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Currently, the coherent-potential approximation (CPA) implemented via the multiple-scattering
theory of Korringa, Kohn, and Rostoker (KKR) gives the best first-principles description of the elec-
tronic structure for random substitutional alloys. However, the total energy has an important com-
ponent of electrostatic energy missing, namely, that arising from the correlation of charges with varying
atomic environments. We develop a "charge-correlated" CPA method (cc-CPA) which includes (some)
local environmental charge correlations within the KKR-CPA method. We investigate the cc-CPA en-

ergetics for several alloys and show that the formation energies are in better agreement with experimen-
tal results. These calculations show that the excess charge on a species is almost completely screened by
the first-neighbor shell. We then derive a simplified scheme to include the vast majority of the omitted
electrostatic energy from charge correlations which requires only a species-dependent shift of the poten-
tials within the original KKR-CPA method. We also discuss the ramifications on the electronic struc-
ture.

I. INTRODUCTION

The Korringa, Kohn, and Rostoker (KKR), multiple-
scattering theory implementation of the coherent-
potential approximation (CPA) has been highly success-
ful in describing the electronic structure and other prop-
erties of random substitutional alloys (RSA). Historical-
ly, the CPA was developed for tight-binding models
where the main interest was the effect of the random sub-
stitution on the electronic structure. Only after the CPA
was combined with multiple-scattering theory could a
density-functional theory of the total energy be developed
for RSA. ' For over a decade, calculations in many alloy
systems have shown this method to do a good job in
describing a variety of properties. In spite of these
successes, the KKR-CPA method has come under criti-
cism because it improperly neglects (by construction) a
possibly substantial electrostatic contribution to the total
energy coming from the correlation of single-site charges
due to the environment. Specifically, the charge density
on an atom depends on the occupation of the atoms that
surround it. The CPA, as a theory for obtaining
configurational averages, assumes that every type of atom
has the same charge density (i.e., the configurationally
averaged), independent of a specific environment, and
that each site on the underlying lattice is (charge) neutral
on average. For ordered, binary alloys, Magri, Wei, and
Zunger have shown that a charge on an atom is almost
linear with the number of unlike neighbors in the first,
near-neighbor (nn) shell. Assuming this empirical rela-
tion holds for any type of local environment, such a
correlation of charges with the nn environment leads to
additional electrostatic energy in the random alloy that is
not included within the standard CPA. Here, we show

how the effect of the correlation of charges with the local
environment can be incorporated into the CPA so as to
improve the description of the total energy of the random
alloy. Moreover, the analysis of the first-principles re-
sults allows us to construct an analytic model to under-
stand, for example, the charge distributions in the alloy
and further simplify the method.

To be more explicit, we must first define a notation
describing a random alloy and charge correlation. We
define the usual site-occupation variable g; to be l if the
site i is occupied by an 3 atom, otherwise it is 0 for a B
atom (we consider only the binary allow A, B, , for sim-
plicity). Thus, a random alloy is defined by a vanishing
pair-correlation function for all i', namely,

&;, =(g;g, ) —(g; ) (g', ) =c;(l—c;)&;, ,

where c; = ( g, ) is the average concentration of A atoms
on the site i The ( ). refer both to configurational
averaging and to averaging over species.

Similarly, the electrostatic correlation energy is pro-
portional to the charge-correlation function which is
given by ( EQ;b, Q@ ) —( b,Q; ) ( b, Q& ), where b,Q;
denotes the excess charge on the site i for an cx species.
With Z the atomic number of an n species, this excess
charge within a Wigner-Seitz cell, for example, is given
by

EQ;=Z —f d rp (r) .

The (imposed) charge neutrality of an alloy requires
(b.Q; ) =0 for the effective one atom per unit cell case
considered here. This neutrality condition forces the
vanishing of the term ( b.Q, ) ( b, Q& ) inherent in the
definition of the charge correlations. (We do not consider
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this term hereafter. ) The electrostatic energy of interest
1S

& aQ. , aQ„)
2,~ /R, —R, /

(3)

For the (standard) single-site CPA, the configurationally
averaged excess charges EQ; are defined as
hQA g;+ AQii(1 —g; ), with the b QA ~~~'s independent of
the configurations Ig; I. Therefore, the energy from in-
tersite charge correlations within the CPA vanishes since
(hQ;b, Q& ) is proportional to a,", which is zero fori' Be. yond the requirement of uncorrelated site occu-
pancies, an additional assumption has been imposed on
the charge correlations within the CPA, namely the ex-
cess charge on a site is independent of configuration, as
pointed out by Magri, Wei, and Zunger.

In this paper, we derive a CPA method which includes
these charge correlations (cc-CPA) in an approximate
manner based on the assumption that the excess charge
on a site is predominantly governed by the occupancy of
only the nearest neighbor environment. We allow the
charge on an atomic species to be a function of the num-
ber of unlike first neighbors. In a binary alloy, as a
consequence of the above and the use of density-
functional theory, each species has NI„„+1 different
charge densities, with Xl„„being the number of first
nearest neighbors; as a result the alloy system contains
2(Ni„„+1) components. For each atomic species the
range of densities corresponds to the different nearest-
neighbor environments. However, this does not require
the excess charge to be a linear function. Remarkably,
from the self-consistently determined charges densities
for several random alloys, we find this function to be
linear, in distinction to ordered alloys where it is almost
linear. Moreover, the excess charge on an atom is almost
proportional to the number of unlike first nearest neigh-
bors with only a very small offset.

While the resulting approach is still an effective one
atom per unit cell calculation, the parameter space for its
solution is rather large and can lead to a large computa-
tional effort. To determine a simpler computational
scheme we further investigate the consequence of the ob-
served linearity in the model. We show that within the
spirit of mean field, like the CPA, the cc-CPA can be re-
duced back to a two-component CPA but with a species
dependent shift in the potentials that reAects effective

I

charge screening in the random alloy due to charge corre-
lations. We call this simplified model the screened CPA
(scr-CPA). Our calculations of total energy based on the
scr-CPA yields 85 —95 % of the cc-CPA energy correc-
tions.

For these new models, we have calculated the forma-
tion energies for a range of (fcc) Cu, Zn, , alloys, as well
as the correction energies for (fcc) Cuo 50Auo 5o and (bcc)
Nio 50A10 50 to examine trends. Compared to the stan-
dard KKR-CPA results, the cc-CPA and scr-CPA ener-
gies are shifted to lower values and are closer to experi-
ment.

II. CHARGE CORRELATIONS IN A RANDOM ALLOY
AND THE cc-CPA

In this section, we explore our model that incorporates
charge correlations into a random substitutional binary
alloy, A, BI „where cz=c and c&=1—c are the con-
centrations of A and B atoms. At this point, we em-
phasize that we are still considering a random alloy:
every site has the same probability of being occupied by
an A atom. However, as pointed out by Magri, Wei, and
Zunger the absence of correlation in the site occupations
does not imply that charges of these atom are uncorrelat-
ed. By assuming that the charge density on an atom is a
function of the number of unlike neighbors, we capture
the major corrections. The binary alloy contains N] + 1

different charge densities for each species. The probabili-
ty that a site is occupied by a species o, and is surrounded
in the first shell by nz A atoms is

ng (%1 ng )P„=c B(N,„„,nA)cA c~ (4)

The function B(N, n)=N!In!(N n)! is —the usual bino-
mial factor. Now consider P ~, (s), the joint probability

A A

of having an a atom on site i surrounded in the first nn
shell by nA A's and of having a p atom on site j with
n~ A atoms in its first shell. The shell index s refers to
the separation of sites i and j and designates the shell of
which they are members. The form of P(s) depends on
this separation. For any neighbor beyond the fourth shell
in fcc and the fifth in bcc, P(s) factors into a product of
single-site probabilities, since sites i and j have no shared
nearest neighbors. (This is also true for the fourth shell
in bcc.) The general form for a shell s is

aJ8 n1+n2+n3 ~1+m2+nt3 n1+n2+n3P, (s)=c c& g B(m„n, )B(m2 n2)cA Cg ~n (n +n +6 g-)~n&n& a
1 2 sl j ng n2+n3

n
1 n2n3

where m2 is the number of nearest neighbors shared by
sites i and j, n2 of which are A' s. The number of other
atoms in the nearest-neighbor shell of sites i and j are
given by m I and m 3, respectively, with the corresponding
number of A atoms being n I and n3. The parameters for
fcc and bcc are given in Table I.

Having defined the single and joint probability func-
tions, we may write the energy per atom due to charge

e' ~Qo~Q,
2, R,
2 Pa@=

2 XN.XX~Q..
s an Pn'

EQii„

correlations, as expressed in Eq. (3), as a sum over shells
with distance R, from the central site and X, atoms per
shell, i.e.,
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TABLE I. For each neighbor shell s, the parameters m for
the joint probability P„„(s)given in Eq. (5) for a fcc and bcc
Bravais lattice. For s & 1 the sites are not direct near neighbors
and m&+m~, or m~+m3, equals the number of nearest neigh-
bors; for s = 1, you must add the one direct neighbor to get the
number of nearest neighbors.

m& m2 m3 m& m2

10
11

10
11

bcc

For all shells where the joint probability can be factored,
this average vanishes due to charge neutrality of the al-
loy. Note that this shows that long-range correlations
are zero, and that the corresponding electrostatic energy
has contributions from only a few near-neighbor shells.
In contrast, for an ordered system, this electrostatic term
has contributions from all shells, and is usually referred
to as the Madelung energy. The corresponding shift in
the potential for the species a with n A nearest neigh-
bors is

2
hV"„=— g N, Pg(s)

pg sPn' S

Note that these shifts are for the (N,„„+1) components
in the alloy for each species a. The energy per atom can
also be written in terms of these shifts, i.e.,

next to a B atom that we claim had no A nearest neigh-
bors. Although this fictious arrangement is included with
a small probability factor, it is hard to quantify the error
in the energy and other physical quantities. In other
words, we have not embedded a cluster nor have we done
a cluster CPA. We are concentrating on the effects of
charge correlations on the energy due to differing local
environments only, which should be dominated by the
omitted pieces of the electrostatics, not by the more sub-
tle changes in the electronic structure due to averaging
over particular types of physically realizable clusters.

In the past, such an idea has appeared for calculating
the phonon spectrum in random alloys. Phonon frequen-
cies, even for simple models, are poor if calculated within
the standard (single-site) CPA because the CPA averages
over all environments to get an "effective" force con-
stant. That is, the force between a particular atom on the
central site and its neighbor is not well represented by
this average. By including Auctuations in the diagonal
elements due solely to differing near-neighbor environ-
ments, Whitelaw has found that the description of the
photon spectrum is much better. That work is similar in
spirit to the approach taken here for electrostatic correla-
tions. Unlike the charges, however, the force between
two atoms does not depend on environment; but in both
cases the environment is crucial in determining the physi-
cal properties. More recently, Nikolaev, Roth, and
Vedyaev have reinvestigated how to obtain the electronic
Green's function for a small cluster embedded into a
CPA medium; that was used to study the same phonon
model and found even better agreement to the exact re-
sults. '

EiN= —
—,
' g P„b,Q „bV"„. (8) III. RESULTS

Within this model of the excess site charges being only
a function of the near-neighbor environment, Eqs. (7) and
(8) represent an exact solution. To perform self-
consistent, density-functional-based, electronic-structure
calculations for random alloys, we must combine this
electrostatic energy correction with the total-energy func-
tional for the KKR-CPA, as derived by Johnson et al. ,

'

generalized for (N, „„+1)components for each species a,
of course. The (N,„„+1)potentials for each species are
then determined variationally for this new total-energy
functional, as done for the two-component CPA by
Johnson et al. ' We call this combination the charge-
correlated CPA, or cc-CPA. This then completes the
prescription for conducting a self-consistent calculation,
albeit for a large number of components (which corre-
spond to the different environments). For a fcc binary al-
loy, for example, we have 13 types of A atoms (as well as
13 B's).

An important point to make here is that we have not
built any short-range order into the occupations, neither
regarding the occupation of the variants of A's and B's
nor of the A's and B's themselves. We have blurred the
fact that the CPA is a theory for the random occupancy
of sites by combining it with this correction. For exam-
ple, the cc-CPA includes the arrangement where an A
atom that we claim has all A nearest neighbors is sitting

The reason for the interest in charge correlations and
their contribution to the energy is that they may contrib-
ute an appreciable amount of energy to the formation en-
ergies for the random alloys. Formation energy is one
important quantity of interest when trying to understand
phase stability, for example. Ultimately, calculating for-
mation energies of ordered and disordered alloys within
the same approach and code would allow rigorous com-
parisons. Here, we focus on the improvement of the for-
mation energies of the random alloy for three fcc alloy
systems, Cu75Zn25, Cu50Zn5O, and Cu50Au50.

The fcc phase of Cu-Zn alloys is stable for Zn concen-
trations of less than 39%. The formation energies for a
range of Cu-rich, random alloys are shown in Fig. 1. For
comparison, we have plotted the old mufftn-tin (CPA-
MT) results of Johnson, et al. ,

' which underestimates the
experimental formation energies by roughly 30%. The
calculations using the atomic-sphere approximation
(CPA-ASA) differ from experiment by roughly 18%. The
cc-CPA-ASA results are indistinguishable from the ex-
perimental values. Clearly, while the ASA changed the
MT results for the better, the inclusion of the charge
correlations provided a significant improvement.

The origin of long- and short-range order in the proto-
typical Cu-Au system is yet to be completely understood.
We will not attempt this here, but show only the dramat-
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FIG. 1. The formation energy of disordered, fcc CuZn as a
function of Zn concentration. Squares are muffin-tin results.
All other results use the atomic-sphere approximation. Open
circles are standard CPA, closed circles are charge-correlated
CPA. Closed squares are screened CPA. Triangles are experi-
mental values from Hultgren et al. (Ref. 7).

ic effect that these charge correlations can have on the
formation energy of the random alloy. As shown below,
the charges in Cu5oAu5O are about twice that of CuZn al-
loys. Therefore, for the 50-50 alloy, the change from the
standard CPA-ASA to the cc-CPA-ASA is roughly a fac-
tor of 4 larger for CuAu than for CuZn, i.e., —5.3 mRy
versus —1.25 mRy, respectively. Keeping in mind that
the ordering transition temperature in CuAu is 683 K,
which is slightly larger than 4 mRy, this 5-mRy correc-
tion will be significant when describing the relative stabil-
ity of the random phase.

The excess charges as a function of number of unlike
nearest neighbors are shown in Fig. 2 for fcc Cu75Zn25
and Cu5OZn5O alloys at their respective equilibrium lattice
constants. Besides a small offset at zero unlike neighbors,
the plots are impressively linear. For the two, very
different, concentrations, the plots lie almost on top of
one another, which is an important confirmation of our
underlying premise that the nearest-neighbor environ-
ment was of primary importance. The only reason the
excess charges from the two concentrations are different
is that global environments differ and this shows up in
the offsets, as shown in the figure.

It is important to understand how the charges in the
random aHoy are distributed. The average charge on a
central site occupied by an a atom is

Eg (0)=QP„bg „.
In the alloy, when the charges are linear, the average ex-
cess charge b,g (0) of a species is the excess charge of
atom in the average environment. As for CuZn, we have
found that the charges are linear functions for all alloys
where we have used the cc-CPA. Now consider how the
charges are distributed around b, g (0). The effective

FIG. 2. The excess charges for atoms (in units of the elec-
tronic charge) which compose the charge-correlated CPA are
plotted versus unlike nearest neighbors for fcc Cu75Zn»
(crosses) and CusoZn, o (open squares). The open triangles which
intersect the lines are those obtained from the scr-CPA for 50%
Zn. The closed squares, triangles, and circles are the results
from standard CPA for 75%, 50%, and 25% Zn, respectively.
The. 25% Zn was not found for its equilibrium volume, but that
of 50%%uo Zn, which makes a small dift'erence.

charge per shell is defined as

b, g (s)= g P„g(s)KQ&„=1
~ nPn'

(10)

with the concentration prefactor required because the
central site is definitely an a atom. In a random alloy
with the charge on a site being determined by the nn lo-
cal environment, this average charge per shell is only
nonzero for the first-nearest-neighbor shell, because these
are the only sites that are directly correlated with the
central site. The sites in the other shells, although re-
sponsible for some of the correlation energy, are only
correlated with the central-site charge indirectly through
their mutual neighbors.

An example of our cc-CPA results, in random CuAu a
Eg (0) for the Cu site is +0.2058 electrons, whereas
b.g (s =1) is —0.2207 electrons. The offset found for
Cu in CuAu is —0.0144 electrons. (For the Au site,
these numbers are opposite in sign to four figures. ) Note,
if the offset were zero, then the first shell would complete-
ly screen the excess charge [simply subtract the offset
from hg (0)]. Of course, the individual sites in the ran-
dom alloy are still neutral on average. For the Cu-Zn al-
loys, while the charges are comparable, the offset is an or-
der of magnitude smaller and, therefore, the screening is
more complete. This behavior of the average excess
charge per shell b, g (s) will be useful in returning to an
effective, two-component CPA, as we show later.

In addition, the charges in an ordered calculation will
be similar to that found in the cc-CPA for an equivalent
environment. For CuAu, the standard CPA gave 0.14
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and the cc-CPA gave 0.21 for the average excess charges.
For the I. lo structure, there is only one nearest-neighbor
environment having 8 unlike neighbors. The excess
charge found from the cc-CPA for this environment is
0.28 electrons. This is much closer to the 0.31 found in
the ordered calculation. To obtain ordered alloy ener-
gies, the charge densities from the cc-CPA are obviously
better starting points for either starting self-consistent
calculations or inserting into the Harris-Foulkes energy
functions. In addition, the electrostatic energy
difference between the ordered and disordered states will
be substantially smaller.

The single impurity limit provides another point of
comparison. In Fig. 2, the standard CPA results can be
extrapolated to give roughly a 0.12-electron charge
deficiency of a zinc impurity in copper. This compares
nicely to the value of 0.124 electrons found by the Zeller
and eo-workers calculation of a single-site, Zn impurity
in bulk copper, where all charge densities remain fixed
except for the density of the single impurity atom. '
However, in an impurity calculation with the first-
neighbor shell included in the self-consistency, the zinc
has a deficit charge of 0.195 electrons. Almost perfect
screening is achieved within the first shell which contains
an excess charge of 0.204 electrons. ' From the cc-CPA,
we find a 0.199 charge deficiency of zinc with all unlike
nearest neighbors. A similar charge effect is also seen in
the calculations of impurities in nickel. Drittler et al.
have remarked on their importance for determining the
impurity formation energies. ' Amazingly, the excess
charges found in the ee-CPA provide fairly accurate
values for the impurity limit, primarily due to their (al-
most) concentration independence, as noted above. Thus,
the cc-CPA method yields central-site excess charges
which have a certain amount of transferability across the
entire concentration range.

IV. AN ANALYTIC MODEL

Clearly our results show that the excess charge is pro-
portional to the number of unlike near neighbors except
for a small offset. In this section, we investigate the
ramifications of forcing the excess charge to be strictly
proportional to the number of unlike nearest neighbors,
and then show the effect of the offset. With zero offset,
one can ask (and algebraically answer) several questions.
What is the shift in the total energy. Magri, Wei, and
Zunger, have answered this question for a random fcc al-
loy. A more detailed question is, given that a site i is oc-
cupied by an a atom, what are the average charges on
various shells b,Q (s)? This average shell charge van-
ishes for all but the first-neighbor shell where, surprising-
ly, it is equal in magnitude but opposite in sign to the ex-
cess charge at the central site, independent of the Bravais
symmetry. Analytically, when a nonzero offset is includ-
ed, the average charge on the first shell no longer exactly
screens the excess charge on the central site, as found in
the self-consistent results.

To see how these results arise, we let the excess charge
EQ „be given by —ao+A, (N,„„n)for a cen—tral-site A
atom and bo —A,n for a central-site B atom, where n refers

to the number of A atoms in the first shell. This
represents the linear dependence on number of unlike
nearest-neighbor atoms with an offset. Charge conserva-
tion [g c b, Q (0)=0] in the alloy requires that c„ao
equals c~ho. Using the definition of the effective charge
per shell, Eq. (10), and charge neutrality, one can show
with a little algebra that b, Q~(s= 1) equals—

A, (N,„„n—), which is —b, Q„(0) shifted by ao. Here, n
is the average number of 3 atoms, which is e&NI„„, it
defines the average environment and thereby the average
charge. Thus, with an offset there is no longer perfect
screening. An example of this effect was given in the cc-
CPA results above. The resulting expression for the ener-
gy within this little model can be derived similarly and it
has contributions in all shells where the joint probability
distribution cannot be factored, even though these aver-
age shell charges vanish.

V. MEAN-FIELD THEORY
OF CHARGE CORRELATIONS: THE scr-CPA

We can simplify the procedure defined by Eqs. (7) and
(8) to make it more amenable for use when it is combined
with the KKR-CPA. Specifically, in Eq. (8), let b, Q „be-
come independent of n by replacing it by the averaged ex-
cess charge on an atom, i.e., b, Q (0). We then obtain a
mean-field approximation to the electrostatic energy
correction, which can be written (per atom) as

(0)&Q (s)
gE scr

2

bQ (0)

a I

since EQ (s) is always zero for s & 1 and is —hQ (0) for
s =1. When added to the CPA, this mean-field approxi-
mation returns us to the two-component CPA but with
an additional shift in the potentials of

(0)gyscr e2
R 1

(12)

Thus, in a random alloy, an atom on a central site experi-
ences an average, effective-potential field which perfectly
screens, by the first-neighbor shell, the excess charge of
that atom. If, at the outset, we let the charges be in-
dependent of environment, as in the CPA approach, this
effective field is zero. The effective field is nonzero due to
the environmental dependence of the charges, where we
have explicitly accounted for only nearest-neighbor
correlations. Recently, Abrikosov et al. , have used this
potential shift" and based its use on the empirical evi-
dence from impurity calculations. ' However, their ener-
gy correction difFers from Eq. (11)by a factor of 2, which
is due to a double-counting error.

We refer to the method with this mean-field correction
included into the CPA electronic-structure approach as
the screened CPA, or scr-CPA. The scr-CPA includes a
majority of the charge correlations that were pointed out
as missing from the standard CPA. Just as importantly,
the scr-CPA consistently makes the same approximations
for the configurational averaging of the energy associated
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with charge correlations as it does for the configurational
averaging of the electronic structure. From this
viewpoint, it is best thought of as a mean-field approxi-
mation for the energy associated with screening of
charges in a perfectly random alloy, and, in distinction to
the cc-CPA, there is then no inconsistency of having not
embedded a cluster into a CPA medium to determine all
electronic properties.

What are we missing in this approximation? We are
forgetting, for example, about the restriction that a
central-site A atom, which has all A nearest neighbors,
cannot have a B in the first shell. Or, for a more compli-
cated example, a central-site atom having all A nearest
neighbors cannot have a second near-neighbor atom
which has all B nearest neighbors. In Eq. (8) such terms
are handled by the joint probability distribution. This
approximation also forces perfect screening by the first-
neighbor shell, and, therefore, does not allow any small
offset.

The excess charges within the scr-CPA are found to be
very close to those calculated in the average environment
in the cc-CPA calculations. For example, in Cu50Auso,
we find Egc„ to be 0.198 for the scr-CPA and 0.206 elec-
trons for the cc-CPA. The standard CPA gave 0.131
electrons for hgc„. Note the —0.014 offset in the cc-
CPA (in the linear relationship of the charge with the
number of unlike nearest neighbors) is the same size as
the difference between the scr-CPA and cc-CPA charges
but opposite in sign. This has been seen in all the cases
investigated so far. As expected, the scr-CPA excess
charges are very close to those of the average environ-
ment in the cc-CPA, and larger than those from the stan-
dard CPA.

How realistic are these offsets found in the cc-CPA?
There is no reason to think that an offset cannot exist. A
cluster of like atoms in a random alloy does not have to
be neutral, as found in the impurity calculations. ' This
offset could reQect this fact. The offsets could also be a
consequence of one of the approximations, such as not
really embedding a cluster in the CPA; the cc-CPA mod-
el makes an error in the electronic band-structure effects.
Whether those offsets we find are real or an artifact of the
model we cannot answer at this point. If the charges in
the scr-CPA were shifted by a small offset, it would do
little to change the energy. In the cc-CPA, the contribu-
tions to the energy in some shells beyond the first are not
insignificant, but are opposite in sign.

Albeit more approximate than the cc-CPA, the scr-
CPA has the advantage that its implementation is no
more difFicult than the standard CPA. We have used this
scr-CPA to calculate the same formation energies as dis-
cussed above and find that the scr-CPA captures at least
85 —95 % of the cc-CPA correction to the single-site CPA
total energy. As shown in Fig. 1 for equiatomic CuZn,
the scr-CPA gets 95%%uo of the correction. For equiatomic
CuAu, scr-CPA gets 89% of the correction, 4.7 mRy out
of 5.3 mRy. Finally, an even more dramatic correction is
found in the bcc NiA1 system, which is strongly ordering.
The energy shift from the standard CPA is 7.7 mRy.
Previous muon-tin-type calculations for the "ordering
energy" (i.e., the energy difference between the disor-

dered CPA and order B2 states) for bcc NiA1 found a
major discrepancy with an estimate from experiment. '

While the large correction in NiA1 found here explains a
significant portion of that discrepancy, the improvements
made by using the ASA in the electronic-structure calcu-
lations, specifically to obtain the Hartree contributions to
energy, will certainly be of some importance. This is un-
der investigation for both the fcc and bcc Ni-Al alloys.

The 5 —15 % discrepancy between the scr-CPA and the
cc-CPA arises from the neglect of the charge correlations
in the energy beyond the mean-field and, to a lesser ex-
tent, the small offset charge found in the cc-CPA. Unless
these electrostatic energy corrections are the order of 10
mRy, as in NiAl alloys, then the scr-CPA should be ade-
quate for energetics. If more details about the distribu-
tions of charges, moments, etc. , are required, then this in-
formation can only be obtained from the cc-CPA.

The large charge-correlation energy in NiA1 is predom-
inantly due to the larger excess charges in the system
(which is commonly, albeit erroneously, referred to as
larger "charge transfer"). Of course, the definition of ex-
cess charge is not unique. This is the common problem
within any calculation because there is not a unique as-
signment of space to particular atoms. Within density-
functional treatments, the standard CPA has but one
Wigner-Seitz cell size. Therefore, for any atom embed-
ded in the CPA medium, this cell defines the volume as-
sociated with that atom. Here, we are approximating the
polyhedral cell as a sphere which maintains the overall
volume constraint, i.e., the atomic-sphere approximation.

We note, however, that it is occasionally the practice
within ordered calculations which use the ASA to utilize
the extra degree of freedom, namely, the ratio of sphere
sizes of the different types of atoms, to minimize the ener-

gy or make the cells neutral (which many times are
equivalent). ' Even though there is no variational state-
ment regarding this procedure, this is done so as to im-
prove agreement with experiment or full-potential calcu-
lations. We wish to comment on this procedure when ap-
plied to CPA calculations, especially since an adjustment
of the scr-CPA to make each cell neutral seems attractive
because it would make the potential shift zero. For the
standard or screened CPA which determine
configurational averages via an effective atom approach,
the adjusting of sphere sizes is, in general, a physically in-
correct procedure. This is because the configurationally
averaged Hartree energy is determined from effective A-
and B-type atoms which when made neutral, for example,
does not reAect the true distribution of charges on atoms
in varying local environments and, therefore, the energy
drops to some unphysical value. ' To be specific, there
are some environments with an A atom surrounded by all
A's and it is roughly neutral already without adjusting its
sphere; while an A surrounded by all B's would have to
have its sphere radius severely adjusted. Each of these
possibilities occur with some probability and they have to
be properly averaged to get the Hartree energy, for exam-
ple. The effective atom approach within the standard or
screened CPA cannot perform this average correctly by
adjusting the sphere of the effective atoms. As a matter
of practice, if the excess charges are very small, such a
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procedure may yield reasonable results, but, in general,
this is not reliable. For the cc-CPA, which takes into ac-
count the varying environments and varying probabili-
ties, such a procedure would be similar to ordered calcu-
lation and may improve the description of energetics
compared to, say, a full-potential approach; however, the
additional degrees of freedom in the calculation make the
approach rather unwieldy, even though the sphere radii
can be roughly estimated from plots like those in Fig. 2.

VI. DISCUSSION

There remains some additional points to address in re-
gards to the two new approaches discussed here. Name-
ly, with all the past successes using the standard KKR-
CPA method in describing electronic structure and asso-
ciated properties, what modifications to the electronic
structure is found using these cc-CPA or the scr-CPA?
We have calculated the density of states and the spectral
functions (i.e., Fermi surface) for Cu~oZn~o and Cu~oAu~o
by all three methods. We have not provided a plot of
these quantities because there is little discernible
differences between the three methods. This is not to say
there are not any differences; there are small shifts due to
changes in charge transfer, etc. At this time, we just
have not found any physical properties that are unduly
affected by these differences.

Second, there remains some outstanding issues regard-
ing how to improve the description of the electrostatic
correlation energy in "full-potential" methods. Clearly,
there is no question that a single unit cell may be better
described by a potential that does not use a shape approx-
imation; however, this does not address how to incorpo-
rate the correlations discussed here. It is not obvious
how one generalizes these simple arguments and ideas to
a case which is not highly symmetric. For example,
higher-order multipole effects from the nearest-neighbor
screening may be of the same order as those coming from
eliminating the shape approximation on the central site.
Without a better foundation, it is not clear that a full-
potential CPA will improve the description of the ran-
dom alloy over the ASA. (Of course, here we are only
discussing metallic alloys or systems without highly
directional bonds. )

The two methods discussed here have advantages over
other approximate treatments of the electronic structure
of random alloys, such as the so-called special quasi-
random structure (SQS) method. ' For example, for
nonoverlapping, environmentally independent, point
charges the electrostatic corrections to the random alloy
energy is zero, as is found in the current model and the
standard CPA. This is not so of the SQS which uses suc-
cessively larger ordered unit cells to represent a random
alloy by approximating the zero site correlation func-
tions; in that case, it is a nonmonotonically, slowly con-
vergent approximation for the electrostatic energy. Also,
even for a binary alloy, the number of atoms in the or-
dered unit cell is large, making these types of calculations
more computational intensive than the effective one atom
per cell calculations in the CPA methods.

Furthermore, the extension of either the cc-CPA or

scr-CPA to handle ternaries, or a general n-component
alloys, can be easily done and without the concomitant
increase in the computational eft'ort needed for the SQS.
The extension of the cc-CPA is based on the premise that
the charge on an atom depends only on the number of
like nearest neighbors, regardless of what unlike atoms
occupy the other sites in the shell. The scr-CPA can then
be derived by the same factorizations, with the only
change for the standard CPA being the additional terms
:in the energy and the potentials, given by Eqs. (11) and
(12). In addition, the extension to a rnultisublattice CPA
can be obtained similar to the completely random case by
determining the proper joint probabilities for a given sub-
lattice occupancy and following the above arguments.

No one local environment in an alloy can fully screen
an excess charge on an atom. In a random alloy, only
through the configurational averaging do we obtain the
local screening described above. For an ordered alloy,
there is only one local configuration and it does not local-
ly screen any excess charges. Starting from the high-
temperature, random alloy, these short-ranged, charge
correlations (which locally screen the excess charges) be-
come longer and longer ranged until, at the ordering
transition, they extend throughout the alloy. The region
in which the screening takes place follows this correlation
length. Upon ordering, the long-ranged, electrostatic en-
ergy is commonly referred to as the Madelung energy.
This local screening in the random alloy had not been in-
cluded in previous methodologies of the KKR-CPA, but,
in either of the methods described here, they have been
included in an approximate way. The cc-CPA has the
advantage of describing a range of environments seen in
the alloy. And, as we have seen, this includes the impuri-
ty limit due to the almost concentration independence of
the excess charge as a function of environment. This im-
plies that the charges from the cc-CPA posses a certain
amount of transferability across the entire concentration
range and confirms the underlying premise that the
nearest neighbor environment is of primary importance.
The calculations are complicated, however, since the
number of components and computational requirements
grow. (The computational growth is linear in the number
of components since it is due mostly to calculations of the
wave functions. ) The scr-CPA returns the calculational
method to the simplicity of a single charge density for
each component, reproduces the average excess charge
found in the cc-CPA, and retains most of the energy
correction. The improved agreement with experiment
has shown the usefulness of these methods.
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