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Spectrum emitted by hot electrons in p-i-n cold cathodes
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A model is put forward, which gives both the intensity and the spectrum of faint light emitted by hot
electrons. The model follows from the application of the classical concept of radiation from accelerated
charges to electron-phonon collisions. A comparison between the model and the experiment is made for
hot electrons in p-i-n cold cathodes. The expression for the radiation emitted by a single electron-
phonon collision is included in a Monte Carlo calculation of the energy distribution of the electrons. It
is found that both the theoretical spectrum and intensity of the emitted radiation are in fair agreement
with experiment. The shape of the spectrum is mainly determined by the distribution function of the hot
electrons, but the two are not identical. It is found that the intensity of the emitted light scales with the
current through the p-i-n emitter over several orders of magnitude.

I. INTRODUCTION

In recent years, light-emission microscopy has become
an important tool for the failure analysis of integrated
circuits (IC's). ' Its value derives from its ability to
measure the location of light emission in the interior of
an IC. For a long time its use was rather limited due to
the very low light levels emitted by IC's, but the intro-
duction of powerful image intensifiers has greatly
broadened the area of applications. It has been shown
that not only the location of light emission, but also its
time dependence and spectral content, provide useful in-
formation. In almost all cases, energetic (hot) electrons
are responsible for the phenomenon of light emission, but
at present the nature of the light-emission process is not
completely clear ' (bremsstrahlung, interband transi-
tions, recombination). Further insight into the behavior
of the IC under test can be obtained from a better under-
standing of the light-emission mechanisms. In this paper
the classical concept of electromagnetic radiation emitted
by an accelerated charge (bremsstrahlung) is applied to
electron-phonon collisions. This concept is dealt with in
detail in Sec. II and the Appendix. p-i-n cold cathodes
constitute an ideal test system for light emission, because
the n layer is much thinner than the wavelength, so that
interference eftects can be neglected. Also, the fairly uni-
form electric field across the i layer gives rise to an ener-

gy distribution of hot electrons which is fairly uniform
across the i layer. Experimental details are given in Sec.
III. In Sec. IV the experimental results are presented and
discussed within the framework of the theory outlined in
this paper. The main conclusions are stated in Sec. V.

II. THEORY

A. The emitted spectrum of one scattering event

Consider a nearly free electron with velocity v; and en-

ergy E, (measured from the bottom of the conduction
band). Such an electron has a finite probability to emit
photons. This probability is determined by the (nonradi-

ative) collisions through which the electron loses its ener-
gy. It is clear that only a quantum field theory of the
second-order electron-phonon-photon interaction (when
the electron loses its energy mainly to phonons) can lead
to a correct expression for the spectrum and its intensity.
However, here we propose the following expression for
the radiative spectrum, based on a semiclassical ap-
proach:

2~1/2

Q (E„bu, v) =
3

bu for h vE(, ,
3c 7TEp

and zero otherwise. Q (E„b,u, v)d v is the electromagnet-
ic energy emitted in the frequency range (v, v+dv) by an
electron of energy E„which undergoes a velocity change
Av in one scattering event; e is.the magnitude of the elec-
tron charge; e„ is the relative dielectric constant of the
material in which emission takes place; c is the speed of
light; and ep is the permittivity of vacuum. EU is the
magnitude of the change in electron velocity caused by
the collision and defined by

bu=ivf —v, i,
where vf is the electron velocity after the collision. The
semiclassical treatment, which is described in the Appen-
dix, is based on the assumption that radiative emission
from accelerated charges (see Ref. 10) can be applied to
the charge acceleration, for example, in electron-phonon
collisions. Equation (1) gives a general expression for the
magnitude and the shape of the spectrum emitted by an
energetic electron in a solid. The cutolf in Q(E„b,u, v)
arises from the fact that for photon energies above v,„
(v,„=E,ih, where h is Planck's constant) there are no
available end states for the electron (this is a quantum-
mechanical argument considering a collision process in-
volving a photon). When v,„is approached, the number
of available end states decreases because the electron
after the collision will be close to the minimum of the
conduction band. It is no longer correct to use Eq. (1) for
photon emission by such processes, because the density of
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states should enter the spectrum [in fact, it does so in Eq.
(1), but in a very crude way]. It is therefore expected that
close to v,„the spectrum will deviate from the form pro-
posed in Eq. (1) by a factor such as D (E, —hv)/D(E, ),
where D(E, ) is the electron density of states. In the
remainder of this paper we assume that the predominant
scattering process is the electron-phonon interaction.

At the least, Eq. (1) is expected to yield reasonable re-
sults when the time between collisions is greater than, but
still of the order of, the duration of a collision. For Si
this holds when E, ~ 0.5 eV. Here reasonable means that
the spectrum is of the right order of magnitude and that
its shape is fairly constant (at least within a factor of 2).
The actual spectra are an average of Eq. (1) over many
collisions and different electron energies and their shape
is more determined by the energy distribution of elec-
trons n (E, ), than by small variations in the shape of
Q(E„b,u, v). Larger deviations in the shape of
Q (E„bU, v) can be expected for photon frequencies close
to v,„because the density of states starts to play a role.
However, as is shown in later calculations, inclusion of
the factor D (E, —h v) /D (E, ) has a minimal infiuence for
the spectral range considered in this paper.

For low photon frequencies the validity of Eq. (1) can
be questioned when its magnitude becomes comparable
with the intensity of a blackbody at the lattice tempera-
ture. This is because it is assumed that the photons, once
produced by the electrons, have no further interaction
with their environment other than by absorption. It will
be shown in Sec. II B that, depending on the experimental
conditions, the intensity derived from Eq. (1) becomes
comparable with the intensity of a blackbody at 400 K
for photon energies between 0.4 and 0.8 eV. Also, recom-
bination radiation at the gap energy (for semiconductors)
can be much larger than the contribution of Eq. (1).
Therefore it is expected that, in the case of Si, Eq. (1)
gives a proper description for photon energies above the
band gap. Around and below this energy the actual spec-
trurn can be higher due to contributions which are not
considered in this paper.

Integrating Eq. (1) gives, for the radiated energy,

contribution of the electric field.
Summarizing, Eqs. (1) and (3) are to be considered as

the minimum amount of radiated energy. From the
derivation presented in the Appendix it is to be expected
that light emission is a quite general phenomenon when
hot electrons are present.

b, v =v; +Ui+2U, U&cosg, (4)

where U, and U& are the magnitudes of v; and v&, and P is
the angle between these two. Averaging this expression
by assuming that all values for P are equally probable,
and that for E, larger than 1 eV v, and v& are about
equal, yields

v2=2v

Here an overlined quantity indicates an average. For
an energetic electron in Si, the velocity is estimated by
the usual nonparabolic band approximation

2E, (1+aE, )
VI 2

with +=0.5 eV
( I+2aE, ) m *

where m* is the effective electron mass. For E, ~ 1 eV
the term in front of I/m" on the right-hand side of Eq.
(6) approaches 1 eV and the estimate for the velocity of
an energetic electron becomes

V1 2am *
—1 76X10 m /s (7)

B. Estimate of the spectrum and the emitted power

The following estimates serve to show that hot elec-
trons emit an easily detectable amount of power, much
larger than a comparable blackbody, which is proportion-
al to the electrical current, whereas the spectrum is main-
ly determined by n(E, ), provided that n (E, ) shows a
stronger dependence on E, than the other quantities ap-
pearing in the integral of Eq. (9). To evaluate b, v, the fol-
lowing expression is used:

~ 2~1/2
2E„~= Av

3C ATE'0
(3)

where for m * the free-electron mass is substituted. Com-
bining Eqs. (3), (5), and (7) gives

E, z-—0.6X10 E,e'
In subsequent Monte Carlo calculations, electrons are

followed along their path and the radiated energy and the
spectrum are determined by summing up contributions
according to Eqs. (1) and (3) for each phonon collision
taking place. Impact ionization collisions are included in
the Monte Carlo simulation, but they are not considered
for the light emission because their occurrence is relative-
ly rare. Subsequent phonon collisions of electrons gen-
erated in the impact ionization are included in the light-
emission calculations.

Between collisions the electrons are continuously being
accelerated by the electric field. It is calculated that for a
p-i-n device the acceleration produced by a field of 10
V/m gives at least a factor of 1000 less radiation than the
amount produced by the acceleration due to electron-
phonon collisions. It is therefore safe not to include the

This is the average energy an electron emits when it
emits or absorbs an optical phonon. As expected, only a
very small fraction of the energy is radiated. It is irnpor-
tant to note that this energy is not simply emitted as
low-energy photons. According to the spectrum given by
Eq. (1), there is a definite possibility that photons with an
energy up to E, are emitted. However, at higher photon
energy their number decreases, since the total energy in
each frequency interval remains constant. Integrating
the number of photons [this is Q(E„hv, v) divided by
hv] from 1 eV upwards and taking E, =2.5 eV and

=4 gives 2.3 X 10 for the number of emitted pho-
tons in the corresponding frequency interval. So one out
of 4.3 X 10 phonon collisions gives rise to the emission of
a photon with an energy between 1 and 2.5 eV.
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I(v)=
2g 2~1/2

3C 'JT'EO
3

f n(E, )dE

~ef-phe f n (E, )dE
0

(10)

Here the first term on the right-hand side is the aver-
age "strength" of the spectrum emitted in one collision,
the second term is the number of collisions per second
(equal to the number of collisions per electron times the
number of electrons per second), and the last term deter-
mines the shape of the spectrum. The emitted power is
obtained by integrating the spectrum:

I,18'=2. 3X10 ' E, .
e

Here we used the previous estimate for hv and
=4. This expression can simply be interpreted as the

1/2

number of collisions times the average energy emitted in
one collision. Entering numbers applicable to the p-i-n
devices, l =50 nm, A,,& h

= 1 nm, and E, = 1.3 eV, gives

W=aoI,
&

with ao=1.55X10 W/A . (12)

In a p-i-n device carrying an electric current I„ there
are electrons of different energies, and each electron ex-
periences many collisions while traversing the device. In-
tegrating over all collisions gives, for the intensity of the
spectrum,

e~V „e„'~Av n (E, )v, (E, )I(v)= dE, .
hv A.„„(E,)

V is the volume of the p-i-n emitter having an active
length l. Assuming that Av, e„, v„and A,,& „h have a much
weaker energy dependence than n (E, ), the above expres-
sion reduces to

Here it is assumed that a point source in the medium
emits isotropic radiation I,(v). The spectrum arriving at
the detector is denoted by Id(v), n is the (freque'ncy-
dependent) refractive index, k is the imaginary part of the
square root of the dielectric constant, d is the length to be
traveled to reach the interface, and 0, is the solid cone in-
side the medium that reaches the detector:

0, =arcsin NA /n . (14)

For the case of NA equal to 1, 0, is equal to the critical
angle. The first term on the right-hand side of Eq. (13) is
the transmission at normal incidence divided by 2. For Si
the refractive index is rather large and therefore the
transmission remains approximately constant up to the
critical angle. The solid cone is responsible for the factoj.
of 2 and the second term, whereas the third term ac-
counts for absorption. Because L9, is rather small for Si,
the distance to the interface has been approximated by
the same value for all light rays. Since the refractive in-
dex depends on photon frequency, Eq. (13) implies both a
distortion of the spectrum and a considerable reduction
in intensity. Comparing the spectra for different NA's in
the range 0.2—0.8, it is found that detected intensities
change, but the shape of the spectra is not noticeably
affected. It is pointed out that in most work on photon
emission by hot electrons the efFects of Eq. (13) are
neglected.

the numerical aperture (NA) of the detector, refiection at
the interface, and absorption. When the medium of the
detector is air, the following spectrum will be detected:"

Id(v)= [1—cos(8, )]exp — I, (v) . (13)
2n 4~kd

(n +1)

E, is determined from the energy distribution of hot elec-
trons calculated with the Monte Carlo code for an ap-
plied voltage of 7 V on the p-i-n device.

To make an order-of-magnitude comparison with
blackbody radiation, we assume for the moment that the
power given by Eq. (12) is emitted as a spectrum with
constant intensity up to 1 eV. Then the value of this in-
tensity has the same numerical value given by Eq. (12).
The electrical currents used in the p-i-n device are be-
tween 10 and 10 A. The intensities calculated for
these currents are compared with a blackbody at 400 K
with an area of 10 ' m (the upper limit of the p i nde---
vice). It is found that the two have equal intensity at 0.4
eV (for 10 A) a,nd 0.75 eV (for 10 A). Since the in-
tensity of the blackbody falls so rapidly with increasing
frequency, it can be concluded that above 1.0 eV the
spectrum of a p-i-n device is several orders of magnitude
larger than the spectrum of a blackbody at a (an already
increased) temperature of 400 K.

C. The detected radiation

When radiation is generated inside a medium, and the
detector is in another medium, only radiation lying
within a cone determined by the critical angle will be able
to cross the interface. The intensity is further reduced by

III. SIMULATION AND EXPERIMENTAL DETAILS

A. The Monte Carlo code

The computer simulation is performed with a slightly
adapted version of the Monte Carlo code developed by
Tang and Hess. ' The electrons, which move in the sil-
icon band structure, are subject to an external electric
field, to phonon scattering, and to impact ionization. For
each value of the external electric field the motion of
3000 electrons is calculated. More details can be found in
Refs. 12—14.

B. Spectra

The experimental setup shown in Fig. 1 is used for
measuring the spectrum of light emitted by the DUT (de-
vice under test). The sidearm starting with the prism is
mounted on a modulo pack of a Leitz microscope. The
movable mirror is mounted inside the modulo pack,
where it can be moved in the optical path to divert the
optical beam to the sidearm. This setup is described
more fully in Ref. 15. A spectrum manifests itself as a
bright line on the image intensifier, where each pixel cor-
responds to a certain wavelength. The gain of the image
intensifier is variable between approximately 70000 and
700000, and cooling is employed to reduce the noise of
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removable
mirror

Pf IslTI lens image
intensifier

layer 10 nm thick. The inset in Fig. 2 displays a cross
section of the device; more details can be found else-
where. ' The I-V characteristic in Fig. 2 shows the onset
of breakdown at a reverse bias of approximately 6.5 V,
giving rise to a strong current increase. All measure-
ments are performed with the p-i-n devices at room tem-
perature and negative (reverse) bias voltage.

the image intensifier. Before starting a measurement, a
narrow-band optical filter is used to position the micro-
scope in such a way that the transmitted wavelength ar-
rives at the corresponding pixel. This is important, since
any angular deviation of the beam entering the prism re-
sults in a shift of the spectrum. Also, the prism can be
moved in and out of the light path in order to check the
direction of the incoming beam.

A measurement is done by averaging the picture on the
image intensifier with a computer-controlled image pro-
cessor. In the same manner a background picture is tak-
en with the optical source switched off. After subtracting
the background the image is converted into a spectrum.
This involves calibration tables including, for example,
the prism properties and the spectral sensitivity of the
image intensifier. The latter mainly determines the spec-
tral range of 400 (3.15 eV) to 900 nm (1.40 eV) covered by
this setup. The calibration tables have been obtained by
measuring the calibrated spectrum of a halogen lamp and
by measuring a blackbody radiator at 773 K. The abso-
lute intensity scale was derived from the total emission of
a p-i-n device measured with a photodiode placed directly
on top of it. The dependence of the gain of the image
intensifier on control voltage was measured separately. It
is estimated that these calibration procedures give an ab-
solute intensity which is accurate within a factor of 2.

C. p-i-n cold cathode

The cold cathodes used here are Si devices consisting
of a B-doped p layer, a 45-nm intrinsic (i) layer and a top
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FIG. 2. I-V characteristic of a p-i-n cold cathode for reverse
bias. The inset shows a cross section of the device.

objective

V
I I DUT

FIG. 1. The experimental setup including microscope and

sidearm, which contains prism, lens, and image intensifier.

IV. RESULTS AND DISCUSSION

A. Shape of the spectra

In Fig. 3 measurements at different voltages are com-
pared with theoretical calculations. In the Monte Carlo
code the contribution of each collision to the spectrum is
summed up. Subsequently Eq. (13), with the omission of
the absorption term, is used to calculate the spectrum in

air. Both calculations and measurements are normalized
at 2 eV. It can be seen that there is good agreement be-
tween theory and experiment. At 7 and 4 V two sets of
theoretical curves appear; one is calculated as described
earlier and in the other the term containing the density of
states [as was suggested in the text preceding Eq. (3)] is

included. At 7 V this gives a slightly better agreement
for photon energies above 2.6 eV. At 4 V there is no
significant difference between the two theories at the
higher photon energies. At 4 V the intensity of the emit-
ted light is very low, resulting in a higher noise level.
When the spectra at different voltages are compared it is
observed that they only show small differences, both ex-
perimentally and theoretically. This is shown in Fig. 4.

Figure 5 stresses the importance of including Eq. (13)
(without absorption term). Calculations performed for 7
V are shown, one curve includes Eq. (13) (labeled in air),
the other omits it (labeled in Si). The shapes of the two
spectra differ significantly, leading to an intensity
difference of more than a factor 2 at 3 eV. In compar-
ison, including absorption leads to a decrease of only
17% at 3 eV, and this results in a minor change in the
shape of the spectrum as is exemplified by the curve la-
beled "with k." Also, the inclusion of the density of
states results in a minor change, but of opposite sign, giv-
ing an increase of around 30% at 3 eV. In subsequent
calculations we will omit the effects of absorption and
density of states.

The theory of Sec. II suggests that the shape of the
spectra is related to the energy distribution function of
the electrons. If the simplifications made in arriving at
Eq. (10) are justified, then the spectrum is proportional to
f &

n (E, )dE, whereas in other work on hot electrons ''

it is often assumed that the spectra have the same shape
as n (E, ). In Fig. 6 the calculated spectrum in Si is com-
pared with calculations of n (E, ) and J &

n (E, )dE, all of
which are performed for a reverse bias of 7 V. It can be
seen that the spectrum and the quantities involving
n(E, ) all have a different shape. n(E, ) and its integral
are quite similar above 1.75 eV. Below 2.1 eV the calcu-
lated spectrum coincides with jh" n(E, )dE, but above
2. 1 eV the calculated spectrum in Si decreases more rap-
idly. As was shown earlier, the calculated spectrum in
air decreases even more rapidly. The same behavior is
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FICx. 3. Measured and calculated spectra normalized at 2 eV. (a) Reverse bias of 7 V, (b) reverse bias of 6 V, (c) reverse bias of 5 V,
and (d) reverse bias of 4 V. In (a) and (d) a calculation incorporating the effect of the density of states D (E) is also displayed.

found for other bias voltages. It is concluded that for the
spectral range shown in Fig. 6 the shape of the measured
spectrum corresponds neither with n (E, ) nor with its in-
tegral. This invalidates the frequently made conjecture
about the relation between spectra and n (E, ) made in the
literature. The estimate in Sec. II C is also too coarse for
an accurate description of the spectrum (in Si). It is
somewhat surprising that the discrepancy occurs at the
highest photon energies, where n (E, ) shows the strong-
est decrease, since here the assumption that n (E, ) shows
a stronger dependence on photon energy than the other
quantities in Eq. (9) seems most easily be fulfilled. The
implication of these findings is that if a temperature is de-
rived from the high-frequency tail of the measured spec-
tra, it is bound to be too low when compared with a tem-
perature derived from the high-frequency tail of n (E, ).
This is caused by the difference in shape between the cal-
culated spectrum (in Si) and the electron density on the
one hand, and the deformation of the spectrum when it is
emitted from Si into air on the other. One of us (H.B.) re-
ported about the inadequacy of the temperature concept
for hot electrons. '

B. Absolute intensities

The absolute intensities of the spectra are plotted in
Fig. 7, where they are compared with theoretical calcula-

tions obtained by multiplying the theoretical data by the
measured current. No fit parameters are used. The mea-
sured intensities are larger than the theoretical curves (in
air), but the difference becomes smaller for lower voltages
(and currents). Below the breakdown voltage leakage
currents exist, which probably do not give rise to the
same type of light emission as discussed here. Therefore,
the currents used to multiply the calculated spectra can
be too large at the lowest current levels, which could
make the better correspondence between intensities at
lower voltages fortuitous. In any case, the agreement be-
tween intensity levels is within an order of magnitude,
which is not unreasonable in view of the assumptions
made in the derivation of Eq. (l). It is clear from Fig. 7
that the intensity measured in air is two orders of magni-
tude less than the one generated in Si, and the measured
intensities are always in between. Although the emission
of one particular collision event has a maximum emission
probability in a direction perpendicular to b, v (according
to classical electrodynamics), the directions of hv show a
random distribution. Therefore, the emitted radiation in-
side Si is not expected to show a particular direction
preference, leading to a larger intensity emitted in air.

Figure 8 displays a double logarithmic plot of the total
intensity in the range 1.4—3.05 eV against the electrical
current. The theoretical intensities are obtained by in-
tegrating the theoretical spectra over the same energy
range. Theory predicts a linear relation between current
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FIG. 4. Comparison of spectra: (a) experimental spectra; and
(b) theoretical spectra.

This discrepancy cannot be explained by leakage
currents, since these are only apparent at low currents.
As the theoretical results show, the small change in the
shape of spectra does not cause a change in linearity.
Also, it is observed that different samples show the same
behavior at higher currents, whereas the differences at
low currents can be ascribed to leakage currents. Effects
of series resistance and power dissipation are expected to
increase rapidly at the highest currents and are therefore
not good candidates to explain the observed behavior. At
the moment we fail to understand the discrepancy at
higher currents. Tentative explanations are effects of mu-
tual interactions of electrons (e.g., space-charge effects),
which are disregarded in the model, or systematic devia-
tions in the experimental determination of the intensities.

and emitted power [Eq. (12)j, and this is confirmed by the
theoretical curve (which is based on the Monte Carlo cal-
culations). In contrast, the experimental curve at the
higher currents is fitted by

8' =5. 8 X 10-'I'" (15)

"in air b

10
C

10

10
1.40 'l.65

I I I

1.90 2 ~ 15 2.40

photon energy (eV)

2.65 2.90

FIG. 5. Calculated spectra for 7 V reverse bias showing the
effect of various approximations: (a) spectrum within the medi-
um; (b) spectrum in air, no absorption; (c) spectrum in air, in-
cluding absorption; and (d) spectrum in air, including density of
states.

V. CONCLUSIONS

The spectra of light emitted by reverse-biased p-i-n de-
vices have been measured for different bias conditions.
The shape of the spectra is accurately described by a
model based on the classical bremsstrahlung concept ap-
plied to electrons interacting with optical phonons.
Within an order of magnitude this model also explains
the intensity of the emitted light. When light is detected
outside the device, not only is its intensity reduced by two
orders of magnitude, but the spectrum also changes
shape. The shape of the spectra does not coincide with
the energy distribution function of hot electrons. The
model deve1oped here can be applied equally well to other
devices where hot electrons come into play.

Note added in proof. Recently two references have
come to our attention which are relevant to this paper.
The first reference of Lacaita et al. ' critically discusses
the concept of bremsstrahlung as treated by Figielski and
Torun. We want to remark that our treatment of brems-
strahlung accounts for the discrepancies noted by Lacaita
et al. : it gives the right order of magnitude for the inten-
sity; it is not dependent on impurity concentration and it
shows no temperature dependence. The treatment of
Bude, Sano, and Yoshii is the quantum-mechanical ver-
sion of our approach for the indirect phonon-assisted
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APPENDIX

Here we want to justify Eq. (1). There are two ways to
proceed: one is to consider all possible collision processes
in which photon emission is allowed and calculate the
transition probabilities by evaluating the proper matrix
elements according to quantum mechanics; the other is a
classical approach in which the acceleration a (due to col-
lision processes) of the electron is used to determine the
radiated energy. According to the correspondence prin-
ciple, the two approaches should yield the same results
for high electron energy. The classical approach was
used by Kramers' for the calculation of the continuous
x-ray spectrum, and by Figielski and Torun to calculate
light emission from hot electrons scattered by charged
impurities. In both cases the mechanism for light emis-
sion is the acceleration of the electron charge. Here too,
we will follow the classical approach, but unlike Figielski
and Torun the acceleration a will be determined from the
predominant scattering process. Classical electrodynam-
ics predicts that a nonrelativistic electron subject to an
acceleration a emits radiation at a rate of

2dE e
(A1)

dt 6c ~so
where a is the magnitude of a, E is the energy of the emit-
ted radiation, and e„ is the relative dielectric constant of
the medium in which the emission takes place. In order
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to determine the spectrum, a has to be known. We start
with an ansatz for the acceleration of an electron during
a collision, and from the calculated spectrum for this
specific case an educated guess is made for the spectrum
in the general case, where the specific choice of the ansatz
wi11 no longer play a role. The ansatz is that the direc-
tion of a is constant and that its magnitude is given by

a (t) =ao for —0.5rd ~ t ~ 0.5rd (A2)

and a(t)=0 otherwise. Here rd is the duration of the
collision. Substituting this into Eq. (Al) and integration
over time yields the total amount of radiated energy:

e
(A3)

6C ATE 0

To find the frequency components in Eq. (Al), the
Fourier transform A (v) of a (t) is used in a manner simi-
lar to Kramers. ' A direct calculation gives

sin(~r, v)
A (v)=Du (A4)

7TTd v

and the velocity change hu is given by

Au =ao~d (A5)

It is important to note that the velocity change can be
different from zero, even if the magnitudes of the veloci-
ties before and after the collision are equal.

We now use Parceval's theorem

f a (t)dt=2f IA (v) dv (A6)

to obtain an expression for E„d in terms of an integral
over v. Also, E„d can be found by integrating the spec-
trum, yielding the following equality:

22
el~2 f I

A2(v)Idv= f Q(E„v)dv .
6c ~op 0

(A7)

Evocating the correspondence principle in a manner
similar to Kramers, ' the solution

2

Q(E„v)=, e„'"Ia'(v)I
3c &Ep

(A8)

E,~d=A . (A 10)

The maximum collision duration is determined by ~„
the time between collisions. Assuming that (on the aver-
age) between collisions an electron gains an amount of en-
ergy equal to the amount it loses by the collision, it is
found that

eE~, u; =E h=8X10 ' J . (A 1 1)

is interpreted as the emitted spectrum. Substituting the
expression for A (v) gives

e'e„'",sin'(~~„v)
Q (E„b,u, v) = hu (A9)

3c neo (777 d V )

Now an estimate for ~d will be made. During the col-
lision the energy of the electron is not well defined and
the maximum uncertainty is E, . Using the uncertainty
relation for time and energy, the minimum collision dura-
tion can be estimated as

Here E is the electric field, and in the approximation
we used a phonon energy of 0.05 eV. Substitution of
E = 10 V/m and the value derived in Sec. II for the elec-
tron velocity of energetic electrons gives

z, =1.2X10 ' s . (A12)

At E, =1 eV, ~, is a factor of 2 larger than ~d. There-
fore, at the least Eq. (A10) is considered to give the
correct order of magnitude when E, ~0.5 eV. Another
estimate of the collision time is found by taking the time
an electron needs to travel one wavelength (determined
by its wave vector). Apart from a factor m. , this gives the
same result as Eq. (A10), but the whole concept of a
definite wave vector for a particle experiencing collisions
within a few wavelengths becomes questionable, and the
wave vector may no longer be a good quantum number.
Therefore, the energy argument used above is at present
the best one we can come up with. Using Eqs. (A9) and
(A10), the spectrum becomes

2 1/2

Q(E„b,u, v)= hu
3C ATE'0

T

hv
2Ee

2
hv
2E,

(A13)

2 1/2

Q(E„hu, v)= hu for hv~E,
3C 7760

(A14)

and Q(E„hu, v)=0 otherwise. When Eq. (A14) is in-

tegrated, the emitted energy becomes

2~1/2
2E,~d

—
3

ku
3C 7TE0

(A15)

This expression is a factor 0.34 less than the amount
calculated from Eqs. (A3) and (A10) because the spec-
trum is truncated at v,„. Again, the difference depends
on the specific ansatz for a (t), but they all yield a factor
of the same magnitude (between 0.34 and 1). Therefore,
the total emitted energy given by Eq. (A15) is of the right
order of magnitude.

Energy conservation requires that the maximum pho-
ton frequency v,„equals E, /h. For frequencies far
below v,„ the spectrum is determined by the prefactor
Ithe first term in parentheses on the right-hand side of
Eq. (A13)], but close to v,„ the second term (involving
the sine) comes into play and it reaches a value of 0.91 at
v,„. Here the estimate of Eq. (A10) determines the value
at vm».

The small decrease of the spectrum toward v,„arises
from the ansatz for the time dependence of a. If the
square were replaced by a Gaussian or a Lorentzian, the
amplitude towards v,„shows some decrease, but as long
as we request that a (t) vanishes for times larger than rd,
this decrease is fairly small: for a (t) =aoexp( —tied ), it
is 0.61, and for a(t)=ao/[1+(2~t/rd)] it amounts to
0.73.

Here we will make the generalization that the prefactor
contains the essential physics and we therefore postulate
the following spectrum:
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