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The static and dynamic response associated with a low concentration z of static defects in a
Heisenberg antiferromagnet at zero temperature is analyzed within linearized spin-wave theory via
a boson formalism involving a non-Hermitian potential. We obtain the dispersion relation for long-
wavelength spin waves in the form w(q) = ¢(z)q + iv(z)q". Our results for ¢(z) agree with previous
work and, in particular, give c(z) = c(0)[1 — az + O(z?)], where the coefficient c, which can be
related to the helicity modulus and the uniform perpendicular susceptibility, diverges in the limit
d — 2, where d is the spatial dimensionality. One major result is that 7 = d — 1 for defects whose
spin S’ is different from that (S) of the host lattice and 7 = d + 1 when S’ = S. Thus d = 2
(which is the case for the copper oxide antiferromagnets) is the lower critical dimension at which
infrared divergences affect the dynamic response due to vacancies (S’ = 0). To elucidate our results
we consider the way the antiferromagnetic symmetry is broken when defects occur unequally on the
two sublattices, and our results are consistent with previous general hydrodynamic arguments. We
give detailed expressions for the actual spin susceptibility in terms of the boson response function.
We also consider how defects affect the zero-point contribution to magnetization and density of
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states.

I. INTRODUCTION

The problem of impurities in a magnetic insulator was
at the forefront of condensed matter research some 20
years ago.! This problem has recently been reexamined
in response to the interest in the magnetic properties
of systems like lanthanum cuprate,? which, when appro-
priately doped, give rise to high-temperature supercon-
ductors. Here our main objective is to study the effect
of defects on a Heisenberg antiferromagnet at zero tem-
perature. By a defect we mean the perturbation to the
Hamiltonian caused by the introduction of an impurity
which has a spin S’ which may differ from that, S, of the
host and whose coupling to the host, J’, may also differ
from that, J, between nearest neighbors in the pure host
system. The perturbation associated with such a defect
is limited to the impurity site and its shell of nearest
neighbors.

The method to obtain the exact solution for a sin-
gle defect of finite spatial extent was developed® in the
late 1960s and was subsequently applied in great de-
tail to treat the case of a low concentration of defects
in a ferromagnet.%® In some early works® the single-
defect problem was expressed in terms of boson oper-
ators by using the Holstein-Primakoff transformation.”
Although correct answers were obtained by this method,
later work® using the equations of motion implied, as
we shall see, that a better boson potential, patterned
after the Dyson-Maleev potential®!? for spin-wave inter-
actions, displays explicitly the fact that the scattering
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cross section vanishes in the long-wavelength limit.® The
only slightly controversial point in this early work con-
cerned the best way to project out the impurity site for
the case of a vacancy. When the single-defect solution
was extended to treat higher defect concentrations of va-
cant bonds!! using an approximation equivalent!? to the
coherent potential approximation!314 (CPA), difficulties
were encountered!? due to spurious resonances on the
vacancy sites. These difficulties were overcome!® by in-
troduction of a hard core potential on the impurity site,
the effect of which was to move the spurious resonance
to infinite energy.

To summarize these results, for a low concentration, z,
of defects in a ferromagnet on a d—-dimensional hypercu-
bic lattice, the spin—-wave energies are given by
E(q;z) = 2JSa%¢*[1 — ax + O(2?)] = D(z)a’q®> (1.1a)
and, as we shall see, the scattering potential at long wave-
length is of order v(q,q’) ~ q2, which leads to the imagi-

nary part of the energy, or the damping rate being given
by3—6:8:16

I(q;x)/(2J8) = Bz(ag)?*?,

where a and (8 are constants. (Both here and for the
antiferromagnet we trivially extend previous results to
arbitrary spatial dimension.) When applied to the va-
cancy case, the result in Eq. (1.1a) was shown to be
closely related to that for the randomly diluted resis-
tor network.17:18 In fact, for the generic defect problem,

(1.1b)
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at long wavelength one may write!®~2! (in appropriate
units)

A(zx)

E(q;x) ~ M ()

¢* = D(z)¢?, (1.2)

where M (z) is the magnetization (magnetic moment per
unit volume) and A(z) is the helicity modulus. Obvi-
ously, for small  we have
M(z) = M(0)[1 + (z5'/S) — ] . (1.3)

The helicity modulus, A(z), which measures the stiffness
of the system to twisting the magnetic moment, is de-
termined within linearized spin-wave theory by a set of
equations which are isomorphic to those for the bulk con-
ductivity ()| of an analogous resistor network!7:21:22 in
which the exchange interaction, J, on the bond b is re-
placed by a conductance, o, = JpS152, where S; and Ss
are the spins which are connected by the bond b. Thus
if we write

2@ (z) =2 (2 =0)[1 -z +O0(z?)],  (1.4)
then for the case of vacancy defects the coefficients of
Egs. (1.1a) and (1.4) are related by @ = o’ — 1. The
most complete analysis of the effect of defects on the spin-
wave spectrum of a ferromagnet was given by Izyumov®
and Jones.® The behavior of D(x) near the percolation
threshold has been extensively studied by many analytic
and numerical techniques.?®> Knowing the dependence of
the damping on wave vector, Stinchcombe and Cristou??
developed a scaling theory to describe the singular damp-
ing of spin waves in the vicinity of the percolation thresh-
old.

The situation for defects in the antiferromagnetic
Heisenberg (AFH) model is similar, but as we shall see,
the results are not quite as definitive. In this case the
properties of defects were of interest in view of the sugges-
tions of Marshall?® and of Lovesey?® that the diffuse scat-
tering due to zero-point motion should be observable in
mixed magnetic crystals. At the same time Tonegawa?”
used a method equivalent to that of Koster and Slater®
to give a detailed study, within linear spin—-wave theory,
of possible spin-wave bound states due to the presence
of a single defect. Subsequently, the distribution of zero—
point spin deviation near an impurity was studied in some
detail by Solyom and Bergov.?® Edwards and Jones?®
(EJ) used the spin-wave equations of motion to discuss
the effect of vacancies on the elementary excitation spec-
trum, but instead of resumming perturbation theory, as
in the Koster-Slater® approach, they worked only up to
second order in the defect perturbation. Nevertheless, in
principle, they should have obtained qualitatively correct
results, as we will discuss later. They found that

E(q;z) = 2JSaq[l — px + O(z?)] = c(x)q . (1.5)
The later work of Kirkpatrick and Harris?! (KH), using
the Koster-Slater® approach, led to a result of the form of
Eq. (1.5) but with a renormalized value of the constant
p which is consistent with that one would predict on the

basis of spin-wave hydrodynamics:20

o(z) = VA@)/xL(2)

where x (z) is the perpendicular susceptibility with re-
spect to a uniform applied field. The helicity modulus,
A(zx), measures the stiffness of the system with respect to
twisting the staggered magnetic moment, and within lin-
earized spin—wave theory is the same as for a ferromagnet
on the same structure. Note that both Eqgs. (1.2) and
(1.6) express a dynamic quantity in terms of static elastic
or density quantities. The results of EJ (Ref. 29) for c(z)
were consistent with Eq. (1.6) up to the order in pertur-
bation theory to which they worked. Their result for the
damping rate (in energy units) at low concentration of
vacancies was

(1.6)

D(q;z) ~ z(ag)?*! + O(z?) . (1.7)

Later, in the course of analytic and numerical work3?
to systems of experimental relevance, some results in con-
flict with Eq. (1.7) were found. For instance, it was found
that in two dimensions the damping rate that became
independent of q was the ¢ — 0 limit and was thus not
negligible in comparison to E(q;z) in this limit. Also
a low-frequency divergence in the “constant” p in Eq.
(1.5) was identified. (This divergence was implied by the
results of EJ,2° but they did not specifically consider ap-
plying their result to the case d = 2.) Also arguments®3°
were given by Harris and Kirkpatrick (HK) that the per-
pendicular susceptibility was anomalous in the presence
of dilution, due to the creation of local regions which
had a net ferromagnetic moment. In fact, it is intuitively
quite clear that vacancies for the antiferromagnet give
rise to local fluctuating ferromagnetic regions which in
turn amount to creation of a local gap as one would ex-
pect in a ferrimagnet having two sublattices of different
spin. In the ferromagnet, there is no question of a lo-
cal gap, as dilution does not change the symmetry, even
locally. In the antiferromagnet, the symmetry between
sublattices is only recovered on average: locally one has
a ferrimagnet with one acoustic mode and one optical
mode at long wavelength. From the work of HK it is
therefore clear that the lower critical dimension for the
zero-temperature dynamics of an antiferromagnet is two.
An explicit result for the damping due to vacancies was
given by HK, but the details of the calculation were per-
haps too brief. In fact, earlier work3! for the case of a
vacancy defect also disagreed with the result of EJ (Ref.
29) in Eq. (1.7), but this work was not published. Fur-
thermore, since the CPA, as used by Holcombe,3? is exact
in the low concentration limit, it implicitly contains the
correct [i.e., Koster-Slater (Ref. 3)] solution for a sin-
gle vacancy and therefore is also expected to disagree
with Eq. (1.7). However since no analytic results for low
concentration were given in Ref. 32, one cannot use this
work to obtain the elementary excitation spectrum in the
long-wavelength limit. Thus one is led to expect that the
EJ result of Eq. (1.7) is incorrect.

Accordingly, here we treat in detail the case of a de-
fect with arbitrary spin and coupling constant. Also, to
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illustrate the importance of ferrimagnetic fluctuations we
treat in detail the case where defects appear unequally
on the two sublattices. Our results, where they overlap,
do agree with those of KH and of Kumar.3! We find that
for defects, such as a vacancy, whose spin differs from
that of the host,

[(q;z) = 22JS2B1(aq)®"t + O(z?), S'#S, (1.8a)

where for defects with spin equal to that of the host we
find

['(q;z) = 22JSzB2(ag)?t! + O(z?), S'=5S, (1.8b)
where (3; and (3, are constants. The physical reason for
the difference between these two results is that in the case
where the defect has the same spin as the host the antifer-
romagnetic symmetry is preserved within each unit cell,
whereas in the latter case it is only preserved on the av-
erage. Since breaking the symmetry between sublattices
leads to an optical mode, it is clear that the scattering
must be stronger when S’ # S than when S’ = S. Note
that for vacancies in d = 2 the damping never becomes
small in comparison to the frequency, so that antifer-
romagnetic magnons are not perfect elementary excita-
tions in this case. A scaling theory for the damping near
the percolation threshold was given by Stinchcombe and
Christou,32 but it was based on the results of EJ,2° which,
as we have said, we believe to be incorrect. In fact, re-
cently an unpublished paper3? has appeared in which a
finite result for p in d = 2 was obtained, in contradiction
to all the early work.

Just as for the ferromagnet, the vacancy limit for de-
fects in an antiferromagnet is an interesting special case.
As we shall see, there are several ways to obtain the va-
cancy case by suitably adjusting the parameters. One
way, clearly, is to set the defect spin S’ = 0. The equa-
tions of motion method, introduced by EJ (Ref. 29)
and used by Jones® for the ferromagnet, amounts to this
choice with J’ = J. This choice is also equivalent to
the treatment of Bulot et al.3% In our opinion, and as
discussed in detail previously,'® the best way to treat
vacancies is to set S’ = 0 and J’ = oo to project out
any effects of the vacancy in the response functions. By
so doing, we believe that we give here the first correct
treatment for the spin response of antiferromagnets with
a small concentration of defects.

This paper is organized as follows. In Sec. II we re-
view briefly the calculation for the ferromagnet. We show
that the previous equations of motion for spin operators
can be reproduced by a convenient non-Hermitian boson
Hamiltonian. In Sec. III we extend this method to treat
the antiferromagnet with a low concentration of arbitrary
local defects. Where they overlap our results agree with
those of KH and Kumar.3! In Sec. IV we discuss the
results obtained in Sec. III in various limits. Here we
consider vacancies and also unequal substitution on two
antiferromagnetic sublattices. In Sec. V we briefly con-
sider density of states a low energy and show that it is ex-
pressible in terms of the hydrodynamic parameters. Here
we also consider the alteration in the zero-point motion

due to defects. Finally, in Sec. VI we give briefly conclu-
sions from this work.

II. FORMALISM: THE FERROMAGNET

In this section we will describe the formalism and dis-
cuss its application to defects in a ferromagnet, where the
algebra is somewhat more transparent than in the case
of interest, viz. the antiferromagnet which is treated in
the next section. For operators A and B we define the
retarded Green’s functions by3°

(A@); B(t)) = —i6(t — t)([A®), Bt ))r,  (2.1)

where ()7 denotes a Boltzmann average at temperature
T. The temporal transform is given by

(AiBYs = [ MA@ BEE  (22)
and obeys the equations of motion
E(A; B)e = ([A, H]; B)g + ([A, B])r . (2.3)

The Hamiltonian we wish to treat is a spin-S Heisen-
berg magnet with defect sites:

H=Ho+)» «R)V(R), (2.4)
R

where € is unity at defect sites, which are assumed not to
be adjacent to one another and ¢(R) = 0 otherwise. We
take

Hy=%J) S(R)-S(R+$),
R,6

(2.5)

where we take the positive sign for an antiferromag-
net and the negative sign for the ferromagnet, and § is
summed over nearest-neighbor vectors. The defect is al-
lowed to have spin, S’, different from that of the host, and
to be coupled to its neighbors with an exchange constant
J'. Thus for a defect at site R the defect perturbation is

Va=72) [J'S'(R)-JSR)]-S(R+6). (2.6)
6

Throughout we will use lower case variables to indicate
dimensionless (or reduced) versions of the counterparts
in capitals. Thus we set S’/S = s and J'/J = j.

As we shall see explicitly below, using linearized spin-
wave theory we obtain a Hamiltonian which is quadratic
in terms of boson operators. We are thus led to a scatter-
ing problem which we solve in the limit of a low concen-
tration, z, of defects, using the Koster-Slater® approach.
In that case the boson Green’s function, when simulta-
neous scattering involving more than a single site are
omitted, can be written in the form
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GR,R;E) = (ar;ak )p = G R, R E) + Y (R")G(R,R” +r1; E)Ir/(r,r')G°(R" + ', R; E)

R/ r,x’

(2.7)

where Tr is the T matrix for a defect at site R”. Here and below lower case position vectors such as r and r’ are
taken relative to the defect position, i.e., they assume the value 0 or any of the z nearest-neighbor vectors §. Also

TR(!‘, l"; E) = VR(r7 rl) + Z VR(r7 I‘”)GO(I‘”,I‘"’; E)TR(r,”, I'/; E) ;

I ,r"'

which has a Fourier transform

T(q,q;E) =Y et ®+n)-ia" Ry (p ¢/ B . (2.9)
r,r’

To first order in z the Fourier transformed configura-
tionally averaged Green’s function is given by

G(q,E)"'=E — Eq — 2T(q,q; E)

=FE—-Eq—X(q,F), (2.10a)

or, in dimensionless terms with ¢ = 2J2SG and ¥ =

2Jz2So
gla,e) =e—eq—o(q,e€) . (2.10b)

Furthermore, as we will discuss below, the configura-
tionally averaged spin Green’s function, H(q, E), is re-
lated to the boson Green’s function by®

H(q, E) = 28[1 + zA(q, E)]G(q, E) , (2.11)
where A is a vertex renormalization which, when properly

|

2Jz8

As noted by Jones,® this formulation, although correct,
may not be the most convenient. It suffers from three
drawbacks: (a) the scattering matrix element does not
vanish in the zero wave vector limit,* (b) although the
final results depend rationally on s, we see in Eq. (2.14)
the appearance of /s, and (c) it does not lead to fac-
torizable potentials. To avoid these undesirable features,
we make a non-Hermitian transformation for operators
on the defect site such that al is replaced by aTR\/E
and ag is replaced by ar/+/s. This replacement is mo-
tivated by the desire to map the equations of motion
of the spin operators into those of the boson operators.
In the famous problem of spin-wave interactions,® it has
been shown that the equations of motion of spin wave
can be reproduced by a non-Hermitian Hamiltonian (the
so-called Dyson-Maleev Hamiltonian® 1) which leads to
simpler results than that of the Hermitian Hamiltonian
one obtains from the usual Holstein—Primakoff transfor-
mation. Of course, in constructing the full spin Green’s

(2.8)

[

chosen, is essentially constant in the vicinity of the spin-
wave resonance at £ = Eq. In the above, G and T are
scalars for the ferromagnet, but are 2x2 matrices for the
antiferromagnet.29:40

We now describe the calculations for a ferromagnet
within the boson formalism. The linearized Holstein—
Primakoff transformation” for the defect—free host leads
to the Hamiltonian (omitting the ground state energy)

Hy=2JS Z (ak — a}{,)(aR —aRr’) = ZEqaLaq ,
(RR/) q

(2.12)

where the sum is over pairs of nearest neighbors, a:fl =

N-1/25 0 ak e R where N is the total number of sites,
and
Eq=2J258(1 — vq) = 2J28eq , (2.13)

where 74 = 271 Y5 exp(iq- ). Then®

iv's

VR 1 ) js s —
(R) _ —3 Z(ak—aI{M)(an——aR_._g)+]aTRaR+ 7Zak+6an+5— — GLZQRM"‘Z“;H&“R =R .
) s

6
(2.14)

f

function we must take proper account of this intermedi-
ate transformation. The resulting non-Hermitian Hamil-
tonian which we will discuss is written in terms of the
same Hp but now instead of Eq. (2.14) we have

V(R) _ I, t
2728~ RT 2 26: (R~ 9R.s)

x[(j —1ar + (1 - js)ar+s) -
(2.152)

In wave-vector representation

1 9 ’ :
_ = E : (d’—q)-R _ ,—iq-6
YR = Nz & et — e )
q,q',6’

x[j—1—(js—1)e'"]alay , (2.15b)

so that the scattering matrix element at long wavelength
of order vg ¢ = jeq(l —s)/N, which vanishes in the limit
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g — 0. In contrast, in Eq. (2.14) Vaq = Jj(1— \/—fyq)(l -
V/37¢’), which becomes j(1 — 1/5)2# 0 for ¢ = ¢’ = 0.
We now introduce symmetry adapted coordinates.?

The z nearest-neighbor vectors form a z-dimensional re-
ducible representation of the point group of the hyper-
cubic lattice which contains each irreducible representa-
tion, s, p, d, etc., at most once. The associated uni-
tary transformation coefficients are denoted UG(“ ) and
their phases are chosen so that the ¢®)’s and ¥’
(introduced below) are real. For instance, the s-wave

transformation coefficients are Uj @ =1 /+/z. The only
other symmetry of interest to us here is p-wave, for

which Ué(p ) = i6,/(v/2a), where o assumes any one
of the Cartesian directions, z, y, z, etc. Thus we write
VR =, vh, where

1 *
ot = 1S U8 *(ah ~ ah, )
6

x 3 U(G — Dar — (G5 — Lar+s]

¢ (q) = Z(l e~iadyy * (2.17a)

and
™ (q) =[G - 1) - (s — DU . (2.17b)

5
For s-wave symmetry we have

¢)(q) = Vzeq (2-18a)

and
9 (q) = VZ[j(1 — 8) + (js — 1)eq] - (2.18b)

For non-s-wave symmetry > 5 U, é” ) =0 and we set

Z el 6U(l") .

For instance, ¢("%)(q) = v/2sin(g,a).

o™ (q) =™ (q)/(js—1) = (2.19)

¢ (2.16a) We see from Eqs. (2.16a) and (2.16b) that for each
1 : symmetry label the potential is factorizable which is not
= W (q)ypy™ (q)e! YD Rala, | (2.16b) the case for the s-wave potential arising out of the poten-
Nz qz’:q, ad tial of Eq. (2.14). In this representation the T matrix,
i.e., the solution to Eq. (2.8), is of the form of Eq. (2.9)
where with
T(q,q; E) = 2J25t(q,q’;e) = 2728 > _t*(q,q';e)
w
=2J28) oW (q)t (e)yp(q) , (2.20)
123
I
where gives
-1
1
W) () = = (1) (1) — -1
¥ (e) = (z N Z¢ @)y (a)(e — eq) ) . t)(q,q";e) = A( )[.7(1 —s)+(Us—Deg], (2:29)
a
(2.21)  where
For non-s-wave symmetry we get Afe) = [j — €][L — egr(e)] + ejs[L + (1 — e)gr(e)] ,
M (q)e™)(q)(js —1
t(q,q'se) = 9 , (—qzjs _(1)2]((u) © ) , (2.22) (2.25)
b where gr(e) = N™1 3 (e — eq)™! is the local Green’s
where function for the ferromagnet
g(“)(e) _ (2.23) Next we consider the full frequency-dependent spin

N3 ¢ (@)% e - eq)

For s-wave symmetry evaluation of Egs. (2.20) and (2.21)

H(R,R; E)= (ST(R); S™(R)) &
= (J2)T 1+ (s — De(R)]

Green’s function, H(q,E), which we must express in
terms of the boson Green’s function. This we do by writ-
ing

x [gO(R, R, E) + Z R R,R” + ' tgr(x", ") g® R" + ", R’)] . (2.26)

R”,r,r’
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This relation follows from the fact that S*(R) = v/2Sagr
and S™(R) = sx/é?ak. If h(r,r'; e) denotes the configu-
rationally averaged result for JzH(r,r’; E), then correct
to order = we have

h(q;e) = [1 +zA(q;e)]g(q,e) , (2.27)

where

@ e) = (s = 1) = 3 25(s = D{lds ~ D1 ~ egr(e)]

+3(s —1)gr(e)}
(2.28)

and, as we have seen, g(q,e) = [e—eq—zt(q,q;€)] 7. As
expected, these results reproduce exactly those obtained
by Jones® using an equation-of-motion approach.

According to Egs. (2.10a) and (2.10b) the excitation
energy is given by

(2.29a)
(2.29b)

eq(r) = eq + 0(q; eq)

~ hd(z)g*, q¢—0,

where o(q,e) = X(q, E)/(22JS). The p-wave contribu-
tion to o(q, eq) at small q is

a(p)(q; eq) ~ x(azqz/z)ap , (2.30)

where
2z(js — 1)

o T Gs—D)g®(0)

(2.31)

This p-wave result is identical to that required to calcu-
late the macroscopic electrical conductivity, X¢!, for the
analogous resistor network!”2%22 in which nodes i and j
are connected by a resistor of conductance o;; = J;;S5;5;.
Consistent with this identification we see that o, = 0 for
js =1, even though j and s do not individually have to
be unity. (When js = 1 there is no conductance defect.)
In the dilute limit we havel”

Eel(w)

m:l—f—xa’p.

(2.32)

A direct evaluation of Eq. (2.29a) yields®®

1(—:5—)=1+m0p+x03,

20) (2.33)

where

o5 = lim t()(q, g5 eq)/eq - (2.34)

In Egs. (2.32) and (2.33) it suffices to evaluate the p-
wave contribution at zero energy. Alternatively, we have
the macroscopic relation!7:19-21

d(z) _ =¢(z)M(0)
d(0) — Te(0)M(x)’

(2.35)

where M (z) is the magnetization. Since M(z)/M(0) =
1+z(s—1), Eq. (2.35) would predict that (a) for a defect

coupled to the host we should find o5 = (1 — s) and (b)
for a vacancy o, = 1. Indeed one can explicitly verify
these results.

Perhaps the biggest advantage of the non-Hermitian
Hamiltonian is that because the scattering vanishes in
the long-wavelength limit, it gives qualitatively correct
results order by order in perturbation theory. In contrast,
as noted by Callaway? and by Izyumov,® it is necessary
to regroup perturbation theory when the representation
of Eq. (2.14) is used. One grouping, of course, is to
sum all contributions of order z, as Izyumov did® using
the t-matrix. A less well-known scheme uses 1/z as an
expansion parameter.3® Nevertheless, the two Hamilto-
nians corresponding to the perturbations of Eqs. (2.14)
and (2.15a) do give equivalent results, contrary to the
implications of Ref. 15.

It is interesting to consider the vacancy limit. There
are at least three ways to take this limit. First, one can
set j = 0 and use the representation of Eq. (2.14) which
has no hard core long—wavelength interaction in this case.
In fact, for j = O the scattering matrix element is of or-
der v(q,q’) ~ eqeq. It would seem then, that s-wave
scattering is unimportant for vacancies. However, in this
representation the defect has a zero-frequency excitation,
and the ¢ matrix is of order!® t(q,q’;e) ~ eqeq/e. The
Born series diverges at zero energy. However, on reso-
nance (i.e., for e = eq), it does lead to correct results.!®
It is possible, but somewhat cumbersome, to project out
the e = 0 excitation on the vacancy, for instance, by in-
troducing a potential on the vacancy site.!®34 If this is
done by adding a potential on the defect site, it seems
necessary to sum over all repeated scatterings to treat
this hard core potential correctly. Use of the lowest-order
Born approximation is then totally misleading.

The second choice to represent the vacancy limit is to
set s = 0 and let j remain finite. The choice j = 1
corresponds to the equation-of-motion method used by
Jones® and by Bulot et al.3% Here again, the perturba-
tion of Eq. (2.14) has nonzero scattering in the long-
wavelength limit, so finite-order perturbation theory will
lead to a gap in the excitation spectrum.4%8 Use of the
non-Hermitian potential of Eqs. (2.15a) and (2.15b) im-
proves the situation in that successive orders in pertur-
bation theory lead to a numerical renormalization of the
effective interaction at long wavelength and are thus qual-
itatively unimportant. However, one sees from Eq. (2.25)
that the ¢t matrix has a pole at e = j reflecting the de-
coupled excitation on the vacancy having this energy,!®
even when the equations of motion for spin operators are
used. When the full spin Green’s function of Eq. (2.27)
is expanded to order x this pole vanishes: it is absent
from the combination

Ala,€)
e—eq

t(q,q;e€)
(e - eq)z

However, the fact that each individual term in Eq. (2.36)
has a pole at e = j means that for the choice s =0, j =1
the form for the full spin Green’s function given in Eq.
(2.27) is not numerically reliable for energy near e = j. In
fact, it is a check on the calculations that the expression

(2.36)
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in Eq. (2.36) is independent of j, since the actual spin
response cannot involve j when the defect has zero spin.

Finally the third and most satisfactory approach is to
set s = sj = j~! = 0. By setting j = co we project out
the decoupled excitation on the vacancy site in a way
similar to that adopted in Ref. 15. Furthermore, this
choice is clearly good if the constraints are not handled
exactly, as is the case for the CPA.15

We now return to the case of a weakly coupled spin and
see in a more detailed way how the vacancy result can be
obtained from this limit. The only nonuniformity in the
j — 0 limit occurs in the s-wave ¢t matrix, t(*)(q,q’;€).
On resonance and when both j and eq are both much
less than unity, but j — eq is not near zero, we have

t)(a,qreq) _ §(1—5) —eq
€q J—eq

(2.37)

Now we see how the 7 — 0 limit works. For any nonzero
j the ¢ — 0 limit gives o, = 1 — s, as expected for j # 0.
But this result only applies for eq < 7. For j < eq K 1,
t¢)(q, q; eq)/€eq = 1, as we would expect for a vacancy.
[Recall the discussion following Eq. (2.35).] Even for
arbitrarily weak coupling, as long as the frequency is suf-
ficiently small, the defect spin can respond to the time-
dependent field of its neighbors and Eq. (2.35) holds
with M (z) = M(0)[1+z(s—1)]. In the “high-frequency”
limit the weakly coupled defect cannot respond and the
defect looks like a vacancy: in Eq. (2.35) we should set
M(z) = My, with Mo, = M(0)(1 — ). In the crossover
regime there will be anomalous dispersion and accompa-
nying damping when the spin wave resonates with the
localized resonance. This scenario is illustrated in Fig.
1, where we plot t(*)(q,q;eq)/eq [evaluated from Eq.
(2.24)] versus eq for a small value of j.

Finally we consider the damping of elementary excita-
tions. The decay rate in dimensionless units, I, is related
to the imaginary part of the self-energy on resonance:
I'(q) = Imo(q, eq). To start we note that nonzero imag-
inary parts come exclusively from the Green’s functions
evaluated at e = eq — i07. There we have, for e — 0,

d
Imgp(e —i07)= (2—(17-;) /ddqﬂé(e—azqz/z)

'/rKa;(ze)%_1

(2.38a)

N xR

and
Img,(e —i0%")=

d
%) / d*qm(2a°¢*/d)6(e — a’q*/2)

QN

TKq(ze)? (2.38b)

where K7 = 24-17%/2I'(d/2) is a phase space scale fac-
tor in d dimensions. We can neglect d-wave and higher
angular momentum symmetry which give rise to even
smaller contributions at long wavelength. Our evalua-

0.0 0.01 0.02 0.03 0.04

FIG. 1. The s-wave perturbation on the dispersion relation
due to the defect for j = 0.02, s = 3/2, and d = 2. Here we
plot y = t©)(q, q, eq)/eq Vs eq for q along (1,0). To get eq(x)
use Egs. (2.33) and (2.34). When the factor z is included [(to
get eq(z)], the resonance is much less prominent than in this
figure. Here we show the crossover from the low-frequency
(hydrodynamic-like) regime in which all spins follow the mo-
tion to the high-frequency regime in which the defect spin
cannot follow the motion. Effectively, in the low-frequency
regime M(z) = M(0)[1 + z(s — 1)], in which case y =1 — s.
In the high-frequency regime M (z) = M. For infinitesimal
4y, Moo = M(0)[1 — z] or y = 1. We do not accurately repro-
duce this limit because j is not infinitesimal. The crossover
occurs at a value of ¢ such that eq = j. The extreme values of
y are approximately #(27) ! and occur for eq = j+j%s. Sim-
ilar results obtain for the antiferromagnet when the vertical
axis represents wq/q.

tion of the self-energy leads to results in agreement with

previous ones:4~6:8:16

I(q) = Ka(zeq) #+!

27 (js —1)2

2d [1— (js —1)g,(0)/2]? | ©
(2.39)

T a2
XZz(l 8)* +

We recall that an advantage of the non-Hermitian
Hamiltonian is that the correct wave vector dependence
of the self-energy is obtained even within lowest-order
perturbation theory. Consider, for example, the case of
defects, for which we may take s = 0. For this case a
Born approximation indicates that the imaginary part of
the s-wave contribution to the self-energy at this order is

Imo(®)(q, ) ~ /dq’é(eq — eq)eqeq ~ q*t%,  (2.40)

and similarly for the p-wave contribution, both as in the
exact result of Eq. (2.39). The alternative approach in-
volving setting 7 = 0 is harder to interpret. From Eq.
(2.14) one can establish that the s-wave scattering ma-
trix element in this case is of order eqey/, which indicates
that in any finite order of perturbation theory this scat-
tering is negligible in comparison to that from the p-wave
potential. For instance, lowest-order perturbation theory
with j = 0 gives
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Imo(q,e)® ~ /dq’é(eq —eq)(eqeq)? ~ q¥t8 . (2.41)

We use a superscript (n) to indicate the s-wave contri-
bution from nth order perturbation theory. The zero
energy excitation on the decoupled defect gives rise to a
divergent perturbation series. In fact we find for n > 2

Imo(q,e)™ ~ (n—1) /dqlé(eq —eq)

x[1+ eq]n_z(eqeq’)2 ~ g**s.
(2.42)

Summing this series reproduces the correct result of Eq.
(2.39), but obviously this approach is rather opaque,
compared to the one we prefer.

To summarize: we conclude that using the non-
Hermitian Hamiltonian gives qualitatively correct results
even in lowest Born approximation. To treat vacancies,
one should take s = sj = j~1 = 0.

III. DEFECTS IN AN ANTIFERROMAGNET:
RESULTS

In this section we will develop the calculation for the
antiferromagnet with defects using the approaches which
proved useful in the previous section for the ferromagnet.
A detailed discussion of the results will be given in the
next section.

The model we treat is an isotropic Heisenberg antifer-
romagnet with a low concentration of defect sites, each
of which consist of a defect spin of magnitude S’ coupled
to its neighbors with exchange coupling J’. The corre-
sponding host values are S and J and the notation in
terms of reduced values introduced in the preceding sec-
tion will be adopted here. We take the ground state of
the pure system to consist of two interpenetrating hyper-
cubic lattices. In the Néel ground state the A sublattice
spins have S§ = +S and the B sublattice spins have
S% = —S. As usual we introduce boson operators which
create spin deviations: ak (bk) creates an excitation on
the site R in the A (B) sublattice. The Néel state is the
boson vacuum.37:38 For concreteness one may visualize
a simple cubic or, in two dimensions, a square centered
lattice. The unit cell is a d-dimensional hypercube of
side a containing two sites and the Brillouin zone (over
which all wave vector sums are carried) corresponds to
this choice of unit cell, of course. For spins on the A
sublattice we have

Sg=5- akaR, (3.1a)
SE = 1/2Srar, (3.1b)
Sq = V2Srak, (3.1c)
and for those on the B sublattice
S% = —8 + bhbr, (3.2a)

S = v/25rbk, (3.2b)
Sg = V2SRbr , (3.2¢)

where Sgr is the magnitude of the spin on site R. The
pure system is then described (neglecting spin-wave in-
teractions) by the Hamiltonian

1 .
ho = Ho/(2J28) = — > (ak +brys)(ar + bk ) -
ReA 6

(3.3)
Since we are not keeping track of the constant ground
state energy, neither is it important, nor is it notationally

convenient, nor will we keep track of the ordering of the
operators. In terms of Fourier transforms,

ho = Z(aaaq + blbg + 'yqath_q + Yq8qb-q) -  (3.4)
q

This Hamiltonian is diagonalized by the transformation

al, = lqaf — mgB_q, (3.5a)
b_q = —mqal +1qB_q, (3.5b)
where
1/2 _ 1/2
lqz(”‘%) , mq=(1 CQ) . (3.6)
2eq 2eq
where
eq=1/1-73. (3.7)
Then
ho =Y _(aliaq + BlBq)eq - (3.8)
a
We introduce the boson Green’s functions,3%:40
9i,5(q) = (2728)(Qi(a); Qi (@ Nk, (3.9)

where Q1(q) = aq and Q2(q) = ﬂiq. The unperturbed
Green’s functions, indicated by superscript (0), are given

as
1
— 0
Q(O)(q7 e) = ( e—oeq 1 ) ,
—e—eq

where e = E/(2J28S).

Use of the above transformation to boson variables
shows that for a defect on the A sublattice at site R
the dimensionless defect perturbation is

(3.10)

1
VReA = ~ Z("'Ix + brys)(ar + bk.;.g)
5

+ é > (ak + Vsbrys)(ar + Vbl s) - (3.11)
']
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As for the ferromagnet we now replace ak by \/Ea}‘1 and
ar by ar/+/s. This transformation will lead to a per-
turbation with weak scattering in the long—wavelength
limit. Thus all the transformations we are using retain
Egs. (3.1a) and (3.2a) but have

S =V2Sar , Sy =sV2Sak (3.12a)
for defect spins on the A sublattice. For defect spins on
the B sublattice we write

Sf = V25bl, , Sg = sV2Sbg . (3.12b)
For host spins Egs. (3.1a)—(3.2c) continue to apply. Note
that we chose versions of this nonunitary transformation
such that the zero-wave vector Fourier component of bo-
son operators corresponding to one component of spin
(here S™) is conserved. Then

1 , .
vRea = > 2 (ak +bres)[(j — Dar + (5 — Dbhys] -
6 (3.13)
Again, in close analogy to the ferromagnet, we introduce
symmetry adapted operators. The transformation coef-
ficients U}', where U is a unitary matrix, are exactly the

same as for a ferromagnet on the same structure. If terms
of the symmetry label u, we have

J

()

q,q9’

q,q’

x {aglly (G — 1) — mgry(is — 1) + ﬁiq/[(js = Dlgvg — mq (5 — D]}

Qi(@)'Q5(a)
3J

]—1,- > [QSQA(% q’)]

q,9,%,j

7

1 i(a'—q)-
L Ry rama) Al )

VRea =Y U524, (3.14)
M

where the perturbation of symmetry u is

1 .
v, = - (Z(a; + brs) U )

é

x (Z[(j —1)ar + (js — 1)b;+6,]u,§f‘>) .

=
(3.15)

As before, the s-wave coefficients are Ués) = 1/4/z and

the p-wave coefficients are Uép o) icbdy, Where a is z, vy,
etc., and c is a normalization constant, ¢ = d/(262).

Normally one solves the single-defect problem in a real-
space representation in which all quantities are confined
to the defect region. We find it simpler for the antifer-
romagnet, where there are inevitable algebraic subtleties
involving the symmetry between sublattices, to work in
terms of spatial Fourier components. Here the fact that
the defect is localized reflects itself in the fact that the
potential is the sum of a small number of separable po-
tentials, each having different symmetry and each of rank
one. For a defect on an A site, the s-wave perturbation
in terms of Fourier transformed variables is

1 ooy, . .
VRea = N Z -9 R(“L + Yab-a)[(F — 1)aq’ + (js — 1)"/q'bT_qI]

(3.16)

(3.17a)

(3.17b)

where N is the number of sites in one sublattice, i.e., N = Zq 1. Equation (3.17b) shows that the s-wave perturbation

can be represented by a 2x2 matrix. From Eq. (3.17a) we see that this matrix is the outer product of a two-component
column vector |n(q)) and a two-component row vector (£(q’)]:

vika(a,q') = [n(Q))(€(q)[e@ DR (3.18)

where
(@)1 = lq — Yqmq = lqeq, (3.19a)
[n(Q))2 = lg¥q — Mq = Mqeq; (3.19b)
<£(Q)ll = lq(j - 1) - 'quq(js - 1) = lq[(js - 1)eq _j(s - 1)] (3.19C)
= lqé1(a), (3.19d)

and

(€(@)lz = lqrq(is — 1) — mq(j — 1) = mq[(js — 1)eq +j(s — 1)] (3.19)

= mqe2(q) -

(3.19f)
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At long wavelength we have lq ~ mq ~ eq
are of order

v (q,q') ~ \/E(;l:(js —1)/eg £i(s —1)/\/eg

1045

. Thus at long wavelength the scattering matrix elements in Eq. (3.18)

(3.20)

This result shows that the scattering is much larger for s # 1 than for s = 1, a fact which will be discussed in more

detail in the next section.

Summing over all repeated s-wave scattering from a single defect on the A sublattice gives the s-wave part of the

2 x 2 (dimensionless) t matrix, ¢, as

+(8)

1
£ 4 (a0, ") = 28 () + ¥ 2 vhea(@a)g®(@)ukea@”,q)

= > ik a(a,qdM)g (@) ik 4(@”, a")g @ (@)l k 4l ) + - (3.21a)
q9”,q9"
-1
= =D Rn(a)) (¢(a) (1 -y g (r)m(f») (3.210)
= @~V Rin(q)) (¢(q")|/D(e) (3.21c)
= eila’—a) RD‘:(Z) [ q] [le¢1(d) ,mgda(d’)] , (3.21d)
where

D(e) = (j — €)[1 — e(1 + €)go(e)] + ejs[l + (1 — e?)gole)] , (3.22)

in agreement with KH and Tonegawa,?” where
go(e) (3.23)

—N-1 Z(ez —e2)~!
q

In Egs. (3.21a)-(3.21d) the two—sided Fourier transformation is defined similarly to Eq. (2.9). If the concentration
of defect sites on the A sublattice is x4, then the configurationally averaged Green’s function has the self-energy

(correct to first order in z) from such defects given by

| 3 Ryl (a, q')]

ReA av

= Tabq,q|n(q))((a)l/D(e)

= zabaa s )[ :|[q¢1(Q)’ mqé2(q)] .

Note that the self-energy is thus subject to the same es-
timates as given in Eq. (3.20) for the potential.

Let us now construct the s-wave t matrix for a concen-
tration, xp, of defects on the B sublattice. One can see
that the perturbation simply interchanges the role of a
and b operators, or similarly, o and 8! operators. This
same reasoning shows that this results in replacing D(e)
by D(—e). So

N — il@—-a)R__Cq Mgq
_REB(q) ) € D(—e) [ lq ]

X [mg¢2(q) , lyd1(d)] , (3.25)

= xAéq,q'gE:) (q)

* We use the fact that for u not s, 3, U

(3.24a)

(3.24b)

(3.24c)

and, in analogy with Eq. (3.24c),

a$(q) =

D( e) [mq:l [mqd2(q) , lqp1(q)]. (3.26)

The s-wave self-energy is the sum of the two contribu-
tions given in Eqgs. (3.24c) and (3.26).

For non-s-wave scattering the calculations are simpler.
=0, as a
result of which perturbations involving the defect site
only appear in the s-wave scattering. For non-s-wave
symmetry we have
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]S—l
"Nz

)
UgeA =

a,q9’

where ¢®)(q) is defined in Egs. (2.17a) and
(2.17b).  For a square-centered lattice ¢P?)(q) =
2sin(gza/2) cos(gya/2) and for a body-centered-cubic lat-

tice P2 (q) = V/8sin(gza/2) cos(gya/2) cos(gza/2). In
matrix representation we have the analog of Eq. (3.18):

(a,q) = |p(a))(p(d)] ,

where |p(q)) is the two—component vector (mgq,—lqg).
Summing over repeated scatterings we find that

ia—a)yr_(s — D™ (@)™ (q')
z—(1—e)(js—1)g®(e)

(u)

Yrea (3:28)

.ti}eA(q’ ,) =e€
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Z @D RyW) (q)¢ ) (o) (lqﬁ:; —Mqa—q)(lyBy — mq:aT_

a8
o) (3.27)

r
g (e) = Z ¢;‘2“)(q) (3.30)

At long wavelength the most important non-s-wave scat-
tering is in the p-wave channel. Since ¢(?)(q) ~ ¢, we see
that both the scattering potential v®) and the p-wave
self-energy are of order 1/qq’ at long wavelength. This
scattering is comparable to that in the s-wave channel
for s = 1. Likewise when the defect is on the B sublat-
tice we obtain to first order in z

W) () — (js —1)¢W(q)?
25 () =28 T o (s — P (@)

2 -
« [mqmq’ _mqlq'] X [ lql mglq] . (3.31)
—lamg  laly ' —Mqlq Mg
(3-292) Again the total contribution to the self-energy of sym-
nd after a conficurational average metry u is found as the sum of the contributions given
anda £ 8 in Eqgs. (3.29b) and (3.31).
) (js — 1)¢(u)(q)2 We summarize by collecting the results from Egs.
ax’ (@) =24 1 P— ey (3.24c), (3.26), (3.29b), and (3.31) to write the matrix
2= (L—e)(js —1)g)(e) elements of the self-energy for the configurationally aver-
2 _ aged boson Green’s function of Eq. (3.9) which is given
m, Mglq
1 —mal 12 ] ) in terms of the self-energy matrix o as
q°q q
(3.29b) 9(a,¢) = [g%(a,0)7 —a(a,e) ", (3.32)
where where
J
zal2eq . m2e .
Oaa(@€) = 522 ((js — 1)eq — j(s — 1)] + 299 j (G5 = Deq +3(s = 1)
D(e) D(—e
2 2
ram, zpl
+ -1 (w) 2( a a
28 = DO =G T G G~ 0@ ) (3:332)
zplleq . Tamleq ., . )
78.5(0€) = P l(Gs —ea — s ~ 1] + 582 (s ~ eq + (s~ 1)
:rAl2 zpm?2
+ s —1)opw 2< q )
208 = DO =G, e T T T a0 - D@ ) (3.53)
zalgmageq ., . . zplqgmqe .
oa,5(a ) = 5 (s — eq +5(s = D] + =532 (s — Ve — (s — 1]
. TA B
- (s = 1) (q)?lqm ( . + , , 3.33
25 = D8 @Mama| G e T T AT o Gs S DeP e (3.:33¢)
T algmaeq ., . . zlqgmgeq ., . .
opa(a€) = Zpr (s ~ Dea = (s = 1)) + —5i=32{0s — Dea + (s = 1)
— is — 1)o™ (q)2l ( ZA TB
2_ s = V8@ ama\ S —G0 TTgwe T TT AR aGe D) T O
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where D(e) was given in Eq. (3.22). Note that only when 4 = zp is the symmetry between the two sublattices
preserved. In that case the above results satisfy the relations 0q,o(e) = 05,8(—e€) and o, g(€) = 05,0(—¢€).

In Appendix A it is shown that the spin Green’s function is given by an expression similar to that in Eq. (2.27)
for the ferromagnet. Using such a development we can express the spin susceptibility, which in dimensionless units is
X+-(q,€e) = (J2){(S+(q); S—(Q))e, in terms of the matrix of Green’s functions defined in Eq. (3.9) as

Xe-(a.6) =A@l lgae) 1] + Baal g@e | 1] (3.34)
where
Alq,e) = 1—;& [1 + %(z,\ +2p)(s — 1)] +(s— 1)%‘4[“7(6) + zp7(—e)] (3.35a)
and
(s—1)
B(q,e) = 3 {za —2zB+ (1 —7q)xaT(e) —xzpT(—€)]}, (3.35b)

where 7(e) is given in Egs. (A16a)-(A17) of Appendix A. In the absence of defects (x4 = zp = 0), the susceptibility
has a wave vector-dependent amplitude which varies like |q — Q| for q near a ferromagnetic wave vector Q, and like
|a — Q|~! near an antiferromagnetic Bragg wave vector Q, in agreement with Refs. 20 and 40.

IV. DEFECTS IN AN ANTIFERROMAGNET:
DISCUSSION

In this section we will discuss the results of the pre-
ceding section, as summarized in Eqgs. (3.32) and ff, in
various limiting cases and will compare them with pre-
vious developments. We thus give a comprehensive dis-
cussion of the response of the system to first order in the
defect concentration, z. For this purpose we will mostly
confine our attention to the long-wavelength limit. We
distinguish three main cases: (I) s = 1, (II) s # 1, but
x4 =g, and (III) s # 1 and z4 # rB. Roughly speak-
ing these cases represent the following physical situations.
In case III the defects break the antiferromagnetic sym-
metry and we actually are dealing with a ferrimagnet
(HK). In case II, we still have an antiferromagnet, but
because s # 1, there are fluctuations in which locally
ferrimagnetic regions can occur (HK). Case II for s = 0
describes the case of vacancies equally distributed on the
two sublattices. To treat vacancies it is best to set 7 = oo,
to avoid spurious effects from decoupled excitations on
the defect site at energy e = j. However, on resonance
we would expect, in light of the results for the ferromag-
net, that the results do not depend on j. Finally in case
I, each unit cell has exactly zero ferromagnetic moment:
there are no fluctuations towards ferrimagnetism. As we
shall see, each of these three regimes is characterized by
a distinctive long—wavelength behavior. In regime I the
elementary excitations are weakly perturbed from those
of the defect-free host. The same is true in regime II as
long as the spatial dimensionality, d, is greater than 2.
Therefore under these conditions the off-diagonal parts of
the self-energy represent higher-order (in z) corrections

J

Reeq(za = z,zp = x) = Reeq(z)=eq |1 + =

= eq(0)[1 - pz + O(a)?] .

f

and we may write the spin-wave energies in the presence
of defects as

(4.1a)
(4.1b)

eq(Ta,TB) = eq + 0a,a(q, eq — i0T),
e5(za,28) = eq +0p,5(q, —eq + i07),

whose real part gives the perturbed energy and whose
imaginary part, I'q, gives the damping rate. For z4 =
zp the antiferromagnetic symmetry is preserved and
eg(a:A,a:B) = eg(mA,xB). However, for d = 2 and for
s # 1, the decay rate remains a finite fraction of the
frequency and the real part of the self-energy diverges
in the low-frequency limit. Thus for d = 2 spin waves
are strongly perturbed in regime II. Finally, in case III
we need to consider the full self-energy matrix in order
to describe ferrimagnetic spin waves which exist at long
wavelengths. In the calculations which follow we consider
a body-centered hypercubic lattice in d spatial dimen-
sions.
In case I (s = 1), we have, at long wavelength,

. 6290(6)>

(i) (j —1)¢®) (q)?
ea)z— (5 —1)g®(e)’

where o = (z4 + 25)/2 and ¢P(q)* = 35, ¢ (q)?,
where p is summed over components z, y, etc. [For future
use, note that at long wavelengths ¢®)(q)? ~ za2¢?/4 ~
zeZ.] In writing Eq. (4.2) we used Eq. (3.6) for the
transformation coefficients lq and mq and we dropped
terms which lead to corrections at low energy or long
wavelength. In this regime, then, for ¢ — O,

1 .
Ou,a(q,€) = J 7 xeq(l +‘7 7

(4.2)

j—1

j—1, ¢®(q)?
J

+z (4.3a)

e2  z—(j—-1)g®(0)
(4.3b)
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From spin-wave hydrodynamics!® or from an )y _ 1. L ¢P=(q)?
analysis!®?4 of the equations of motion at zero temper- Tmg™®(e) = Im]_\/'_ Z (e —i0+)2 —e€2 (4.6a)
ature neglecting spin—-wave interactions, it is predicted 4
that 1 1 zsin®(gza/2) cos?(gy, /2)...
el -y Z (e —10t)2 — e2
2 _ 2%(z) x.(0) 2 a a
Reeq(2)” = wg/at =—=€q(0)", (4.4a)
2e(0) x1(x) = (ze?/d)Imgo(e) . (4.6b)
For small z this gives Also
1 dzeli(z) 1 dxi(x) d—2
= - 4.4b Imgo(e) = 2mK4(2e)* *sgn(e) , 4.6¢
p 2%el(0) dzx eo | 2XL (0) dz (4.4b) (2¢)"sgn(e) (4.6¢)
= where sgn(e) = e/|e|. Thus Eq. (4.5) gives
In Appendix B it is verified that Egs. (4.3a) and (4.3b) .
agree with Eq. (4.4b).?1:%0 In Eqgs. (4.3a) and (4.3b) it Ime.(z) = ~2(i — 1)27K d+1
should be noted that ¢®)(q)? /eﬁ is independent of q in a(@) 4 (7 = 1)*rKa(ag)
the limit ¢ — 0, so that defects in regime I merely renor- y 1 22
malize the spin—wave velocity. In Egs. (4.3a) and (4.3b) 72 + dlz— (G — D)g®(0)2] ° (4.7)

we see a divergence in the limit j — 0. This divergence
reflects the divergence in x; when the coupling of a de-
fect spin to the host becomes arbitrarily weak. But, as
discussed for the ferromagnet (see Fig. 1), a crossover
takes place for eq ~ j. Also from Eq. (4.2) we find

Imeg(z) = z(j — 1)%€3 [Imgo(eq))

Z2
x [T TG 1)9@(0)12} (49

where we used
|

Oa,a(q,€) = xeq] ;

xAmq

This dependence on wave vector is clear from lowest-
order perturbation theory: We saw in Eq. (3.20) that the
scattering matrix element for s = 1 is of order VEqlq-
This leads to the estimate

Imeq ~ /dq’é(e(,l —eg)eqeq ~ gt (4.8)
consistent with the complete result of Eq. (4.7).

Next we turn to case II, where T4 = zp = z, but
s # 1. There

L 1)(% st (1 s)go(e)>

£ 3 (s — 1)g® (q>2(

u#ES

In this regime, therefore,

j— 1 1
Reeq(z) = eq 14z r +I(1-—8)(3 —S>

+z(s — 1)2go(0)

®) (q)2 is—1
+a? eé‘l) — ](z . 1)9)(10 (0)] (4.10)
and
Imeq(z) = (s — 1)%eqImgo(eq) (4.11a)
=z(s—1)*7K4(aq)?? . (4.11b)

:EBlg )
z—(1—e)(js — 1)g®(e) TIs (1+e)(gs—1)gW(e) )

(4.9)

f

Here we obtain a much larger damping rate than in the
previous case because the spin fluctuations when s # 1
give rise to an anomaly in x;. Also, for d = 2 we see
a divergence in Eq. (4.10) [due to the presence of go(0)]
whereas in case I there is no such divergence. We defer
further discussion of the results in Egs. (4.10)—(4.11b)
until after treating case III, the results of which provide
an explanation for the distinction between cases I and II.
We now proceed to case III, where s # 1 and x4 #
zg. To avoid undue algebra we will simplify this case by
taking js = 1. This gets rid of the p-wave scattering and
simplifies many of the expressions. For js = 1 we find

Cu,a(q,€) = Eﬁ_&—_e){mgsD(e) — :cAsD(~e)l—— eqlzasD(—e) + zpsD(e)]}, (4.12a)
79.0(0.€) = gorprerpr—gy (—TpsD(e) + TasD(=e) — caleasD(=e) +apsD(e)]), (4.12b)
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708(2:) = ~00.0(2,6) = gras I laasD(~e) ~ zD(e)]

where sD(e) = 1+(s—1)e(1+e)go(e) for js = 1. The ele-
mentary excitations are given by the poles of the Green’s
function which occur at

e —eq = Oa,a(€)][—€ —eq —0p,5(e)] — 0a,5(€)08,a(€)

=0. (4.13a)

Using the evaluations in Eqs. (4.12a)-(4.12c) we write
this as
—e? 4+ Are+ Azel =0, (4.13b)

where

Ay =(zB—za)(s — 1)( zpsD(e) — xASD(—-e))>,

s2D(e)D(—e)(zp — za
(4.14a)

za(s—1) zp(s—1)
= o St A I () Rt A S I 4.14b
a= (-5 ) () e
We now analyze the situation at low energy. In that case,

it suffices to keep terms in A; or Az up to order ego(e).
Then we get

—e%[1 — 2z(s — 1)2go(e)] — e(za — xB)(s — 1)

+e2[1 —2z(s — 1) + (s — 1)* (x4 — zB)ego(e)] = 0.
(4.15)

We thereby get two roots. For the optical mode we do
not calculate the damping. For it we find

eopt(q) = (g —z4)(s — 1) + O(¢?) . (4.16a)

For the acoustic mode we give both the dominant real
and imaginary parts of the energy:

e2

€ac(q) = @Az x;‘)(s —qy + ilq (4.16b)
with
Tq = €’Imgo(e) | (s — 1)*(za — ) + (zafi_xi)) .
(4.16¢)

Here, in contrast to Rayleigh scattering in the ferromag-
net [see Eq. (2.39)] with a low concentration of de-
fects, we find an imaginary part of order e? ~ ¢2¢, since
Imgo(e) ~ €?~2 and e ~ ¢?. To recover the results for
Rayleigh scattering in a ferromagnet, we no doubt have

(4.12¢)

—

to work to higher order in the defect concentration z,
since a ferromagnet involves coherent ordering of mag-
netic moments.

Finally, we should point out that our results in Egs.
(4.16a)-(4.16c) follow the expectations of Ref. 22 where
the normal mode equation,

2AQ + Me/(Fy) + xule/ ()P =0,  (417)
was obtained, where here v denotes the gyromagnetic
ratio of the spins, and A is the helicity modulus, which
is proportional to the conductivity of the analog resistor
network. Our result in Eq. (4.15) agrees with Eq. (4.17).
To verify this use Eq. (B15) for x1 and note that when
js=1, A(z)/A(0) = 1.

Now we return to a further discussion of the results
for case II given in Egs. (4.10)—(4.11b). Considering also
Eq. (4.12a) we see that Reoq,q(q, eq) is of order zg —z4
at long wavelength. This indicates that unless x4 = zp
scattering at long wavelength is large. This can be seen
explicitly in Eq. (3.20): when s # 1 the scattering matrix
element is of order \/eq/eq. An estimate analogous to
that in Eq. (4.8) would give in this case

Imeq ~ /dq'&(eq —eq) ~ g%t (4.18a)

and

Reeq ~ {/eq/eq=1. (4.18b)
The strong scattering reflects the fact that when defects
occur on only one sublattice, they give rise to an optical
mode at nonzero frequency as given in Eq. (4.16a). This
strong scattering has no analog in the ferromagnet. Nor
does it happen in the antiferromagnet when s = 1.

But now we have to take account of the fact that in case
II defects occur with equal probability on both sublat-
tices. It is possible, and according to Eq. (4.12a) it does
happen, that the real part of the energy shift has opposite
signs for the two cases when the defect is on different sub-
lattices. Thus the g-independent energy shift, estimated
in Eq. (4.18b), cancels out when x4 = zg. In contrast,
the scattering from incoherent scatterers cannot possibly
cancel out. Thus the imaginary part of eq is proportional
to (za + zB), and the estimate of Eq. (4.18a) gives the
correct dependence on wave vector. Furthermore, we see
that for this case, (s # 1), only the s-wave scattering
contributes, because the p-wave scattering gives a con-
tribution to Imeq of order ¢%+!. Another way of stating
the physical difference between cases I (S = S§’) and II
(S # 8’) is that in the former case the antiferromag-
netic symmetry between sublattices is preserved in each
unit cell, whereas in the latter case the antiferromagnetic
symmetry is only preserved on the average. The fluctu-
ations which locally destroy the antiferromagnetic sym-
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metry tend to create a local gap which, when z4 # zp,
evolves into a true optical mode. This strong scattering
only occurs when S # S’.

Finally, we should compare the present results with
previously derived ones. We should emphasize that the
result of EJ,?° namely that Imeq ~ ¢4*! was obtained
only for the vacancy case, i.e., for s = 0, to which our
result in Eqgs. (4.11a) and (4.11b) applies. It is not clear
why they got the result they did, because their formalism
is closely related to ours, since it involves the equations
of motion of spin operators directly. On the other hand,
the later single-defect results of KH do agree with the
present ones, where they overlap, i.e., for the vacancy
case. There it was explicitly pointed out that there was a
logarithmic divergence in p of Eq. (4.3b) for d = 2 for the
vacancy case. We note that this divergence occurs when
s # 1 and is identified with a divergence in the uniform
susceptibility when s # 1. It seems that some recent
work3? is unaware of this divergence. In that reference
numerical results for d = 2 are used to estimate p in Eq.
(4.3b) to be approximately 3, whereas we know that the
exact result corresponds to p = co. It has been suggested
(KH) that this divergence results in an overdamped spin
wave in the long-wavelength limit. A definitive analy-
sis of the result of this divergence may require treating
terms of higher order in z, which we do not consider here.
We now know that for d < 4 the antiferromagnetically
ordered phase is unstable?! with respect to the applica-
tion of an infinitesimal random field. In the present case
this result applies because random dilution of an AFH in
a uniform field gives rise to a random staggered field.4?
Within the low concentration expansion we only see this
anomaly for d = 2. There seem not to be previous calcu-
lations of the damping due exclusively to a force constant
defect, i.e., for our case I, where s = 1. There one has
very weak scattering which is comparable to that in the
ferromagnet and then one has Imeq ~ qdtt.

In the remainder of this section, we would like to re-
mark on some extensions of our theory. We first point
out that our result for the damping of spin wave due to
vacancies also applies to the case of bond dilution. How-
ever, for bond dilution the calculations would be much
more difficult. Consider a system with a concentration p
of randomly removed bonds. To low order in p remov-
ing bonds does not remove a spin, so in low order results
analogous to case I will be found. However, at order p*
one will begin to see the effects of removing a site, when
all its z neighboring bonds happen to be removed. At this
level, results characteristic of case II will appear. Thus,
for bond dilution we expect the damping at small p to be
of the form

[(g,p) ~ pCi(p)g**' +--- + Cop®g®™ ', (4.19)
where C,, is a constant. Therefore at small enough ¢, the
g%~ ! damping will dominate. Thus the ¢%~! damping is
a general feature for diluted AFH systems.

Secondly, based on our calculation, the dynamical
scaling theory for the AFH system by Christou and
Stinchcombe®® (CS) has to be modified. The CS the-
ory was based on the calculation by EJ (Ref. 29) which,
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as we have pointed out, incorrectly gives ¢?+! damping.
To apply our result to the scaling properties, we will use
a simpler approach than that of CS. The dispersion rela-
tion for the antiferromagnetic case is

w(q) = c(x)q + iy(z)g* !, (4.20)
where ¢(z) can be expressed as
_ [ A=)

c(x) = @’ (4.21)

where A(z) is the DC conductivity, and x, (z) the trans-
verse susceptibility. Near the percolation threshold at .
these scale as follows:
Az) ~ (& — o)t ~ €77,
(4.22)
xL(z) ~(z —xc)™ ~ v,
where £ is the correlation length, and according to HK, 7
can be expressed as 7 = t—f3—(d—2)v. We then apply the
dynamic scaling principle of Halperin and Hohenberg,2°

in order to get a relation consistent with (4.20). Thus,
omitting amplitude factors we write

w(g) = q° f(a€) = q*(q"77¢ 7 + gt 7¢I 7E)
(4.23)
Comparing this with Egs. (4.20) and (4.21) we get
t+7

z=1+ =1+2t_ﬁ_(d_2)y,
2v 2v

so we find the same relation for z as did CS. The scaling
for the damping rate is therefore found to be

(4.24)

7€) ~ g R (4.25a)
As in the CS paper, we can go further to write
[(q,8) o (x — zc) THg% !, (4.25b)

where u = (d — 2)v — 1/2[2t — 8 — (d — 2)v] which differs
from the CS result 4 = dv —1/2[2t — 8 — (d — 2)v].

V. STATIC AND LOW-FREQUENCY
PROPERTIES

In this section we will apply our results for the various
low-frequency and static properties. First we consider
the zero—point motion induced by the defect.

We first consider the total moment on the A sublattice,
when there is a single defect located somewhere on the
A sublattice. This quantity is given by

S3=NS+(S'—-S) = (ahor) (5.1a)
R
= NS+ (8" —8) =D [l (afon) + mE(BkB—K')
k
—hemuc (L) + (B-xax))] - (5.1b)
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We will separate this into various terms. First there are
the terms which occur in the absence of defects. Then
there is the static effect of the defect embodied in the
term S’ — S. Finally there are contributions due to mod-
ifications in the zero-point fluctuations due to the defect.
To isolate such terms we write

(alog) = [ % ! Tmga o (k, k; e — i0+)
k) = /_oo ™ (e20%5¢/(RT) _ 1) mga,a(k, k; )

(5.2)
where T is the temperature, and we use

1 1 \?
Joa(k k, €) = T (e_ ek) taa(k, k;€) . (5.3)

co—i0+ T €—

1 -0t 4 12
AS = _N¥/_ eIm |:'(—l;k)§[2A(k; )

2
m
X —loalk;e)lss +

+-——
(e + ek)2
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Obviously, the contribution from the first term represents
fluctuations in the absence of the defect, whereas the
second is due to the presence of a single defect. In the
zero-temperature limit, we have

0
(af(ak) = —/ EImgt,,,,,‘(k, k;e —i07) . (5.4)
oo T

We denote the contribution to the zero-point motion due
to fluctuations caused by the defect AS, so that §3 =
S%3(0) + 8" — S — AS, where S%(0) is the value of S% in
the pure system. Then

lkmk

W[ﬁfl(k; &)la,6 + (—elzkin—:i)[z,q(k; e)]ﬂ,a] . (5.5)

Here we noted that the diagonal (in wave vector) t matrix is given in terms of results written in Egs. (3.33a)-(3.33d):
ta,a(q;4,€) = 0a,a(q,e). Also, in Eq. (5.5) g,(k;e) is the self-energy when the defect is on the A sublattice,
whose symmetry-adapted components are given in Eqgs. (3.24a)-(3.24c), (3.29a), and (3.29b). We decompose the
contributions in Eq. (5.5) into those from s-wave scattering and non-s-wave scattering, indicated by a subscript.
Thus we write the contribution involving s-wave scattering as

T g1 (k)
A8, = / ; ;Im[(e—ek)2 +

and that due to non-s-wave symmetry to be

—i0t
de 1
AS, = —/ — = IZm?
# —oco—i0+ T N Xk: KTk

Thus

mida(k 12m? k k de
(el‘fi)g + kmk[zzz(_)e':'zj’z( )]} D€(1;) de (5:6)
1 1 2 (35 — 1)p™ (k)2
xlm[(e_ek)z + (e+ex)? (ez_ei)jl Z2—(1—e)(js — Dg®@(e)’ HFs. (5.7)
p#s. (5.8)

-0t 2 is — 1)) (k)2
_ de. 1 Vi (4s — 1)pM) (k)
AS, = / ImNXk:(ez_eﬁ)zz_

—o0—3i0+ T

We should check the convergence of these expressions,
as this will confirm the expected result that the lower
dimension for the occurrence of long-range order in the
presence of random dilution is d. = 1. The integrals in
Egs. (5.6) and (5.8) are over the (d + 1)-dimensional
manifold of momenta and frequency. Counting powers
of momenta and frequency in the integrand of Eq. (5.6)
yields three inverse powers. This result, taken at face
value, would suggest a logarithmic divergence for d = 2.
However, this apparently divergent term cancels out. To
see this, we now consider the situation when the energy
dependence of D(e) is neglected. [The energy dependence

(1-e)(Gs—1)g¥(e)’

of D(e) would increase the power count we just made.]
Also note that ¢; (k) + ¢2(k) ~ ek, so this term does not
actually contribute in zeroth order in ex. Also the term
in (e — ex)~2 has no imaginary part for negative e and
therefore gives zero contribution. We are thus left with
the term of order mj in the integrand of Eq. (5.6) which
yields

—io* de 1
—co—io+ (e + ex)?

0
Im % o m|—1 | _o.
m e+ek—i0+:| 0
-0

(5.9)
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So all the terms which appeared to lead to the divergence Thus to leading order in 1/z we have
of AS for d = 2 actually vanish. Less dominant terms
than those we just considered cause a divergence at d = 1. —i0"  Jeis—1 1 1
AS), = i
We now analyze these expressions using the 1/z Z = o+ w2 m (e+1)2(e—1)2"
expansion.®® Roughly speaking, this expansion is ob- u#s et
tained by expanding momentum-dependent quantities in (5.11)
powers of k. To leading order in 1/z we drop the correc-
tions of order unity to the denominator in the last factor =~ The integral is easily done using Im(z —i0%)~! = w6(x).
of Eq. (5.8) and we set 2 = 1 — 42 ~ 1. Also we use Thus we have to leading order in 1/z
N-1¥Y, v =1/zand .
.7 s —
> 6 (k) = 22(1 — o) (5.100) 2_AS, : (5.12)
o u#s
so that Proceeding similarly, we have the s-wave contribution
Z ¢ (k) = 2(1 - 1) - (5.10b) as
u#s
J
—iot ; 2
_ de |[js—1 (e+ek) i1 —=s) (e+ep)(e+1)
ASs = ,/_oo—z‘0+ 7D(e) [ Z (e2 — N Xk: (2 —e2)? . (5.13)
Here we have
js—1 (e+ek) _]8—1 (e+1—~2)?
N (€2 —ex)? Z (e2 — 1 +~2)2 (5-142)
Jjs—1 2 2
~ 1— — 5.14b
(e—1)2 { z(e+1) z(e?2—1) (5.14b)
and
3(1—-3) (e+ek)(e+1) _j1=s)(1+e) e+1—~3
Z (2 —¢2 = Z (2 —1+2)2 (5.152)
_d=9), 1 2 5.15b
T (e—1)2 l:l z(e+1) 2z(e2-1)|" ( )
Also we need the 1/z expansion of D(e). For this purpose Using these results we find that
we write
1(j-1 2js \  2(js—1)
1 AS, = [ (1 - ) - . (5.18)
o(€e)= -7 3 T4z 1 i+ 1 j
go(e) %:ez—l—kfyﬁ z|j+ J+ j+1
1 1 9
= (e2—1) z(e2— 1)2 +0(z77) . (5.16) Combining Eqs. (5.12) and (5.18) we get the full result
This result makes evident the nature of the 1/z expan- AS = _Js - 1)2 ) (5.19)
sion. The first term replaces the density of states (with- 4z(j +1)?

out defects) by two 6 functions at e = 1. Subsequent
terms contain corrections which effectively give a finite
width to the density of states. Using Eq. (5.16) we obtain
the desired expansion:

e
2(1—e2)

ejs
z(j—e)(l+e)

j—e

De) = 1—e

1+

. (5.17)

This shows that for vacancies (s = 0), the effect of zero-
point defect fluctuations is of order (1/2)2, at least, as
was found some time ago by Kumar.3!

Next we consider the dependence of the zero-point mo-
tion on distance from the defect. However, since this
analysis is rather technical, it is relegated to Appendix
C. There we obtain the result
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AS(r) ~ r(=2d+D) (5.20)
where we assume that the observation point a distance
r ( 7 > a) from the defect and the defect are both on
the same sublattice. This analysis was done explicitly for
vacancies, but it probably holds generally for the type of
defects considered in this paper.

Next we study the density of states for spin devia-
tions. For different applications one might consider dif-
ferent definitions of the density of states. Here we will
evaluate

1
p(l)(e) == ZIm

k

—50
(e — ex —30%)2 " ¥

ple) = % > Imgaa(k kje — i0T) (5.21)
k

for low energies. In fact what we should evaluate is the
term linear in the concentration of defects, and we treat
here only the case z, = £p = . Thus we write

ple) = po(e) + zpM(e) . (5.22)

Since defects contribute independently to p(), we have

We start with the s-wave contribution, which is denoted ps )(e)

1 ex 1
pM(e) = o E}(:Im{(e )7 [(D(e) +

*(Dt@ B D<1~e>) (j(le; %G - ”e“)} m_m} '

If we write ex = (ex — €) + e, we can express the sums over k in terms of go(e) and fo(e), where

fo(e) = =

To leading order in e we obtain

w0 = LD (fofey + FULY (BB (o nygotey) (0 - 9 PEL)

—690(6)"<

D) iis =1 - 50— ey /el

(k; €— i0+)a:A=:cB=l . (5.23a)
Bieg |l = 8)+ G =)
(5.23b)
S (5.24)
e
(5.25)

where the prime indicates the real part and the double prime the imaginary part. Now, of course, fo(e)” is only
nonzero for positive energy, e. But go(e)” is an odd function of e, which for positive energy obeys

2ego(e)” = fo(e)" . (5.26a)
Also
dfo(e)’ /de = go(e)’ . (5.26b)
For most applications we combine the positive and negative energy spectral weight:
1—3 d[fo(e)”
w0 = (e = LoD ooy + AT (2 a1 - (o= 00y ) (5.27)
(Thermodynamic properties involve the negative of the spectral weight at negative energy.)
Next we include the non-s-wave contributions. For p # s, we have
mp(e) = Tm | Z e (o8 (@ e + 108 (o e)]a,a}} (5.28)
e=e—i0t,za=zp=1
For small e we may write this as
(w) is—1
(1) —_ ¢ (q 2 2 (]S ) 5.99
mp,’(e) = ImN Z Te)? (g + mq)z s = Dg@(e)’ (5.29)
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This can be written as the sum of two terms, the first taking the imaginary part of (e —eq)?, the second the imaginary
part of g*)(e). The second term can be dropped because it is of order e2go(e)”, as shown in Egs. (4.6a), (4.6b),

and(4.6c). So we have

js—1

(1)(6)

~Gs - Dgwy

Z P (Q)2

e (5.30)

The integrand only contributes an imaginary part for eq near e. There ¢(P)(q)? = zeg. Non-p-wave contributions can
be neglected henceforth, since they are higher order in e. So

(Us—1)

g () =

z—(js —1)g®»(0)
z(js — 1)

(5.31a)

N Z e—eq)2

S z—(js—1)g@(0)y de

Thus in all we have

71'[,0(1)(6) - p(l)(—e)] = Alfo(e)” + A2€df0(€)///de ,
(5.32)
where
_ (1= 2(js—1)
A= j Tz (s — 1)g®(0)" (5.33a)
A2:§+s_1_32‘(3—1)290(e)'
e (5.33b)

S z— (s — 1)gp(0)

Note that As is identical with the constant p defined
in Eq. (4.3b), and which is evaluated explicitly in Eq.
(4.10).

‘We discuss briefly the meaning of this result. To order
T we may write

"
e
m[p(e) — p(—e)] = (1 +xA1)fo(1 +px> . (5.34)
where 1 + px to this order is

VIA()x1(0)]/[v/[A(0)x L (x)]. This result suggests that
it is correct to view dilution as simply renormalizing the
energy [as in Eq. (4.3b)] and the oscillator strength of
the spin waves. However, this idea cannot be totally cor-
rect because there are contributions to the low—energy
density of states from large ¢ spin waves. An alterna-
tive way to obtain the above results is to consider the
spectral weight for each value of q and sum over q. In
that approach the density of states for small e has con-
tributions (a) from spin waves with eq =~ e and (b) from
spin waves with arbitrary q. These latter contributions
must be kept in order to obtain the result given in Egs.
(5.33a) and (5.33b). This observation suggests that to
higher order in z the low-energy density of states may
not be expressible in terms of the static magnetic elastic
constants, as we were able to do at first order in z in Eq.
(5.34).

In the following, we show briefly how one discusses

dlef O(e)”] . (5.31b)

f

the effect on local modes of mixing with extended states.
This treatment will lead to shifts relative to the single-
defect bound state energies as given for the antiferromag-
net, for instance, by Tonegawa.?” For simplicity, in the
following example we consider the ferromagnetic case and
suppose there exists only one local mode at frequency wj.
Then the boson Green’s function can be written

1
Glg,w) = e (5.35a)
w—wy
w — Wy
= 5.35b
oo —w) —solge) )
which can be factorized as
W —wp
Glq,w) = , 5.36
(g, w) @ =)@ — o) (5.36)
where limg_,owi(g) = const X ¢ and wy = w; + zC(q) .

In this way we obtain the spin-wave pole discussed above
and also the pole shifted away from the local excitation
energy given by Tonegawa.2”

VI. CONCLUSION

In this paper we have studied the quantum Heisenberg
antiferromagnet in d spatial dimensions at zero tempera-
ture in the presence of defect sites. We have allowed the
defects to have arbitrary spin and coupling constant to
the neighbor host sites. We treat the low concentration
limit, but for some applications we allow the concentra-
tion of defects x to be different on the two sublattices, A
and B. Thus we do not necessarily require x4 = zg. Of
course, when 4 # zp we are dealing with a ferrimagnet.

Our principle results are as follows.

(1) Our treatment is sufficient to obtain dispersion re-
lations for the case when x4 # xp which lead to a fer-
romagnetic acoustic mode and an optical mode, both of
whose frequencies agree with the predictions of contin-
uum theory. Also, the damping of the acoustic mode
agrees with that obtained in a ferromagnet with a low
concentration of vacancies.
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(2) In the case when z4 = xp but the defect spin
is different from that of the host, one has locally bro-
ken symmetry, so that one can view the modes as being
locally those of a ferrimagnet. This indicates that the
scattering is strong in this case. We find the scattering
matrix element to be of order unity [for details see Eq.
(3.20)] and consequently the damping of spin waves of
wave vector q to be of order ¢¢~!, in agreement with a
Golden Rule estimate.

(8) For the case when the defect spin is the same as
that of the host, the scattering matrix element, given in
Eq. (3.20), vanishes in the long-wavelength limit, and the
damping is of order ¢4+, As long as £4 = z g, the real
part of the energy is given in agreement with continuum
theory in terms of the perpendicular susceptibility, x.,
and the helicity modulus, A.

(4) We show that the local density of states is also re-
lated to the static elastic constants, x and A. However,
the density of states has non-negligible contributions even
from large wave vectors.

(5) The total zero-point spin deviation attributable to
the defect, AS, is shown to be finite for d > 1. To lowest
order in 1/z, where z is the coordination number, AS is
found to be proportional to the spin on the defect site.
For a vacancy, the fact that a spin is missing reduces the
zero-point perturbation due to the missing S S_ terms,
but the zero-point fluctuation is increased due to the de-
crease in the local excitation energy near the defect. A
more accurate calculation would probably show that, in
three dimensions, the zero-point motion scales with dilu-
tion as the mean field transition temperature.

(6) We find that the spin deviation field around a defect
falls off as r—24+1 where r is the distance from the defect.

(7) Although we give no calculations, our formula-
tion does enable one to calculate [via Egs. (5.35a) and
(5.35Db)] the shift in the local mode energies due to inter-
action with the spin-wave continuum.
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APPENDIX A: VERTEX FUNCTION

In this appendix we relate the spin susceptibility to the
boson Green’s functions. We start by defining the matrix
H by

H=— 1 [«S:;:-A?S:'EA»e «S:eﬁsr—'eg»e].

25 <<Sr+eB¥Sr_'eA»e «S:_GB?S:'eB»e

In view of Egs. (3.12a) and (3.12b) we write

(A1)

Sk 4 = V2Sa,, (A2a)
St 5 = V2Sb}, (A2b)
Sica = V28al[1 + (s — 1)e(x)], (A2c)
Srep = V28be[1 + (s — De(r)] , (A2d)

where s = S’/S and €(r) is unity if a defect is at site
r and is zero otherwise. We define the analogous boson
Green’s functions by

G(r, ') = [«arGA;a::eA»e «ar6A§br'€B»e] . (A3)

{(bieps a:;eA> e «b:-eB? brreB)e

Now use the t-matrix solution for the single-defect prob-
lem. Then

G(r,v) = GO, r) + 3 e®) [EOTRIE®] (x, 1),
R

(A4)

where G is the pure-system Green’s function. Then

(r, r')

Hyy(r,x') = [Q“’) + Ze(R)Q(")z(R)Qm]
R XY
x [1+ (s —1)e(r)] ,
(A5)
where the subscripts X and Y assume the values 1 or A

and 2 or B. After a configurational average this becomes,
in Fourier transformed variables,

HxyA)=[GN)]xy N [1 +zy(s—1)]
tay (s — 1)%

<3 [eWTvirae®@) -

q

(A6)

where T'(Y; A\, q) is the ¢t-matrix when the defect is on
sublattice Y. Thus

H(A) =G\ [L+L(N)] , (AT)
where [ is the unit matrix and
L(X
% = bxy + 3 3 [L0 A 06 @) Xy
(A8)

From here on we drop the superscript (0) on G. All
subsequent Green’s functions will be unperturbed ones.
Thus
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[L()‘)]X,A = (s —1)zabx,a

+He—1)F D LA QC@)x s
(A9a)

(L)) x,5 = (s —1)zBéx,B

+(s — 1)%3 > T(B; A, a)G(a)l x5

q

(A9b)

We may think of [L] y 4 (or [L]x p, respectively) as a two-
component column vector which is the first (or second,
respectively) column of the matrix [L].

It is important to understand the transformations be-
tween the A-B representation on the one hand and -8
on the other. We define the transformation which is used
to express a and b’ in terms of o and £':

Ix —ma
UA) = [—m)‘ N ] . (A10a)
Note that this matrix is symmetric, so we do not need
to distinguish between it and its transpose. The inverse
transformation is

UA)t = [ I m*] . (A10b)

my

If g denotes the matrix Green’s function in the a-3 rep-
resentation, and G that in the A-B representation, then
we have

g(N) =UN)IGUN) (Alla)

and
G(A) =UNg(NUQ) , (Al11b)
where
g(N) = [? _0%] (A12a)
and
GA) = [1:;; 1_:“@] = i z (A12b)

Note that, on the other hand, the transformation prop-
erties of the potential are

V=UXN"T2uX)"!

(A13a)
and

v=UA)VUMN), (A13b)

where V. (v) is the perturbation in the A-B (a-8) repre-
sentation. For the pure system

K(A)=[71A 71*], (Alda)
=% 2] (A1)
t=UNTUR), (A15)

where T (t) is the configurationally averaged t-matrix in
the A-B (a-f) representation.
Now

EaaDpat ¥ S L LA QU Ueg@u @]y, (A16)
= o]+ ¥ Tl ag@r@) o] (At6b)
Similarly
[(:’;lg% = [0] T z (V7B A\ @)g(@)U ()] [ ] (ALT)
Recall from Eqgs. (3.19a)—(3.19f) that
tan =52 [ 2] latr@), mata(a)], (A150)
HBA) = 525 | 12| [mata(@ . tr(@)] (A18)

where D(e) is given in Eq. (3.32).
To evaluate Eq. (A16b) note that
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et [ ] =[] (A19)
and to evaluate Eq. (A17) that
au ] = [2] (a20)
Then we find that
Lx,a)  [1], Kile) [ 1
e = [0) T B L) (A21a)
Lix,s(A) [o] ., K-(e) [~
G = [1] +oeg ) (A21b)
where
9= x L@ masa(@] 1O @U(@] [ (A22)
and K_(e) = K4 (—e). Explicitly we have
- pp i e
= ﬁ Z m [la¢1(q)(e + eq) + mZp2(q)(e — eq)] (A23b)
=5 Z — o2 (10 = 9)llae + eq) = mi (e — eq)] + (s — Deqllg(e + eq) + m(e = eq)]} (A23c)
NZeg [H(1 = s)(e+1) + (js — 1)(e + €2)] (A23d)
=¥ Z — 2 (s =1 =€) + (141 — ) +e(s — 1))} (A23¢)
=1—-js+(1+e€)go(e)[j(1 —s)+e(fs—1)]. (A23f)

We can write the results in the form of Eq. (3.34) if we
define

Kile)

T(e) = D(e)

(A24)

APPENDIX B: HELICITY AND
PERPENDICULAR SUSCEPTIBILITY

We will assume that the helicity for a ferromagnet is
equivalent to the macroscopic conductivity, as expressed
in Eq. (2.32). To evaluate this for a body—centered
antiferromagnet, we will express the right-hand side of
Eq. (2.32) and relate the result to the similar term in
Eq. (4.11a). For a body-centered-cubic ferromagnet Eq.
(2.32) gives

Eel (:E)

_ 2zz(js—1)
Eel(o) -

z—(js —1)gk(0) ’

(B1)

where ¢%.(0) is the p-wave Green’s function for a fer-
romagnet. Recall that the symmetry-adapted function
3" (q) is the same for both ferro- and antiferromagnets.
We have

W) (q)?
B2
qezP:z —1+7% (B22)
1 ¢ (q)? | M) (q)?
_ e— y B2b
e

where in Eq. (B2a) the sum is over the paramagnetic
zone, whereas in Eq. (B2b) the sum is over the smaller
antiferromagnetic zone (AFZ). The sum over the second
antiferromagnetic zone, which is needed to reproduce the
outer half of the paramagnetic zone, is obtained by not-
ing that exp(iq-6) = —exp(iq’ - §), where @’ (in the first
antiferromagnetic zone) is the value of q (in the second
antiferromagnetic zone) modulo the antiferromagnetic re-
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ciprocal lattice. Thus ¢ and ~ change sign in going
from a wave vector in the first antiferromagnetic zone to
its equivalent in the second antiferromagnetic zone. Thus

) (g)2
g%(0)=1—3,- y @

. B2c¢)
- (
acarz 174

Note that here 2/N is the number of q values in the AFZ.
Thus, in the notation of Sec. III, this would be

(»)
92(0) = NZ"” R SO0

where g ¢ (e) is the antiferromagnetic p-wave ¢ matrix of

Sec. III. Thus we may write
1 dzé(z) .

3el(0) dx

2z(js —1)
T z—(js—1)ghp(0)

For a body-centered hypercubic lattice in d spatial di-
mensions, one has

(B4)

2,2
Tq~1- (B5)
and
¢P=(q) = v/zsin(gza/2) H cos(gga/2) ~ \/zag./2 ,
B=y.z,...
(B6)
so that
¢P(q)? = ¢P*(q)® ~ 2a¢* /4 ~ 2€Z (B7)

B

where (3 labels the d coordinate directions. Thus the last
term in either Eqgs. (4.3a) and (4.3b) or (4.10) inside the
square brackets is

A(0,0) = (lo — mo)?[1 +a(s — 1) + 2a(s — 1)(0)]

z(s
2

Also

Zop,,, —2—~(j —14+j5s—-1).

P

Using the evaluations we have

XL = ;[1+x(s—1)+2m(s—1)<———s+go(0)(1—s))] [1—m<1+3—§)] .

Thus

1 dx.(z)
L0 = = —go(0) (s

This result agrees with Eq. (B.16) of KH when the anisotropies §4 and §p are zero. In view of Eq.

1 _
=—-eg[1 +x(s—1)+QT
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z  dZ(z)

—_— B8

253¢(0) dz (B8)

Next we evaluate the perpendicular susceptibility. The
simplest way to do this is to consider the system in a
small staggered field hy; whose purpose is to stabilize
the antiferromagnetic ground state. The staggered field
adds to ho in Eq. (3.4) the term h, Y, (alaq + blbq).
The definition of the Green’s function is such that x, =
—Llimp,, 0 x4-(q = 0,e = 0). In evaluating x,_ we
should first let q go to zero, then let hy go to zero. In
the presence of a staggered field, h,, Egs. (3.6) and (3.7)
are revised:

1/2 1/2
1+hs+e 1+hg—e
lg=| ——2 mg = ————12
a 2eq ! a 2eq !
(B9)

and

eq=1/(1+hy)2 =72

Thus to leading order in h,, €2 = 2h, and gy = g(o) =
—eg . Therefore from Eq. (3.34) we have that

(B10)

X1 = ~5AQ, 0){ (B11)

Note also in Egs. (3.35a) and (3.35b) that the quantity
(1 —vq)/eq is actually (Iq — mq)?. Using Eqs. (B9) and
(B10) this quantity is (1 + hs — 7q)/€q — 2€o. Thus for
TA =ZIp =T wWe have

(B12a)

1) L
(1 —Js+7g0(0)(1 — s)]] . (B12b)
(B13)
(B14)
—1)%+(s/j)+s—s>—1. (B15)

(B15) we see that

Egs. (4.3a), (4.3b), and (4.10) are all consistent with Eq. (4.4a).
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APPENDIX C: ZERO-POINT DEVIATION

In this appendix we analyze how the zero-point deviation depends on the distance from the defect. For simplicity,
we confine out attention to the case where the defect (located at R) is on the same sublattice as the defect. We start
from

gaa=gin+ Z 9k txv o\ (C1)

where X and Y are summed over the values A and B. Only the term involving the ¢ matrix has a dependence on r.
Keeping only it, we have

1 ; e
gaaR+r,R+1) = 55 > O NCT90) (q) — magl) (a)]tp.0 (@ N) [zxg“’) (A - mxgs"g(m} . (C2)
q,A,p0

In matrix notation we have

(t(a, )] = ei("”Q)'R{[ ri?q } e((:g) [ Ix@1(A), magz(A) ]

1) (q) W)
+Y (Gs—1 [ q]g%sﬁ[ my, —lx]}- (C3)

u#s

Thus the terms which concern us are

oan = g Lo Im[ co (g ) (Bl | i)

e —eq e+eq e — ey e+ ey

2eqlqmqd™) (q) 2ealamad ™ (A) (js — 1)
+ ( 4 q & (C4)
“Z#:s —e? e? —e? D®) (e)
in an obvious notation. Now for simplicity, we specialize to the case of vacancies, for which ¢; = —¢2 = j and
D(e) = j[1 — e(1 + €e)go(€e)]. Then
—i0*
de 1
_ i(q—A)-r
OR4+rOR+r) = / —=
( R+ + > oo—iot T N Z;
x Im €q lg + mg li _ mi
l—-e(l+e)go(e)]\e—eq ed+eq/\e—ex e+ex
GNP - 2+ (1-e)g®(e)/ [

One can analyze the non-s-wave contributions in Eq. (C5) by simple power counting estimates and one finds them
to be of order R=24+1. However, keeping in mind Eq. (5.9), we have to be careful with any power counting argument
for the s-wave contributions. To see the problem, replace D(e) by a constant, in which case the integration over e
can be done explicitly first. So we set

1 _ e(1+ e)go(e)
1—e(l+e)gole) + 1—e(l+e€)gole) * (C6)
Then
(ah carir) =T1 + T + T3, (C7)
where

—iot 2 2
de 1 . l m, m2
Ty = — __~§ : i(a-A)rg T q q A 2
! /—oo—io+ T N2 ¢ Catm € —é€q +e+eq e —ey e+ ey ’ (Cga)
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—i0t 2 2
de 1 (o). eqe(l + €)go(e) l m 12 m3
T, = — we s i(q—A) T q q q A _ A
2 /-oo—z‘o+ wNzZe m 1—e(l1+e)gole e—e +e-{-e e—ey e-+ey ’ (C8b)
QA a q
and
—i0t
de 1 Ya9™ (@) Iad™ (A) 1
T = i(q—A)- ] q .
3 /—oo—zo+ ™ N2 E m{;( e2—e2 e?—el z+(1—e)glH(e) (C8e)
We have
1 ) m2i2 12m?2
T = —— i(g—A)r a’A _ _"aTA
1= N2 qz;e €q (e tex  eq+en (C9a)
1 (ex —eq)
- - i(q—=A)-r A q
2N? g—; ex(eq +ex) (Cob)
1 . 2 1
- _— ilq=N)r( __ <2 -
2N2 g;e ((e,Jl +ex) eA) (C9e)
1 . 1
- i(q=A)r___ *
Nz 2 e Caten) (C9d)

In going from Eq. (C9c) to (C9d) we dropped the completely local term, since we are only interested in the behavior
at large . Thus

= K(r/a)~ 24+ (C10)

where we find the constant K to be 1/(327) for d = 2 and 1/(1673) for d = 3. Note the cancellation which led to the
result of Eq. (C10) rather than a power law with exponent —2d + 3. The same cancellation in T makes it irrelevant.
Actually we find

Tz ~ T_3d+2 . (Cll)
Finally, we consider T3 for simplicity for d = 2. Then

T 8 /_i°+ de (i Ql)rsm(zqma) sin(3A;a)

FNZ | s 7 q)‘ (& —e2) (2 —€b) (C12)
where F = z + g(”(0) and we have omitted corrections at finite wave vector in Eq. (C12). We have
—io* , 2q . 1
it ( Lt ) ( L _ ) (C13a)
4FN? |_ o _jo+ T o eqex \€—€q €e+eq e—ex e+ex
at i a’q-x 1
_ (A-a)r . C13b
2F (27)4 /dq/dAe €q€r €q + e ( )
L o i % dte—t(a+X)+ixcos g (r/a)-+ig cos dq(r/a)
— —t(g+A)+iAcos pr(r/a)+igcos r/a .
5 /Ad)\ / qdq/0 doq A do cos ¢q cos Py /0 dte 7 (C13c¢)

It is easily shown that this integral gives a contribution of order »—3 = 71=2¢ which must be added to that of Eq.
(C10) to get the full result.
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