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Thermoelectric power of concentrated Kondo systems
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The thermopower of concentrated Kondo systems based on Ce-Cu, Ce-B, and Yb-Cu intermetallic
compounds doped with nonmagnetic impurities like Al, Ag, Au, and Ga, is discussed using the single-

impurity Anderson model with more than one scattering channel. Interference between the resonant
and nonresonant scattering is important for relating the theory to the experimental data. Correlation
eBects are present in the resonant channel and are accounted for by a numerical renormalization-
group method. The large enhancement of the thermopower over the free-electron values reBects
the renormalization of the characteristic energy scale of the elementary excitations from the Fermi
energy, ez, to the Kondo energy, T~. The characteristic shape of the experimental curves reQects
the change in the structure of the low-energy excitations as the temperature passes through the
Kondo temperature. The observed sensitivity of the sign of the thermopower to small changes of
the local environment around the magnetic ions is attributed to the interference between resonant
and nonresonant scattering.

Thermopower measurements provide a sensitive probe
of low-energy excitations in metallic systems. The data
can be related to the single-particle spectral function and
provide evidence for a broad band of quasiparticle exci-
tations.

In heavy fermions the thermopower, S(T), is much
larger than in normal metals and as a function of temper-
ature has a more complicated structure. As with the
specific heat and the magnetic susceptibility, the magni-
tude and the shape of S(T) in heavy fermions relate to
local correlations taking place in 4f or 5f states. How
ever, the theory of transport coefficients for periodic sys-
tems with locally correlated electrons is only recently be-
ginning to emerge and an unambiguous relationship be-
tween the data and the underlying elementary excitations
has not yet been established.

The complexity of the thermopower data is substan-
tially reduced if we restrict considerations to systems that
can be classified as concentrated Kondo systems. That
is, we consider only the thermopower of heavy fermions
based on Ce-Cu, ~ Ce-B,2 and Yb-Cu (Ref. 3) intermetal-
lic compounds doped with nonmagnetic impurities such
as Al, Ag, Au, and Ga. Typical examples are provided
by Ce(Cu Mq )2, Ce(Cu Nq )s, Ce(Cu Auq )s, or
YbCu4X, where M stands for Ag or Ga, N for Al or
Ga, and X for Ag and Au. In all these systems the ratio
between the residual (T = 0) and the room-temperature
resistance is of the order of 1, indicating the absence of
coherence. The simplifications arise because doping de-
stroys the effects that might be due to the crossover be-
tween the high-temperature, incoherent regime and the
low-temperature, coherent regime.

An obvious characteristic feature of concentrated
Kondo systems is the large slope of S(T) around T = 0.
Also, the sign of the thermopower seems to be very sen-

sitive to the local environment of magnetic ions. A par-
ticularly striking example is provided by Ce(Cu Alq )s
samples in which the slope of the thermopower changes
sign as x increases from x = 0.84 to x = 0.88. However,
the temperature dependence of the thermopower of dif-
ferent systems appears quite similar if we plot not just
the bare data but rather the ratio of the thermopower
and its initial slope. Plotted in such a way the ther-
mopower exhibits a characteristic behavior: it increases
up to a maximum at temperature TM and then decreases
down to a minimum at T . Above T, the thermopower
increases further but with a smaller slope than around
T = 0. In some systems, such as CeCu4 SAuq 2, the ther-
mopower changes sign between TM and T . In others,
as in CeCuq 4Agp 6 the low-temperature maximum is not
well pronounced and only the high-temperature mini-
mum is well resolved. But it seems that the thermopower
of most concentrated Kondo systems has a tildelike (~)
shape.

There have been various attempts to explain this tem-
perature dependence. The thermopower of some heavy
fermions in the incoherent regime is discussed in terms of
the crystal field model: the peak observed at low temper-
atures is associated with usual Kondo scattering of con-
duction electrons on the lowest Kramers doublet, while
the high-temperature features follow from the scattering
on the full crystal field multiplet. 5 The model, however,
has difhculties in explaining the variation of the ther-
mopower induced by replacing the nonmagnetic ligands
of 4f or 5f ions with nonmagnetic impurities. Even small
changes that could not alter the overall chemical environ-
ment and the crystal field of magnetic ions can lead to
drastic modifications of the magnitude and the shape of
the thermopower.

In a different model, the change of sign of the ther-
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1 Re Go((u, T)

+Pn& (2)

which can be derived from the general expressions given
in Ref. 9. In (2), r~o (~, T) describes the relaxation time
due to the resonant scattering in the absence of the in-
terference effects. For the resonance of width 4, we have

1

rt, (~, T)
= —b, Im Go((u, T),

where Go(w, T) is the retarded Green's function, which
describes the many-body effects. The square bracket in
(2) accounts for the interference between the resonant
and the nonresonant scattering. The l g 0 phase shifts

Inopower observed in many heavy fermions is taken as
an indication of the crossover from the paramagnetic
Kondo regime to the regime in which the local spins cou-
ple by the Ruderman-Kit tel-Kasuya- Yosida interaction.
The diKculty here, however, is that the change of sign of
the thermopower in heavy fermions is often found much
above the magnetic ordering temperature. Also, it is ob-
served in some diluted Ce Lai A13 heavy fermion sys-
tems that do not order magnetically at all.

We believe the similarity of the thermopower data of
different concentrated Kondo systems points to a sin-
gle mechanism being responsible for the observed struc-
ture and propose that the seemingly complicated ther-
mopower reflects, as in simple metals, the structure of
the elementary excitations. We attribute the diversity to
the interplay of two factors: the reduction in characteris-
tic energy scale of the elementary excitations from Fermi
energy, e~, to Kondo energy, T~, causing the large en-
hancements over the free electron values, and the scatter-
ing of the electrons in the nonresonant channels affecting
the sign.

In this paper we consider Ce and Yb based concen-
trated Kondo systems for which the lowest 4f crystal field
level is a Kramers doublet well separated from the rest
of the multiplet. The low-energy excitations in such sys-
tems are well described by the spin-1/2 Anderson model.
The sensitivity of the sign of the thermopower on dop-
ing by nonmagnetic impurities indicates that the inter-
ference between the resonant and the nonresonant scat-
tering should not be neglected. Here, we consider the
Anderson model with two scattering channels and eval-
uate the transport relaxation so as to allow for the in-
terference between the resonant (t = 0) and nonresonant
(/ = 1) scattering.

To relate the thermopower to the excitation spectrum
we solve the Boltzmann equation in the relaxation time
approximation and use the well known expression,

J fdTt (fd T) ( ~ ) Ifd
S(T) =-

f (td, T) (7-~~) dtd

In the multichannel scattering problem the transport re-
laxation time, rt, (u, T), is obtained by using the gener-
alized phase-shift formula,

are assumed to be constants, defined by the Friedel sum
rule for the screening charge in respective channels, so
that p in (2) is also a constant. In the limit T = 0
(but t g 0) the transport coefficients calculated with (2)
reduce to standard phase-shift expressions, while in the
limit g~~o ', 0 we recover the usual many-body expres-
sion for the Kondo scattering (see, e.g. Ref. 10).

At low temperatures, T (( T~, the Sommerfeld expan-
sion gives

3eS sin(277O —27Ii)
im

kgb Slil (qo —'rl, ) + p„
(4)

where go(w) = tan i[1m Go(cu)/Re Go(w)j is the reso-
nant phase shift evaluated at w = e~ in (4) and p is the
enhanced coefFicient of the low-temperature specific heat
given by the derivative of the resonant phase shift at the
Fermi level, (o)BIO/Bcu), (see Ref. 10).

At higher temperatures (4) is no longer valid and the
thermopower has to be evaluated numerically from (1).
This requires an accurate expression for the Green's func-
tion, Go(w, T), over a range of frequencies and temper-
atures. Various approaches have been used to extract
this Green's function, including 1/K expansionsii i2 and
quantum Monte Carlo methods. Here, the numeri-
cal renormalization group, which has recently been
extended to the calculation of both finite and zero-
temperature Green's functions, ' is used to calcu-
late Go(w, T). Results for the transport coefficients of
the Anderson model, with only resonant scattering,
have shown that this approach satisfies all the exact
Fermi liquid relations for transport properties at low
temperature ' and that it is valid in the crossover and
high-temperature regimes. These calculations are now
extended so as to take into account the effects of non-
resonant scattering which is necessary to explain the ob-
served sensitivity of the sign of the thermopower to small
changes of the local environment around the magnetic
ions.

The numerical renormalization-group analysis is per-
formed for a fixed value of the Coulomb correlation,
U = 47tA, and for several values of the resonant charge,
no. For a given value of no the thermopower is calculated
from (1) and (2) for several values of the nonresonant
phaseshifts.

In Fig. 1, we show the single-particle spectral density
po(w, T) for the l = 0 channel obtained via the numerical
renormalization group at several temperatures, and for
no ——0.78 (TJr = 0.18K). The Kondo resonance shows a
strong temperature dependence and is seen to disappear
almost completely for T/T~ & 10. It should be noted
that the slope of the spectral density at the Fermi level
changes sign from a large positive value for T (& T~
to a negative value for T ) TJf,-. Not shown in Fig. 1
are the high-energy atomiclike resonances of width L at
Eg and eg + U. These peaks acquire some temperature
dependence when T = 4 and there is a shift in spectral
weight from the low-energy to the high-energy peak. The
above features of the spectral density of the asymmetric
model in the Kondo regime are completely general and
do not depend on the choice of parameters (see Refs. 18
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FIG. 1. The single-particle spectral density of the An-
derson model for energies, —4 ( w/Tlr ( +4 and reduced
temperatures, T/TJr = 0.025, 0.129, 0.653, 1.468, 4.955, and
11.149. The Kondo peak at the Fermi level (w = 0) mono-
tonically decreases in height with increasing temperature.

FIG. 3. The thermopower S(T) over the full temperature
range in the valence fluctuation (es = 0) regimes and for
U/vrA = 4 is plotted versus T/A. The various curves cor-
respond to rli = 0 027—r (.o), ili ———0.017r ( ), 71i

——0 (x),
rIi ——0.017r (o), and rli ——0.02vr (+), respectively.
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FIG. 2. The thermopower S(T) over the full temperature
range in the Kondo (eg = —2A) regimes and for U/sA = 4
is plotted versus T/TIr (TIr = 0.18'). The various curves
correspond to rli = —0.027r (dotted), i1i = —0.017r (dashed),
rli ——0 (long dashed), and rIi ——0.017r (solid), respectively.

The inset is for S(T)/ ."~"~ "o "' and shows the linearsin 2 (gP —vy1 )+P~
in T Fermi liquid behavior and the universality for T « Tz-.

and 19 for details).
Figure 2 shows the thermopower of the Anderson

model in the Kondo limit (parameters as in Fig. 1), while
Fig. 3 shows the results for parameters corresponding to
the valence fluctuation regime (np ——0.45, T~ ——V2aA).
The results are plotted on a reduced temperature scale,
defined by the characteristic energy of the low lying ex-
citations. The slopes of the low-temperature curves on
Figs. 2 and 3, evaluated on an absolute temperature scale,
difFer by A/T~, i.e. , the Kondo eifect leads to a substan-

tial enhancement of the thermopower. The effect of the
nonresonant scattering is shown for several values of gi.
Since we keep np ( 1 [rip(e~, T = 0) ( vr/2], the interfer-
ence enhances the effect of local correlation for g~ ( 0 and
reduces it for g~ ) 0. The increase of the nonresonant
screening can make the valence Huctuation curves assume
the Kondo shape or the shape typical of an empty orbital,
depending on the sign of gq. Note, the thermopower of a
valence Huctuator, shown in Fig. 3, exhibits only a shal-
low minimum and does not change sign. For a given
value of the Coulomb correlation, the interference effects
are most pronounced for systems with the local resonance
at half-filling (np ——1), i.e. , for systems with the small-
est Kondo temperature or largest specific-heat coeKcient

In the absence of such interference effects, the ther-
mopower would vanish at half-filling due to particle hole
symmetry, since then the spectral density and transport
time would be even functions of energy and the numer-
ator in (1) would be identically zero. The inclusion of
nonresonant scattering is important for relating the the-
ory to the experimental data. The interference effects
explain the sensitivity of the sign of the thermopower
on doping with nonmagnetic ions, as observed in some
concentrated Kondo systems. Small changes in the local
environment of magnetic ions modify the nonresonant
scattering and could give rise, provided no 1, to large
differences found in the thermopower of Ce(Cu Ali )s
as x changes &om x = 0.84 to x = 0.88.

The inset in Fig. 2 shows that the thermopower, nor-
malized by the low-temperature phase factor [square
bracket in (4)], exhibits universal low-temperature be-
havior in the Kondo regime. For T ) TIr /10 the univer-
sal behavior terminates, as expected. For the choice of
parameters used in Fig. 2, the thermopower assumes a
maximum at about TNI = Tlr /3 and changes sign above
T~. As temperature increases further the thermopower
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passes through a broad minimum. The calculations with
diferent parameters have shown that the crossover tem-
perature decreases with T~ but not in a universal way.

The behavior of the thermopower can be be under-
stood from the temperature dependence of the spectral
density as follows. For the asymmetric model in the
Kondo regime and for temperatures T (( 4 the behavior
of the transport integrals in (1) are dominated by the
Kondo resonance and in particular its slope at the Fermi
level. As discussed above, the slope of the Kondo reso-
nance at the Fermi level is large ( 1/T~) and positive
at T = 0, then decreases with increasing temperature,
and eventually becomes negative (see Fig. 1). This gives
rise to the maximum of the thermopower at T T~/3
and to the sign change at T ) T~. For T = 4 the
Kondo resonance has completely disappeared. Charge
fluctuations become important and there is a transfer of
spectral weight from the low-energy to the high-energy
atomiclike peak in the spectral density. The eKect of this
is to increase the thermopower as can be seen from (1)
noting that rt, (w, T) 1/pp(w, T). This increase gives
rise to the minimum at T = A. For the valence Huctu-
ation regime, the resonance of width A associated with
the bare level ep = 0 is renormalized by the interactions
to lie above the Fermi level at all temperatures, hence its
slope is always positive (for details see Ref. 19). There is
also a resonance in the spectral density at cp+U, but this
carries little weight and is not important here. For T = 4
the resonant level at eg ) 0 depends on temperature and
its height decreases monotonically with temperature. At
low temperature T ( 4 the sign of the thermopower is
governed by the slope of the renormalized resonance at
the Fermi level and is therefore positive. At higher tem-
peratures T ) A the factor governing the sign of S(T) is
the spectral weight, which lies predominantly above the
Fermi level, and again from (1) this leads to a positive
thermopower. For T —4 the resonant level is tempera-
ture dependent, the slope at the Fermi level is decreasing,
and this gives rise to the minimum of S(T) at T = A.

To summarize, in concentrated Kondo systems the

enhancement of the specific heat and of the low-
temperature thermopower is determined by the elemen-
tary excitations in the resonant channel. Above the
Kondo temperature, the transport current relaxes due to
the incoherent scattering of conduction electrons on 4f
spins of Ce ions and the thermopower reHects the exci-
tation spectrum of localized spins weakly coupled to the
conduction sea. At temperatures low with respect to the
Kondo temperature, the localized spins are screened and
the current relaxes via excitations in the local Fermi liq-
uid formed by the Kondo screening. The thermopower
assumes a typical ~ shape which is directly related
to the structure of the excitation spectrum as the sys-
tem is cooled from high to low temperatures. The low-
temperature maximum at T = To/3, where To ——T~ for
Kondo systems and To ——4 for mixed valent systems, is a
result of the renormalized Fermi liquid ground state and
the broad minimum at T = 4 reHects the importance
of charge Buctuations at higher temperatures. Interfer-
ence effects due to nonresonant scattering of conduction
electrons were shown to inhuence the sign of the ther-
mopower and could be important in relating the theory
to experiment, in particular in explaining the sensitivity
of the sign of the thermopower to small changes in the
local environment around magnetic ions as observed in
systems such as Ce(Cu Alq )s.

Our analysis indicates that the low-temperature ther-
mopower of concentrated Kondo systems, normalized by
a phase factor that depends on the screening charge only,
exhibits universal features if plotted as a function of pT.
The overall shape of the thermopower curves calculated
for the Anderson model with two scattering channels re-
sembles quite strikingly the experimental data.
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