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In a recent paper [B. K. Ridley and M. Babiker, Phys. Rev. B 43, 9096 (1991)t the authors
have argued that when retardation is taken into account the interface phonons of semiconductor
superlattices obtained from the usual dielectric continuum approach are transverse polariton modes
and that they therefore do not couple to electrons via the strong Frohlich interaction. Here we show
that the interface polaritons obtained from this dielectric continuum approach, in general, have both
transverse and longitudinal components and that the dispersion and character of the modes are
affected by retardation only for small wave vectors (k & cu~h „„/c).For wave vectors of interest in
electron-phonon scattering, the interaction is given to a good approximation by the usual Frohlich
interaction neglecting retardation.

The effects of confinement on the optical phonons and
the electron-phonon interaction in polar semiconductor
quantum wells and superlattices have been of consider-
able interest recently. In such systems theoretical and ex-
perimental studies indicate that the optical modes consist
of interface modes and confined bulk modes. Here we ad-
dress an issue related to the interface modes. Theoretical
work has invoked a strong interaction between electrons
and the interface modes via the Frohlich interaction,
which arises from the scalar potential generated by the
optical lattice vibrations. This interaction has been used
to account for experimental results such as recent work
involving nonequilibrium phonon populations. These in-
terface modes are analogous to the Fuchs-Kliewer sur-
face modes of a free dielectric slab, and they have been
studied extensively for quantum wells within a dielec-
tric continuum approach. A continuum approach for
phonons in these systems has the advantage of provid-
ing analytic results for the electron-phonon coupling. In
recent work based on lattice dynamics and in other
work using a more extensive continuum approach it has
been shown that these interface modes are described to a
good approximation by the simple dielectric continuum
approach.

In a recent paper Ridley and Babiker note that when
retardation (the finite velocity of light c) is included in
the usual dielectric continuum approach the interface
modes are polaritons. They argue that these polaritons
are transverse modes and therefore do not have a scalar
potential P. Thus they do not couple to electrons via the
strong Frohlich interaction (H;„& ———eP), but they may
couple via the weaker p . A interaction, where A is the

vector potential.
In the dielectric continuum model the electric field

satisfies V' - K = 0 almost everywhere, but Ridley and
Babiker incorrectly take this as evidence that E is purely
transverse and thus that it possesses no scalar potential

In order that E be purely transverse, its divergence
must vanish everywhere. In fact V'. E diverges at the
interfaces of the quantum well owing to the presence of
oscillating bound surface charge densities there. Thus E
is not purely transverse.

In the present Comment we give the interface polariton
modes of a quantum well including retardation using the
dielectric continuum approach. YVe show that the modes
in general have both longitudinal and transverse compo-
nents and that they have a scalar potential associated
with them. We point out that in electron-phonon scat-
tering the interaction is given well by the usual Frohlich
result calculated neglecting retardation.

In the bulk it is well known that the optical phonons
separate into transverse optical modes and longitudinal
optical modes. In general longitudinal modes have van-
ishing curl everywhere, and transverse modes have van-
ishing divergence everywhere. Light couples only to the
transverse modes forming bulk phonon-polaritons. The
coupling is strongest in the region where the light line
(io = ck/ge ) crosses the bulk unretarded TO phonon
frequency wTo. We denote the region where this occurs
by k k~—:vte~wTo/c ( 10 A. for most solids). In
the presence of a surface or interface, on the other hand,
the modes of the system have mixed transverse and longi-
tudinal character when retardation is included. A similar
situation for plasmons and phonons of a surface has been
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FIG. 1. Geometry of the quantum well system used here.

studied previously.
Here we consider the system shown in Fig. 1 which

consists of a quantum well of GaAs between two semi-
infinite layers of A1As. Similar results are obtained both
for quantum wells of other materials and for superlat-
tices. An electromagnetic wave in this system must sat-
isfy Maxwell's equations for a system without free charges
and currents:

cuTo, correspond to bulk LO and TO phonon frequencies
in the absence of retardation.

In discussing the interface polaritons we follow a pro-
cedure like that used for surface modes in Ref. 15. From
translational invariance the electric and magnetic Gelds
are of the form (E(r, t), B(r, t)) = (E(z), B(z))exp[i(k.
r —~t)], where k and r are the wave vector and posi-
tion components parallel to the quantum well. Here we
take k

~~
x. Interface polaritons have &equencies difFerent

from the bulk phonons of either system, so e,.(u) g 0.
For ~z~ g d the wave equation is obtained by combining
Eqs. (1), (2), and (3), which yields

E=0,
(9Z

where n, = k —e;~ /c .
Modes for which o.i and o, z are both positive are in-

terface polaritons. There are four such modes. The sym-
metric modes have electric Gelds given by E„=0,

E ' ' — e
— 2! I cosho. id if z ) d

e '"cosho. iz if z ( d

V' D=0,

cV x B = OD/Bt,
02 e ' cosh 0 i d

E, (z) = ik x &
—n~'e '"sinhnqz
—0.2 e ' cosho;id

ifz) d
if /z/ & d
if z ( —d,

cV x E = —OB/Bt,

V. B =0, (4)

where D = eE. In the usual dielectric continuum ap-
proach the dielectric functions are taken to be isotropic
and homogeneous and to have the form

(d —(d
e;((u) = e (5)2 —~TO

where i=1,2 for ~z~ & d, ~z~ ) d. The quantities wz, o, and

and the antisymmetric modes have Gelds E„=0,

sinh o, id jf z & d
E (z) = e '"sinhn, z if ~z~ & d

—e ' sinhnid if z ( —d

and

o., 'e ~~l lsinhcid if z & d
—o.i e '"cosho. iz if z ( d.

From the continuity of E and D, at ~z~ = d we obtain
the interface polariton dispersion relations:

e2(w) n2(k, ~) tanh dna(k, cu) for the symmetric mode
X

ez(~) nz(k ~) cothdnq(k, w) for the antisymmetric mode.

For the system studied. here there are two roots for each of
these two transcendental equations. Equations (ll) have
solutions only for e2/eq & 0. These are the reststrahlen
regions of the two bulk materials, which do not over-
lap for AlAs and GaAs. The interface polariton modes
of a quantum well system of half-thickness d = 1 pm
(Ref. 16) are shown by the dotted lines in Fig. 2. There
is a symmetric and an antisymmetric interface polariton
associated mainly with each of the two materials. Figure
2 also shows the dispersion relations for the unretarded
bulk phonons, the unretarded interface phonons, and the
bulk polaritons. We see that for k )) k the interface
mode dispersions with and without retardation are very
nearly the same.

Next we consider the transverse and longitudinal com-
ponents of the interface polariton fields and their cou-

e "I I coshkd for z & d
e ""coshkz for z ( d,

(12)

where C, is a constant. The potential generated by the
antisymmetric mode is

e " sinh kd
P(x, z) = i| e'" x & e ""sinh kz

—e"' sinh kd

for z & d
for ~z~ & d
fol z (

I

pling to electrons. The total electric Geld is given in terms
of the scalar and vector potentials by E = —VP iuA/c. —
In the Coulomb gauge (V' . A = 0) this separates the
field uniquely into its longitudinal (—VP) and transverse

(—iwA/c) parts. For ~z~ g d the scalar potential satis-
fies V P = 0, and for the symmetric mode is given by
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FIG. 2. Dispersion relations of interface polaritons are
given by the dotted lines. The interface phonon disper-
sion relations in the absence of retardation are given by the
dashed lines. The upper set of interface modes are associated
mainly with AlAs, and the lower set mainly with GaAs. Solid
horizontal lines give the unretarded bulk phonon frequen-
cies, and dot-dashed lines give the bulk polariton dispersion
curves. The well half-thickness is d = 1 pm. The parameters
used in these calculations are ~i,Q i —292 cm, ~TQ, ]
268 cm, c~,i ——10.89, coI.Q, 2

——404 cm
362 cm, and c~,q

——8.16.

where C is another constant. The constants are deter-
mined by the condition that V . A vanishes everywhere,
including ~z~ = d:

& (coshnid sinhnid )
C, —e + I) (14)

cosh n id sinh n id l—A2 +

The transverse part of E is obtained from T
E + VP = i cuA/c Th—e quan. tity B(k)
f dz~T(z)

~ / f dz'~E(z')
~

satisfies 0 ( R(k) ( 1
and gives a measure of the degree of transverse charac-
ter in each mode. In Fig. 3 we show B(k) for a well
of half-thickness d = 1 pm for each of the four inter-
face polariton modes from Fig. 2. Here it is seen that for
k )) A: the modes have very small transverse components
and are mostly longitudinal.

In the preceding we have argued that the interface po-
lariton modes of a quantum well in the continuum ap-
proximation have a longitudinal as well as a transverse
part and thus that they have a scalar potential P associ-
ated with them. The basis of this argument involves the
requirement that the longitudinal part of E have vanish-
ing curl everywhere and that the transverse part of E
have vanishing divergence everywhere. For a quantum
well V E vanishes everywhere except at the interfaces,

FIG. 3. The ratio R(k) = f dz ~T(z)
~ /

f dz'~E(z')~, which gives the ratio of the integrated value
of the square of the transverse component of the electric field
to that of the total electric field for the four polaritons from
Fig. 2 as a function of wave vector parallel to the interface.
The dotted, solid, dashed, and dot-dashed lines represent
R(k) for the symmetric GaAs-like, antisymmetric GaAs-like,
symmetric AlAs-like, and antisymmetric AlAs-like modes, re-
spectively.

where it diverges because of the oscillating bound charge
densities there. The electric field is not purely transverse,
as claimed by Ridley and Babiker, because V-E does not
vanish everywhere. The longitudinal part of E and the
corresponding scalar potential P arise from the bound
charges at the interfaces and are obtained from Eq. (6)
and the usual electromagnetic boundary conditions. A
simple system, which is conceptually similar, is a point
charge q at the origin, for which V E vanishes every-
where except at the origin, where it diverges; in this case
the electric field is given by E = —V'P, where P = q/r,
and E is thus purely longitudinal.

Prom the results shown in Figs. 2 and 3 we see that
retardation afI'ects the character of the modes in the re-
gion k ( k, which is of interest in some light scattering
situations. For electron-phonon scattering, however, this
is a small part of the region of k space of interest. In
the region k )) A: the electric field can be obtained to
a good approximation by the gradient of a scalar poten-
tial, and the interaction with electrons is given by the
Frohlich interaction neglecting retardation as has been
done previously. ' An integral over k space involving
the phonons is made in calculating, for example, electron
intrasubband and intersubband transition rates due to
electron-phonon scattering. We have made calculations
of these rates2 and find that the integrand is smooth for
k & 1/d and falls off for k + 1/d. Corrections due to re-
tardation come &om the region A; & k . For typical well
widths (d 100 A.) this correction is at most O(10 4) of
the total transition rate and can be neglected.
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In this Comment we have shown that the interface po-
laritons in a semiconductor quantum well structure ob-
tained from the dielectric continuum approach have both
longitudinal and transverse character. For the large wave
vectors of interest in electron-phonon scattering their
transverse component is small and the electron-phonon
interaction is given well by the Frohlich interaction ne-
glecting retardation. Similar results can also be obtained
for analogous systems such as quantum wires and quan-
tum dots.

Note added in proof I. t has come to our attention that
B. f. Zhu has made in a Comment [B.f. Zhu, Phys. Rev.
B 46, 13619 (1992)] on the paper by Ridley and Babiker
some of the point made here, including the Fuchs-Kliewer
interface modes have a Frolich coupling to electrons.
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