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In this paper, we investigate the effect on the transport in a quantum wire of short-ranged irregulari-
ties in the boundary. The results obtained are generalized to the case of a small hole in the boundary.
Via such a hole, the wire is coupled to free two-dimensional space or to a second wire. Some interesting
resonance features in the transmissivities are found and it is shown that the flux through the orifice ex-
hibits narrow peaks at energies where quasibound states in one of the wires are possible. These fluxes are
on the order of the currents inside the wire and thus should be measurable by experiment. We use a
multiple-scattering formalism in terms of renormalized scattering amplitudes. This method turns out to
be well suited for this kind of problem because it allows a very compact formulation, as has been shown

in previous papers.

I. INTRODUCTION

Some years ago, advanced fabrication techniques made
it possible to produce microstructures which are called
quantum wires. If the mean free path is large compared
to the system dimensions, electrons can move ballistically
through the wire. For such ballistic wires, the conduc-
tance was found to be quantized in steps of e2/h."2 Soon
after the theoretical clarification of the quantized conduc-
tance, attention was paid to the influence of perturbations
in ballistic wave guides on the conductance.’

In order to calculate the conductivity, the transmission
matrices ¢ are calculated and then related to the conduc-
tivity using the Landauer-Biittiker formula, G ~¢ *¢.4

Many papers have addressed the scattering problem of
impurities inside the wire. Single impurities® ! as well
as scatterer ensembles'>!3 and wires that are filled uni-
formly with scatterers'¥!> have been considered. The
main result of all these papers is that the presence of im-
purities in the wire decreases the conductivity from its
ballistic value and gives rise, in certain cases, to huge
fluctuations of the transmissivity.!* Other interesting re-
sults are that resonances at single impurities can cause
transparency or quasibound states (QBS) (Refs. 5, 7, 10,
and 11) which cause sharp downward dips in the conduc-
tance plot. While most of the models for quantum wires
assume rectilinear wave guides, short-range impurities in
wires with more realistic confinement potentials were in-
vestigated, t00.® These theoretical findings were
confirmed, at least qualitatively, by experiments.'®¢~!8

Another focus is the role of surface irregularities in
quantum transport systems. The action of small bumps
or holes on edge states under magnetic fields was con-
sidered,'® as well as resonant transport through openings
that are small compared to the electron wavelength,?
and surface roughness.?! Another paper?? investigates
the action of boundary corrugations of a quantum wire in
the context of localization theory. It is restricted to the
first subband and shows that volume and surface scatter-
ing have qualitatively the same action on the transport in
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quantum wires.

The method that is most often used for the mathemati-
cal description of short-ranged surface perturbations is
the so-called Kirchhoff integral method.?*~2 In Ref. 19,
the scattering amplitudes for various kinds of surface ir-
regularities are obtained by means of conformal mapping.
Here we will use some of these results.

Recent work is dedicated to a variety of coupled quan-
tum systems. Among them, the connection of a quantum
wire to a side branch via a tunnel barrier in the context of
quantum point spectroscopy can be found,?® a possible
switch device of two coupled wires?’ or a resonator at-
tached to a wire.?*?° Considerable interest was directed
to crossed quantum wires, in particular to the bound
states in the cross region.3°~%?

Our paper contributes to the problem of a quantum
wire coupled either to infinite space or to another wire
via a small hole. We obtain analytic expressions for the
transmissivity along the wire, from the wire to free space,
or between two wires for the limiting cases where either
the connection is much longer than its width or vice ver-
sa. The first limit models a probe attached to the wire
which ensures a very weak coupling of outer and inner
regions. The other limit gives rise to considerable fluxes
through the hole at energies at which QBS in the wire be-
come possible.

The scattering formalism we employ is based on the
concept of so-called renormalized scattering amplitudes,
F-'*7 An equivalent formulation using a slightly different
language can be found in Refs. 6, 33, and 34. The idea is
that the field incident on a scatterer in a wire comprises
not only the primary wave but also an additional contri-
bution due to repeated backscattering processes between
the scatterer and the confinement. All these contribu-
tions are summed up and are represented by a quantity
called the backscattering amplitude. The renormalized
scattering amplitude enables us to work with the primary
field (instead of the actually incident field) when consider-
ing the scattering process. Another ingredient of our
method is the local density of states (LDOS). It holds a
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central role in the whole formalism. The scattering am-
plitude is related to the LDOS by the optical theorem
which helps to simplify some expression. For example,
QBS appear very naturally as poles of f. In order to ob-
tain their energy and decay width it is sufficient to con-
sider only the backscattering amplitude and LDOS.

This method has been used in the compact formulation
of the “short-ranged scatterer in a wire” problem,
without”® and with magnetic fields,*° and in the investi-
gation of bound states in crossed magnetic and electric
fields.3* It turned out to be well-suited for these problems
and therefore we apply it now to the problem of surface
irregularities in a wire. In this sense, the present paper is
a direct continuation of our previous work.” It provides
a good insight into the physics behind and gives general
information beyond numerical results.

The only restriction to the irregularities is that they are
of short-ranged type, i.e., the electron wavelength is large
compared to the characteristic dimensions of the surface
perturbation. It is modeled in two dimensions, according
to two-dimensional confined electron gases (2DEG).
Thus our model is comparable to others.!®2%282° The
wire is laterally confined by hard boundaries.

Our paper is organized as follows: In Sec. II, the ele-
mentary two-dimensional (2D) scattering problem of a
surface irregularity is formulated and solved and the opti-
cal theorem for such a scatterer is derived. Furthermore,
the generalized formulas are given if the perturbation is
of open type. Section III is dedicated to the scattering
problem of an irregularity in the confinement of a wire
for closed bumps and for openings. The transmissivities
along the wire and out of the wire are obtained analyti-
cally. In Sec. IV, the transport problem for two quantum
wires coupled by a small orifice is considered and the
transmission coefficients are derived. The dependence of
the transmissivities found in Secs. III and IV on energy is
analyzed in Sec. V. Special attention is paid to the QBS
because their presence gives rise to sharp resonances of
the transmission coefficients. Finally, Sec. VI gives con-
clusions and main results.

II. THE SCATTERING PROBLEM OF
A 2D BOUNDARY IRREGULARITY

In the first step we consider the 2D scattering problem
of a hard straight boundary with a bump, see Fig. 1(a).
The linear dimensions a of the perturbation are assumed
to be small compared to the electron wavelength, i.e.,
a <<A.

The wave equation is, as usual,

2
KAy

o Y(r)=0,
r

r=(x,y), (1)

with the boundary condition that W(r) vanishes along the
boundary. The wave number k is related to the particle
energy E by E =(#*/2m k2.

The Green’s function for a 2D half-space with a
straight boundary at y =0 is the sum of two propagators
of the empty 2D space, according to direct propagation
and specular reflection at the boundary,
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Golr,r')=

Hg)” [k\/(x __xl)2+(y__yl)2]

—H [k\/(x —x"+(y +y'>2] } , @

where H{!" is Hankel’s function of the first kind and
zeroth order.>>?> G satisfies the differential equation
0 q

2
S 42

o Go(r,r')=—8(r,r') . 3)

Let ¢o(r) be a primary field that obeys the boundary con-
dition for a straight, unperturbed boundary. Then, if the
boundary contains a short-ranged irregularity located
around ry=(x,,0) with a height profile #(x), the wave

function is the superposition of primary and scattered
field,

W(r)=¢o(r)+W(r) . (4)

Y, can be obtained using the Kirchhoff integral
method!9:20,22,23,25,35

W (r)=k [Go(r, 1), W(r')

boundary

—W(r')3.G,y(r,r')]ds’ , (5)

where the integration is performed over the boundary

h(x)

0000k

i,

NG
777777,

(c)

FIG. 1. The model boundary irregularities. (a) Bump on a
boundary with a height profile 4 (x). The characteristic dimen-
sions of the irregularity are of order a. (b) Orifice with width a
in a hard wall of thickness /. (c) Two parallel quantum wires
connected by an orifice.
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containing the irregularity. We have defined the opera-
tion 3,=0/kdn as the (inward) normal derivative taken
on the boundary. The derivatives are normalized to k for
later convenience. Since W=0 holds everywhere on the
boundary, the second term in (5) vanishes. In addition,
since G, =0 holds along the unperturbed boundary, con-
tributions to the integral come from the distorted region
only:

Yo=k [

In particular, as follows from (6), for the incident field we
obtain

9,W(r)=03,¢,(r)+k fbump

olr, 1" )0, W(r')ds’ . (6)

olr, r' )3, W(r')ds' . (7)

For a sufficiently smooth perturbation proﬁle we can
approximate the incident field by d,¥(r)=0d,¢y(r

=09yPo(r)cosp, where ¢, is the angle between the nor-
mals of the perturbation and the unperturbed boundary,
respectively, and 3,=(d/k ay’)l,0 has been defined for the

sake of brevity. Because of the smallness of the bump, G,
can be expanded with respect to r,, Now we have for (6)

\IISC(r)z—. kaa n ¢O( ”) [ka 4 GO(r7r,)
X [ k?h(x')cospyds’
bump
~ 3y do(r' )G (r,r')f . (8)

The derivatives of ¢, and G, are constants within the
bump region, and the remaining integral gives approxi-
mately the scattering amplitude f of the short-ranged
bump. Note that f is still purely real in this approxima-
tion because we have used only the near-field asymptotics
of ¢, and G, and thus the wave nature has been
suppressed. The (much smaller) imaginary part of f will
be calculated below.

From (8) we see that scattering at short-ranged irregu-
larities on hard walls is described by the normal deriva-
tive of the incoming field and that of the Green’s func-
tion, mediated by a scattering amplitude f. The order of
f can be evaluated from the integral in (8) to be f ~(ka )?
for convex bumps [i.e., #(x)<0], and f~ —(ka)?* for
concave ones [A(x)>0], cf. also Ref. 19. (Note the
difference from usual 2D s scatterers where f ~Inka.®3?)

For any scattering amplitude f one can derive a rela-
tion that is called optical theorem. It ensures that the
current density of the total field (4) is source-free at ry
and relates the imaginary part of a scattering amplitude
to the local density of states and to | f|2. Here, we use it
in order to get Imf from |f|>~ Ref which we have ob-
tained in (8). At first glance, Imf could seem to be negli-
gible due to its smallness. But it plays an important role
in backscattering resonances. Discussions of resonance
phenomena at s scatterers where the optical theorem
holds a central position are provided in Refs. 7-9. Here,
we derive it for the special case of short ranged surface
scatterers.

The current density of the electron wave is
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j(r)=Im (¥ (r)ar W(r) 9)
and thus
I .. 9?
‘a’r‘_](r)—-lm \I/*(r)g;z‘\lf(r)| . (10)

Expression (10) must be zero everywhere for a source-free
current. Inserting (4) into (10) and using the second line
of (8) for ¥, we get

Im[(p(r)+0y(r' )5G § (r,1')f *)dodo(r’ ) f 10p8(x,1")

(1n

We remark that the derivative of the & function is rath-
er a formal expression without mathematical rigidity and
follows from the derivative of the Green’s function in (8).
Nevertheless, if we perform the limit r—r it yields

Imf =|f|23,35ImG,(r,r')=|f|* 4 ImG,, . (12)

This is the required optical theorem for short-ranged sur-
face scatterers. It looks very similar to that of isolated
scatterers; see Ref. 36. So, a4 ImG, plays here the role of
the LDOS. With the Green’s function (2) we find
A ImG, =1 which does not depend on energy for the 2D
case. The left-hand side of (12) originates from the in-
terference of an incoming field and a scattered wave,
whereas the term on the right-hand side is proportional
to the current emerging from a point source with
effectivity | f|? located in the boundary.

If the irregularity is of an open type, see Fig. 1(b), we
define two different scattering amplitudes: f* for
scattering back into the region where the incident field
comes from, i.e., y >0, and f~ for scattering into the re-
gion “behind” the wall, i.e., y < —I, where [/ is the thick-
ness of the wall. Hence, there are two expressions for the
wave function:

W(r)=¢o(r)+3y 1 do(r')f T35 Gy (r,x"), y>0, (13)
and
W(r)=3y_¢o(r')f ~dy_Go_(r,x"), y<—1, (14)

where d,, has to be taken at r, whereas d,;_ is the nor-
mal derivative on the ‘“‘backside” of the orifice, i.e., at
ro—lé‘y. Accordingly, G, (r,r’) is the Green’s function
for the half-space y >0 and G,_(r,r’) is that for y < — L.

In Ref. 19, the quantities |f *|? and |f ~|* have been
calculated by means of a conformal mapping technique
for the limit of a long orifice, / >>a as well as for the op-
posite case, [ <<a. Here, we cite these results without
derivation:

a<<l: |f7|*~exp

I T2
_E} s TR
lfPP~[fF 12~ (ka)* .

For the case of an open perturbation, the sign of f~ must
be negative according to our considerations after Eq. (8).
In the limit of an infinitely thin wall, the equality

(15)
a>>1:
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|f ~1?=1/"1? holds.

In the present paper, the ratio |f~/f1|? will hold a
central role. In general, it seems to be difficult to com-
pute it exactly from a given orifice geometry. For our
considerations, however, it should be sufficient to assume
it to be in the order of unity for short holes. As one can
expect, only these orifices guarantee a considerable cou-
pling.

Finally, we show how the optical theorem (12) is al-
tered in the case of an orifice. On the right-hand side of
Eq. (12) there occurs now an additional term which origi-
nates from the current into the region y < —I. The left-
hand side remains unchanged because the incoming wave
and the wave at y < —/ do not interfere. Thus the gen-
eralized optical theorem reads as

Imf*=|f*24,ImGy, +|f " |?4_ImG,_ , (16)

where again the subscripts denote the side where the
derivatives have to be taken.

III. THE SCATTERING PROBLEM OF A BOUNDARY
IRREGULARITY IN A SINGLE WIRE

Now we consider a rectilinear ballistic wire confined by
two hard walls at y =0 and y =L, respectively. At
ro=(0,0) the boundary contains either a bump or an
orifice that connects the wire to free 2D space. Such an
opening can serve as a model for probes attached to the
wire.

The (normalized) wave function of the unperturbed
wave guide in mode n is
172

sinnky expik,x (17)

$o.n(r)=

with k=m/L and k, = V' k2—n2«?, and the Green’s func-
tion inside the wire is

N l
Gwire(r’r )—2 L

n n

sinnky sinnky'expik, |x —x'| .

(18)

The scattering problem of the boundary perturbation is
treated in analogy to the preceding section: the deriva-
tives of the incident field and the Green’s function, re-
spectively, are the quantities that describe the scattering
process.”> However, the field actually incident on the
perturbation is not only the primarily incoming field but
includes also a part which results from multiple back-
scattering between the bump and the walls.

|

1
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Let the primary wave be ¢, ,. The total wave field in-
side the wire is now

Wwire( r)= ¢0, n (r)+ a(')+¢inc,n (r’ )f +a(l)l+ Gwirc(r’ r'’) (19)
and outside, if the perturbation is an orifice,
\l‘out(r)=86+¢inc,n(r1)f_aE)I—GO——(r’r”) . (20)

dy+ and d,_, respectively, are defined as in the preceding
section as normal derivatives taken at y =0 and y=—1,
respectively. According to our above considerations,
09+ Pinc,» (1) is the derivative of the actually incident field
and can be written as the sum of primary wave and the
part resulting from backscattering:

aO+¢inc,n(r):ao+¢0,n(r)+aO+¢inc,n(r)f+Gb . @D

G, is called backscattering amplitude. It can be thought
of as a wave starting at the perturbation and being
reflected at least once at one of the boundaries. This wave
corresponds to a quantity g4 [G wire(r,r')— G, (r,1')],
cf. Ref 7. Finally, this wave acts as an incident field on
the perturbation which yields a derivative again. Thus
we get

Gy =00+90+[ G yire (1, 1) — G4 (r,1)]
=41 [Gyire=Gox | (22)

with 4 . as defined in Eq. (16).
With (21) we can write Eq. (19) more compactly as

Woiee 1) =6,,0(r) + 351 G0, (£)F 7351 Gie(1,7")  (23)
with the “renormalized scattering amplitude”
1

=+ +
=frT——. (24)
= 1-f7G,
In the same way, Eq. (20) can be written as
Wou(1) =854 60, (r')f 935Gy (r,1") 25)
with
- 1
=fT—. (26)
)

It is clear that merely f* occurs in the renormalization
factor because only this quantity is relevant for back-
scattering in the wire.

We can insert G, from Eq. (22) into the denominator of
the renormalized scattering amplitudes and use the opti-
cal theorem (16). Now f and f~ read as

Fr=

1

Re f+

From Eq. (27) we get the very satisfying result that for
F 7 an optical theorem exists similar to Eq. (16):

Imf " =|F" P4 ImG e +17 1?4 _ImG,_ . (28)

From the channel representation of the Green’s function

+i |2+ImGwi,e+|f—/f+|22,1mco,

: r:%ﬁ . @7)

[
in a wire, Eq. (18), it follows that

4.,1ImG,; =§‘, nie (29)
+ wire - Lknkz

N is the number of propagating modes. Well apart from
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mode thresholds, 4, ImG . is in the order of unity, but
if the energy approaches a threshold from above it shows
the typical divergences of the quasi-one-dimensional
LDOS.

Now we will derive the transmissivities T, for the
transport inside the wire as well as T, for the flux out of
the wire to the free 2D space through the small hole.
They are obtained from the matrix ¢,,, via 7=t "¢ It re-
lates the amplitude of a primarily incoming wave in mode
n to that of a transmitted wave in any mode m and
guarantees flux conservation. With Ft and f~ we can
write down ¢,,, in a very compact form, see Ref. 7. From
Eq. (23) we get with the incoming wave ¢, , in (17) and
the channel representation (18) of the Green’s function

2

tm=%m+f+z;%§%;;v (30)
Consequently,
m 22 2
Tuire =N =21ImJ" ELk k2+|f * EW
—|7 71X 4, ImG,;,, )
—2|77?4,ImG ;. A_ImG,_ . 31

For the second equality in Eq. (31) we have used Eq. (29)
and the optical theorem (28).

The terms that decrease the transmissivity T from
its ballistic value (T =N) correspond to rather simple
expressions for fluxes that are either reflected in the wire
or transmitted out of it. These fluxes are made up by the
partial LDOS of incoming and outgoing states, respec-
tively, mediated by the absolute square of the scattering
amplitude for the related scattering process.®? So, the
term in (31) with |f*|? corresponds to the current
reflected in the wire, and it is obvious that for the part
transmitted out of the wire remains

T,.=2f |?4_ImG,_ 4 . ImG,, . (32)

In Sec. V we will consider how T, and T

energy.

depend on

wire out

IV. TWO QUANTUM WIRES COUPLED
BY A SMALL OPENING

Imagine now two quantum wires [see Fig. 1(c)], labeled
A and B, coupled by a small hole. Wire A is confined at
y =0 and y =L 4, whereas the boundaries of wire B are
locatedaty =—/landy = — (] +Ly).

If we want to describe scattering within each wire as
well as between them in a compact form similar to that in
(23) and (25), we employ again the conce }ft of renormal-
ized scattering amplitudes and define 44 and f22 for
scattering within each wire 4 or B. On the other hand,
for scatterlng from wire A to wire B we define f , and
J 24 for the opposite direction.

In this case, there is a complex interplay between back-
scattering effects on both sides and intermediate
transmission through the coupler. Therefore, the renor-
malized scattering amplitudes must contain the back-
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scattering amplitudes G;! and G2 of both wires as well as
St and f7. G describes all backscattering cycles in
wire A only and does not contain information about wire
B. Consequently it is defined as

GbA52+[GwireA_GO+] . (33)
Accordingly, G£ comprises backscattering in wire B
only,

Gb = A — [GwireB _GO~ ] . (34)

Now it is possible, in principle, to write down a series of
all backscattering cycles in both wires. This procedure is
straightforward but lacks elegance. Therefore we present
immediately the desired expressions and justify them a
posteriori in a rather heuristic way. We have

can_ S TS G 35)
1—ftGa

and

ad_ f++f—GI§9f'BA

36
1_f+GbA ( )

f
The corresponding scattering amplitudes f B4 and f BB
can be constructed by a simple change of the superscripts
A and B. Each one of the expressions (35), (36) contains
two constituents with different physical meaning. The
first term comprises backscattering paths in wire 4 only
and excludes any path into wire B, whereas the second
one describes additional contributions from backscatter-
ing processes in wire B after a first transmission through
the orifice. The higher-order transmissions via the hole
are condensed in the renormalized scattering amplitudes
of the second terms in Egs. (35) and (36). We note that
the symmetry relation f 4#=f54 holds.

Now we are going to consider the transmissivities 7'
along wire A4, and T, from wire 4 to B. Since the
derivation of Eqgs. (31) and (32) in the preceding section
was based only on the transmission matrix ¢,,, within the
wire they are applicable in the present case if the quanti-
ties belonging to the outer 2D space are replaced by those
of the second wire. So the modified formulas read as

j(AA|2(A ImGw;reA)
_2|fAB’2A - IrnGwireB A + IInGwire A (37
and

T,;=2|F*%?4,ImG,,, 4A4_ImG (38)

wire B *

The corresponding quantities Tp 4, and Tpp are obtained
again by a simple change of the indices 4 and B in (37)
and (38). As we should expect from general symmetry re-
lations,® T 45 = Tz , holds exactly.

V. DISCUSSION AND NUMERICAL RESULTS

Now we will investigate how the various transmittivi-
ties found in Secs. III and IV depend on energy. For this
purpose, we analyze the renormalized scattering ampli-
tudes which enter all formulas.
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We start at T;,. and T, from Egs. (31) and (32) for a
single and possibly leaky wire. The typical denominator
of " and ', see Eq. (27),

D(k*)=Re

1
e
+i( A, ImG e +1f ~/fT1PA_ImGy_), (39)

is a quantity that shows a pronounced energy dependence
around mode thresholds.®~®

Far enough from mode thresholds we have
ReD(k?)=Rel/f ™, cf. Refs. 7 and 8, and ImD(k?)~1
[see the remarks after Egs. (12) and (29)]. This means
Frt=f*,F =f,and thus

Tyire =N —|f T2 4, ImG ;)
—2|f 71?4 ,ImG;,. 4 _ImG,_
~N (40)
and
Tou=2lf 1?4, ImG; 4 _ImG,_ <<1. (41)

This situation corresponds to the smooth parts of the
curves in Fig. 2 which are given as illustration.

However, if the energy approaches the Nth mode
threshold from below, the Nth term in the sum of
Red . G, that enters ReG,, see Eq. (22), diverges as
ky ! and outweighs all other terms such that

N2?
Lk%ky

ReG, = >>1 . (42)
If the perturbation is a convex bump or an orifice, i.e.,
Rel/f >0, the divergence of ReG, leads to
ReD(k?)=0 at an energy k%ps which is separated from
the Nth threshold by

2

N2 f T
A=KN*—kgps =
K QBS Lk>
4
2 a
~ =, 43
K I3 (43)
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FIG. 2. The transmissivities T;. (upper curve) and T,
(lower curve) vs k /k around the second mode threshold. The
orifice parameters are a/L=0.1 and |f~/f*|*=0.5. The
sharp resonances below each threshold are clear to see.

where in the second line the estimation of | f | from Sec.
II has been used. Additionally, we assume N ~ 1, i.e., not
too many propagating modes. Such a resonance in f
and f~ is called the quasibound state and has been dis-
cussed extensively for isolated scatterers.>®33 It results
in a peak of || and |/~ |? with a height

> 1
|f513$|2: T —srt12 7 2’
(A, ImG.+|f /f 1?4 _ImG,_)
- rt2 (44)
|Fons 2= lf=/f7| ,
WS (2,.ImGyy +|f/fTPA_ImG,_ )?
and a width T of
Im—1—+~ 6
r= Tf—_l— ~ 2 % <A . 45)
>y Re——
d(k”) ! kqps

I" can be interpreted as decay width of the quasibound
state.>%33 Now we can insert |f~aﬁs|2,|f(§35|2 into Egs.
(31) and (32) and get the transmissivities at the QBS reso-
nance:

(4,ImG > +2|f~/f T ?P4,ImG,,,, A_ImG,_

Tyire =N—

wire

and
lf~/f 1?4 ImG,_ 4 ImG,,
(A ImG e+ 1/~ /f 24 ImG,_ )

(47)

out

For a closed bump, i.e., f~ =0, we get T,,—N—1,in
analogy to isolated scatterers.”!! For a short orifice, i.e.,
lf~/f"1?~1, T, is in the order of unity and thus the
flux out of the wire represents an experimentally measur-

able quantity. Also these resonances are clear to see in
Fig. 2.

(4 ImG . +|f~/fF*4_ImG,_)?

(46)

On the contrary, for a long narrow opening, transmis-
sion out of the wire is exponentially small at QBS reso-
nances inside the wire, while T, . shows a dip down to
N —1. Due to the smallness of the leakage flux, this case
thus seems to be uninteresting from an experimental
point of view and is therefore excluded furthermore from
our considerations. However, it is surprising to find that
even such a weak link to the outer space can influence the
transport inside the wire considerably.

It is well known from isolated short-ranged scatter-
ers”®!! that the transmissivity along the wire shows
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downward dips, the depth of which does not depend on
the strength of the scatterers. Here, we have shown this
fact to be true also for closed surface scatterers. For
orifices, the dip depth of T, . as well as the peak height
are ruled merely by the ratio |f ~/f *|2%. The plots mere-
ly become sharper but reach the same height for smaller
but geometrically similar orifices.

If the bump is concave, Rel/f " <0, no QBS is possi-
ble. Having in mind the work on isolated scatterers in a
quantum wire, we point out the striking analogy between
surface perturbations and volume scatterers: Orifices and
convex bumps correspond to attracting impurities while
concave bumps are comparable to repulsive scatterers.

Further, approaching a mode threshold from below
leads to further divergence of ReD (k?), see (42). Conse-
quently, 71, f~ finally vanish and the transport along
the wire becomes ballistic while the transmission through
the small hole is inhibited.

If the energy approaches the Nth threshold from above,
the quasi-one-dimensional LDOS belonging to this mode
diverges, and so does 4 . ImG;.. Thus, the renormal-
ized scattering amplitudes become zero again. This
yields T,,—0. On the other hand, however, one could
naively expect T;..=N +1 but the huge LDOS renders
the wire extremely sensitive to any perturbation and just
compensates the vanishing scattering amplitude. This re-
sults in T;.—N. (A similar discussion for isolated
scatterers can be found in Ref. 7.)

Finally we investigate a double-wire system by &valuat-
ing Egs. (37) and (38). In general, these expressions are
quite difficult to handle because they contain renormal-
ized scattering amplitudes which are mutually coupled by
Egs. (36) and (35). However, we can simplify them if the
mode thresholds of both wires are sufficiently separated
from each other. In other words, this means that, if any,
only the divergent backscattering amplitude or LDOS,
respectively, of one wire must be taken into account
whereas the other one can be neglected. Two thresholds
n 4 and np can be regarded as well separated in the above
sense if

2 2 __ .2 2
|Kire a5 — Kairepmp | >> A (48)

because the typical denominator D(k?) departs remark-
ably from its normal value Rel/f " only in an energy
range of the order A around a mode threshold.” In the
following, we will assume condition (48) to be valid. Our
considerations of a wire couple are illustrated by Fig. 3.

If there is an enhanced backscattering in neither wire
A nor wire B, all renormalized scattering amplitudes are
approximately equal to their vacuum quantities, as dis-
cussed for the single wire case. Hence,

T u~N—|f11%4,ImG 4y, 4)*

—2|f71P4,ImGy. 4 A_ImG ;. g=N 49)
J

(4, ImG gy 4 ?+2|f~/f 1?4, ImG . 4 A_ImG
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FIG. 3. The transmissivities T4, (upper curve, shifted by
unity) and T 45 (lower curve) vs k /k 4 for a coupled-wire system
with the parameters Lz/L,=1.3, a/L,=0.1 and
|f~/f*|*=0.8. (a) Overall plot between the first and third
threshold of wire 4. The sharp dips of 7 and the correspond-
ing peaks of T, are caused by quasibound states in either of
the wires. (b) Detailed plot of the region around the second
threshold of wire B. The QBS-caused dip in T,, below the
threshold is followed by the transparency peak on the threshold,
as discussed after Eq. (54).

and
T, p=~2lf 1?4 ,.ImG,;, 4A4_ImG,,, <<1, (50)

cf. Egs. (40) and (41).

However, if in one of both wires a QBS resonance is
present, ie., either Re(1/f* =Gy =0 or
Re(1/f " —GE)=0 holds, a lengthy but principally sim-
ple analysis of 744 and f 42 gives

wire B

T, =N—

(2+ImGwire A+|f_/f+|22~ImGwireB)2

(51)
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and
lf~/f 1124 _ImG e p 4. ImG i 4
(A,ImG, 4+|f " /fT1PA_ImGy p)*
(52)

T p=

Note that it plays no role at all when backscattering of
both wires leads to a quasibound state. It is the bare ex-
istence of a QBS that gives rise to this enhanced coupling.
Note these resonances in Fig. 3.

Further approaching a mode threshold of wire 4 from
below leads to transparency of wire A again and inhibits
the coupling between the wires. In full analogy to the
single leaky wire, approaching a mode threshold of A4
from above inhibits the transmission through the orifice,
while the transmissivity along this wire is decreased from
its ballistic value by unity due to the diverging LDOS of
wire A.

On the other hand, if the energy equals a mode thresh-
old of wire B, an analysis of £ and 7 4% for the special
case GZ— o gives

FA8 50, FALFTI—(F/f M), (53)
and thus
T 44—0, (54)

T—>N—(A4,.ImG,. ) 1P —~/7F )22,

It is interesting to find here that for short orifices, i.e.,
(f~/f1)2~1, wire 4 becomes nearly ballistic. We in-
terpret this by the fact that backscattering paths into B
return to 4 without real phase shift because the wave fits
exactly into B. Thus, it is indistinguishable for wire A4
whether B is present or not. Such a peak is found twice
in Fig. 3(a). Since the one at the second threshold of wire
B is very sharp, a zoom plot is given in Fig. 3(b).

On the contrary, if the coupler is very long, both wires
can be regarded as independent ones. The resonance of B
does not affect wire 4.

VI. CONCLUSIONS

In this paper, we have studied the influence of a short-
ranged boundary irregularity in a quantum wire on trans-
port. We considered closed bumps and openings as well.

One of the tools we have used is the optical theorem.
Its usefulness in the description of scattering problems,
especially in the simplification of various expressions for
transport quantities, has been shown in previous papers.
Here, we have derived it for surface scatterers.

The transport behavior inside a wire in the presence of
a convex boundary perturbation which couples the wire
to free space very weakly or is even closed was shown to
be qualitatively the same as for isolated scatterers in the
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wire.”®!!1 Quasibound states lead to sharp dips in the

transmissivity along the wire.

The transmissivity out of the wire for long narrow
openings exhibits narrow but exponentially small peaks
at QBS energies below a mode threshold of the wire. The
investigation of such long narrow couplers that could
serve as a model for a weakly coupling probe shows that
at singular energies the bare presence of a surface pertur-
bation strongly affects the transport inside the wire
without respect to the strength of coupling.

In the opposite case of short couplers, the transmissivi-
ty from inside to outside the wire shows narrow peaks in
the order of unity, whereas the transmissivity along the
wire is decreased to a value between N —1 and N. They
should be measurable in an appropriate experimental set-
up.

If two wires are coupled with each other, then the in-
terplay of backscattering in both wires gives rise to very
complex expressions for the renormalized scattering am-
plitudes. We have shown that it is possible to decompose
those complicated formulas for the case that both wires
have different widths such that resonances in both wires
do not overlap. Using these simplifications, we have con-
sidered off-resonant and resonant coupling between both
wave guides. Resonant coupling occurs when a QBS in
one or both wires is present and results in narrow
transmissivity peaks that are on the order of unity if the
connection is of the short type. This effect should be
detectable in experiments, too. It is similar to interfer-
ence effects proposed recently by Price’® and Porod,
Shoa, and Craig29 for a resonator attached to a wire. We
believe our method to be appropriate for a detailed inves-
tigation of the phenomena discussed there.

It is worthwhile to remark that the peak heights of the
coupling transmissivities depend only on the ratio of the
scattering amplitudes of the opening, |f~/f 7|2 Merely
the energetic position and the width of the QBS reso-
nances depend strongly on the single quantity f .

In conclusion, we find the language of multiple scatter-
ing and renormalized scattering amplitudes to be well
suited to problems like this. Starting from LDOS and
scattering amplitudes, it was possible to analyze the
present transport problem in an analytical way. The
method presented here for two dimensions can be applied
also in three-dimensional structures because the
multiple-scattering approach with its, in principle, simple
concept is not restricted to a special dimensionality.

We also hope that this paper will stimulate some fur-
ther experiments.
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