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Optical properties of potassium clusters incorporated into zeolite LTA
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Optical properties are reported for cationic K clusters incorporated into the a cage of K-form LTA.
0

The a cage has an inside diameter of —11 A and is arrayed in a simple cubic structure. The loading den-

sity of potassium is systematically changed from dilute to saturated conditions. The average number of
guest K atoms is 7.3 per a cage at the saturation density. Three groups of absorption and/or reAection
bands appear depending on the K loading density. A band at -2 eV increases and becomes the strong-
est reAection band with increasing K density, and is assigned to the surface-plasmon-like state of the K
cluster. Other groups of bands are relatively weak and are interpreted in terms of the model of the tran-
sition between energy bands which originate from 1s, 1p, and 1d molecular orbitals of the K cluster. A
Drude-like contribution is found in the analysis of reAection spectra. This is reminiscent of the metallic
state of arrayed clusters.

I. INTRODUCTION

Recently, optical properties of small alkali-metal clus-
ters have been investigated intensively using photodisso-
ciation spectroscopy of free clusters' ' and spectroscopy
of zeolite-supported clusters. ' ' In these clusters, pho-
toexcitation due to the collective motion of the electrons,
called a surface-plasmon (SP) state, and the individual
electron excitation between molecular orbitals of the clus-
ter have been observed. Theoretically, there has been
much interest in the optical excitation of metal clus-
ters 15—28

The framework of zeolite crystals includes well-defined
cages or channels specific to their type. New material
designs have been expected to exist in the zeolite space.
In Na-form FAU (faujasite), which is usually called Na Y,
the Na4 + paramagnetic cluster has been observed in the
color change and the ESR measurement. Various kinds
of alkali-metal clusters have been investigated in FAU
(Refs. 31—38) and SOD (sodalite).

LTA, which is a type of zeolite, has the framework
structure shown schematically in Fig. 1. In this figure,
oxygen atoms between Si and Al atoms are omitted. An
a cage (supercage) with an inside diameter of —11 A is
surrounded by eight P cages (sodalite cages). Si and Al
atoms are expected to be arranged alternately according
to the Loewenstein rule. The e cages are arrayed in a
simple cubic structure with the lattice constant of 12.3 A
and are connected by shared windows with an inner di-
ameter of -5 A. In ideal Na form LTA, 12 Na+ ions
are distributed in the space of the framework. The chem-
ical formula is given as Na12A1, 2Si,2048.

In a previous paper, ' absorption spectra have been re-
ported for sodium clusters incorporated into Na-form
LTA zeolite. Clusters in the a and P cages have been ob-
served. Spectra of clusters in the 0. cage have exhibited
an SP-like excitation as well as transitions between
discrete energy levels of the cluster. In potassium clus-
ters incorporated into K-form LTA, ferromagnetism has

been observed at low temperatures in spite of nonmagnet-
ic elements. ' This result strongly suggests the existence
of intercluster electronic interaction between arrayed
clusters. The K-density dependence of ferromagnetic
properties has been interpreted in terms of the model of a
weak ferromagnetism of itinerant electrons. ' In this
model, it is assumed that narrow energy bands are real-
ized by the intercluster electron transfer between 1s and
1p molecular orbitals of the K cluster. Ferromagnetism
has been observed only under the condition that the Fer-
mi energy is located at the 1p energy band. The electron-
ic state, however, is not well understood yet. It is urgent-
ly necessary to elucidate the electronic state of arrayed K
clusters in LTA from the viewpoint of optical properties.

In the present paper, the K-loading density is changed
systematically in K-form LTA, and absorption and
reAection spectra are analyzed. Three groups of absorp-
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FIG. 1. Schematic representation of the framework structure
of LTA. Oxygen atoms between Si and Al atoms are omitted.
The cz cages are connected by shared windows in a simple cubic
structure.
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tion or reflection bands appear between 0.5 and 3.5 eV
depending on the K-loading density. The strongest band
at -2 eV is assigned to an SP-like state of K cluster.
Other bands are basically interpreted in terms of the opti-
cal transition between narrow energy bands that originate
from ls, 1p, and 1d molecular orbitals of the K cluster.
A Drude-like contribution is found in the analysis of
reflection spectra.

II. EXPERIMENTAL PROCEDURES

spectrum analysis and the total adsorption time, and nor-
malized by the AAS value.

Diffuse reflection spectroscopy was used for optical
measurement. The measurement was performed at room
temperature. The Kubelka-Munk function was used for
the transformation of diffuse reflectivity into the absorp-
tion coefficient in dilutely loaded samples. The Kubelka-
Munk function is given as (1 r) l—2r, where r is the
diffuse reflectivity. The sum of reflection R and transmis-
sion T of a powder particle is given by

A high-quality Na-form LTA powder was selected by
means of both x-ray analysis and electron microscopy.
Powder particles were cubic with the average size of 4
pm, from a scanning electron micrograph. Na-form
LTA powder was transformed into the K form by ion ex-
change in KCl aqueous solution, and the resulting
powder was washed thoroughly with distilled water. The
composition ratios were determined by atomic absorption
spectrometry (AAS). The Si-to-A1, Na-to-A1, and K-to-
Al ratios were 1.00, 0.08, and 0.83, respectively. The ex-
pected chemical formula is given as K&oNaHA1, 2Si&2048.
Slight hydrogenation was observed. This zeolite is abbre-
viated as K-LTA(1) hereafter.

The positions of K+ ions in dehydrated K-LTA have
been elucidated by x-ray structural analysis. ' Major
K ions are distributed around the center of a six-
membered ring. Minor K ion positions in K-LTA(1)
used in the present experiment may, however, differ
slightly from the results of above x-ray analysis, because
the dehydration temperature is higher than theirs, as
shown later. The positions of K ions may change due
to the K loading.

Original size K-LTA(1) and its ground powder were
used for the present optical measurement. The ground
powder was used only for the measurement of absorption
spectra in the dilute K-loading region. Zeolite powder
was dehydrated at 550'C for 15 h in a vacuum. The
dehydration below 300'C (Refs. 45 and 46) was found to
be insufficient, from the result of thermogravimetric
analysis in vacuum, but that above 500 C is sufficient, as
it scarcely showed a weight change due to the dehydra-
tion. The alkali-metal coloration was very sensitive to
the degree of dehydration, because residual water mole-
cules react with the loaded alkali metal. The dehydrated
samples used ip the present experiment scarcely showed
such a reaction.

The dehydrated powder was sealed in a quartz tube to-
gether with a distilled K source and a small amount of
helium gas. K was successively adsorbed into zeolite
cage through the vapor phase by elevating the tempera-
ture to 160'C. Before the K loading, K-LTA(1) powder
was white and did not exhibit any optical absorption be-
tween 0.4 and 6 eV. With increasing K density, the
powder became dark blue, dark brick red, and finally
russet gold at the saturation density. The K-loading den-
sity was proportional to the total adsorption time, except
at the saturation density. The average number of guest K
atoms was determined by means of AAS to be 7.3 per a
cage at the saturation condition. The K-loading density
of each sample was determined by both the reflection

III. EXPERIMENTAL RESULTS AND DISCUSSION

A. Absorption spectra of dilutely K-loaded K-LTA(1)

Absorption spectra of ground powder of K-loaded K-
LTA(1) at room temperature are shown in Fig. 2. The K
density increases in the order of curves 1 —4. Dotted
curves indicate the regions where the Kubelka-Munk
function is no longer applicable due to the finite contribu-
tion from reflection of powder particles. The number
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FIG. 2. Absorption spectra of dilutely K-loaded K-LTA(1) at
room temperature. The K density increases in the order of
curves 1 —4. The dotted curve indicates the region where the
diffuse reflectivity cannot be transformed correctly into the ab-
sorption coefticient using the Kubelka-Munk function.

R +T=
(1+r)

The derivation of this equation is given in the Appendix.
Under the strong absorption condition T «R, the
reflection spectrum is given by 4r/(1+ r) .

For comparison, we measured absorption spectra of
Na-loaded Na-form FAU, K-loaded K-form FAU, and
Rb-loaded Rb-form LTA. FAU with the Si-to-Al ratio of
2.8 was used. This zeolite is usually called Y, and is ab-
breviated FAU(2. 8) hereafter. Rb-form LTA was ob-
tained by the ion exchange of K-LTA(1) in RbC1 aqueous
solution. Alkali-metal-loaded zeolite powder was
prepared according to a similar method.
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density of guest K atoms is roughly estimated to be of the
order of 0.1 per a cage in curve 2. Absorption bands ap-
pear at 1.0, 1.22, 1.75, 2.25, and 3.0 eV. The spectra are
completely different from the atomic spectrum of K. The
intensity of these bands increases with increasing K den-
sity. These bands originate from the same cluster, be-
cause the relative intensity is independent of K density.
For convenience, strong bands at 1.22 and 1.0 eV are
named B, and B2, respectively.

Here, we consider the potential of an electron in the
space of zeolite. It is well understood that the covalent
bonds are formed between framework atoms, while cat-
ions distributed in the space of the framework have no
covalent bonds. The zeolite framework with Al content
has a negative charge, while cations have a positive
charge. Cations having no covalent bonds are drawn to-
ward the rigid framework and repulsed by each other.
The potential of an electron is due to repulsion and at-
traction to the framework and cations, respectively. If an
electron is introduced there, the electron may be trapped
by cations and repulsed by the framework. In this case,
the intercation distance is important for the delocaliza-
tion of electron wave function. If the outermost wave
functions, the 4s orbital of the K atom, overlap each oth-
er, an electron may be delocalized in relevant cations.
Hence, we can expect cations with a common delocalized
electron in the a or P cages. This is a cationic cluster.
The present K cluster is thought to have such structure.

In Na-form FAU, an Na4 + cluster has been generated
in the P cage. In this cluster, an electron is confined
by the attractive potential of 4 Na+ ions, and is scarcely
distributed at framework atoms. The absorption band
has been observed at 500 nm (2.5 eV), and is assigned to
the transition between quantum levels (molecular orbit-
als) of the cluster. An equivalent K cluster, K&3, is also
observed in K-form FAU in ESR measurement. Figure
3 shows the absorption spectra of dilutely Na-adsorbed
Na-FAU(2. 8) and dilutely K-adsorbed K-FAU(2. 8) at
room temperature for comparison. Absorption bands of
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FIG. 3. Absorption spectra of dilutely K-loaded K-FAU(2. 8)
and dilutely Na-loaded Na-FAU(2. 8) at room temperature.

Na4 + and K4 + clusters are observed at 2.5 and 2.4 eV,
respectively. The existence of the Na4 + cluster of the
present sample is confirmed by ESR measurement. The
energy of absorption band has been quantitatively inter-
preted in terms of the model of 1s-1p transition of an
electron trapped in a quantum sphere, with the inner di-
ameter of the P cage, -6.5 A.

Main absorption bands B, and B2 in Fig. 2 are red-
shifted considerably compared with that of K4 + in K-
FAU(2. 8). The redshift cannot be interpreted in terms of
the optical transition model of an electron confined in the
spherical potential with the inside diameter of the P cage.
In LTA, however, there is another cage, the cz cage. The
1s-1p transition energy is calculated to be 1.3 eV in the
spherical potential with the inside diameter of the n cage,

0—11 A. The energies of bands B& and B2 coincide well
with this energy. Therefore, it is concluded from the op-
tical measurement that these bands are due to the cluster
in the cx cage. Weak absorption bands at higher energies
in Fig. 2 may be assigned to the transition from the 1s
state to higher ones and/or to the charge-transfer excita-
tion to an electronic state of the cluster in the P cage.

From the viewpoint of structural analysis, the follow-
ing speculation is possible for K clusters in the a cage.
There are many cations in the a cage of K-LTA. In
dehydrated K-LTA, major K+ ions are distributed in the
u cage, 0.79 A above the six-membered ring. These cat-
ions are located at the corners of cube whose sides are 6.6
A in length. This length is comparable with the lattice
constant of K metal, 5.2 A. According to the Herman-
Skillman wave function, the overlap integral between 4s
orbitals of K atoms is 0.13 at the distance of 6.6 A.
Therefore, if an electron is introduced there, a cationic
cluster can be expected in the n cage including other cat-
ions of host and guest. A slight displacement of cation
position may occur due to the electron-cation attractive
interaction. This is one of the polaron effects. Some cat-
ions are also distributed near the window. These cat-
ions may play an important role in the potential height
between adjacent a cages, as discussed below.

The doublet structure of bands B, and B2, however,
cannot be interpreted in terms of the model of the poten-
tial with the cubic symmetry of the a cage, because the
energy of the 1p orbital degenerates in any cubic symme-
try. The intercluster electron-transfer model is intro-
duced in order to interpret the doublet structure of bands
B] and B2. The wave function of the K cluster in the a
cage is expected to overlap partly with those of adjacent
clusters through windows, because of the decrease in the
repulsive potential of the framework and of the cation
distribution near the window. The ferromagnetic proper-
ties also strongly support the existence of the intercluster
electron transfer. ' ' ' If the potential fluctuation due
to the statistical distribution of K+ ions can be neglected,
electrons can travel resonantly and coherently in the
periodic potential realized in the LTA framework. This
indicates a narrow energy band for electrons. In this
model, the optical transition basically reflects the joint
density of state (JDOS) between two energy bands, if the
wave-vector dependence of the transition probability can
be neglected. A doublet structure can be expected in
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JDOS of the 1s-1p transition, because of the following en-
ergy dispersion o e pf th 1p band. We consider a threefold

1 1, anddegenerate energy band originating from 1p, 1p, an

1p, molecular orbitals. The density of state of this band
has a doublet structure, because the transfer energy of the
1p„orbital for the x direction, for example, may e
difFerent from that for they (or z) direction.

o the electron-If the above interpretation is applicable to e e e
ic state of alkali-metal clusters in LTA, the absorption

of the 1s-1p transition may not depend largely onenergy o e s-
of clusterh k' d f lk li metal because the radial size o
t b thatpotential in this model is basically determined not y a

of cation potentia u y
'

1 b t by that of the repulsive potential
of the framework. In order to elucidate this point, t e

Rb-loadeda sorp ion spb t spectrum is measured in dilute y
ninFi . 4. TheRb-LTA(1) at room temperature, as shown m ig. . e

t m is quite similar to that in K shown in Fig. 2.spectrum is qu'

This result suggests that the electronic state of c us
is quite simi ar o a'1 t that of K cluster. This result can e in-

1terpreted qua i a ive y1't t' 1 as the nature of alkali-meta
atoms, as follows. The empty-core radius of pseudopo-
tential in alkali-metal atoms is significantly larger than
that in other metal atoms, and the ionization energy in
alkali-metal atoms is much lower than that in other meta
atoms. Hence, the position of cations may not be impor-
tant to attain an e ec

'
ff tive potential for electrons, and t e

shape of potential may be determined mainly by t e
repulsive potential of framework.

In an actual system, the statistical distribution of K
ions may cause a popotential fluctuation of electrons, e-

es. If thecause the potential will be deep at K -rich cages. t e
potentia uc ua ion

'
1 fl t tion is smaller than the transfer energy,

the fluctuation effect can be taken into account in t e
band model consisting of both the localized electronic
state due to the Anderson localization and the extended
state, where the mobility edge is located between two
states. In magnetic properties in K-loaded K-LTA(1), a
disorder effect has been observed in the spin glass and the

44reentrant spin-glass phenomena.

In Na clusters incorporated into Na-formm LTA the
spectra are extreme y i e1 d'ff rent from those in K and Rb
clusters. Na clusters are generated not only in the a cage

inhomogeneously distributed due to the cohesionters are in om
of Na. ' This is because the electron-cation n electron-
phonon) interaction in Na ts much stro gn er than that in
K and Rb.

B. Reflection spectra of K-loaded K-LTA(1)

The reflection spectra are shown for K-for K-loaded K-
LTA(1) of original powder size by sohd curves in Fig. 5.
Dotted curves indicate the regions whehere the transmis-
sion T cannot be neglected. The K density increases in
the order o curvesf 1 —11. The average densities of guest

be 0.4 0.8, 1.5, 2.4,K atoms per a cage are estimated to be 0.4, 0.8,
4.7 5.4 6.0, 6.6, and 7.3 in curves 1 —11, respec-

r de endintively. Reflection bands appear and disappear ep
'

g

~ % F 0

Lower energy spectra are shown in the fine scale in ig.
6 toget er wi eh 'th the absorption spectrum of curve 1 in
Fi . 2. In curve 1, reflection structures due to an s

and Bz are discriminated. With increasing y,
they gradually disappear, and new bands with various
mar s appear ak t lower energies. Fine structures are seen
around 0.7 eV. With K density approaching the satura-
tion condition, these bands disappear.

If the interpretation is based on the energy-band mod-
el, the lower energy bands between 0.7.7 and 0.9 eV are as-

d to the excitonic state of the 1s-1p transition, as fol-signe o e
lows. An electron excitation from a filled ban ge y

I
I

I I I I0 8 I I I I
I

I I I I
I

I I I I
I

I I I

I

0.6 "-„': .
'

pit

}1

+ 04 3
e

3

O

E"
0

0.2—

2

0.5 1.0 1.5 2.0 2.5 3.0
0
0.5 1.0 1.5

I i i & t I i i i ~ I

2.0 2.5 3.0 3.5
Photon Energy (eV)

Photon Energy (eV)

FIG. 4. Absorption spectrum of dilutely Rb-Rb-loaded Rb-
LTA(1) at room temperature.

FIG. 5. K-density dependence of reAection spectra in K-
urves . The Kloaded K-LTA(1) at room temperature (solid curves .

icates the re-density is sa ura et t d in curve 11. Broken curve indica es
gion where the transmission cannot be neglected.
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FIG. 6. Infrared parts of reAection spectra in K-loaded K-
LTA(1) given in Fig. 5 and absorption spectrum. given by curve
1 in Fig. 2. The dotted curves indicate the region where the
transmission cannot be neglected.

leads to the generation of a hole. This hole will interact
with the excited electron in the upper band. This
electron-hole interaction can be neglected when it is
screened by high density carriers. However, an excitonic
effect can be expected in the case where the electron-hole
interaction is not screened well. At intermediate K den-
sities, the ls band is completely filled with electrons, and
a hole is generated there. The short-range attractive in-
teraction between the ls band hole and the 1p band ex-
cess electron may reduce the excitation energy, resulting
in a prominent absorption band at the lower edge of the
interband transition. Hence, the appearance of new
bands at 0 7—0 9 eV is interpreted in terms of the
electron-hole interaction model of ls-1p transition. The
electron-hole interaction can be neglected in bands B,
and B2 in Fig. 2, because the 1s band is slightly filled with
electrons and no electron-hole interaction occurs. The
detailed origin of fine structures at 0.7 eV is not well
known yet, but may be assigned to the excitonic states.
The electron-hole interaction in metal has been observed
in soft x-ray edge absorption of alkali metals and IR
absorption of alkaline-earth metals.

Electron filling in the lp energy band will lead to the
disappearance of the 1s-1p interband transition at the
electron density of 8 per cluster, because of the Pauli ex-
clusion principle. Hence, the weakness of bands around
0.8 eV at the highest K density in Figs. 5 and 6 is con-
sistent with the 1s-lp transition model.

The electron distribution in the lp state leads to the oc-
currence of the optical transition from lp to the upper
electronic states. In the spherical potential with the in-
side diameter of the a cage of 11 A, the 1d state is expect-

ed to be located 1.6 eV higher than the lp state. In Fig.
5, the band at 1.5 eV appears and increases above the in-
termediate K density. The transition energy of 1.5 eV
coincides well with the lp- 1d energy. Hence, the
reflection band at 1.5 eV can be interpreted in terms of
the model of lp-1d interband transition.

Band P at -2 eV appears at a relatively lower K densi-
ty, and increases to become the largest band with increas-
ing K density. Band P shows a slight blueshift with in-
creasing K density. Band P has two components, as
shown later. The oscillator strength of band P is much
larger than unity per cluster at higher K densities, as
shown later. This means that this band is due to the col-
lective motion of electrons in a cluster. Therefore, band
P is assigned to the SP-like excitation of the K cluster.
Band P appears above an electron density of —3.

As observed in free alkali-metal clusters, the SP energy
is rather insensitive to the cluster size or the number of
atoms, but splits into several levels depending on the clus-
ter shape. ' This result can be qualitatively understood
to be an SP property as follows. The SP energy of a small
metal particle is proportional to the square root of elec-
tron density in classical electromagnetic theory. The
electron density of a free cluster is expected to be nearly
constant due to the cohesion of constituent atoms. The
cluster shape, however, changes with the symmetry of the
electronic state. The SP energy can split into several lev-
els when symmetry of the particle shape is degraded.
Hence, the SP energy in free clusters is rather indepen-
dent of the particle size but dependent on the shape.
With increasing atomic size from Na to Cs, the electron
density decreases. It is reasonable that the SP energy
shifts to the lower-energy side in the increasing order of
atomic size.

For clusters incorporated into zeolite cages, however,
the situation is different from that for free clusters. Elec-
tron density of the cluster may increase with increase of
the average number of guest alkali-metal atoms, because
the cluster size is expected to be fixed by the framework.
However, the SP band in K-loaded K-LTA(1) does not
show a marked blueshift with increasing K density. It
seems that the SP energy is rather independent of the
electron density of the cluster. The origin of this result is
not well known yet, but the following qualitative inter-
pretation is possible.

The theoretical calculation of cationic clusters reveals
both a blueshift of SP energy and a significant exhaustion
of the SP oscillator strength compared with those in neu-
tral clusters. Actually, the SP energy in Na9+ is higher
than that in Na~. ' In anionic clusters, the theoretical
calculation reveals a redshift of SP energy and a fragmen-
tation of the oscillator strength compared with those of
neutral clusters. The above calculated results are closely
related to the depth of effective potential for electrons.
In LTA, clusters are highly cationic at lower K densities,
because of the existence of many zeolite cations. In this
case, excited-state electrons as well as ground-state elec-
trons may be strongly confined in the a cage. If the space
of LTA is filled with many K atoms, the height of
confinement potential at windows may decrease. In this
condition, excited electrons can be transferred to a great
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terms of the dipole-dipole interaction theory of particles
with 0& symmetry such as the n cage. Such a doublet
component has also been observed in Na clusters in Na-
LTA(1). ' The total oscillator strengths of band P are 3.9
and 4.5 in curves a and b, respectively. These values cor-
respond to the absorption cross sections of 4.3 and 4.9

OA, respectively. Both values are nearly the same as
those obtained in free clusters. '

For best fitting, we need to assume an oscillator at zero
frequency. If we do not make this assumption, the fitting
curve largely deviates from the experimental one. The
oscillator at zero frequency indicates a Drude-like contri-
bution from itinerant electrons realized in arrayed clus-
ters. The magnetic properties have been interpreted in
terms of itinerant electron ferromagnetism. ' Hence a
finite electron density of states is expected at the Fermi
surface. From the viewpoint of magnetic properties, the
zero-frequency oscillator in the reAection spectrum is
quite reasonable. The existence of itinerant electrons
strongly suggests that the energy band model is basically
applicable to the present system.

The total oscillator strengths are estimated to be 7.7
and 7.0 per a cage in curves a and b in Fig. 7, respective-
ly. These values directly indicate the total number of 4s
electrons per cluster. The value in saturated curve a, 7.7,
coincides we11 with the AAS value of 7.3 atoms per unit
cell. Hence, accurate curve fitting can be attained quanti-
tatively.

IV. SUMMARY

K clusters are generated in the a cage of K-LTA(1) at
the maximum K density of 7.3 atoms per cage. A
reAection band with the largest oscillator strength is ob-
served at -2 eV, and assigned to the surface-plasrnon-
like state of the K cluster. ReAection or absorption
bands between 0.8 and 1.2 eV are assigned to the 1s-1p in-
terband transition. The reAection band at 1.5 eV is as-
signed to the 1p-1d interband transition. The Drude-like
contribution from itinerant electrons is found in the
analysis of reAection spectra.

starts from the differential equations given by

dP, (z)

dz

dP2(z)
dz

= —(K +S)P, (z)+SPz(z),

= —(K +S)P2(z)+SP] (z),

(A 1)

(A2)

where P, (z) and P2(z) are the light energy flowing along
the —z and z directions, respectively, and X/2 and S/2
are the absorption coefficient and the scattering rate per
unit length, respectively.

The diffuse reQection r is defined as

P2(0)
P] (0)

(A3)

We obtain the Kubelka-Munk function by solving Eqs.
(Al) and (A2) as

L (1 r)—
S 2r

(A4)

Equations (A 1) and (A2) are applicable when the
transmitted light is sufficiently stronger than the light
reflected by each powder particle, namely a weak-
absorption limit. In the case of strong absorption (large
IC), however, the transmitted light intensity is no longer
given by 1 —Ed /2, where d is the size of powder particle.

Generally, the reAected light cannot be distinguished
from the transmitted light in the diffuse reAection pro-
cess, because both of them are included in the scattering
process. The absorption coefficient K should be replaced
by the product of the absorptive power A and S. The
sum of reflection R and transmission T ( G =R + T) is
given by the subtraction of 2, namely G =1—A. The
direction of light energy becomes opposite at the rate of
GS/2 in the diffuse reAection process. The remains of
scattered light GS/2 are unchanged in the direction of
light energy. Therefore, new versions of the equations
are given as
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APPENDIX: DERIVATION OF EQ. (I)

The diffuse reAection spectrum is known to be
transformed into the absorption spectrum by the
Kubelka-Munk function in the case of powder material
with the isotropic and weak-absorption coefficient and a
particle size greater than the wavelength of incident light.
In order to reconsider the diffuse reAection process, we
assume that the region z (0 is filled with powder. An in-
cident light passes into the powder in the —z direction.
Usually, the derivation of the Kubelka-Munk function

dP2(z) G G
A +—SP2(z)+ SP, (z) . —

dz 2 ' 2
(A6)

R+T=G=
(1+r)

(A7)

This equation is valid in any case of powder material with
isotropic absorption coefficient and the particle size
greater than the wavelength. In the limit of r =1, R + T
approaches unity.

In the weak-absorption limit, 2 is given by
1 —exp( ICd,„/2), where d,„—is the average thickness of
powder particles. Inserting the value of A into Eq. (A7),

From the solution of the above equations at z =0, we ob-
tain the equation
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we obtain the equation exp( —Kd,„/2)=4r/(1+r) . In
the limit Kd,„((1,Kd,„ is given by (1 r)—/2r. If d,„ is
assumed to be d/2, 5 is given by 1/d, „. Finally, we ob-
tain the relation

K (1—r)
S 2r

This is the Kubelka-Munk function.
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