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The Eliashberg equations for superconductivity in a layered two-dimensional (2D) metal, taking into
account the interaction between an electron and an arbitrary boson excitation, are obtained. The theory
is applied to the case of a plasmon-mediated electron-electron interaction and it is shown that the in-

terelectronic Coulomb repulsion parameter p is connected with both the bare Coulomb interaction and
the single-particle excitation. An evaluation of this parameter shows that while remaining always posi-
tive, it decays with the decrease of the interlayer distance. It is also shown that the electron-plasmon in-

teraction in a layered 2D system leads to a logarithmic divergence of the renormalization factor Z(co) as
m —+0 and T—+0. This gives rise to a logarithmic dependence of A, pi, the electron-plasmon interaction
constant, on temperature for T) T, and a logarithmic dependence on the gap parameter 6 for T ((T, .
It is found that at small interlayer distance, i.e., for strong intelayer plasmon exchange, the cutoff fre-

quency for plasmon exchange reaches its maximum value at the Fermi energy EF, which leads to the im-
—1/A, ~portant conclusion that T, is proportional to c+e

I. INTRODUCTION

High-temperature superconductivity has been
discovered in a number of families of compounds.
Despite strenuous efforts directed in understanding the
various experimental investigations, the microscopic
mechanism for high-temperature superconductivity in
these compounds remains obscure. It is well known from
experimental facts that all of these compounds have a
layered structure characterized by copper-oxygen layers
in which the charge carriers are concentrated. It is also
known that high-T, superconductors exhibit a whole col-
lection of unusual properties in both the superconducting
and normal states, such as an anomalously weak isotope
effect, ' an increasing of T, in these compounds with
number of layers per unit cell, ' linear temperature
dependence of the resistivity in a wide temperature re-
gion in the normal state, logarithmic dependence of the
effective mass on temperature, etc.

This collection of the unusual properties of high-T,
compounds led to the various theoretical models to ex-
plain the high T, 's observed. Among the several poten-
tial nonphonon mechanisms proposed to explain the
dramatic increase in the superconductivity transition
temperature is the plasmon mechanism. Unfortunate-
ly, all of the known plasmon models suffer from a series
of drawbacks. In particular, the simple average over the

Fermi surface of the unscreened Coulomb interaction in a
pure two-dimensional (2D) case,

( V(k) ) = y
~r V(k)dk

+4pF —k

leads to divergence at the lower limit. This divergence
does not allow evaluation of the electron-plasmon in-
teraction constant. It is not evident how to calculate the
interelectron Coulomb repulsion parameter and how to
determine the cutoff frequency in a layered two-
dimensional system. These uncertainties are obstacles to
the development of the theory of the high-T, supercon-
ductors.

In this study we attempt to remove the drawbacks
enumerated above. In a related recent paper' we have
shown that in the framework of standard Fermi-liquid
approach the electron-plasmon interaction in a layered
2D Fermi liquid can lead to results which are similar to
the phenomenology of the normal state of a marginal
Fermi-liquid model. " In this paper we erst obtain the
Eliashberg equations for a layered 2D system where the
interaction between an electron and an arbitrary boson
excitation is taken into account. On the basis of these
equations, we show that the interelectron Coulomb repul-
sion parameter p is connected with both the bare
Coulomb interaction and the single-particle excitation.
Our calculation shows that this parameter decays with
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the decrease of interlayer distance. Next, we show that
the attractive electron-electron interaction due to the
plasmon exchange has a logarithmic divergence on fre-
quency, i.e., V(co)- lnco, which gives rise to a logarith-
mic divergence of the renormalization factor Z(co). This
in its turn leads to the logarithmic temperature depen-
dence of the electron-plasmon interaction constant A,

~
for

T ~ T, and the logarithmic dependence of the parameter
A, ,(b, ) on b„ the gap, for T « T, . This result is similar to
that obtained by using the phenomenology of the margin-
al Fermi-liquid theory. ' In addition, in this paper, we
have calculated the superconducting transition tempera-
ture due to the plasmon-mediated electron-electron in-
teraction and have shown that for small interlayer dis-
tances, i.e., for strong interlayer plasmon exchange, the
cutoff frequency for plasmon exchange reaches its max-
imum value =cz, which leads to the important result
that T, is proportional to cz.

II. ELIASHBERG EQUATIONS
FOR A LAYERED 2D SYSTEM

It is known that in the superconducting state the nor-
mal and anomalous self-energy components associated
with the electron-boson interaction are determined by the
system of integral equations'

&„(co„,p)= —T g G(co„,p —k)D(co„—co„,, k),
k, co

X, (co„,p)= T g F(co„., p —k)D(co„—co„,k),

co„+g +X„(—co„,p )
G(co„,p)=

Q(co„,p )

X, (co„,p)
F(co„,p) =

Q(co„,p )

(2)

and

A(co„,p) = [co„—gp
—&„(co„,p)]

X [co„+g +X„(—co„,p)] —[X,(co„,p)], (3)

where G and I' are the normal and anomalous electron
Green's functions; X„and X, are the normal and anoma-
lous self-energies, respectively; D is the boson Green's
function; co„'s are the discrete imaginary "frequencies";
and g (=a~ —E~) is the energy measured relative to the
Fermi energy with E =p /2m ' as the 2D single-particle
energy. Using the spectral properties of the Green's
functions G (co„,p), F (co„,p) and the self-energies
X„(co„,p) and X, (co„,p), we can go from (1)—(3) to the in-
tegral equations

d co, ImG(p —k, co, ) ImD (k, co')
X„(p,co) = —2 g 2K oo 2'k 6) +COi CO l 5

d co, ImF(p —k, co, ) ImD(k, co')
X, (p, co) =2 g 277 oo 2' CO +CO~ CO l6

CO( 67
tanh + coth

2T 2T

tanh + coth

(4)

These expressions apply to a system of any dimensions. Following Eliashberg, ' we know that in the isotropic case
the self-energies X„and X, are practically independent of p for p -p~. So we can neglect the p dependence in X„and
X, and consider that these functions depend only on co. Let us now introduce two new functions, the renormalization
parameter Z (co) and the gap parameter b, (co), to replace X„and X, :

X„=co[1—Z(co)], X, =Z(co)h(co) . (5)

First, we consider the second equation in (5). Using (2)—(4), we can represent the expression for the gap, for a layered
2D system with cylindrical topology of the Fermi surface, in the form

Z(co)b, (co)=
5 f dk, f f dco'dco)f k~~dk~~ f dP Irn

(2~)5 ~/c 0

Z (co, )A(co, )sgnco)

Z ( co, ) co, —b, ( co, )
~ll ll

ImD(k, co')
h

~t + h
co'

tanh + coth
co +coi co l 6 2T 2T

(6)

where k~~(k„k~ ) and k, are the momentum components in the plane and normal to the plane, respectively, and c is the
interlayer distance. The angular integration over P is determined by the residues of the poles of the denominator in (6)
and can be carried out analytically. For a 2D electronic spectrum, the result is

f 1r
d Im Z (co)h(co)sgnco

Z (co) co —b, (co)
[F (co)+F+(co)],

where
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F (co)= . 1—
4p

k
F+ (co) = 1—

4P'F

2 —1/2
2m *Y(co)

k

2 —1/2
2m *Y(co)

jc
II

1& 2m *Y(co)1—
2pF

1+ 2m *Y(co)

2pF k

with

Y(co) =Z(co)+co —b, (co)sgnco .

It will be seen later that the frequency dependence of F+(co) leads to the convergence of integrals at the lower limit.
Substitution of (7) and (8) in (6) and some straightforward manipulation give, for a layered metal,

F

r

6(co))sgnco) ~ ImD(k co') COj
X d co', '

. tanh + coth
+2(co )

—~ co +co) co l5 2T 2T
(9)

where

k+ =pFI 1++I+Y(co)/E~] .

Since all quantities in (9) other than the Green s function D (k, co) are independent of k„we can introduce an average
over k, on the boson Green's function as

D(k~~~, co)= f D( k~~,~k„co)d k, .
2K —~/c

Using (10) in (9) and the condition Y(co) (EF, we finally can represent (9) in the form

(10)

Z ( co )4(co ) = f d co' Re . &(co')

0 co' —6 (co')

I

X f dQS(O, co') tanh + coth
0 2T 2T

1 1

CO +CO+0+i 5 CO CO+0 l6

CO
tanh —coth

2T 2T
1 1

CO CO 0 l6 CO +CO Q+l5

where

2pF
S(fI,co')= — f, [F (co')+F+(co')] ImD(k, Q)dk .

(2~)'UF "~~'~~UF
(12)

Expression (12) represents the kernel of the electron-boson interaction in a layered 2D system. In (11) and (12) we
made the change of variables co, =co', co'=II, and k~~

=k. The equation for col I —Z(co)] given by the first equation of (5)
can be obtained by using the same consideration as in the derivation of (11). The results can be written as

I

co[1—Z(co)]= f dco' Re .
0 co' —b (co')

I

X f dQS(Q, co') tanh + coth
0 2T 2T

1 1

CO +CO+0+i 6 CO CO+A l5

Q+ tanh —coth
2T 2T CO CO 0 l 6 CO'+ CO

—A+i 6
(13)
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The system of equations (11)—(13) represents the
Eliashberg equations for a layered 2D system and, but for
the kernel of the electron-boson interaction (12), has the
same form as the 3D case. Here we should make a com-
ment regarding the upper limit of integration over co' in
(11) and (13). According to (11) and (13), all excitations
will give contribution to the normal X„and anomalous
X, self-energies, even those excitations the energy scale of
which exceeds the Fermi energy. However, it follows
from (9), which is an exact expression, that with the in-
crease of frequency co, the lower limit k (co) of the k~~

in-
tegration approaches k+(co), the upper limit. This hap-
pens when cu is comparable with the Fermi energy cF. So
for the upper limit of integration over co in the Eliash-
berg equations (11) and (13), we can use a cutoff frequen-
cy co which is comparable with Fermi energy cF. In the
framework of the isotropic 3D Eliashberg theory, the
cutoff energy parameter is not well defined. This fact
leads to uncertainties in the calculation of the supercon-
ducting transition temperature. Note that the kernel of
the electron-boson interaction (12) for a layered 2D sys-
tem is different from the well-known expression for the
kernel of the electron-phonon (electron-boson) interac-
tion in the framework of the 3D Eliashberg theory' in
that (12) depends on two frequencies. This feature has a
principal significance for both the superconducting state
and quasiparticle damping' in a layered 2D system.

III. INTERELECTRON
COULOMB REPULSION PARAMETER

The Coulomb repulsion parameter p was first intro-
duced in the Eliashberg equation by Morel and Ander-
son. ' Since then, this parameter has been calculated a
number of times. Recently, some articles have appeared
where it has been shown that this parameter could
change sign, ' leading to the possibility of an increase of
the superconducting transition temperature. We show
here that Coulomb repulsion parameter is connected with
the bare Coulomb interaction as well as the single-
particle excitation which is responsible for screening in
the electron gas. Thus the Coulomb repulsion parameter,
in principal, cannot change sign. Let us consider the
second equation of (1) where there is a boson Green's
function. We can represent boson Green's function in
Eq. (1) in the form

D =gD; =D h+D„i+D, + V(k), (14)

where D h is the phonon Green's function, D
&

is the
plasmon Green's function, D, is the Green's function
which is connected with single-particle excitation, and
V(k) is the unscreened (bare) Coulomb interaction,
which for a layered 2D system can be written as

(15)

and Vo(k~~)=2ne /k~~e; is the bare Coulomb interaction
in a pure 2D case with e; as the appropriate lattice dielec-
tric constant. It is easy to show that the contribution of
the bare Coulomb interaction to the X„ the anomalous
self-energy, can be represented as

X,(p) =g I ImF(co', p —k) V(k) tanh . (17)
27T 2T

Using the same transformation as in the derivation of
(11), we can represent the contribution of the bare
Coulomb interaction to the gap parameter as

Z, b, , = — dco' Re .p,o(co') tanh
0 co' —b (co')

(18)

where

2pF
po(co') =

~ J, V(k)[F (co')+F+(co')]dk .
(2~)&o Y(co )/uF

D(k, co)= V(k) —1
1

(20)

Here V(k) is the bare Coulomb interaction in a layered
system defined by (15) and (16) and e(k, co) is the dielec-
tric function which can be represented in random-phase
approximation (RPA) as

e(k, ~)=1+V(k)11(kii ~) (21)

where II(k~~, co) is the polarization propagator for the pure
2D system. The various properties of the Green's func-
tion D (k, co) have been discussed in some detail in a pre-
vious publication, ' and here we quote several relevant
results that will be utilized in this paper. The real part of
the average Green's function appearing in (12) in the re-
gion of plasmon excitation has been shown to be'

Vo(k~~ )co
ReD, (k)~, co) = —

Vo(k(~ )+
C0 CO+ CO CO

X [e(co—co+ ) —e(co —co) ],
(22)

(19)

Here p~(co) is the bare Coulomb repulsion parameter.
In (19), V(k) signifies the same average as (10). Using
(15) and (16) in (10), it is easy to show that V(k) = Vo(k~~ ).
Here we should note that the frequency dependence of
(19) causes po(co') to have a finite value.

In order to evaluate the total Coulomb repulsion pa-
rameter as well as the attractive electron-plasmon in-
teraction parameter in a layered 2D system, we next in-
troduce the Green's functions for plasmon and single-
particle excitations:

where

sinhck~~f (k)=
coshck

~~

—cosck,
(16)

where e(x) is the step function, co+ =co&(k~~ )/
( tanhck~~/2)'/ is the pure optical plasmon frequency,
and co =co (k~~ )( tanhck~~ /2)' is the proper acoustic
plasmon frequency. ' Here co~(k~~ ) is the frequency for a
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pure 2D plasmon mode with the approximate dispersion
relation' co (kll)=e pFUFkl~l~/e;. We consider this ap-
proximation only for the reason of simplifying further
calculations. The imaginary part of the plasmon Green's
function is expressed as'

Vo(kll~ )co
ImD„, (kll, co) =-

CO+ CO CO CO

1.5

M(l'g I
'

)
J)

JJ
~ P

~)i

CO Cc) CO+ (23)

0.5

where

Vo kll ImlI(kll'co) sinh ckll 2 3/2
2 B

(B2
1 )3/2

(24)

The region of the plasmon excitation for the layered
system is shown in Fig. 1 where the optical (co+) and
acoustic (co ) limits are shown by solid curves (1) and (2),
respectively. The dashed line [co, = co~ ( k

ll
)

( tanhckll/2)' ] in Fig. 1 represents the curve which dis-
tinguishes between the optical and acoustic natures of the
plasmon band. Here we should also note that, as will be
shown below, the existence of the plasmon band is the
principal reason for the high temperature of supercon-
ductivity in a layered 2D system.

Now we consider the Green's function for the single-
particle excitation for a layered 2D system. The imagi-
nary part of this Green's function has been shown to be'

I D, (k„, )

0.2 04

k/2PF

FIG. 1. Representation of the pseudo-optical plasmon band
contributing to the eftective electron-electron interaction (verti-
cally hatched region) in a layered 2D electron gas. The upper
solid curve (1) is the pure optical limit, and the lower solid
curve (2) represents the pure acoustic limit. The region of the
low-frequency single-particle excitations is shown by slanted
hatching. The dashed curve represents the frequency above
(below) which the plasmon has an optical (acoustic) nature.

B = cosh~kill ~1+ Vo(k (25) ReD,„(kll ) = —
Vo(kll )+ V„,(kll ), (26)

The real part of the Green's function for the single-
particle excitation has the form

where V„„(kll) is the screened Coulomb repulsion for a
layered 2D metal:

Vo(kll )
V„„(kll ) =

'l/ 1+v (kll)rI (kll, o)+2v (kll)rI(kll, o) oth kll

(27)

Now we turn to the calculation of the contribution of the single-particle excitations to the anomalous self-energy X,
or Z(co)h(co) for a layered 2D system. Since the single-particle contribution to the anomalous self-energy has a weak
frequency dependence, we set co=0 in (11). This enables us to represent the single-particle contribution to the equation
for gap as

I

ZsPAP4 dc()Re
0 co' —6 (co')

I

tanh f S, (Q, co')dry .0 67

Using the fact that S, ——ImD, and using the Kramers-Kronig relation for single-particle excitation Green s func-

tion, we finally can represent total Coulomb part of the equation for the gap in the form

Z, b, , =Z, b, , +Z, 6, = — dco'Re ~ .lcc(co') tanho, A(co'), co'

o ~ 2 —g2(~') 2T
(29)

where
1 2pF

lM(co)=
2 f V„,(k)[F (co, k)+F+(co, k)]dk .

F
(30)

For example, using (30), we can calculate p for two in-
teresting cases: a pure 2D case and a layered 2D system.
Substituting (27) in (30) and assuming co=0, we obtain,
for a pure 2D case (2pzc ))1),
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a +I+a+&1—a
ln a&1,+I+a —+1—a

2A (31)
tan 'v'(a —1)/(a+ 1), a ) 1,~&a' —1

where a =e /e, UF is the electron-electron interaction
constant.

It follows from this expression that, in the high-density
limit (a « 1),

cx 2p= ln

and that it assumes the maximum value of p= —,
' at the

low-density limit (a ))1).
In the case of a layered 2D system, we have (2pFc « 1)

p— IC [ I/'}/1+a (1+1/2y)], (32)
vr'}/I+a (1+I/2y)

where E(x) is the complete elliptic integral of the first
kind and y=c/2as with aii =e, /e rn* as the effective
Bohr radius. From (32) it follows that the decrease of the
interlayer distance c decreases the interelectron Cou1omb
repulsion parameter p, which assumes the limiting value
for a small interlayer distance (c « 2as ):

p, =——,'Qc/as .

Perhaps this is why all of the high-T, superconductors
have layered structures, where even for the phonon
mechanism of superconductivity, we would have an in-
crease of T, due to decrease of the Coulomb repulsion pa-
rameter.

case of the weak interlayer plasmon coupling. In this
case the function P(x,y) takes the form'

g(x,y ) = 7—r5(y x—)

and expression (33) for the kernel of electron-plasmon in-
teraction in the case of the high-density limit (a « 1; i.e.,
we assume that the strength of the electron-electron in-
teraction is small, and henceforth we will consider only
this case) takes the form

S,(Q, co') =—

2~
ln

4A
v'y

I
I'(~')

I

&y
~

I'(co')
~

& 0 & co, , (37)

where co &=(4vre n, / ;emc)'~ is the bulk plasmon fre-
quency for a layered 2D system. It follows from (36) and
(37) that the main contribution to the electron-plasmon
interaction constant will be defined by a small co'.

Now we can obtain the expression for the renormaliza-
tion factor Z(co) from (13). It can be shown after
straightforward manipulations of (13) that the expression
for Z (co) can be represented (for T)0) in the form

S,(Q, co') —=

+II4 2 y2( i)

+co, ~
I (co')

~

& 0 & co,„, (36)

where m „is the maximum plasmon excitation energy in
a pure 2D case and is given by co,„=co~(k, ) for k, & 2pF.
In the opposite limit when the interlayer distance c is
smaller than 2aii (i.e., y «1), integration over x in (33)
gives

IV. SUPERCONDUCTIVITY
IN A LAYERED 2D SYSTEM

Z(co) =1+—J dco'Re .
o Q~I2 +2(~l )

Now we consider the plasmon mechanism for super-
conductivity. First, we consider the kernel of electron-
plasmon interaction for a layered 2D system S i(II, co').
Using (23) in (12), we have

aAS,(A, co')= J, [4 (x, co')+4&+(x, co')]
Y(co') A)

XS'(co', co') tanh
CO+ CO

2T

+ tanh
2T (38)

where S'(co, co') is connected with S (co,co') by the
Kramers-Kronig relation

Xg x, dx,0

where
2 —1/2

N+(x, co')= x — —x +a ~ F (co')

2 co

(33)

S(co') =4J S(II,co'),dA
0

(39)

S'(co, co') =—J S(Q, co') .
2 AdO

'TT 0 Q Q)

Neglecting the frequency ~ dependence in this expres-
sion, i.e., using S'(co, co')

~ 0 and introducing

and
—1/2

we can rewrite the expression for the renormalization pa-
rameter Z (co) in the form

%(x,y) = —y (y —x tanhyx)
tanhyx

(35)

Here x, =k, az ) 1, y =c /2a~, and co, =e pF /e, . The
parameter y in (35) characterizes the strength of inter-
layer plasmon coupling. For instance, at large interlayer
distance (y))1), co+ approaches co and we have the

Z (co) =—1+ J dco' S(co') tanh
] oo 6)+CO

2') 0 2T

I

+ tanh
2T
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In (40) we assume b, =O; i.e., we consider the case of
T ~ T, . The case of T =0 will be considered later in this
paper.

Using (36) and (37) in (39), we have, within logarithmic
accuracy,

Green s function which describes the single-particle exci-
tation in a layered 2D system, in (12) and then in (43) we
can obtain the well-known result for quasiparticle damp-
ing in a pure 2D case, '

$(co) =——ln
7T

CA0
(41) I (co)=—

877 CF

'2
EF

ln at cu»T,

where

co „, c )&2az,
1(T)-=—e

T E,F
ln at co&(T (e &)2as),T

0,0-——'

cF c «2az,

~lnaX
c ))2az,

CO

CX COI (co)-=—co,4+2 ~p)

and for a layered 2D system, '

CF
ln at co)&T,

EX
c «2az .

y
I (T)= —co,

2v 2 cori

2
CF

ln at co«T (c ((2a~) .
T

Inserting this expression for S(co) in (40), the renormal-
ization parameter at the finite temperature can be
represented as

Substituting (36) and (37) in (43), we obtain expressions
for electron-plasmon damping in a layered 2D system
(c »2as ), '

Z )(co)=1+A, )(co)—= 1+—lnp1 p1

Ceo
co)&T, I (co)=a Re+co —co, at co ))T,

(42)
2yECn0

Z &( T ) = 1+A, &( T )
=—1+—ln co»T .T

and

I ( T)=—2a T ln at co (co, ((T,2T

Here X
&

is the electron-plasmon interaction constant and
yz is the Euler constant. It follows from (42) that the
electron-plasmon interaction constant has a logarithmic
divergence as co~0 and T~O, which is similar to the
behavior in the marginal Fermi-liquid model, " even
though it has been obtained in the framework of standard
Fermi-liquid approach without any assumption about the
polarizability of the electron gas. "' It will be seen later
that the logarithmic divergence in Eq. (42), which is con-
nected with the electron-plasmon interaction in a 2D sys-
tem, is not an obstacle for superconductivity.

Before going into the calculation of the critical temper-
ature for superconducting transition, let us make a di-
gression and show that the quasiparticle damping calcu-
lated in Ref. 10 can also be obtained from the present for-
mulation. Using (13), the expression for damping can be
represented in the form

I (co) =co lmZ(co)

=2~f dQRe ~ S(A, , Q)
0 0 —b, (0)

A 1 0+coX coth ——tanh
2T 2 2T

1 0 co——tanh
2 2T

Substituting the expressions for S(Q, co') [see (12)] for any
electron-boson interaction in (43), we can obtain expres-
sions for damping in a layered 2D metal [we will assume
b, =O in (43)]. For instance, using expression (24) for the

I ( T) o- a~, exp at co « T & m, .

I (co) =— ln
4m

32ag CO

COp)
C COp)

2

at co)&T,

I (T)—= lii
2

32ag
COp)

Q)p]
at o)«T,

and for the intermediate case of the interlayer plasmon
exchange (c =2as ), '

I (co) =——[co, —Re+co, —co ]+ccRe+co —co,

at cu)) T,

at T &co, ,

and

I (T)—= T+2 Tclcn at T&co, .
&(X 2T

As seen from these expressions for the "electron-
plasmon damping, " the inelastic processes involving exci-
tation of the plasmon can lead to the linear frequency and
temperature dependences of the quasiparticle damping.

Now we turn to the evaluation of the superconducting

Here co, =e pF/e; is the finite-energy threshold for
electron-plasmon damping and, in the case of strong in-
terlayer plasmon exchange (c (&2az ), '
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where co is the cutoff frequency of the Coulomb repul-
sion, which according to (9) and (29) is of order —sF, and
coo is the cutoff frequency of the electron-boson interac-
tion. Taking into account the expression for the
electron-plasmon interaction constant (42) and requiring
that k, (co))0, we can define the cutoff frequency of the
electron-plasmon interaction as coo= CQo (where the con-
stant C will be —1). Using the same approach as Ref. 15
and after some manipulations, we can write T, in the
form

23'E 1
T, —= coo exp

jef
where

1 —= —( A —p. —1)
jef

+ 1/ ( & —P, —1) +2m /a+23 +a 2 —b

with
CQp

p =—p* 1+—5
6)p a

L

ln xa = ln dx
4Pg p cosh x

5- 1 is some constant, and

(44)

(45)

1+p ln
coo

is the e6'ective Coulomb repulsion parameter. Using the
condition A~, (co) )0 [see (42)], we can assume coo-Ao;
since C —1, we can replace in the expression for T, [Eq.
(44)] the value coo by Qo and xo by

1 —1+—p +
jef CX

2 1/2

1+—p + +a —b
77 Q 2%
CX cx

Thus we can see that the expression for the transition
temperature [Eq. (44)] along with (45) differs from well-
known McMillan expression' and this is due to the fact
that in our model the kernel of electron-plasmon interac-
tion for layered 2D system has a logarithmic divergence
in frequency. In addition, we can see that for a layered
2D metal with strong interlayer plasmon exchange (i.e.,
c «2a~), we have coo-Ao-co„-E~, p*-p, and for
o. «1,

T, =—1.138~ exp — 1+—p

'2

+ 1+—p +"
CX, CX

1/2

(46)

transition temperature due to plasmon excitation. Let us
consider the gap equation (11) in conjunction with (29),
the contribution of the Coulomb repulsion. Following
Leavens and Carbotte, ' we use a two-step model for the
gap,

o 0&~ &~o

cc)p & QP & Q) ~

Substituting (36) and (37) in this equation and carrying
out the integration, it can be shown that

CQ, pZ i(0)=1+A, ((0)=-1+—lnP P (47)

where C and Qo are the same as in (41). Thus the renor-
malization parameter in our model is finite at T =0 and
is defined in terms of the superconducting gap. This re-
sult, which is obtained in the framework of the standard
Fermi-liquid approach, is similar to the result obtained
by Littlewood and Varma' on the phenomenology of the
superconducting state in the framework of the marginal
Fermi-liquid hypothesis. Here we should note that the
result in (47) has been derived without consideration of
the renormalization plasmon Green's function due to the
development of the superconducting state. It is under-
stood that the energy scale of the variation of the
plasmon Green's function is much greater than the ener-
gy gap b, . Therefore (47) gives the electron-plasmon in-
teraction constant for T=O with high precision. We
should note that our model, in fact, is closely related to
the phenomenology of the superconducting state of a
marginal Fermi liquid. ' Use of the plasmon Green's
function with the appropriate kernel of the electron-
plasmon interaction of the form (41) corresponds to the
"base-line" model 3 and whereas the incorporation of
the correlations of the form given in Eq. (Sb) of Little-
wood and Varma would lead to the model 8 of their pa-
per. Thus our model based on the electron-plasmon cou-
pling in a layered 2D Fermi liquid can be considered to
provide a microscopic basis of the marginal Fermi-liquid
hypothesis. In this paper we did not consider in detail
the development of the superconducting state, i.e., the
case when 0 & T & T„and also the low-energy collective
modes which may exist in layered superconductors' and
left it for future study. Finally, we would like to com-
ment on two facts that follow from (47). First, the fact
that b. =UF/ego (where $0 is the coherence length) indi-
cates that the main contribution to the Cooper pairing
comes from the plasmon with k -go '. Second, (47) gives
a measure of the strength of the superconducting transi-
tion due to a plasmon mechanism. For example, at T =0
it is impossible to destroy superconductivity by applying

This implies that for a layered 2D metal with strong in-
terlayer plasmon exchange (c «2a~), T, could be pro-
portional to EF. Thus, as seen from (44) —(46), the loga-
rithmic divergence of the renormalization parameter
Z(co)~ ~ as co—+0 due to the electron-plasmon interac-
tion in a layered 2D system is not an obstacle for a transi-
tion to superconductivity at T =0. Nevertheless, accord-
ing to (42), the electron-plasmon interaction constant is
not defined. Now we show that at T =0 the renormaliza-
tion parameter Z(co), and hence the electron-plasmon in-
teraction constant, is defined in terms of the supercon-
ducting gap. With this in mind, let us now consider the
low-temperature ( T =0) case. The expression for the re-
normalization parameter Z(co) in this case can be written

„Sp,(Q, co')
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a magnetic field since a decrease of 6 will increase A, ,(b, )

[see (47)], which in its turn leads to enhancement of b, .

V. DISCUSSION

In this paper we have developed a general approach to
the pairing theory of superconductivity in a layered 2D
metal system. First, we obtained the Eliashberg equa-
tions for a layered 2D metal. Second, we showed that the
interelectronic Coulomb repulsion parameter p, which
weakens superconductivity, is connected with both the
bare Coulomb interaction and the single-particle excita-
tion which defines the screening process in the electron
liquid. We have calculated this parameter for a layered
2D metal and have shown that while it remains positive,
it decays with the decrease of interlayer distance. This
result, in our opinion, has been experimentally confirmed
indirectly in La-Sr-Cu-0 compounds where an increase of
T, has been observed with an increase of pressure, i.e.,
a decrease in interlayer distance. The second very impor-
tant result is that only those excitations with energy scale
comparable or less then the Fermi energy contribute to
superconductivity; i.e., the cutoff' energy for supercon-
ductivity should be on the order of the Fermi energy. We
have also proved that the wide band of plasmon excita-
tions in a layered 2D metal system provides the attractive
electron-electron interaction which can lead to high-T,
superconductivity. If the interlayer distance between me-
tallic sheets, c, is comparable or less than 2aii (Bohr ra-
dius), there is strong interlayer plasmon coupling, leading
to the existence of the wide plasmon excitation band, and
in this situation the bulk plasmon frequency exceeds the
Fermi energy. This implies that in this situation one has
to use the Fermi energy as a cutoA'frequency, and not the
bulk plasmon frequency. This important result also has
experimental confirmation. In most of the high-T, super-
conductors where the bulk plasmon frequency cop[

exceeds the Fermi energy cF, T, increases linearly with
doping (charge carrier density n, ), i.e., with the Fermi
energy since it is proportional to n, . Then one might ask
a legitimate question: Why does the plasmon not con-
tribute to superconductivity in an isotropic three-
dimensional system? There are essential differences be-
tween an isotropic 3D system and a layered 2D system.

First, the plasmon frequency in the 3D case has a weak
dispersion on k leading to the narrow peak in the
strength of the electron-plasmon interaction. Second, the
plasmon frequency for most low-temperature supercon-
ductors is greater than the Fermi energy, and third, there
is very small-k region where plasmon is a well-defined ex-
citation for the 3D case. Our estimation shows that the
plasmon contribution to superconductivity in the 3D case
is negligibly small. In contrast, in a layered 2D system
the plasmon has a wide excitation band starting at k =0,
which leads to the fact that all the electrons within the
Fermi surface feel an attractive electron-electron interac-
tion due to plasmon exchange. We have also shown that
a layered 2D Fermi liquid with an electron-plasmon in-
teraction has a behavior similar to that of the marginal
Fermi liquid: The renormalization factor Z(co) for the
electron-plasmon interaction has a logarithmic diver-
gence on frequency that leads to a logarithmic divergence
of the electron-plasmon interaction parameter and of the
eA'ective mass on both frequency and temperature,
whereas in an ordinary Fermi-liquid model it remains
finite as T~O and is defined by the superconducting gap
A. Also, it has been shown in this paper and before' that
as in the marginal Fermi-liquid case the quasiparticle
damping r(co) due to an inelastic electron-plasmon in-
teraction has a linear dependence in both frequency and
temperature beyond a finite threshold energy. Thus, in
contrast to the hypothetical marginal Fermi-liquid mod-
el, we have used the standard Fermi-liquid approach
without any assumptions about the polarizability of elec-
tron gas and have shown that the electron-plasmon in-
teraction in a layered 2D system can lead to results for
the normal and superconducting states which are similar
to those of the marginal Fermi-liquid hypothesis.
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