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ac and dc properties of Josephson-junction arrays with long-range interaction
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We present an experimental investigation of arrays with long-range interaction, together with a model
to explain observed deviations from the predictions of earlier theoretical work. These arrays consist of
N horizontal and N vertical superconducting filaments arranged in two parallel planes separated by an
oxide layer, so that every wire is Josephson coupled to every other wire in the array as nearest- or next-
nearest neighbors. We have performed ac-susceptibility and dc-transport measurements on both ordered
and disordered arrays. Our ac measurements show a strong feature at a temperature T„which we inter-

pret as a transition to the macroscopically phase-coherent state. We find that this feature is field depen-
dent in ordered arrays, but not in disordered arrays. dc-transport measurements reveal that these arrays
have unexpectedly low critical currents and show voltage steps in their I-V curves; moreover, they are
hysteretic despite the fact that they consist of nonhysteretic junctions. Our analysis of these results shows
that the finite ratio of the wire inductance to the Josephson inductance cannot be ignored since it limits
the effective number of Josephson junctions along a wire to N, ff ((N.

I. INTRODUCTION

In a recent paper, ' we presented our theoretical and
numerical investigation of a type of Josephson-junction
array whose interesting properties in the disordered limit
had already been theoretically studied by Vinokur et al.
These arrays consist of two orthogonal sets of N parallel
superconducting wires which are coupled by a Josephson
junction at every point of crossing (see Fig. 1). As a re-
sult of this unique geometry, all the wires in the array are
Josephson coupled to each other as nearest- or next-
nearest neighbors. This is in contrast to conventional
Josephson-junction arrays in which the superconducting
elements are islands —each one of which is coupled to
only four or six nearest-neighbor islands. Whereas con-
ventional arrays have short-range interaction, the special
arrays we will discuss have long-range interaction.

Through Monte Carlo simulations and a mean-field
analysis, ' we have shown that, in zero magnetic field, ar-
rays with long-range interaction undergo a phase transi-
tion to a macroscopically phase-coherent state at the
temperature T, =NEJ/2k~, where EJ=hi, /2e and i, is

the critical current of a single junction in the array.
When a field, corresponding to a commensurate number
of fiux quanta per unit cell, f=p/q (where p and q are
small integers), is applied to the ordered arrays, T, is re-
duced to NE~/2k' &q, provided q & N. For positionally
disordered arrays, i.e., arrays in which the distance be-
tween the parallel wires of each orthogonal set is random-
ly varied, T, is defined for dift'erent regions. When

f & 1/N, the field is ineffective and T, =NEJ I2ktt.
When 1/N &f &1/N, T =EJ/2k' f, varying from
-NEJ /2k~ down to -v'NE~/2k' as f increases. The
field at which f= 1/N is the same as the field Ho defined

by Vinokur et al. , which is sufficient to generate a Aux

quantum through the average-sized strip between two ad-
jacent wires, thus causing sufticient phase variation so

(a)
Superconducting
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(b}

Josephson
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FIG. 1. Sections of an (a) ordered and (b) disordered array.
The straight lines are the superconducting wires. Each wire is
coupled to every orthogonal wire by a Josephson junction.

that the currents add incoherently, yielding the VN
dependence. After a transition regime when 1/N &f & 1,
which depends on the strength of the disorder, T, ap-
proaches an asymptotic value for f ))1, which is-0.75&N Es/ktt according to our simulations and
-0.5&NEz/kts according to Vinokur et al. The source
of this minor quantitative discrepancy is not known at
this time.
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In this paper we present an experimental investigation
of these arrays. Our arrays consist of niobium (Nb) su-
perconducting wires separated by an aluminum-oxide
(A1203) barrier; the wires therefore are coupled to each
other via tunnel junctions. We have performed both dc-
transport and ac-susceptibility measurements on these ar-
rays: the former to make quantitative measurements on
such nonlinear properties as the critical current of the
system and the latter to detect the onset of long-range
phase coherence. A description of our sample fabrication
and measurement techniques can be found in Sec. II of
this paper. Our results, presented in Sec. III, show that
real arrays with long-range interaction are far less simple
than theoretical work' on a simplified model would sug-
gest. Finally, in Sec. IV, we present our analysis of the
experimental results and our preliminary conclusions
about their interpretation.

II. SAMPLE FABRICATION
AND MEASUREMENT TECHNIQUES

As we have noted, in zero field the array's transition to
the phase-coherent state is predicted to occur at a tem-
perature T, =NEJ/2k&. In order that T, lie well below
T p the superconducting transition temperature of the in-
dividual wires, the product XEJ must be less than

kg T p. For our fabricated arrays, N is chosen to be
large (600 or 1000) so that (i) the macroscopic size of the
array would be large enough for us to conduct ac-
susceptibility measurements and (ii) localized defects and
inhomogeneities would have less effect on the basic prop-
erties of the arrays. Consequently, for T, & T,p, i, needs
to be extremely small, i, & 0.6 nA. One way of attempt-
ing to achieve this experimentally is to employ tunnel
junctions, and in fact we use Nb-Alz03-Nb junctions. By
increasing the thickness of the oxide layer of our junc-
tions, we can reduce the single-junction critical current i,
in our arrays.

Because of our unique array geometry, we are unable
to fabricate Nb-A1203-Nb junctions in an ideal manner,
i.e., by fabricating a Nb-AlzO3-Nb trilayer in situ and
reactive-ion etching the Nb to create the junctions. In-
stead, we find that we must fabricate the junctions in
several steps which are not in situ: This lowers the achiev-

0
able quality of the junctions. First, we sputter 2000 A of
Nb onto a previously patterned oxidized-silicon sub-
strate. Following a lift-off and repatterning process, we
clean the surface of the Nb using a rf argon plasma. This
cleaning is crucial since it removes the native oxides
NbO that formed when the sample had been exposed to

0
air. We then immediately sputter a thin layer (25 A) of
aluminum onto the sample and oxidize it in pure oxygen
for 10 min at 500 mT. Once the chamber is reevacuated,
we sputter an additional layer (2S A) of Al directly onto
the oxide layer and subsequently oxidize it for an addi-
tional 30 min at 500 mT. This two step aluminum-
oxidation process is used to ensure a thick oxide barrier
and hence junctions with small critical currents. Follow-
ing the oxidation, we sputter, in situ, an additional layer
(2000 A) of Nb onto the sample to form our counter elec-
trodes. A simple lift-off is then performed and our sam-

pie is diced.
The ordered arrays we studied consist of either

1000X 1000 or 600 X 600 Nb wires with a lattice constant
of either 5.5 or 10 pm, respectively. The disordered ar-
rays consist of 600X600 Nb wires, which are arranged
such that the distance between adjacent wires, Ax, is nor-
mally distributed with a mean distance Ax of 10 pm and
a standard deviation oz„of 2 pm. All wires, whether in
the ordered or disordered arrays, are 2.5 pm wide, mak-
ing the junctions in the arrays 2.5 pm X2.5 pm. Two sin-
gle junctions with the same geometry as those in the ar-
rays are made concurrently on the same substrate on ei-
ther side of the array. The critical currents of these junc-
tions typically agreed within 20—30%, allowing us to es-
timate i, of the junctions in the array and also giving
some indication of its homogeneity.

Because of the array configuration, "busbar" electrodes
on two opposing edges of the array to feed in a uniform-
bias current are not included in the overall design of the
array, as they usually are in conventional arrays. The
busbars are omitted because they would be shorted to-
gether by the superconducting wires of one set, and con-
sequently the N junctions would not play any role in the
dynamics of the system. Likewise, busbars on two per-
pendicular array edges are not included since each busbar
would short the wires of its set, effectively transforming
the entire array into one very large Josephson junction.

We perform two-probe measurements (in the sense that
separate voltage and current leads go down to the same
pad) on our fabricated arrays. (Four-probe measure-
ments, however, are performed on the single junctions. )

Two different current-feed orientations are tried on each
of the arrays. In orientation A [Fig. 2(a)], the current is
injected into one wire and extracted from another of the
same set. In orientation 8 [Fig. 2(b)], the current is in-
jected into one wire of one set and extracted from a wire
of the other set. As will be shown in the following sec-
tion, these two different current-feed orientations result
in very different I- V curves.

In addition to dc-transport measurements, we also per-
form contactless ac measurements on our arrays. To ac-
complish this, we use a two-coil mutual-inductance tech-
nique similar to that outlined by Jeanneret et al.
Specifically, we use a drive coil, which consists of approx-
imately 23 equally spaced turns, and a pair of astatically
wound receive coils, each of which consists of two layers
of approximately 15 turns. The receive coils are coaxial-
ly mounted within the drive coil and adjusted so that
they are as close to the sample as possible while still being
balanced with respect to the drive coil. The in- and out-
of-phase components of the voltage 5V at the receive coil
(due to the screening currents flowing through the sample
in response to an ac current with frequency co) are detect-
ed by conventional lock-in techniques.

All dc and ac measurements are performed in a closed
screened room. For the dc measurements, 1-kQ resistors
are attached to the leads coming from the sample. These
resistors, nominally at the same temperature as the sam-
ple, help to filter out room-temperature noise. In addi-
tion, a dc-voltage source is used to power the heater that
we use to control the temperature for our dc measure-
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FICx. 3. Representative I-V curve of one of our fabricated
single junctions. The junction is nonhysteretic, has a critical
current i, of 0.45 pA, and a normal-state resistance r„of670 Q.

(b)

FIG. 2. Two different current-feed orientations we tried. (a)
Current-feed orientation 3: the current is fed into one wire of
one set and taken out of another of the same set. (b) Current-
feed orientation B: the current is fed into one wire of one set
and taken out of a wire of the other set.

ments since we found that our digital temperature con-
troller can send noise down to our sample and smear"
the I-V curves.

III. RESULTS

A. dc measurements

All of the single junctions we measured have normal-
state resistances r„of approximately 670 0 and critical
currents i, ranging from 0.45 to 1.5 pA at T=1.7 K.
(The i, r„products of these junctions, therefore, range
from 0.3 to 1 mV, compared to the ideal value of
i,or„=~6,/2e=2. 1 mV). All the junctions appear to be
resistively shunted, indicating nonideal tunnel barriers.
Figure 3 shows a representative I-V curve of one of the
single junctions we measured. As can be seen, the junc-
tion is clearly nonhysteretic and has a critical current i,
of 0.45 pA and a normal-state resistance r„of 670 Q.
These rather disappointing results reAect our less-than-
ideal means of fabricating Nb-A1203-Nb junctions. We
would like to emphasize, however, that the rather poor
quality of the junctions should not drastically affect the
arrays' properties since they are expected to be deter-
mined primarily by the magnitude of i, . It is clear, how-
ever, that the i, values obtained (even at T=4 K, where
we have measured i, to be as low as 0.08 p,A) are

—100—1000 times larger than the nA range required to
conform to our theoretical target.

Upon measuring the various arrays in current-feed
orientation A, we found that the array critical currents I,
range from 11.3 to 33.0 pA at T=1.7 K. In current-feed
orientation B, we found I, ranging from 2 to 5 pA. The
I, values we obtained for either current-feed orientation
are far less than the I, =Ãi, —1 mA values that might be
anticipated from having N(=1000) junctions, each with
critical current i, (=1@,A), in parallel. Also striking is
the fact that both the ordered and disordered arrays, in
either current-feed orientation, show hysteretic behavior
[Figs. 4(a) and 4(b)], even though each consists of nonhys
teretic junctions. Sweeping the dc current up and down,
we observe that the arrays produce a range of critical (I, )

and retrapping (I„) currents [see inset to Fig. 4(b)]. One
might attribute this premature switching to thermal-
activation processes occurring within the arrays, but this
seems unlikely since none of the single junctions show
any signs of such switching. Alternatively, this switching
may be a consequence of the multiply connected topology
of the array.

The observation of voltage "steps" in both the critical-
and retrapping-current portions of the array I-V curves is
surprising. As shown in Fig. 4(b), the steps along the
upsweep portion of the curves are much more visible
than those along the downsweep portion. Premature
switching from one step to another is again observed [see
inset to Fig. 4(b)]. Comparing the I Vcurves resultin-g
from the two different current-feed orientations [Figs.
4(a) and 4(b)], we observe many more steps in orientation
B, i.e., where the current is injected in one wire of one set
and extracted from a wire of the other set. However,
curves derived from both current-feed orientations show
a decrease in the number of steps as the temperature is
increased. The resistance A, of the array after the first
step was measured to be 35 0 when the current was in-
jected in and extracted from wires of the same set [Fig.
4(a)] and to be R

&
=710 when the current is injected in a

wire of one set and extracted from a wire of the other set
[Fig. 4(b), inset].

If we zero-field-cool (ZFC) the ordered arrays in
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FICx. 4. I-V curves obtained at T=1.7 K from the two diA'erent current orientations shown in Fig. 2. (a) I-V curve for current-
feed orientation A. I = 11.3 pA and R

&

=35 A. (b) I-V curve for current-feed orientation B. Inset: magnification of region near ori-
gin. I, =5@A and R

&
=710. All curves show hysteresis and steplike structure.

current-feed orientation B, we find that I, is dramatically
affected when a field is subsequently applied. For each
ZFC run, we changed the field strength with the overall
effect that I, periodically oscillates with respect to field
strength (see Fig. 5). The period of oscillation corre-
sponds to an area of -400pm; the possible significance
of this area will be discussed briefly in Sec. IV. We note
that I, is symmetric about f=0 and remains zero for
~f ~

~0.27. Unlike those of the ordered arrays, the criti-
cal currents of disordered arrays do not show any visible
oscillation with varying field strengths; rather, they show
a constant nonzero value with respect to the different
field strengths we tried (from f=0 up to 5.75).

B. ac measurements

All of the ac-susceptibility results we present in this pa-
per were obtained using a frequency range of 80—100
kHz, since we achieved maximum signal output in this

range. The ac drive-current amplitude ID„was on the or-
der of microamperes and produced fields of 10—100 pG
at the sample. Such fields are small enough for the sam-
ple to give a linear response, in the sense that doubling
the drive I~ doubles the sample's response 5V(co). (We
have confirmed this experimentally. )

In neither the ordered nor the disordered arrays do we
observe the superconducting transition of Nb (which, for
our films, occurs at —8.8 K). The individual Nb wires
give a negligible diamagnetic response to the ac field be-
cause of their very small dimensions. We do observe,
however, a strong signal, corresponding to the array's
broadened phase transition to a macroscopically phase-
coherent state, at temperatures which range from 3 to 5
K, depending on the sample [see Figs. 6(a) and 6(b)]. A
magnetic field (f= l/q, where q =2, 3,4, 5, 6) applied to
the ordered arrays leads to a marked reduction in the
transition temperature T, . As shown in Fig. 7, small
fields (i.e., large q) suppress T, more than do large fields
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FICx. 5. Critical current I, vs field of an ordered 1000X1000
array with a lattice constant of 5.5 pm and in current-feed
orientation B. The critical current shows a periodic oscillation
with decreasing amplitude when the magnetic-field strength is
varied. The period of oscillation corresponds to an area of
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(i.e., small q). This qualitative behavior corresponds well
with that predicted by our mean-field theory, ' which is
also plotted in Fig. 7, but the observed depression of T, is
only about a quarter as large as the ideal prediction. Al-
though we have not measured T, for deliberately incom-
mensurate fields, we expect that T, (f) is a continuous
function with much substructure.

The T, of disordered arrays, on the other hand, is not
observed to be appreciably affected by a magnetic field
between H =0 and H =Ho or even much larger fields and
whether zero-field cooled or field cooled (FC). This
surprising observation is contrary to that theoretically
predicted by Vinokur et al. and by us. ' Our initial
thought was that, even in nominally zero field, an inho-
mogeneous stray field might be present that was large
enough to cause the array to be in the high-field,
constant-T, regime of a disordered array. This regime, as
defined by theory, ' corresponds to H )Ho, where Ho is
the field value giving one Aux quantum through an
average-sized strip between two adjacent wires, which
corresponds to f=1/N. For our disordered arrays, this
Ho is only 0.3 mG. Thus, if an inhomogeneous stray field
were present that could not be nulled everywhere to
& 0.3 mG, the array would be in the high-field, constant-
T, regime. Although this interpretation now seems im-
plausible in view of the evidence presented below that our
arrays show an effective size X,z «N, this consideration
remains a challenge to future experiments on samples
which better fulfill the conditions of the theory.

If we sweep the transverse magnetic field at tempera-
tures near the transition, we find that the ac response
5 V(f ) of the ordered arrays, like that of conventional ar-
rays, shows a complex oscillatory behavior. Figures
8(a) —8(c) show plots of the ac response vs field. Here we
see that strong peaks in both the in- and out-of-phase
components of the signal develop as we decrease the tem-
perature from just above T, to just below. ' These peaks
correspond to commensurate field strengths
f=0, —,', —,', . . . , —,'. As shown in Fig. 9, only a single peak
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FIG. 6. ac response vs temperature for the (a) 1000X 1000 or-
dered and (b) 600X600 disordered array. g' and g" are the
components of the measured signal which are in and out of
phase relative to the reference phase (giving a pure in-phase sig-
nal in the normal state). The ac amplitude used to make the
measurement was 0.5 pA for the ordered array and 0.25 pA for
the disordered array; the frequency used was 100 kHz. The
strong signal at T-4 K in both arrays indicates the arrays'
transitions to the macroscopically phase-coherent state.
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FIG. 7. Normalized transition temperature T, (f)/T, (0) vs
number of fiux quanta, f, per unit cell for our experimental data
obtained from a 1000X 1000 ordered array and our results from
mean-field theory. The data correspond to fields f= 1/q, where

q =2, 3,4, 5, 6.
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FIG. 8. Real and imaginary components of the complex ac
response of a 1000X1000 ordered array to a varying magnetic
field. The data were taken at (a) T=4.25 K, (b) T=3.75 K, and

(c) T= 3.5 K at a frequency of 100 kHz. The excitation current
used was 2. 1 pA. As temperature is decreased from just above

T, (which for this array is -4 K) to well below T„ the number

of peaks increases. These peaks correspond to array commen-
surability with field strengths f=0, —,', —,', . . . , —,'.

corresponding to f=0 appears in our disordered-array
data. The fact that the disordered arrays do not show
any commensurability e6'ects is qualitatively consistent
with the fact that the cell size in the lattice varies too
much for any nonzero field to be commensurate with it.

IV. DISCUSSION

Given our experimental results, it is evident that the
properties of real arrays with long-range interaction are
not as straightforward as previous theoretical work'
would suggest. As stated in the previous section, the
zero-field critical current I, of the arrays is much less
than the value Ni, expected naively from the fact that
there are 1V junctions in parallel which take current from
the wire into which it is originally fed. In addition, we
observed our arrays undergoing a phase transition at
T, -4 K, despite the fact that i, is —100 times greater
than that required to obtain that value of T, from the
theoretical model. ' Obviously, the theoretical model
should be refined to account for these major discrepan-
cies.

We suggest that the major oversimplification of the
standard theoretical model is that it assumes that both
the kinetic and electromagnetic inductance of the wires

connecting adjacent junctions are negligible compared to
the Josephson inductance (A/2ei, ) of the junctions in the

array. Consequently, the phase gradient along any wire

in the array was assumed to arise only from the presence
of an external magnetic field and not from the small

currents circulating through the weak Josephson junc-
tions. The Hamiltonian describing this system is given by
the sum of individual Josephson-junction energies:

N N
H= —ReEJ g g exp[i(q&", q&J

——A;, )] .
i=1 j=1

Here y,". is the superconducting phase at x =0 of the ith
horizontal wire, y' is the phase at y =0 of the jth vertical
wire,

A;J. = I A.dI,
p 1

where A=Hxy (with H being the externally applied
field), and 4o is the fiux quantum. As will be shown

below, this assumption —that the fields and phase gra-
dients produced by circulating currents are negligible —is
incorrect when dealing with our experimental system.
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FIG. 9. Complex ac response of a 600X 600 disordered array
to a varying magnetic field. Only one peak, corresponding to
f=0 is observed. The T, of the array was 5.0 K and the data
shown were taken at T=4.75 K and a frequency of 87.0 kHz.
The excitation current used was 0.5 pA.

A. dc properties

We start by considering the case of dc bias, in which
we are feeding current in one wire and out another, in
zero applied magnetic field. The current-induced action
is dominated by the spreading of the current from the
feed wire into the X-1000 cross wires and the symmetri-
cal ingathering of the current into the exit wire. It is con-
venient to take advantage of this symmetry and assign
equal and opposite phases to the two drive wires. Since
the current spreads so widely in the cross wires, thus
causing much smaller phase gradients in them, we can to
a good approximation treat only the phase along the
current-fed wire, taking all the cross wires as having the
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d y„2mI„L~
dn eo

(2)

Taking the derivative of Eq. (2) and noting that dI„/dn
stems from the current I, sing„ transferred to the nth
cross wire (all of which are assumed to have phase of ap-
proximately zero as noted above), we obtain the sine-
Cxordon equation

same (approximately zero) phase because of the sym-
metric boundary conditions at the two leads. The phase
difference between the positions of cross wires n and
n + 1 along the current-fed wire in an array is
(2mI„L /40), where I„ is the current Sowing through
the wire at the nth junction site and L is the inductance
(kinetic plus electromagnetic) of the wire segment in a
cell defined by the cross wires, the current-fed wire, and
the wire parallel to it (see Fig. 10). In the simple case of a
small number of extremely weak Josephson junctions in
an array, I„ is small, because not much current is needed
to reach the critical current of all the junctions. Conse-
quently, the phase gradient along the current-fed wire is
small and we expect that I, =Ni, . However, in the case
of a large number of stronger Josephson junctions, I„can
be quite large, because a huge current is needed to reach
the critical current of all the junctions in parallel. As a
result, the phase gradient along the current-fed wire can
no longer be ignored. It is this current-induced phase
shift along the wire which limits the effective number of
junctions in parallel to some N, & «N such that
I, =N,~i„ this explains why I, is far less than might have
been expected.

Based on the considerations outlined in the previous
paragraph, we can proceed to estimate N, ~ as follows:
The difference in the phases at successive junctions along
the current-feed wire is given by

can linearize Eq. (3a) to get

d 9n

dn

0'n
(4)

so that the array acts like (X,s)i;„„,=A,„/2 junctions in
parallel.

To find I, of the array, we need to return to the non-
linear equation (3a), since we must consider the case in
which y„ is no longer small. Fortunately, we can draw
on the analogy to a pendulum described by (3a), in which
y„ is the angle of the pendulum from the top of its circu-
lar arc at time t„, with both y and t being treated as con-
tinuous variables and with A,„=g/L, where L is the
length of the pendulum. The nonlinear generalization of
the exponentially decaying solution to Eq. (4) discussed
above corresponds to the motion of the pendulum
launched from an angle po at t =0 with a velocity
dp/dt ~0 such that it just comes to rest (exponentially) at
the top of the circle. Conservation of energy can be used
to find the relation between yo and dp/dt~0 such that
this particular motion ensues. Converted back to the
problem at hand, this relation is

+n/A,
This has the solution cp„-e ". If A,„«N, this im-
plies that the current will leak off the current-fed wire be-
fore getting very far from the input. Then, if yo is the ap-—n /A. „plied phase, we have y„=goe " and total current

I=i, g sing„=i, gy„=i,yoA„. ,

The total phase difference, including the symmetric part
of equal magnitude yo from the exit current wire, is
2yo=y„, . Thus, in the linear regime,

dI 1

d 0'n

dn

where

1
sinn

1/2

(3a)
d V'n

dn

2

2mL i,
(3b)

Note that Eq. (3a) has the same form as the familiar pen-
dulum equation.

For small phase differences, i.e., I« I, and y„« 1, we

Recalling Eq. (2), we see that this equation relates the
square of the current injected at n =0 to the correspond-
ing value of the phase yo. The maximum possible current
then clearly occurs for q&0=+, in which case Eq. (7) yields
dp/dn ~0=2/A, „. Substituting in from Eq. (2), we obtain

n+1

I „=2k,„i,=
1 /2

o'c

FIG. 10. Schematic of a section of an array in which current
is being fed in one wire.

Note that, by this nonlinear criterion, (X,z)l =2k,„, as
C

opposed to the A.„/2 obtained above from the linear-
response criterion. Thus, in general, we expect an
N, &-A,„, with the numerical coefficient depending on
which physical property is being considered.

The pendulum analogy can also be used to gain insight
into the behavior at current inputs exceeding I „.This
case corresponds to the pendulum going round and
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round, accelerating and decelerating under gravity, but
continuing round in the same direction, whatever the ini-
tial value of phase yo. In the array case, this corresponds
to current feeding out into the cross wires where the pen-
dulum is rising and current feeding back in from the
cross wires where it is accelerating down again. Since the
net current outflow cancels out over a full cycle, the max-
imum net supercurrent is that found in Eq. (8), which
corresponds to a single half cycle from y=m. to 0. Thus
any current in excess of I,„must feed out to the cross
wires as a normal current, causing a resistive voltage to
develop. Insofar as the superconductivity in the wire
does not break down and each wire remains an equipo-
tential along its length, one might expect the resistance
above I,„ to correspond to the full N junctions in paral-
lel, instead of N,z«N. However, that is not what is
found experimentally. Instead, the resistive slope R,
above I „corresponds quite closely to only N, z junc-
tions in parallel, so that the I,R, product turns out to be
very similar to that of a single junction. Although we
have not yet been able to extend our solution from the
static regime below I, to this much more complex dy-
namic regime, we conclude from the empirical data that
the current flow is restricted to only some N,z= A,„junc-
tions at each lead wire in the resistive as well as the zero-
voltage regime.

To examine the quantitative comparison of our model
with our experimental data, we first calculate the total in-
ductance L =L, +Lk;„of an array wire. We estimate
the electromagnetic inductance L, using the formula"

L, =2l ln —+—+0 1118— X 10 H,41 1 p
p 2 l

where I is the length (in one cell) and p is the perimeter
(2d+2w, where d is the thickness and w is the width) of
the given wire. For our specific dimensions,
L, =2.2X 10 ' H. We estimate the kinetic inductance
L kj11 using the definition

t
Lkjn Po~2

0

where k is the penetration depth of the Nb wire and cr is
the cross-sectional area of the wire. ' If we estimate
X= 1000 A for our nonideal Nb wires, we find
Lk;„=10 ' H. Since this is much less than L,
L„=L, . When we insert this estimated L and the
different measured i, 's into Eq. (8), we find that the pre-
dicted I, is a slight overestimate of our experimentally
observed I, . This overestimate may well simply reflect
the crudeness of the model. Alternatively, it might be ex-
plained by a noting that in the parallel problem of K i in
a long Josephson junction the solution corresponding to
that above actually describes a metastable state, which is
thermodynamically stable only up to a field (2/m ) times
smaller. ' If we apply that factor of 2/m here, we might
expect the apparent critical current to be

12 I

0
0

~ Theory
0

1 2 3 4 5
Temperature (K)

FIG. 11. Comparison between our experimental data and our
model calculation of the critical current I, of an array.

4 . 2I=—A, t =—
c n c

7T

1/2
o'c

mL

As shown in Fig. 11, the values for I, obtained from Eq.
(9) are in surprisingly good agreement with those ob-
served from our arrays for the current-feed configuration
A (both feed wires in same set), which gives us some

confidence in the general model.
As stated earlier, the theoretical results obtained by Vi-

nokur et al. and by us' are for wires whose electromag-
netic inductances are so small that, in zero field, there is
no phase gradient along them. What we have just shown
is that the electromagnetic inductance ( —10 ' H per
cell) is not completely negligible compared to the Joseph-
son inductance ( —10 H) of the junctions in the array.
Consequently, to be realistic, a finite ratio of these two in-

ductances must be included as an additional parameter
for the variation of the phase along a wire. Such an in-

clusion leads to a sine-Gordon equation [Eq. (3a)] that
has a characteristic dimensionless length scale A,„given
by the square root of the inductance ratio. Thus, for an

N XN array, the inductance ratio would have to be ~ N
( —10 in our case) in order that A,„~N, so that the sim-

ple theory would be valid. For our arrays, A,„-46 at

T, =4 K (where i, -0.08@A) and —20 at T=1.7 K
(where i, -0.4 p5)A. Consequently, the effective number

of junctions, N, &, coupled to the current-fed wire, is not
1000; rather, it is [using Eq. (9)] I, /i, =4k, „/vr 59 at T, -
and -25 at T= 1.7 K. As noted above, the resistance of
the first step, R „in Fig. 4(a) measured at T= 1.7 K also

corresponds to approximately N, & junctions —each with

r„-6700—in parallel.
The behavior of the array in the dc-bias case in which

current is injected into one wire of one set and extracted
from a wire of the other set (current-feed configuration 8)
is much more complicated at high current levels than the
case we have just discussed. Suffice it to say, that near
the critical-current level the array again acts as if some
effective number N', & «N of junctions in parallel deter-
mine the critical current and initial resistance of the ar-
ray. As indicated in the inset of Fig. 4(b), I, —5pA and

R
&

7 10 These values correspond to approximately 1 1
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junctions in parallel. This number for N', z can be related
to the data we obtained by measuring I, vs field (see Fig.
5). As we have already noted, one period of oscillation in
this figure corresponds to an extended "Josephson junc-
tion" with an area of 400 pm or a 13 X 1 unit "block" of
cells. Thus the measurements of I„R&, and the magne-
toresistance all give a reasonably consistent estimate of
the effective number of junctions through which the
current spreads from the feed wires.

The discussion above has focused on the initial break-
down in superconductivity at I, . However, the experi-
mental I-V curves show two successive breakdowns at
current values differing roughly by a factor of 2. We in-
terpret these as reflecting the independent breakdown of
superconductivity separately at the entrance and exit
wires for the current, giving rise to additive voltages since
they are in series. If the array were ideal, these two
breakdowns would be superimposed at the same current
value. Ciiven the expected nonuniformity across these
large and nonideal arrays, however, it is plausible that the
local values of i, could vary by a factor of 4 between the
two sides of the array, causing the observed factor of 2
difference in I, -A,„i,. Such inhomogeneities could also
account for the numerically different results found for I,
in the current-feed configurations A and B. However, for
current-feed orientation B, the current flows in a more
complicated manner, since there are many more ine-
quivalent paths, corresponding to many different sets of
parallel junctions, through which the current can flow.
Therefore it is not surprising that the resulting I-V curves
at high currents, when breakdowns are occurring at other
junctions than those directly involving the feedwires,
have many more steps than those of current-feed orienta-
tion A.

Contrast the step behavior in our arrays to that found
in conventional arrays. Both van der Zant et al. ' and
Tighe, Johnson, and Tinkham' report that the I- V
curves of underdamped conventional arrays display steps
in the I-V curves which correspond to the simultaneous
switching of an entire single row of junctions across the
width of the array into the resistive state. In their case
there are as many steps as there are rows in the array and
they are all equivalent in size. In our case the step struc-
ture is more complicated and has a less direct interpreta-
tion. As the temperature is lowered, the number of volt-
age steps increases. This may be a consequence of there
being a greater number of independent units of size A,„,
since this length gets smaller as i, increases with decreas-
ing temperature. The nonuniform step widths are most
likely due to nonuniformities in the array.

We attribute the curiously hysteretic behavior of the
arrays to collective phenomena occurring in the array,
which we can only qualitatively explain. The initial con-
dition of the array largely determines the paths along
which the current flows in the array. When we begin to
sweep the current up, the array is in a static state. When
we begin to sweep the current down from the above I„
the array is in a dynamic state. Since the two initial con-
ditions are very different, we expect the current to flow in
different patterns even at the same total current, thus
producing hysteresis.

B. ac measurements

The results of our ac measurements of T, are the least
well understood. We have measured transition tempera-
tures in the rather narrow range 3—5 K in both our or-
dered and disordered arrays. As stated earlier, the mea-
sured single-junction critical current at the T, of the ar-
ray, i, (T, )=0.08pA, so that EJ(T, )/kz =1.9 K. This is-250 times larger than that required to fit the T, data if
one uses N-1000 in the formula T, =NEJ/2k& given by
the analysis of Vinokur et al. or our mean-field approxi-
mation. ' If the phase transition we measured in our ar-
rays is indeed of the sort which is predicted, it would sug-
gest that each wire in the array is effectively coupled to
only N"(-4) «N( —1000) wires. Our calculation of an
N,z-10—50 for interpreting our dc critical-current mea-
surements provides a qualitative basis for such a reduced
effective number, but this N" need not equal the N, z
which gives the value of I, . Since T, is determined by
the onset of weak phase ordering, it might be reasonable
to expect N" to be more like (N, s. )&;„„,(which we found
to be A, „/2) rather than the nonlinear value
(N, s. )1(—2k„). If so, this would suggest values of N"

C

which were -4 times smaller than (N, s. )1, that is,
CN"-3—12. This would at least account for the rough or-

der of magnitude of what is found. These numbers for
N" are so small that a relatively large external field

f -1/N" would be required in the disordered array case
to substantially reduce T, by replacing N" by &N".
This is certainly a subject for future investigation.

The ac response of the ordered arrays measured under
a swept magnetic field, shown in Fig. 8, shows that they,
like conventional arrays, display commensurability with
certain fields f=p/q. Here the intensity of the feature
falls monotonically with q and vanishes for q ~8. This
means that the array wires have phase gradients, caused
by the magnetic fields, which lead to small circulating
current loops. We have already shown in a previous pa-
per that these circulating loops resemble those found in
conventional arrays under the same field strength. ' In
that work we also showed that finite-size NXN arrays
display commensurate structure only for q ~N. In the
present context, one might expect that result to become
q ~ N", and indeed the features do fade out for q in this
range. The same line of reasoning may account qualita-
tively for the fact that the depression of T, by commensu-
rate fields shown in Fig. 7 is less than predicted for an
infinite array. The disordered arrays do not show any
commensurability with any fields because, as stated previ-
ously, the cell size in the array varies too much for any
field to be commensurate with the array lattice.

Thus we see that the unique geometry of arrays with
long-range interaction leads to the arrays having proper-
ties which are quite different from those of conventional
arrays. As we have shown in this paper, the wires in the
arrays must be treated as "imperfect", i.e., there is a
current-induced variation of the phase along any given
wire in the array. This phase gradient is due to the fact
that the electromagnetic inductance is not negligible com-
pared to the Josephson inductance of the junctions. The
ratio of these two inductances leads to a characteristic di-
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mensionless length scale A,„which limits the effective size
of the array, at least in the dc-biased case.
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