showed that the
presence of thermal noise results in rounded I-( V}
curves close to T, . Furthermore, in the limit of zero
current a, finite resistance Rz( T)=R„[I(0 iIri, ( T)/
2ekii T)] is obtained where R„is the normal resistance
of the junction, k~ is the Boltzmann constant, and Io the
modified Bessel function.

The resistance R ( T) has been observed experimentally
for YBa2cu307 &

GBJ's (Ref. 4) as a foot structure in the
resistive transition. That is, a finite resistance Rz(T) is
observed down to temperatures well below the zero-
resistance temperature of the superconducting electrodes
forming the GBJ. Inverting the measured R~(T) depen-
dence the temperature dependence of the critical current,
I, ( T), can be derived according to the above result of the
AH theory. Doing so, the question arises whether the
foot in the measured R~(T) dependence is solely caused
by thermally induced decoupling of the phase coherence
across the GBJ as supposed in the AH theory or whether
there is an additional effect due to a degraded region at
the grain-boundary interface with locally reduced critical
temperature. This issue can be clarified by measuring the
magnetic-field dependence of R, since a foot structure
solely caused by a degraded grain-boundary region is ex-
pected to have a negligible field dependence. For this we
extend the AH model to the case of a spatially inhomo-
geneous overdamped Josephson junction in nonzero ap-
plied magnetic field. Our treatment, which is performed
for arbitrary, single-valued current-phase relations, is ap-
plicable only to small Josephson junctions. Inverting the
measured R (H) dependencies now yields the I,(H)
dependencies of the GBJ's despite thermal-noise effects.

Let us consider a GBJ formed by a superconducting
film of width W and thickness d extending in the x-y
plane as shown in Fig. 2 with an external magnetic field

FIG. 2. Sketch of the geometrical configuration of a bicrystal
grain-boundary junction.

H applied in the y direction. Although we are discussing
the case of GBJ's in the following we note that our treat-
ment applies for overdamped Josephson junctions in gen-
eral. The spatial dimensions and the coupling energy of
the junctions shall be small, i.e., 8,d ~ it~ and
EJ IQk~ T. As discussed above this requirement is easi-
ly satisfied by high-T, GBJ's in a wide temperature re-
gime below T, . For small junctions self-field effects can
be neglected and the phase diFerence function P(x, t)
assumes the simple form P(x, t) =P( t) +qx. Here
q =(2ed /Pic)H and d =2AI +barrier thickness =2AL
is the effective magnetic thickness of the junction, where

is the a-b plane London penetration depth. With
these assumptions the equations of motion of the phase
difference are

BPIBt = (2e /A') V,

C =I —J J,(x) sin[/(t)+qx)dx — +X(t), (2)
V

Bt o R„
where C is the junction capacitance and J(x) is the in-
tegral of the supercurrent density along the magnetic-
field direction. For H~~y, J(x) is the integral of the
current density across the junction thickness d, which
usually is small for high-T, GBJ's (typically less than 300
nm). X( t) is a thermal noise current with the correlation
function (X(t)X(t +~) }=(2kii T/R„)5(~). The integral
can be written as A (q) sin[/(t)+8 (q)], where A (q) and
8 (q) are the magnitude and phase of the integral

I J, (x)e'~ dx = A (q)e' '~' . (3)

Hence the equations of motion have the same form as in
the zero-dimensional case studied by AH. Thus all re-
sults of the AH theory can be transferred to our case by
the simple replacement I,(T)~ A (q, T). In particular,
for the foot resistance R we obtain

Rz(q, T)=R„IIO[(A'/2ekii T) 2 (q, T)]] . (4)

R is expected to oscillate with increasing H in the same
way as I, . Since Io is a monotone function the I,(H)
dependence can be obtained by inverting the measured
R (H) dependence.

We note that the phase shift B is equivalent to adding a
constant phase P, in the Josephson equation I,=I, sin(P)
and should not have any experimentally observable
consequences. This can easily be checked by inserting
I, = A sin(/+8) in the analytically known form of the
IV curves and using fg (x)dx = fg (x +&)dx with
given c for a p-periodic function f (x). We further note
that the conditions allowing the reduction of the Fokker-
Planck equation to the Smoluchowski equation remain
unchanged, as only R„and C are involved in fixing the
damping. Also it is not necessary to discuss a spatially
varying X(t), since the noise current is only fixed by its
equilibrium properties. Finally it should be mentioned
that we consider only the I~0 limit where effects due to
excess low-frequency noise (e.g. , 1/f noise) can be
neglected.

The above reasoning is not limited to a sinusoidal
current phase relation. For the case of an arbitrary 2n-
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leading to the analytic result

R (q, T)=4m. R„[+]'[ —]

where

[+]=f &exp +
o „2ekzT

c„A(nq, T)

Xcos[ng+B(nq, T)] dP . (7)

Note, that in this expression only the function A (q, T)
appears. Hence this result will be of importance for stud-
ies on J,(x) in weak links with known nonsinusoidal
current-phase relation and could, furthermore, be useful
in detecting deviations from the sin(P) dependence by
means of transport measurements. In the following
analysis we assume a sinusoidal current-phase relation for
the investigated YBa2Cu307 & grain boundaries.

Our measurements have been performed with
YBa2Cu3O7 & grain-boundary junctions fabricated on
SrTi03 bicrystals as described elsewhere. ' The resis-
tance R was measured by applying a small ac current
I„singlet with amplitude I„small compared to I, and
detecting the resulting voltage using a lock-in amplifier.
The temperature was held constant to +10 mK and the
magnetic field, which was applied parallel to the grain
boundary, was varied slowly. Perturbing external mag-
netic fields were carefully shielded using Cryoperm-10
shields. "

Figure 3 shows the Rz(H) dependence of a 37-pm-wide
YBa2Cu307 & GBJ at different temperatures. The ob-
served fine structure was fully reproducible even after
thermally cycling the sample. At the lower temperatures
the symmetry and periodicity of the R~(H) dependence
were the same as obtained from the I, (H) dependencies
of the same GBJ in agreement with our theoretical expec-
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periodic, single-valued current-phase relation v(P) the
supercurrent can be expressed as a sum of higher har-
monics with coef6cients c„

I, =I,v (P)=I, g c„sin(nP)

tations. With the monotone R~[A (q)] dependence [Eq.
(4)] and the known R„value, the measured R depen-
dence can be inverted to yield A (q) or, equivalently,
I,(H). The result is shown in Fig. 4. The inversion pro-
cedure is most difficult for small Rz (large I, ) values since
here the finite noise level of the experiment results in con-
siderable inaccuracies of I, . Furthermore, we note that
the derived I, (H') dependencies do not reach zero period-
ically. This is caused by the fact that the measuring
current is always finite in the experiment.

Our new method allows the determination of I,(H) by
measuring R (H) for small junctions [W'~A.z(T)]. As
discussed above this condition is easily fulfilled at temper-
atures sufBciently close to T, . For small junctions the re-
lation between the magnetic-field dependence of the total
supercurrent I, (H) or, equivalently, of 3 (q) and the su-
percurrent distribution J,(x) is of the Fourier-transform
type. ' However, a direct reconstruction of J,(x) from
A (q) measurements is not possible due to the unknown
phase factor 8(q) in the Fourier integral of Eq. (3).
Several ways around this problem have been proposed
(e.g., Refs. 7, 13, and 14). Of course, the most
natural way to account for the loss of information on
the phase 8(q) is to perform a statistical character-
ization of J,(x) by means of its correlation function
C(5)=j J,(x)J,(x+5)dx. This was suggested by
Zappe. '

The calculation of C(5) from the A (q) data which are
obtained by inverting the measured R (H) dependence is
easily done on the basis of the Wiener-Khinchine rela-
tions (e.g. , see Ref. 15)

C(5)=f IA(q)l e' dq, (&)

IA(q)I = f C(5)e '~ d5 .

For example, for a regular array of supercurrent fila-
ments a series of triangles with declining height is expect-
ed for C(5). Their spacing is determined by the spacing
of the filaments and the base of the triangles is equal to
twice the diameter of the filaments. We note that such a
simple result holds only for the case where q is not explic-
itly dependent on x. For GBJ's this is the case if the
Aux-focusing factor' is spatially constant. We further
note that the Aux-focusing factor should not change
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FIG. 3. R~(H) dependence of a 37-pm-wide YBazCu307 —$
GBJ at different temperatures. The upper curves are displaced
vertically for clarity.

FIG. 4. I,(H) dependencies of a 37-pm-wide YBa2Cu307 —Q

GBJ derived from the measured R~(H) dependencies. The
upper curves are displaced vertically for clarity.



48 THERMAL-NOISE-INDUCED RESISTANCE AND. . . 16 175

(o) ).5
1 o5

1.2 12
0.9-

0.9- ~ 0.6

0.6 0.3-

0.3
~

0 16 32 48 64 80

80 160 240 320 400
0,0

0
(b) i 2 I

'
I

'
I

'
I

I

0.9

o 0.6

0.9-
0.6-

C3

0.3-
o.o

0.3 16 32 48 64 80

0,0
0 80 160 240 320 400

6 (number of points)

FIG. 5. Correlation function of the supercurrent distribution
in a 37-pm-wide YBa&Cu307 & GBJ at T=81 K (a) and 82 K
(b).

within the field range where A (q) is determined. If the
Aux-focusing factor changes with the applied field rescal-
ing of the applied field is required to give the correct field
value present at the grain boundary. The spatial resolu-
tion obtained for the correlation function C(5) is given
by the number of maxima in the A (q) dependence, i.e.,
by the range of the applied magnetic field. In principle, a
spatial resolution in the 100-A regime is possible by using
fields of several tesla. However, since the change of the
flux-focusing factor for fields above the lower critical field
H„ofthe YBa2Cu307 & film is not precisely known, the
value of H, &

is the limiting factor with respect to the spa-
tial resolution achieved in a straightforward way.

A typical experimental result for the correlation func-
tion is shown in Fig. 5 for two independent sets of A (q)
data taken at 81 and 82 K using a 37-pm-wide

YBa2Cu307 & GBJ. The correlation function deviates
considerably from the linearly decreasing triangle shaped
dependence expected for a homogeneous supercurrent
distribution. It becomes zero for large arguments.
Knowing that X,(x) and hence C(5) is nonzero only from
0 to 8', the argument where the correlation function be-
comes zero fixes the length scale and thereby calibrates
the obtained spatial resolution. The latter is about 130
nm for the data shown in Fig. 5 and is limited only by the
maximum field used in our measurements. The most
peculiar feature emerging from these data is the oscillato-
ry behavior of the correlation function for small dis-
tances. These oscillations are fully reproducible for
different measurements (at similar temperatures) and are
not noise eff'ects or errors resulting from the R~[A (q)]
inversion procedure. This was numerically checked using
the known A (q) dependencies of a homogeneous junc-
tion and an array of filaments. We point out that the
resolution is already high enough to assure the
significance of these oscillations. They suggest the ex-
istence of regions in the grain-boundary Josephson junc-
tion with reduced supercurrent. Such regions would, ac-
cording to our present data, have a separation of less
than 0.7 pm.

In summary we have extended the AH theory to the
case of spatially inhomogeneous Josephson junctions and
nonzero applied magnetic field. By measuring the
magnetic-field dependence of the thermal-noise-induced
resistance R~ the I,(H) dependence of the YBa2Cu307
GBJ and the supercurrent correlation function were de-
rived. For the latter a spatial resolution of about 130 nm
was obtained. The measured correlation function shows
that the supercurrent density across the grain boundary
is spatially inhomogeneous on a sub-pm scale.
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