
PHYSICAL REVIE%' B VOLUME 47, NUMBER 15 15 APRIL 1993-I

Evolution of the optical properties of alkali-metal microclusters towards the bulk:
The matrix random-phase approximation description
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The evolution toward the bulk values of the energy centroid and of the width characterizing the
surface-plasmon resonance in spherical neutral sodium clusters is studied. For this purpose, the
photoabsorption spectrum of clusters comprising from 8 to 338 atoms is calculated microscopically
making use of the jellium shell model to describe the motion of delocalized electrons and of the matrix
random-phase approximation to determine the collective response of the system to electromagnetic
radiation. The Coulomb force is treated in the local-density approximation. The case of large
potassium clusters having approximately 500 and 900 atoms is also considered.

I. INTRODUCTION h(u„= +4vrpez/m, (2)

It is well known that a shell-model picture applies to
both elemental atoms and atomic nuclei, despite the dif-
ferences in the forces involved. This is also the case for a
variety of metal clusters, that is, aggregates containing a
small number of atoms. Indeed, one can assume that the
valence electrons in a metal cluster, such as sodium, are
delocalized and explore the total volume of the cluster,
their motion being prescribed by a central average field,
as is the case of atomic nuclei. In the case of the alkali
metals, a reasonable approximation to the average shell-
model field is provided by invoking the jellium model, ~

based on the fact that the detailed positions of the ions
do not play an important role. Rather, one can replace
the ionic lattice with a uniform, positively charged back-
ground.

Aside from the static (ground-state) properties of small
metal clusters (cf., e.g. , Ref. 1 and references therein), the
dynamical response of the system to external probes has
recently received attention. In particular, it has been ob-
served that metal clusters can absorb light through the
excitation of a collective mode produced by the motion of
electrons against the positive ionic background. This sur-
face plasmon has been known from experiments in very
large clusters, z but it is only in the last few years that it
has been observed in the region of low mass numbers.

For the description of the surface plasmon in large
clusters, the classical Mie theory has provided a useful
framework. According to this theory, there is one sin-
gle surface-plasmon peak carrying 100'Fo of the oscillator
strength at the energy

where

is the energy of the volume plasmon in the bulk metal (p
is the electronic density and m, is the free-electron mass).
Experimentally, the width of this resonance has been
found to be Av~/R, where v~ is the Fermi velocity of the
conduction electrons, B is the radius of the cluster, and A
is a proportionality constant of order unity. Theoretical
approaches, based on an analytical treatment of linear-
response o and random-phase-approximation~ ~2 (RPA)
methods in the limiting case of a large volume have re-
produced this 1/R dependence. ~s The physics underlying
this smooth dependence is that of Landau damping 4 as
modified for the case of a finite, but large, system with
quasicontinuum single-particle spectra.

For clusters of low mass (& 40 atoms), this classi-
cal picture was also applied in an attempt to interpret
the observation. 3'4 However, systematic measurements5
of the photoabsorption cross section on free sodium clus-
ters in this mass region have revealed a much more com-
plicated and nontrivial line shape (cf. also Refs 7 and 8).
In particular, a high degree of fragmentation in several
peaks is present. In addition, the 1/R law for the broad-
ening of these peaks breaks down, as noticed in Ref. 6.
Instead, a broadening process due to the fluctuations of
the surface of the cluster seems to be able to account
for the observed widths.

The fragmentation of the photoabsorption strength in
several distinct peaks was explained as a quantum-size
effect in terms of an especially strong coupling between
the surface plasmon and the highly discretized single-
particle motion (a special realization of Landau damping
reflecting the discreteness of the single-particle spectra),
and is manifested in numerical RPA (Refs. 20, 17, and 21)
or TDLDA (Refs. 22—25) (time-dependent local-density-
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approximation) calculations [cf. especially the cases of
Nas, Na20, and Na4Q (Refs. 20, 21, and 26)].

In this paper we describe the evolution with size of the
optical properties of alkali-metal clusters from the very
small to the very large. In this respect, the present study
helps to bridge the gap in our knowledge from the atom to
the bulk, an objective that is central in cluster research.
As mentioned earlier, optical measurements on both ends
of this gap —namely, on very large silver clusters embed-
ded in a host medium, ~ and on very small alkali-metal
clusters —have been available in the last few years.
However, the intermediate cluster sizes have been much
less studied, both experimentally and theoretically. In
particular, we are unaware of any theoretical study that
has attempted to provide a global picture for the evolu-
tion of the optical response by accounting simultaneously
for the behavior of both the profile and the position of
the photoabsorption cross sections. Developing such a
picture is the aim of the present work.

Specifically, we extend previous matrix RPA
calculations for the neutral sodium clusters to higher
magic numbers, up to 338. We are thus able to study the
systematics of the evolution of the optical response with
the size of the cluster, and its approach towards the bulk.
This subject is of significant interest also in view of the
fact that optical measurements on larger sodium (up to
300) (Ref. 27) and Potassium clusters2s (Ks+oo and Ks+oo)
have been recently reported.

In particular, we find that the peak of the surface
plasmon in sodium, although starting with a 20Fo lower
value in the case of Nas, converges rather rapidly to the
classical Mie value, hw„/~3, as was recently observed
experimentally. Special attention is given to the evolu-
tion of the Landau fragmentation in several peaks, and
the transition to the regime of the 1/R law. The evo-
lution of the polarizability is also studied. Conclusions
are drawn on the improving applicability of the jellium
approximation with increasing size of the sodium clus-
ters, at 1east with respect to the description of optical
properties.

In the case of potassium clusters, we found that—
contrary to the case of sodium clusters where the RPA-
LDA is able to provide an accurate description of the
data —theory deviates significantly from experiment.
Indeed, the peak of the photoresonance in potassium
clusters converges to a value considerably lower than the
Mie value given by Eq. (1). We suggest that this dis-
crepancy is due to the free-electron-gas parameters used
until now as input in the RPA equations. Considera-
tion of an effective mass, as well as of core-polarization
contributions, deduced from the bulk optical response
for potassium can bring the RPA-LDA results in overall
agreement with experiment.

Compared to a molecular ab initio treatment, the
present matrix RPA-LDA upon a jellium background
constitutes a rather simple approach. In this respect, it is
encouraging that this approach is flexible enough to yield
satisfactory results for the full range of cluster sizes, from
the very small to the very larg" "-specially, since the
molecular calculations are restricted to small sizes (below
20 atoms). s Since the matrix RPA formalism has only

partially been discussed in previous publications, we
provide here a complete exposition. This is especially
desirable, in view of the fact that this formalism is known
in nuclear physics in a different angular-momentum cou-
pled scheme, namely the j-j scheme, unlike the present
LS coupling scheme, appropriate for metal clusters.

The plan of this paper is as follows. Section II offers a
concise theoretical exposition of the discrete-matrix RPA
formalism as applied to spherical metal clusters. Section
III presents the genera1. trends in the results of the matrix
RPA calculations for sodium and compares them with the
experimental data. Section IV discusses the correspond-
ing calculations for large potassium clusters. Finally, Sec.
V provides a summary and conclusions.

II. DISCRETE MATRIX RPA FOR SPHERICAL
CLUSTERS

A. The matrix equations

The spherical shape of metal clusters associated with
a magic number allows for a significant computational
simplification of the discrete matrix RPA equations. In
this case, since the angular momentum is a good quan-
tum number, one can sum algebraically over its pro-
jections and eliminate them from the RPA equations,
drastically reducing in the process the size of the ma-
trices to be diagonalized. To this effect, one intro-
duces an angular-momentum coupled creation operator
At&(L, M) (Ref. 32) as a linear superposition of uncou-

pled particle-hole operators atah, having angular mo-
menta t„and lh, , namely,

At&(L, M) = ) (lz, lh, m&, mh~LM)( —)
"+

mP, my„a.

tXQ) m o+th, —mh, , o' )P) Pl (3)

where the index ~ denotes the spin variable. The oper-
ator Ath(L, M), as written in Eq. (3), represents a sin-

glet spin state (8 = 0) and the 1/~2 factor imposes
the normalization condition in the spin space. That the
RPA state is singlet in spin follows from the fact that
the Coulomb force is central and thus cannot flip the
spin of the excited particles. The expression in parenthe-
ses is the usual Clebsch-Gordan coeFicient expressing
the coupling of two angular momenta (li, lz) with pro-
jections (mi, mz) to a total angular momentum L with
total projection M. Observe that here we work in the LS
coupling scheme, unlike the j-j scheme familiar from nu-
clear physics. 3 The reason is that the spin-orbit terms in
metal clusters can be neglected, unlike the case of atomic
nuclei.

With the coupled operators A„h (L, M), the RPA
phonon-creation operator Oi' (I, M) is written as follows:

Ot(L, M) = ) (X„„(L)At„(L,M)
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Examples of the coupled particle-hole transitions
A h(L, M) entering into Eq. (4) are displayed in Fig. 1.

Then the full RPA equation reduces to a set of identi-
cal submatrix equations, each specified by a given total
angular momentum I = A, where A is the multipolarity
of the plasmon. In particular, these submatrix equations
are

( A~ B~ l (X"& (X"&

A~. )l I(~ )I
—& I&+ )

where the elements of the A" and B" are specified by the
double commutators,

—2

Q) 3
bJ

@ 5f
6s ~ 49 3„4' ~39 5I 2h5s 4' 3f

A" (ph, p'li') = [Aph(A, p), [H, At, h, (A, p,)] ] (6)

B"(ph p'&') = (—)"+"+'[Aph(»~) [H Aph (» I))].-
(7)

In Eqs. (6) and (7), H is the many-body Hamiltonian; it
consists of two parts, a static single-particle part Ho and
the residual two-body interaction V,

H =Hp+V.
The static part Ho is the sum of the kinetic energy T of

the free conduction electrons plus the average potential
U(r) that binds them in the cluster, namely,

Ne

Hp = ) (T + U, (r)} .

g2
V(ri, r2) = b(ri —rs) .

dV. [p) (10)

Here V„,[p] = dE'„, [p]/dp is the exchange-correlation po-
tential in the ground state. As in Refs. 22 and 34,
we use the exchange-correlation energy density F«[p] of
Gunnarsson and I undqvist. ss As a result, the exchange-
correlation potential V„, is given in atomic units (energy
in Ry) by the expression

V„(r) = —1.222/r, (r) —0.06661n
I

1 +( 114)
rs r

In what follows, we shall specify the single-particle
potentials self-consistently in the spherical jellium-
background model 2 using the density-variational formal-
ism in a semiclassical approximation. s4 As an example,
the potential for Nass is displayed in Fig. 1.

The residual two-body interaction V is taken according
to the local-density approximation to be

where r, (r) = [3/4n. p(r)] i is the local value of the
Wigner-Seitz radius. The values of the parameters en-
tering into Eq. (11) were obtained in Ref. 35 by adjust-
ing the correlation functional to the results of the RPA
correlations computed in a homogeneous electron gas.

To calculate the double commutators in Eqs. (6) and
(7) defining the RPA matrices in the coupled representa-
tion, one needs the corresponding RPA result in the case
of the uncoupled representation, namely, that

[&hap [H ap rih'] ]RP = (&p &h)~pp'4h' + Vph'hp'

and

(12)

—[ahap, [H, ~h ap ]]Rp —Vpp'hh' (13)

Then a direct calculation of the double commutators (6)
and (7) allows for an explicit integration over the angles
and summation over the angular-momentum projections.
The result for the elements of the RPA matrices in the
coupled representation is

I i I i I i I

0 5 10 15 20 25

r (bohr')

FIG. 1. Jellium potential associated with Na58. The en-
suing single-particle levels relevant to the excitation of the
dipole resonance, as well as some of the associated unper-
turbed particle-hole transitions (vertical arrows), are also
shown. The horizontal dashed line indicates the highest filled
single-particle level.

A" (ph) p'h') —(e~„,i„—e~„,i„)~ip,i„,A„i„,~np, n„,~n„n„,

, +, , [(2l„+1)(2lh+1)(2l„+1)(2lh +1)]' (lh Alp& (lhi Alp 't

(2A+ 1) F000) i0 0 0)
= (—)" B"(ph, p'li'),
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where the radial part is of the form

B (ph, /lp ) = TidTiT2dT27R~„ i„(Ti)R~„, i„,(T2)V(Ti, Tz', A) R~q iq (Ti)R~, i, (Tz)

The quantities e„,. ~,. are the single-particle energies spec-
ified by the static Hamiltonian Hc, while R„,. i,. (r) is the
radial part of the single-particle wave functions, the total
wave function being 'R„,. i,. (r) gi, , , (8, P), with P denot-
ing a spherical harmonic. The radial contribution of the
two-body interaction (10) in multipole order A is given
by

r( dV„, [p) 6(ri —rz) 2A+1V ri, r2, A =e ~ i+ 2 )
T) dp r1 4'

Kuhn (TRK) sum rule in the dipole case. In the coupled
representation, the transition probability, B(EA, O —+ v),
associated with the RPA state lv) of Eq. (4) can be writ-
ten as

B(EA, 0 ~) =
2A

11(~ll~(EA)IIO)]',

( ll~(EA) ll0) = ) . [~ (A) + (—)"Y„"(A)]

(16) x (all~(EA) ll~), (19)
where r& ——min(ri, rz) and r& ——max(ri, rz).

The indices n,, appearing in Eqs. (14) and (15) denote
the number of nodes for the corresponding single-particle
states. The orbital angular momenta of the particles and
holes participating in the excitations are denoted by /, ,
the total angular momentum of the excitation being A,
which in the present calculation is set equal to 1 (dipole
vibration). The 3j symbols appearing in (14) take proper
care of the angular-momentum coupling, as well as of the
parity-conservation conditions. The factor 2 accounts for
the spin degeneracy.

For smaller sizes, the radial wave functions 'R„,. i,. (r)
are calculated by diagonalizing the single-particle Hamil-
tonian Ho in a basis including 25 harmonic-oscillator ma-
jor shells. The optimal oscillator parameter of this basis
is adjusted to reflect the volume of the cluster. This pro-
cedure amounts to a discretization of the continuum. For
clusters having more than 300 atoms, we carry the dis-
cretization by confining the cluster inside a cavity of large
but finite radius. The results are, however, independent
of these choices.

It should be noticed [ef. Eqs. (14) and (15)] that the
RPA matrices A" and B" are real for the special case
of the Coulomb interaction. As a result, the RPA am-
plitudes A(A) and Y'(A) are also real. However, for the
purpose of generality, we will continue treating them in
the notation as if they were complex.

The forward- and backward-going RPA amplitudes
A„&(L) and Y„"&(L) obey the following orthonormaliza-
tion condition:

) PC„"„'(L)A„"„(L)—Y„"„*(L)Y„"„(L))= 6'„, E„&0 .
yh

are reduced matrix elements of the electric multipole
operators

M(EA; p) = 4'
er g),p, (r) .

2A+ 1 (20)

In Eq. (18) the factor 2 accounts for the spin degener-
acy, while the denominator in front of the reduced matrix
element results from the fact that the operator M(EA)
has 2A + 1 components. The double bars denote the
usual reduced matrix elements, while Pp„(r) is a spheri-
cal harmonic. In particular, the reduced matrix element
(pllM(EA) lib) is given by the expression

where

R(p, h;A) = e r + 'R„„,i„(r)'R„„,i„(r)dr. (22)

In the case of a simple two-body force, like
the Coulomb interaction, the associated unperturbed
particle-hole excitations exhaust the classical energy-
weighted sum rule

h
S(EA) = AN, (r " ),

that is

) (&„„,i„—&„„,i„)
2A 1 (&ll~(EA)lib) = S(EA),

2

ph

(24)

B. The energy-weighted sum rule

An important property of the RPA is that the tran-
sition probabilities of a one-body operator between the
ground state and the RPA excited states obey several
sum rules, and in particular the energy-weighted sum
rule (EWSR), which is known as the Thomas-Reiche-

where e„,. i, are the single-particle energies and the () de-
notes the expectation value over the uncorrelated ground-
state density of the cluster as specified by the unper-
turbed single-particle Harniltonian Ho.

The result (24) is also valid for the correlated eigen-
states and associated eigenvalues E„ofEq. (5), since the
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RPA preserves the energy-weighted sum rule, si namely,

) E„B(EA,O ~ v) = S(EA) .

C. The photoabsorpt ion cross section

Since the incident light has a wavelength much larger
than the dimensions of the cluster, the associated elec-
tromagnetic field excites only the dipole plasmon, and
we need consider only the photoabsorption cross section,
o-~. , for A = 1.

In this case, the photoabsorption cross section is re-
lated to the imaginary part of the dynamic polarizability,
n(cu), of the valence electrons as follows:

Ima(cu) . (26)
C

The dynamic polarizability is given by the expression

This quantity is to be compared with the classical value
of a metal sphere, a,I = Rs = rsN, .

III. RPA RESULTS FOR SODIUM

Figures 2 and 3 display the RPA oscillator strengths
per atom for the set of spherical sodium clusters Nas,
Nazp, Na4p, Nass, Nag2, Naiss Naj9Q Na2s4, and Nasss.
They correspond to shell closures of the 1p, 2s, 2p, 1g,
3s, 3p, 3d, 2h, and 4p orbitals, respectively. The RPA
oscillator strengths for Nas, Naacp, and Na4p have been
discussed in earlier publications, ' where a confronta-
tion against the available experimental observation
was also presented. It was concluded that —apart from a
moderate blueshift in the positions —the RPA cross sec-
tions accounted fairly well, not only for the main trends,
but also for the details of both the location and the pro-
files of the photoabsorption spectra.

B(E1,0 —+ v) B(E1,0 ~ v)
hu) —E„+ig he+ E +ig

(27)

A. Evolution of the interaction
between surface-plasmon and unperturbed

particle-hole transitions

E~ B(E1,0 —+ v)
S(E1)

the cross section is written as

2+%,eh
o~ = ' ) f 6(h~ —E ) .

m, c

(28)

(29)

Introducing oscillator strengths f„normalized to unity,
namely, As discussed in Ref. 21 for the case of the smallest Nas,

Na20, and Na40 clusters, a prominent result of the matrix
RPA calculations was that the surface plasmon may be
strongly fragmented. The extent of fragmentation of the
surface plasmon depends upon the existence of unper-
turbed particle-hole transitions that lie close to the orig-
inal (before the breakup) plasmon. Reference 21 offered a
detailed analysis of the fragmentation process by utilizing

The sharp spikes produced by the discrete RPA, and
expressed by the Dirac b function in (29), are naturally
broadened and acquire a width E' due to various damp-
ing mechanisms. s r Consequently, when comparing to
experimental data, the 6' functions are replaced with
I,orentzian shapes L(E„,I' ), having a width I' and a
maximum at E~ (sometimes also Gaussian shapes may
be used). After calculating the constant in front of the
sum, the final expression for the photoabsorption cross
section per valence electron is given by

o' = 1.0975 (eVA ) ) f„L(E,I'„) . (30)

0.8

0.4

0.0
0.8

OA

0.0
0.8

M

II sli
I I

Na

Na

The area under the photoabsorption curve is con-
served, namely the contribution of each delocalized elec-
tron is

0
U
0
M

0.4

0.0
0.8

2irzezh 2
o dE = = 1.0975 eVA.

m, C
(31) 0.4

Na20

a property that is essential for the interpretation of the
experimental results.

D. Static polarizabilities

0.0
0.8

OA

Na

The static polarizability n in the RPA is related to the
inverse energy-weighted sum S i(E1). This can be seen
from Eq. (27), namely,

n = 2) ' = 2S i(E1) . (32)
P V

0.0 a I
I I I

3 4 5

Energy (ev)

FIG. 2. RPA oscillator strengths per atom for Nas, Na20,
Na4p, Naqg, and Nagg (see the text for a full description).
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138
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Energy (eV)

I

5

FIG. 3. RPA oscillator strengths per atom for Na]38,
Naqgs, Nags4, and Na33Q (see the text for a full description).

strengths, namely the strength distribution before the
RPA linear superposition upon the particle-hole basis is
implemented through the diagonalization of the matrix
equation (5). The empty arrow denotes the position of
the original unbroken surface plasmon. It is apparent
that the surface plasmon, in the case of Nas, falls well
within an area empty of particle-hole transitions. As a
result, for Nas, the plasmon does not couple strongly to
the unperturbed particle-hole transitions and the extent
of fragmentation is small, the photoabsorption profile re-
taining the shape of one dominant peak. "

As seen from Figs. 4 and 5, the particle-hole transitions
are organized into two groups, a lower-energy group and
a second one at higher energies, having an energy gap
between them. The lower-energy group consists exclu-
sively of particle-hole transitions of ~ = 1 character,
JV = 2(n —1)+ t being the single-particle principal quan-
tum number (n is the number of nodes plus one and l

is the single-particle angular momentum). The second
group consists of all the remaining particle-hole transi-
tions of ~& 3 character, with the ~= 3 transitions
lying at the edge of the energy gap.

The existence of the energy gap is a consequence of

restricted subspaces, in addition to the full particle-hole
space. An immediate visualization of this process, how-
ever, can be achieved by an inspection of Figs. 4 and 5.
In fact, Figs. 4 and 5 display the unperturbed oscillator

—3

Q) 5

10
Na

10

I s

20

r (bohr)

30

-6
10

—2
10

~~10
Q)

~ 10

0
U —6.o 10
M~ 10

—6
10

-2
10

Na

Na

Na

(D

M

D

O

—6—
10

—2—
10

-6—
10

—2—
10

—6—
10

—2—
10

338

Na

I i II I Il

Na

I i I III II

'ua

10

Energy (eV)

10
2

Energy (eV)

FIG. 4. Unperturbed oscillator strengths per atom for
Nas, Naacp, Na4p, Nass, and Nag~. The scale for the oscil-
lator strength is logarithmic. The empty arrow denotes the
position of the surface plasmon. The energy gap between the
low-energy ~= 1 and the higher-energy ~ & 3 particle-
hole transitions is clearly seen. It becomes smaller with in-
creasing size.

FIG. 5. Unperturbed oscillator strengths per atom for
Nag38, Nagg6, Na254, and Na338 ~ The scale for the oscillator
strength is logarithmic. The empty arrow denotes the posi-
tion of the surface plasmon. The energy gap between the low-

energy ~= 1 and the higher-energy ~& 3 particle-hole
transitions is clearly seen. It becomes smaller with increasing
size. Top panel: Uariations of the effective potentials that
bind the delocalized valence electrons as a function of size.
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the finite size of the cluster. Indeed, for the ideal case of
a harmonic oscillator, all particle-hole transitions with a
given A/V are degenerate forming specific shells with a
constant energy gap between them. In the case of neu-
tral clusters, only the first gap between the ~= 1 and
the AJV = 3 transitions survives, since at higher ener-
gies the cluster potential flattens, unlike the harmonic-
oscillator potential. This flattening of the potential re-
sults in the overlap of the ~ & 3 transitions. The
extent of this overlap depends on the size of the cluster,
being strongest for the l.arger clusters. For clusters above
Nass, the ~& 3 transitions can properly be described
as forming a forest of excitations.

Figures 4 and 5 also show that the energy gap dimin-
ishes with increasing size. This is a consequence of the
increase in the volume of the cluster and of the related
fact that the major shell of the spatially equivalent oscil-
lator decreases with increasing size. The behavior of the
fragmentation of the plasmon can be grasped by observ-
ing that the position of the unbroken surface plasmon
(empty arrow) remains almost constant with the size.
This is a consequence of the long-range character of the
Coulomb force that supplies the energy for the plasmon
vibration. The extent of the fragmentation of the pho-
toabsorption strength depends on the relative position of
the surface plasmon with respect to the energy gap and
the forest of higher-energy excitations. In the case of Na8,
the gap is large and the surface plasmon falls well within
the gap away from the higher-energy excitations. Then
gradually, the gap diminishes with size, and the surface
plasmon first grazes the edge of the gap (cases of Na2p
and Na4p, which exhibit a double-line and a flat mul-
tipeak absorption profile, respectively) and then moves
slowly, well inside the forest of higher-energy particle-
hole excitations. In this respect, the number of actual
strength fragments in the RPA response increases, since
the number of particle-hole excitations degenerate with
the plasmon naturally increases with the size.

However, the distance between any two adjacent
strength fragments in the RPA response actually dimin-
ishes. As a result, above Na58, the width of the cross sec-
tion decreases with increasing cluster size, a trend that is
opposite to the trend from Na8 to Na40. In fact, the re-
pulsion between the RPA strength fragments is strongest
in the size range of Na2o and Na40, and then gradu-
ally decreases. The reason is that this repulsion depends
upon the coupling between the plasmon and the degen-
erate particle-hole transitions (for example, in the case
of Na2p, Ref. 21 has shown that the two members of the
double line cannot come closer in energy than 2v, where
tt is the effective coupling between the plasmon and the
special 2s ~ 3p transition). In its turn, this effective
coupling depends upon the ~ character of the degen-
erate particle-hole transitions, the surface plasmon com-
prising mainly ~ = 1 transitions. In the case of Na2p
and Na4o, the plasmon is degenerate with single-particle
transitions of~= 3 character at the edge of the forest.
For larger sizes, the plasmon moves well within the forest
and is degenerate with transitions of ~ & 5 character,
transitions that progressively exhibit a weaker coupling
to the surface plasmon.

0.3 I
I

I
I

I
I

~

I
I

0.2 Na

0.1

0.0 Lll
I [1 I

—0.1 I i I
I

I
I

I
I

I
I

I
I

0.5

0.2

—0.1

—0.4 I i I i I i I

2 3 4 5

Energy (eV)

FIG. 6. The forward- and backward-going X and Y RPA
amplitudes for Nas. The choice of phase for the values in
the figure is such that all the associated matrix elements,
(pII~(E1)IIh) [cf. Eq. (19)], of the dipole operator should
be positive.

Further insight into the matter discussed in this sub-
section can be obtained from Figs. 6 and 7, where the
forward- and backward-going RPA amplitudes [cf. Eq.
(5)] for the lightest and the heaviest of the sodium clus-
ters calculated here are shown. In both cases, namely
for Nas and Nasss, the ~= 1 excitations have some of
the largest X components, which are also associated with
large Y components, and thus with appreciable ground-
state correlations. Because the sign of 2C' s and Y' s
is the same, the associated RPA matrix elements of the
dipole operator [cf. Eq. (19)] are quenched. This is a nat-
ural consequence of the fact that the residual interaction
is repulsive and therefore the RPA centroid of the reso-
nance is higher than the original DJV = 1 particle-hole
excitations. Because the EWSR is preserved in the RPA,
the associated B(E1,0 ~ v) has to decrease compared
to the unperturbed case.

In the case of Nas, the ~= 3 and higher excitations
lead to an enhancement of the B(E1,0 ~ v) elements,
as the X and Y components in each pair have opposite
sign. This antiquenching is natural for transitions lying
higher than the resonance, as the energy denominator of
the dynamical polarizability [cf. Eq. (27)] changes sign.

The situation is very difFerent in the case of Nasss,
where very large ~ & 3 X components, larger than
any of the ~ = 1 components, are found. These com-
ponents are, however, not associated with large Y' com-
ponents. In fact, in this case, the large X amplitudes
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FIG. 7. The forward- and backward-going A and Y' RPA
amplitudes for Na338 ~ The choice of phase for the values in
the figure is such that all the associated matrix elements,
(p~~M(E1)~~h) [cf. Eq. (19)j, of the dipole operator should
be positive.

result from the accidental degeneracy of the surface plas-
mon with unspecific particle-hole excitations. This is the
phenomenon of Landau damping.

B. RPA cross sections: Evolution of plasmon width
and position

Figure 8 and 9 display the cross sections that result
from the RPA oscillator strengths after folding them with
Lorentzian line shapes. An intrinsic width of 10'%%uo was
used throughout in this folding. In keeping with the
results presented in Refs. 15—19, this intrinsic width is
expected to reflect the coupling of the plasmon to ther-
mal fluctuations of the surface. Starting from Na8 and
moving to larger clusters, the cross section first exhibits
one dominant peak, then two peaks for Na2O, and then,
for Na40, a very broad, flat profile encompassing sev-
eral smaller peaks of comparable strength. The one-peak
profile familiar from the classical Mie theory, however,
starts reappearing with Na58 and persists without inter-
ruption up to Nasss. For all sizes, the FWHM (full width
at half maximum) of the photoabsorption cross section
is largest for Na40, and for higher mass numbers, it de-
creases slowly. This is a consequence of the fact that, for
sizes larger than Na58, the repulsion between the RPA
strength fragments decreases with size while at the same
time the number of fragments increases, as explained ear-

0.0
2 3 4 5

Energy (eV)

FIG. 8. RPA cross sections per atom for Nas, Na2p, Na4p,
Na58, and Na92. The curves were produced by folding the
corresponding RPA oscillator strengths with Lorentzians ac-
cording to Eq. (30). For the Lorentzians a 10% intrinsic width
was used throughout,

lier. Figure 10 displays the FWHM extracted from the
RPA cross sections of Figs. 8 and 9 versus the prediction
of the 1/R law with the correct proportionality coeffi-
cient and frequency dependence determined in Ref. 12
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FIG. 9. RPA cross sections per atom for Na/38) Na$96,
Na254, and Na338. The curves were produced by folding the
corresponding RPA oscillator strengths with Lorentzians ac-
cording to Eq. (30). For the Lorentzians a 10% intrinsic width
was used throughout.
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FIG. 10. The width of the surface plasmon I'» vs the
number of sodium atoms N. Upper dashed curve: The
FWHM extracted from the RPA cross sections in Figs. 8 and
9. The open circles correspond to the mass numbers dis-
played in these two figures. Lower dashed curve: The upper
dashed curve shifted so that the FWHM of Na8 is zero. In
this way, the 10% intrinsic width that was used to smooth the
RPA response has been uniformly subtracted, and the lower
dashed curve represents exclusively the contribution of Lan-
dau damping. Solid curve: The predicted width according to
the 1/R law. The correct proportionality coefficient of Ref.
12 has been used. The solid squares correspond to the mass
numbers calculated in the present work, namely 8, 20, 40, 58,
92, 138, 196, 254, and 338. Prom an inspection of the figure, it
can be concluded that the 1/R law is approximately valid for
masses as low as Na58. Below Na58, however, it breaks down,
as exemplified by the sudden rise and subsequent rapid fall of
the dashed curves.

[see, in particular, Eqs. (61)—(63)j. Since the FWHM
from Figs. 8 and 9 reflects also the thermal broadening
that was taken here to be a uniform 10', the correspond-
ing curve (upper dashed curve in Fig. 10) was corrected
by subtracting throughout a component of 0.28 eV. The
remaining width (lower dashed curve) is due exclusively
now to Landau damping, and Nas properly exhibits zero
Landau damping. Apart from some reasonable oscilla-
tions due to residual shell structure of the particle-hole
subspace, the renormalized curve agrees fairly well on the
average with the 1/R law for sizes equal or larger than
Na58. However, in the size range from Na8 to Na4o, the
1/R law breaks down. The breakdown of the 1/R law for
the small sizes in the case of sodium and potassium clus-
ters was noticed in earlier publications ' and is clearly
illustrated in Fig. 10 by the sudden drop in the dashed
curves. The exact point, however, where this drop ap-
pears may be dependent upon the electronic density, and,
in the case of metals with electronic densities much higher
than sodium and potassium, it may well be pushed below
the number of 40 electrons. This conjecture appears to
explain the recent experimental observations on small Hg
clusters, ss where the 1/R law was found valid down to
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FIG. 11. The energy of the photoresonance in neutral
sodium clusters as a function of the number of atoms. Solid
squares: Energies extracted from the RPA cross sections in
Figs. 8 and 9. Open circles: Experimental results from Ref.
27. The Mie value (Refs. 9 and 4) is also denoted.

Hgio+ (19 electrons). Probably, in this case, the FWHM
follows a curve like the upper dashed curve in Fig. 10,
namely, the proportionality coefBcient for the 1/R law is
augmented due to thermal fluctuations of the mean field.

A second important feature revealed by Figs. 8 and 9
is the evolution of the position of the plasmon (in the
case of Na2o and Na40, the position of the plasmon is
taken as the average of the photoabsorption curve; in
all other cases, the position is taken as the top of the
single peak). Indeed, this position starts as low as 2.8
eV for Na8, but very rapidly moves higher at 3.25 eV for
Nasss in agreement with the Mie prediction (3.4 eV) for
a classical metal sphere with the electronic density of the
bulk sodium.

That the position of the resonance approaches the bulk
value in the limit of large mass numbers has been earlier
anticipated from simplified RPA approaches that over-
look the detailed particle-hole structure. It results
from the diminishing importance with size of both the
electronic spill-out and the exchange-correlation contri-
bution to the residual interaction. As Fig. 11 shows, the
energy of the photoresonance calculated in the matrix
RPA increases very rapidly and is very close to the clas-
sical value already in the mass area between 100 to 150
sodium atoms. This rapid approach to the classical limit
has also been seen experimentally in the reflectivity
spectra of small isolated sodium clusters adsorbed on a
boron nitride surface. The RPA results and the experi-
mental observations are plotted in Fig. 11.

Ekardt has calculated the photoabsorption for the
three sizes Nacho, Nag2, and Naqgs using the TDLDA
approach. His results are consistent with the corre-
sponding matrix RPA results. Beck has calculated
in the TDLDA the position of the surface plasmon for
sodium clusters from 8 to 198 atoms. However, this lat-
ter calculation exhibits a sharp discontinuous step be-
tween the plasmon positions for Na58 and Na92, unlike
the present result that shows a smooth increase. In the
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mass area from 100 to 200, the same TDLDA calcula-
tion has reported positions for the photoresonance at
slightly lower energies, namely from 3.0 to 3.1 eV, un-
like the present calculation which yielded positions from
3.15 to 3.20 eV in better agreement with the experiment.
A Hartree-Fock RPA study i of the three clusters Nazo,
Na4O, and Nas2 has found that the position of the pho-
toresonance remains almost constant with size, and does
not approach the classical Mie value, unlike the present
LDA-RPA calculation. Since the Hartree-Fock RPA ne-
glects correlation effects, the upward movement of the
photoresonance in the LDA-RPA can be attributed pri-
marily to the rapid weakening of the correlation contri-
bution, In fact, the exchange contribution is also weaken-
ing with the size of the cluster, but apparently in a much
slower pace than the contribution from the correlation.

C. A unified view for the evolution
of the photoabsorption

The variations in the distribution of the unperturbed
particle-hole transitions exhibited in Figs. 4 and 5 are
generated by size changes sustained by the effective po-
tential that binds the delocalized valence electrons. The
variation of the potentials with the mass number for the
neutral sodium clusters is displayed in the uppermost
frame of Fig. 5. These potentials retain a constant depth,
but their width keeps increasing following roughly the
radius, B = r,N ~, of the positive jellium background,
where for sodium we have used r, =4.0 a.u. In this re-
spect, one can assign the variations of the photoabsorp-
tion with size to a single factor, namely, to the changes
of the efFective potential.

It should be emphasized here that the LDA-RPA upon
a jellium background offers the vehicle for formulating
a united view of the evolution of the photoabsorption
profiles as due to variations in the efFective mean field.
Apart from changes due to the size, the efFective jellium
potentials can change also due to variations in the total
charge of the cluster (positive ions, neutral clusters, or
negative ions), as well as in the chemical composition of
the cluster (bimetallic clusters). The description of the
variations of the optical spectra with the total charge
was presented in Refs. 42, 17, and 20. Reference 43 dis-
cussed the variations of the optical response induced by
an impurity inside an otherwise homonuclear cluster.

As seen from the confrontation of the matrix RPA
results against the experimental observation, the agree-
ment between the jellium model and the experiment be-
comes better with increasing size. This behavior is to be
contrasted with the behavior of relative abundances and
stabilities for larger sizes. For cold sodium clusters, it has
been found that the electronic magic numbers persist up
to a size of 1500 to 2000 atoms; for larger sizes, the rela-
tive stability is controlled by ionic eKects and the magic
numbers correspond to geometric atomic packing. 44 In
the case of the optical properties, the central potential
description and the related classical Mie photoresonance
theory are, in principle, valid up to an infinite number
of atoms. The explanation for this different behavior
between ground-state properties and optical properties

lies with the smallness of the single-particle energy gaps
around the Fermi energy, as well as of the total-energy
differences from one size to the next, compared to the
much larger energy of the plasmon. In fact, the energy
variations associated with the ground-state quantities be-
come smaller the larger the size, unlike the energy of the
plasmon that reaches a constant value.

D. Static polarizabilities

YVe calculate the static polarizabilities using the RPA
expression (32). The results are listed in Table I. For
the smaller clusters, the jellium LDA-RPA results are
lower than the experimental observation. This behavior
agrees with earlier TDLDA calculations, 2z 4s and is re-
lated to the systematic blueshift found in the position of
the photoresonance with respect to the observed location.
This discrepancy in the positions, however, between the-
ory and experiment, diminishes very fast with the size
as seen from Fig. 11. In analogy, the corresponding dis-
crepancy for the static polarizability should decrease for
higher masses, even though a direct comparison is not
possible, since experimental values are only available for
sodium clusters with less than 40 atoms. One can, how-
ever, observe that the RPA values in Table I decrease
smoothly with size and approach the classical value of
unity. It may appear that the approach of the static
polarizabilities to the classical value is slower than the
corresponding approach of the plasmon position to the
Mie value (cf. Fig. 11). The two trends, however, are
in consonance, since the position of the plasmon is re-
lated to the static polarizability through the square root,
as cari be found by combining the Thomas-Reiche-Kuhn
and the inverse energy-weighted sum rules, namely,

t'4 1i'~'
hw =

~

——
~

Ry bohr
4"s ~) (33)

where n is given in the dimensionless units of the actual
static polarizability over the classical value B = r, N, .

Of course, for Eq. (33) to be valid, most of the strength

Mass number
N

8
20
40
58
92

138
196
254
338

1982

O'RPA

1.34
1.33
1.29
1.19
1.17
1.15
1.15
1.12
1.12
1.04

Experimental
polarizability

1.72
1.62
1.57

From Ref. 4.

TABLE I. Static polarizabilities n~pA for sodium clusters
calculated in the matrix RPA-LDA compared to measured
experimental values. The static polarizabilities are in units of
the value for the classical sphere, a,~

= B = r, N.
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must be concentrated in a narrow-energy region. For
Nasss Table I lists o. = 1.12, and Eq. (33) yields her=3. 21
eV in very good agreement with the value 3.25 eV ex-
tracted from the maximum in the cross-section pro61e
displayed in Fig. 9.

The 20% discrepancy between experiment and RPA-
LDA in the case of the smaller sodium clusters (N, & 40)
has motivated several attempts to improve the descrip-
tion of the electronic gas beyond the LDA. To this end
empirical self-interaction corrections (SIC) have been
introduced. 4s 4s In general, the SIC results for the static
polarizabilities move in the right direction toward the ex-
perimental values. Reference 41 has carried out a consis-
tent Hartree-Fock-RPA calculation upon a jellium back-
ground. In the Hartree-Fock approximation, the spurious
self-interaction is canceled fully by the exchange terms,
but still it was found that not suKcient improvement
with the experiment was achieved.

Another venue for overcoming this discrepancy starts
from the view that it is due to the neglecting of the ionic
structure. 49 Apart from an improvement in the static
polarizabilities and in the position of the plasmon, this
venue accounts for several crucial additional features in
the photoabsorption profiles, e.g. , for Nas the smaller
satellite peak at low energies is properly placed at 2.0 eV
(for the experimental evidence, cf. the work of Pollack
and co-workers, Ref. 8). In contrast, the SIC-TDLDA
(Refs. 47 and 48) fails to position this satellite peak at
the right energy. The satellite peak is even more promi-
nent in the case of Cs8, and again has been explained as
an effect of the ionic structure in Ref. 49. SIC-TDLDA
calculations for Css are not as yet available.

IV. THE CASE OF LARGE POTASSIUM
CLUSTERS

Figure 12 displays the matrix RPA oscillator strengths
for the case of the large potassium clusters K4s4, K4ss,
K94p and K9+4i. The behavior of the response is quite
analogous to that found for the large sodium clusters,
namely the strength fragments bunch densely around
2.45 to 2.5 eV falling within a small energy range of ap-
proximately 0.20 eV. In other words, the classical Mie
value for potassium [2.54 eV according to formula (1) for
r, =4.86 a.u. ] has firmly been reached at these sizes, and
the response will exhibit a single-peak profile after the
folding with appropriate Lorentzians.

One can also see that there is no difI'erence in practice
between the neutral and the singly charged species. In-
deed, the inBuence of the total charge N, e depends upon
the ratio N, /N, of the total charge versus the total num-
ber of delocalized electrons, this ratio being very small
for the large sizes considered here.

Unlike the case of sodium, however, recent experimen-
tal results by Brechignac and collaborators disagree
with the jellium LDA-RPA prediction concerning the po-
sition of the plasmon in large potassium clusters. Specif-
ically, Brechignac et aL have found the plasmon energy
at approximately 2.05 eV, substantially lower than the
classical Mie value calculated from Eq. (1).

It appears that the electrons in potassium should be as-

signed an effective mass m, g larger than the free-electron
mass m, used throughout in the RPA calculations. In
this case, the Thomas-Reiche-Kuhn sum rule modifies as
follows:

e
S(E1) = N,

2 me@
(34)

It is has been found that neither the volume plas-
mon nor the plane-surface plasmon in potassium has the
value predicted by the plasmon formula (2) with the free-
electron mass. These values are, respectively, 4.4 eV
and 4.4/~2=3. 11 eV. However, the corresponding exper-
imental values are redshifted at 3.81 (Ref. 50) and 2.74
eV, respectively. Use of an efFective mass f,g = 1.3
can account for this redshift for both the volume and
the plane-surface case, as can be seen from hwM;, ~~d v 3
and huM;, d+3/2. For the case of the sphere, Eq. (35)
yields, for f,g = 1.3, the value of 2.23 eV as the limiting
value for large potassium clusters.

Motivated from this behavior of the volume and plane-
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FIG. 12. RPA oscillator strengths per atom for the neu-
tral K484 and K940, compared to the singly charged K4+85 and
Kg+4~. They have been calculated using free-electron-gas pa-
rameters. Top panel: RPA oscillator strength per atom for
the neutral K456, but calculated using an effective electron
mass mes/me = 1 3.

and the position of the photoresonance can be lowered
for f,g = m, ir/m, ) 1. Taking into consideration the
effective mass, the Mie-plasmon position for a sphere is
modified as

~~Mie, mod = I, l
Ry bo»( 4 ) i/9

3/2

~8 &)



9860 C. YANNOULEAS, E. VIGEZZI, AND R. A. BROCzLIA 47

surface plasmon, we modified the jellium code for the
effective potentials and the matrix RPA code to accept
an effective mass as an input, and we carried out a full
RPA calculation for K4ss (Ref. 52) using the same value
f,s = 1.3. From Fig. 12 it can be seen that the strength
fragments bunch now around 2.15 eV in good agreement
with the experimental value and in consonance with
the limiting value of 2.23 eV found from the modified
Mie expression (35).

The use of f,s = 1.3 for potassium should be taken
with a certain caution, since, from the bulk, it is known
that core-polarization contributions can have similar ef-
fects as the effective mass for the electrons. We do not
wish to go into details on this subject, and we restrict our-
selves here to point out that the LDA-RPA converges to
the classical Mie value only when the free-electron mass
has been input. Consideration of an effective mass or of
core-polarization contributions, deduced from the bulk
case, will modify the large-particle RPA limit, and may
eventually bring the theory in agreement with the exper-
iment in the case of potassium clusters.

V. SUMMARY AND CONCLUSION

The matrix RPA-LDA upon a uniform jellium back-
ground is able to describe rather accurately the observed
approach towards the bulk of the optical properties of
spherical neutral sodium microclusters. The moderate
discrepancies observed between the theoretical predic-
tions and the experimental data, concerning the centroid
of the strength functions and the static polarizabilities
in the case of small (N, & 40) mass-number clusters,
diminish rapidly with size. Concerning the photoabsorp-
tion profiles, theory provides an overall account of the
experimental data.

The present theory predicts two regimes for the opti-
cal properties of alkali-metal clusters. The first applies
to the smaller-size clusters and is characterized by re-
sponse functions displaying extremely variable and highly
individualistic quantum-size effects eventually leading to
multipeak fragmentation of the total strength. The sec-
ond regime applies to the larger sizes and is character-
ized by a smooth response exhibiting a single peak and
a width following the 1/R law. The transition between

the two regimes happens around Na58.
The large-limit RPA parameters for sodium character-

izing the surface plasmon are a,~ = 3.4 eV (centroid)
and I' —1.5N ~~s eV (FWHM due to Landau damp-
ing). The results of the RPA calculations show a rapid
variation of the corresponding quantities towards these
values within the lightest 10 -particle clusters. In fact,
Na] 38 displays a collective plasmon excitation character-
ized by u, p 3 15 eV and I' —1.2N /3 eV. That is,
the energy centroid reaches a plateau which differs from
the Mie value by approximately 7%%uo already for N = 138,
while the predicted value of I' oscillates around the 1/R
law displaying 25% fluctuations. These results are rather
unexpected, in view of the fact that the average distance
between the single-particle orbitals belonging to difFerent
major shells is h~o = e~N ~ eV —0.6 eV (N = 138),
much larger than the typical cluster temperatures.

While for sodium clusters the centroid of the photores-
onance comes close to the Mie value of the free-electron
gas already for clusters containing a few hundred atoms,
the situation is quite different for potassium clusters. In
this case, experimental evidence exists2s that the cor-
responding limiting value is modified by effective-mass
and core-polarization efFects, in a way consistent with
the behavior of the volume and plane-surface plasmons
in the bulk. The use of bulk effective parameters can
bring the RPA predictions for large potassium clusters in
agreement with the experiment.

In conclusion, the matrix RPA-LDA approach pro-
vides a simple, yet accurate, picture of the evolution
of the optical properties of metal clusters, the unify-
ing element being the average potential describing the
single-particle motion. Thus the changes in the photoab-
sorption cross sections can be related to changes in the
effective potentials resulting from variations in the size
(present work and Refs. 21 and 12), or from variations
in the total charge, or even from the presence of
impurities. 3
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