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Two-dimensional weak localization in combined perpendicular
and parallel magnetic fields
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We have studied the magnetoresistance of thin films of Au, Ag, and Au(Fe) (Au doped with
small concentrations of Fe) at low temperatures. Magnetic fields both perpendicular and parallel
to the plane of the film were employed, and in some experiments these two fields were applied
simultaneously and independently. Our results are compared in detail with the predictions of weak-
localization theory. The agreement between theory and experiment for purely perpendicular fields
is reasonably good, but some of the behavior in parallel fields, especially for Au(Fe), cannot be
reconciled with the usual theory. Our results can be qualitatively understood if one assumes that
the spin-orbit-scattering length is field dependent, or that the phase-breaking length becomes shorter
in large parallel fields. Either of these results would be contrary to conventional beliefs.

I. INTRODUCTION

It has been more than a decade since the phenomenon
of weak localization (WL) was first identiFied, and subse-
quent work has established that it plays a major role in
the low-temperature transport properties of disordered
metals. i One property upon which WL has a pro-
nounced effect is the magnetoresistance, and it turns out
that WE is often the dominant contributor to the mag-
netoresistance in low fields. In two dimensions (2D)
this magnetoresistance is very anisotropic, being substan-
tially larger when the field is directed perpendicular, as
opposed to parallel, to the plane of the film. Most ex-
periments have employed perpendicular fields, since the
magnetoresistance is largest in this case, and the mea-
surements do not require precise alignment of the field,
as is usually necessary with parallel fields. The over-
all agreement between experiment and theory has been
found to be reasonably good, especially for the perpendic-
ular case. However, these experiments have, with one
exception, s all employed either purely perpendicular or
purely parallel fields; in the present work we have stud-
ied the behavior with perpendicular and parallel fields
applied simultaneously and independently. On general
grounds, one might expect that such measurements may
yield more information than experiments involving only
one Beld orientation. Indeed, we will see from our results
that this approach has yielded some interesting results,
which are not yet completely understood.

To understand what motivated our work, it is nec-
essary to recall that the effects of WL are functions
of several electron scattering times. s These include
the elastic-scattering time, 7;, the inelastic-scattering
time, ~, , the spin-scattering time, 7„and the spin-orbit-
scattering time, v; . The elastic time is the average time
between events such as boundary scattering and scatter-
ing from static impurities, and dominates the resistivity
at low temperatures, while ~, is the time between inelas-
tic events, such as electron-phonon or electron-electron

scattering. These processes act to destroy the electron
phase coherence, which is crucial to WL. In spin scatter-
ing the spin of an electron is flipped through the interac-
tion with a localized "impurity" spin. Even though this
process does not necessarily change the energy of the elec-
tron, it can still destroy phase coherence. v; arises from
scattering through the spin-orbit interaction, a process
that changes the spin state of the electron in a manner
which preserves phase coherence. It is often useful to re-
fer to the phase coherence time, also known as the phase
breaking time, 7&

——v; + 2v,
An interesting open question concerns the effect of a

magnetic field on spin scattering. The currently accepted
model of this process envisages a localized spin whose di-
rection fluctuates rapidly with time, due to its interaction
with the lattice, etc. In a quasiclassical picture, difFer-
ent electron partial waves encounter this localized spin
in different states, and therefore the interaction between
the electron and the impurity spin, which depends on the
relative orientation of the two, is a source of phase ran-
domization. A magnetic field could conceivably afFect 7;
in several difFerent ways. (1) A large field will align the
impurity spins, so that the electrons always encounter
the same impurity spin state. This should prevent spin
scattering from contributing to phase breaking. (2) If the
g factors of the electrons and the impurity spins are dif-
ferent, a nonzero field will make spin scattering inelastic,
in that it will change the kinetic energy of the conduc-
tion electron. (3) A field may affect the dynamics of the
impurity spins thereby influencing ~, . These questions
have been discussed at various lengths by previous work-
ers, but to the best of our knowledge there have been no
clear experimental observations of such effects.

A primary goal of our work was to study the e6'ect
of a field on spin scattering, with the expectation that
one might observe a reduction in the spin-scattering rate
when the magnetic Beld is suKciently large. As will be
seen below, we have not yet been able to obtain clear
evidence for such behavior. However, we did discover
some unexpected results, some of which suggest that the
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spin-orbit time may be field dependent; this would be in
contrast to previous work (both theoretical and experi-
rnental), which has assumed that ~, is independent of
both field and temperature.

II. THEORY AND BACKGROUND

Our experiments consisted of measurements of the
magnetoresistance in both perpendicular and parallel
fields. In a perpendicular field (the only case we will
consider here is 2D) the theory predictsi ~

AR(H~) e &~
R 27r'5 2 H~ ) 2 Hz )

+2~ 2+H
1 1 Hs&

(1 Hg1
2 (2 Hg)

where Q is the digamma function, and the fields H„are
defined by

Hi ——Hp+ H, + H„

H3 ——2H, +H,

(2)
(3)
(4)

with

H„~„=5/4e13 .

The subscripts here indicate elastic scattering, "0," in-
elastic scattering, "i," spin-orbit scattering, "so," and
spin scattering, "s."

When the field is parallel to the plane of the film, the
prediction is ' (see also Refs. 8—11)

&~(H~, ) e'a, 3—ln 1+R 2vr2h, 2 ( L211)

L,,'l——in/ 1+ (6)

where we define the lengths L2 and Is in analogy with
H2 and H3, by

L„=Dw„= h/4eH„,

L~~
= v 3h/eH~~t,

while in the clean limit

Lll
168
3t eHiit

(9)

where we have also used (5). The parallel field length
L~~ takes different forms depending on the relative mag-
nitudes of the elastic mean free path, E, and the film
thickness, t. In the "dirty" limit one has

For our samples the clean limit is appropriate, and (9)
will be used exclusively below. However, for our values
of / and t, the two results (8) and (9) difFer by only about
20%; compared to other uncertainties, this difFerence is
negligible for our purposes.

For a given field strength, the parallel magnetoresis-
tance is much smaller than the perpendicular effect; this
can be understood in terms of the well-known arguments
relating WL to the interference of quasiclassical electron
partial waves. A measurement of the resistance can
in general be thought of as an interference experiment,
in which electron waves are emitted from a "source" at
the origin; the resistance is then proportional to how ef-
ficiently these waves are localized in a region near the
source. In a calculation of this eKciency, trajectories
which return to the origin have a special significance.
Associated with each such returning path is a "time-
reversed" trajectory, in which the path is traversed in
the opposite direction. In the absence of inelastic, spin-
orbit, or spin scattering, and in zero Beld, waves which
follow these two paths interfere constructively, yielding
an increase in the probability of returning to the ori-
gin relative to what would be found if interference ef-
fects were ignored, and this in turn leads to an increase
in the resistance. Through its action on the spin part
of the wave function, spin-orbit scattering can, if it is
sufBciently strong, reverse the sign of the interference
term, giving decreased backscattering, and resulting in
antilocalization as mentioned above. With this picture
in mind, the effect of a magnetic field can easily be un-
derstood. For a perpendicular field one can view the two
time-reversed trajectories as defining a closed loop; the
flux through this loop produces a relative phase shift of
the two partial waves, thereby affecting the interference
amplitude. Since there are many such pairs of paths, with
different loop areas, the net effect of the field will be to de-
stroy the interference at the origin, and thus quench the
contribution of WL. In a perfectly 2D system, in which
the electrons move strictly in a plane, a field parallel to
the plane will make no contribution to the flux through
the trajectory loops, and there will be no parallel mag-
netoresistance. In a metal film with a nonzero thickness,
the trajectories will have a nonzero component perpen-
dicular to the film, and a parallel field will contribute
some flux. However, for a field of a given magnitude,
the parallel flux will be much less than the perpendicular
flux, making the parallel magnetoresistance much smaller
than the perpendicular one.

The predictions (1) and (6) apply for purely perpen-
dicular and parallel fields respectively. For arbitrary field
directions it has been proposed5 that one can simply
combine these expressions in a manner which is moti-
vated by the arguments given above. The perpendicular
magnetoresistance is given by (1), and is a function of
the inelastic field, H, . When a nonzero parallel field is
present, the associated parallel flux reduces the effective
phase coherence by an amount measured by L I~, which
plays a role analogous to that of the effective fields (2)—
(4), and their associated lengths. i4 The phase breaking
from this source can be accounted for by replacing L,.
by a new length scale, L', , which is a combination of L,
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and Lj~~. The form of L', can be obtained by noting that
since scattering rates combine by addition, the associated
lengths must combine according to an "inverse square"
rule, so that

I', =L,. +L
11

(10)

The magnetoresistance in the presence of both perpen-
dicular and parallel fields is then given by (1) with L',
replacing L, (or equivalently, H, ). That is, if we use (1)
to define a function f as

f (H~, L, , L„L,~) = AR(H~)/R,

then for combined parallel and perpendicular fields we
have

e~ F
(0.84y ),

where

y—:gp&H/k&T . (14)

This form applies only for weak fields (y ( 1), but will
be sufBcient for our purposes. We should also note that
a magnetic field can have a substantial effect on any
Kondo contribution to the resistivity. A field quenches
the Kondo contribution to p, as one would expect, lead-
ing to a purely negative magnetoresistance. 6

AR(H~, H~~,)/R = f (H~, L,' , L„L,. ) .

This form for the magnetoresistance AR(H~, H~~~) has
been shown to work well for the 2D electron gas in Si
inversion layers, 5 and we will use it to analyze our re-
sults below. We should add, however, that to the best
of our knowledge, this result has not yet been derived
from a quantitative calculation.

The magnetoresistance arising from electron-electron
interactions is typically much smaller than that due to
WI, and is usually ignored. In the general case the
interaction magnetoresistance depends in a complicated
manner on a number of factors. However, it has been
found that as far as the experiments are concerned,
this magnetoresistance can be described by the predicted
form

similarly prepared films did not show any indications of
clustering of the Fe

The films were all 140 A. thick, and had low temper-
ature resistivities of —5 pAcm, with sheet resistances
near 4 A. Using free electron theory we estimate an elas-
tic mean free path of 100 A, and a diffusion constant
D = 50 cm /s. The samples were patterned with pho-
tolithography and lift off to form long strips, which were
60 cm x 80 pm. The magnetic fields were produced by
two magnets, a superconducting solenoid and a split-coil
magnet wound of copper. The two fields were arranged
to be perpendicular to each other, and for the experi-
ments in which both were used, the plane of the sample
was oriented approximately parallel to the field of the
superconducting magnet, and perpendicular to that of
the split-coil magnet. In the parallel field measurements,
the misalignment of the sample plane with respect to the
axis of the superconducting magnet varied from run to
run, and was generally 0.5 or less. This misalignment
could be monitored in situ from the measured symmetry
of the magnetoresistance as a function of perpendicular
field, and was corrected for in the analysis, as will be
described below.

IV. RESULTS

In this section we begin by presenting results for the
behavior in perpendicular fields; it will be seen that these
results agree well with WL theory. Experiments of this
kind have been described by many previous workers, so
ordinarily there would be no need for us to also show
such data. However, we will see later that our results
for the parallel magnetoresistance, and. for the behav-
ior in combined parallel and perpendicular fields, reveal
unexpected behavior. In order to critically analyze and
appreciate those results, it is essential to determine in-
dependently the phase breaking and spin-orbit lengths,
and this can be accomplished most readily from the per-
pendicular magnetoresistance. We therefore feel that it
is essential for the overall analysis that all of the results,
even those which are now fairly routine, be shown explic-
itly.

A. Perpendicular fields

III. EXPERIMENTAL METHOD 1. Au and Au(Ee)

The samples were thin films of Ag, Au, and Au(Fe),
all of which were produced by thermal evaporation. The
purity of the Ag was 99.9999%, while that of the Au
was 99.999%; according to the supplier the latter con-
tained approximately 1 ppm Fe, and lower concentrations
of other magnetic impurities. These films will be referred
to as "pure" in the following. The Au(Fe) films were pre-
pared by Hash evaporation of a portion of the 99.999%
Au, together with a measured amount of Au —0.07 at. %
Fe alloy material, with the resulting concentration of Fe,
c, being in the range 2—120 ppm. Previous studies of

Figure 1 shows results for the perpendicular magne-
toresistance of a Au sample, at several diferent temper-
atures. The solid curves in Fig. 1 are fits to (1), and it
can be seen that the theory fits the data quite acceptably.
It is known from previous studies that the spin-orbit
scattering in Au is quite strong, and in this field range
the predicted magnetoresistance turns out to be inde-
pendent of the precise value of H,~. The only adjustable
parameters in these fits are therefore the values of Hy
(i.e. , Ly) at each temperature. The results for Ly are
shown in Fig. 2; here we also give results for two Au(Fe)
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FlQ. 1. DR/R as a function of H~ for a pure Au film with
Rg ——4.1 0 at several temperatures. The solid curves are fits
to the theory, (1), as described in the text. The zeros of the
vertical scale are arbitrary and o8'set for clarity.

samples. The variation of L~ with T is very similar to
that found in previous studies, and can be understood
if one recalls that in general

re-e

1 2+-
re ph rg

(15)

(16)

(with Rg measured in 0, and T in K), a result which
has been confirmed by numerous experiments. For r, ph
theory predicts, and experiments support, the result

rg ph 1 6 x 10 T ' s {17)

for Au films with values of Rp similar to ours. Evaluating
(16) and (17) for R~ = 4 0, as appropriate for the sam-
plesinFig. 2, wefindthatatT =2K, r, , =3X10 s,
and r, ph = 3 x 10 s. Thus, electron-phonon scat-

where r, , is the inelastic-scattering time due to electron-
electron scattering, and r, ph is corresponding time for
electron-phonon scattering. It is known, i' ' 3 that in
metal films ~, , oc (R~T), and ~, ~h oc T, while
in this range of field and temperature we expect 7; to
be a constant. Since Iy = /Dred, the combination
(15) yields a phase breaking length that increases as T
is lowered, until the spin scattering dominates, at which
point Ly approaches a constant. This is precisely the
behavior seen in Fig. 2.

Quantitatively the theory predicts that the electron-
electron phase breaking time is given by '

2vrh2 -24x10 T s

FIG. 2. Phase breaking length, L@, as a function of tem-
perature, derived from the perpendicular magnetoresistance
for several samples. The top curve shows results for the pure
Au sample considered in Fig. 1, while the bottom curves show
results for two Au(Fe) samples. The Fe concentrations, c, are
indicated in the figure; here c = 1 ppm for the "pure" Au
sample, since that is the residual Fe content. The sheet resis-
tances were 3.7 0 for the 14 ppm sample, and 3.2 0 for the
42 ppm sample.

tering should be dominant in the temperature range we
have studied, although if we allow for uncertainties in
these estimates, electron-electron scattering may make a
small contribution at the lowest temperatures. From (15)
we have

(18)

where Ai is a measure of the strength of the spin scatter-
ing, and is proportional to the spin scattering rate, As is
proportional to the electron-electron scattering rate, and
A.3 to the electron-phonon rate. The temperature depen-
dences in (18) derive from (16) and (17), and we assume
the spin-scattering rate to be temperature independent.
The solid curves in Fig. 2 were obtained with As = 0; this
amounts to assuming that electron-electron scattering is
much weaker than electron-phonon scattering, which is
the prediction of the theory for our case. The value of As
so obtained was about a factor of 2 larger than the the-
oretical prediction (17). Given the uncertainties in both
the experimental and theoretical values, we consider this
to be good quantitative agreement.

These fits also yielded values of r„ i.e. , Ai. In Table I
we list the values of ~, /c obtained for several samples.
Normalizing the spin-scattering rates by the concentra-
tion should yield a quantity which is independent of c,
and we see that the results for the larger values of c are in
reasonable agreement with this expectation. The sample
with the smallest concentration, c = 1 ppm, which is the

TABLE I. Results for w, /c (in units of s at. Fo) for Au(Fe).

1 ppm

1.0 x 10'
14 ppm

2.]. x 10"
42 ppm

1.7 x 10

120 ppm

x 10
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nominally pure sample, has a larger value of w, i/c. In
this case c was obtained from the manufacturer's analy-
sis, and it is conceivable that it could be in error by one
or two ppm, or that perhaps other impurities (which were
present at the sub-ppm level) may make significant con-
tributions to v;. It is also possible that we introduced a
few ppm of Fe in the fabrication, but this seems unlikely,
since even when we took great pains to avoid contamina-
tion (by, e.g. , extra cleaning of the evaporator, or careful
shielding of the sample substrates from all but the evapo-
ration source) similar values of Ly were obtained. In our
opinion, the most likely cause of the (relatively) large
value of ~, /c for the purest sample is that electron-
electron scattering makes a small contribution to ~@ at
the lowest temperatures. This would yield the beginning
of a "roll-over" of the curve in Fig. 2, similar to that
caused by spin scattering. In addition, electron-electron
scattering should be most important in the lowest con-
centration samples, since they have the largest values of
~y. In any event the results in Table I again suggest that
there is no problem with clustering of the Fe, since that
would lead to a much different dependence of ~, on c.

The results in Figs. 1 and 2 all involved fields small
compared to the spin-orbit field, H», and as noted above,
the theoretical prediction (1) is independent of the pre-
cise value of H, in this limit. We have also examined
the behavior in large perpendicular fields, and some typ-
ical results are shown in Fig. 3, where we see that AR/R
displays a maximum near H~ ——3 kOe. This arises due
to the interplay of H~ and H, ,

~ and permits us to de-
termine the value of H, , and therefore 7». The solid
curves in Fig. 3 are fits to (1), using the value of Ly de-
termined from the low-field behavior (Fig. 2), and with
r, as the only adjustable parameter. The fits at both
temperatures yielded L, = 550 A.; combining this with
our estimate D = 50 cm /s gives w» = 6 x 10 s, which
is in reasonable agreement with the values reported pre-
viously for Au. 2o z
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FIG. 4. AR/R as a function of H~ for two temperatures,
for the Au(Fe) sample with c = 42 ppm considered in Fig. 2.
The solid lines are fits to the theory (1), as described in the
text. The zeros of the vertical scale are arbitrary and offset
for clarity.

Results for Au(Fe) in large perpendicular fields are
shown in Fig. 4, along with fits to the theory (1). Again
we have used the values of Ly obtained from the low-
field results, so that the fits in Fig. 4 involve only one
adjustable parameter, ~, . The behavior at 1.33 K agrees
well with the theory, while the agreement at 4.20 K is not
as good. Similar results were found for other Au(Fe) sam-
ples, which suggests that there may be another source of
high-field magnetoresistance in Au(Fe), a point we will
return to below. Nevertheless, the value found for w»,
which in the fits is determined by the field at which the
maximum of AR/R occurs, is essentially the same as
that found for pure Au.

8. Ag

10

0
0 l0

H (kOe}
15 20

FIG. 3. AR/R as a function of H~ at two temperatures,
for the pure Au sample considered in I"ig. 1. The solid lines
are fits to the theory (1), as described in the text. The zeros
of the vertical scale are arbitrary and offset for clarity.

Figure 5 shows results for Ag in perpendicular fields,
along with fits to the theory (1). The qualitative be-
havior is seen to be similar to that of Au (Fig. 3), but
with the maximum of b, R/R occurring at a smaller field.
This is expected, since the spin-orbit scattering is known
to be much weaker in Ag than in Au. It is seen from Fig.
5 that the theory describes the results for Ag quite well,
and the two parameters, L; and L» (or equivalently, ~,
and ~, ) can both be determined accurately. We find
L, = 13000 and 20000 A. at 4.20 and 1.33 K respec-
tively, yielding r, = 3 x 10 and 8 x 10 s at these
temperatures. For L, we find 5000 A at both tempera-
tures, yielding v; = 5 x 10 . These values of 7; are in
accord with the electron-phonon scattering times for sim-
ilar materials [for comparison, the predicted electron-
phonon times (17) are 2 x 10 io and 6 x 10 io s, respec-
tivelyj. The value found for ~» is a bit longer than found
previously for Ag, 4 for reasons that are not clear. In any
event, the behavior of the Ag films in small perpendicular
fields is well described by WL theory.
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FIG. 5. AR/R as a function of H~ for a Ag sample with
Rp = 3.1 Q. The solid lines are fits to the theory (1). Note
that the zeros of the vertical scale are arbitrary and offset for
clarity.

B. Parallel fields

1. Au and Au(Ee)

Next we consider the magnetoresistance for purely par-
allel fields, beginning with Au and Au(Fe). In Fig. 6 we
show AR/R as a function of H~~ at 4.2 K for the Au sam-
ple considered in Fig. 1. As noted in Sec. II, and as can
also be seen by comparing Figs. 1 and 6, the magnetore-
sistance at low Belds is quite anisotropic. A misalignment
of H~~ by only 1' with H = 10 Oe yields a contribution
to the perpendicular Beld of H~ 150 Oe; this can cause
a substantial change in AR/R, and thus the problem of
field alignment is particularly important. We addressed

4.20 K

CC

Ct

&I

0.,
0

H (kOe)

10 15

FIG. 6. b,R/R as a function of H~~ for the pure Au film
considered in Figs. 1, 2, and 3, at 4.20 K. The zero of the
vertical scale has been taken as the value measured for HI~ = 0
at each temperature. The curves are the theory (6), evaluated
using parameter values discussed in the text.

this problem in the following way. The sample was first
aligned so that the field from the superconducting mag-
net was approximately parallel to the plane of the film.
This approximately parallel field was then set at the de-
sired value, and held fixed. The resistance was next mea-
sured as a function of the Beld produced by the split coil
magnet, which was oriented with its axis perpendicular
to the film plane; we will term this field H&. The "true"
perpendicular field has contributions from both H&, and
H~~ due to the latter's slight misalignment with respect to
the Blm plane. That is, H~ —H& + H~I sin8, where 8 is
the angle of misalignment. Since the resistance exhibits a
minimum when the H~ is zero we could use the location
of this minimum to determine the value of H& at which
H~ = 0. This is how the results for AR/R as a function
of H~~ were obtained. Hence, in these measurements the
field generated by the split coil magnet served only as a
"trim" Field. In the measurements of AR/R as a function
of Hg with H~~ g 0, which will be considered below, this
field played a more central role.

Figure 6 shows results for a Au sample at 4.20 K, along
with the theory (6), evaluated using three different pa-
rameter sets. In all three cases we used the value of
Ly determined independently from the fits to the per-
pendicular magnetoresistance, Fig. 2. The solid curve
was evaluated using the spin-orbit length obtained from
the perpendicular measurements (I„=550 A), and the
thickness was taken to be 140 A. , our best estimate. Note
also that here, and in all similar cases below, the clean
limit value of L~~ (9) has been employed. The agreement
with the data in Fig. 6 is not very good, so we tried
several other parameter sets. The dot-dashed curve in
Fig. 6 was obtained using the same values of L, and L@,
but with a somewhat smaller value of the film thickness,
t = 110 A.. The agreement is now acceptable, although
not perfect. This value of t is somewhat smaller than
the value measured during film deposition; however, the
latter corresponds to the average thickness, and it seems
quite likely that the films are not perfectly uniform in
thickness. This inhomogeneity could be responsible for
the need to use a reduced value of t in evaluating the the-
ory. The best agreement with the theory was obtained
with values of L, which were somewhat smaller than the
estimates obtained from the perpendicular magnetoresis-
tance. This is shown by the dotted curve in Fig. 6, which
was obtained with L,o = 300 A, and t = 100 A. . How-
ever, this value of L, is a bit outside the range of values
which is consistent with the perpendicular results, Fig.
3.

Results similar to Fig. 6 were obtained for the same
sample at other temperatures, for other Au samples,
and for Au(Fe) films with Fe concentrations below about
10 ppm. The agreement with WL theory is thus ac-
ceptable, with the proviso that the effective film thick-
ness is taken to be about 25%%uo smaller than the average
value, perhaps because of inhomogeneities in the thick-
ness. However, this may well be an indicator of more
serious difficulties.

We next consider the parallel magnetoresistance found
for the more concentrated Au(Fe) samples. Some typical
results are shown in Fig. 7 (similar results were found at
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FIG. 7. AR/R as a function of H~~ for the Au(Fe) film
(c = 42 ppm) considered in Fig. 4, at 4.2 K. The zero of
the vertical scale has been taken as the value measured for
H~~ = 0 at each temperature. The curves are the theory (6),
evaluated using parameter values discussed in the text.

other temperatures); the curves are again the theory (6)
obtained in the same way as in Fig. 6. The solid curve
corresponds to L, = 550 A, and t = 140 A, our best es-
timates obtained from the perpendicular measurements,
the dot-dashed curve to L,~ = 550 A. , and t = 110 A. , and
the dotted curve to L, = 300 A, and t = 100 A. ; in all
cases the values of Ly obtained from the perpendicular
measurements (Fig. 2) have been used. In contrast to
the results for pure Au, there is now sharp disagreement
between theory and experiment for alt of these parameter
sets, as the observed magnetoresistance is substantially
larger than predicted by WL theory. It is also interesting
to note that the parallel magnetoresistance of Au(Fe) is
substantially larger than that found for Au.

This discrepancy between the calculated and observed
magnetoresistance was observed for all Au(Fe) samples
with c greater than about 20 ppm, and the discrepancy
became larger as c was increased. In all cases the ob-
served magnetoresistance was always larger (and more
positive) than predicted. We also considered adjusting
the value of Iy, that is, using a value diferent from that
measured independently from the magnetoresistance in
perpendicular fields, but it still was not possible to obtain
acceptable agreement between theory and experiment for
the samples with high Fe concentrations. Below we will
consider what parameter adjustments are necessary to
bring the theory into agreement with these results.

8. Ag

Figure 8 shows results for the parallel magnetoresis-
tance of a Ag sample at 4.2 K. The curves are the theory
evaluated for diferent values of L,o and t; in all cases
Ly has been held fixed at the value found from the per-
pendicular magnetoresistance for this sample. The curve
labeled "1"was obtained with our best estimates of these

FIG. 8. AR/R as a function of H~~ at 4.2 K for a Ag sample
(Ro = 3.1 A) considered in Fig. 5. Here the zero of the
vertical scale is taken as the value measured for HI~

——0 at
each temperature. The curves are the theory (6), as described
in the text. Curve 1: I„=5000 A, t = 140 A; curve 2:
L, =5000k, t=lOOA;curve3: L, =3500k, t=lOOA;
curve 4: L„=2000 A. , t = 100 A; curve 5: L, = 1150 A,
t = 100 A. In all cases L4, = 13000 A.

parameters, and it is seen that it does not compare at all
well with the results. The other parameter sets (whose
values are given in the caption to Fig. 8) do a better
job of reproducing the qualitative trends in the data, but
none of them are in terribly good agreement. Also, the
agreement is generally worse at 1.35 K than at 4.20 K.
These discrepancies will be discussed further below.

C. Perpendicular magnetoresistance in the presence
of nonzero parallel fields

Our analysis of the parallel magnetoresistance has
hinged on the values of Iy, which we have obtained from
the perpendicular rnagnetoresistance in low fields. How-
ever, the parallel measurements involved large fields, and
it is worthwhile to consider if I y or perhaps one of the
other relevant length scales might be field dependent.
With this in mind, we have investigated the perpendic-
ular rnagnetoresistance in the presence of a nonzero par-
allel field.

Figure 9 shows results for the pure Au sample con-
sidered in Figs. 1, 2, and 6; here we plot AR/R as a
function of H~ for difFerent fixed values of H~~~, at a fixed
temperature. Here H~ —H& + H~~ sin 6I, where 8, the an-
gle of misalignment of the superconducting solenoid (see
above), was determined from the location of the mini-
mum of AR(Hz), and H& and H~~ were defined previ-
ously. Since HI~ was fixed for a given scan, this simply
amounts to a constant shift along the horizontal axis in
Fig. 9. This is why the data in Fig. 9 sometimes extend
to both polarities of Hg, and in a few cases Hg = 0 was
not reached. ~5 Typical values of 8 were & 1, and the
correction was accurate to a small fraction of this; we
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believe that H~ ——0 was located to typically 10 Oe when

H~~
——104 Oe, corresponding to an effective alignment of

= 0.04'. Finally, we also note that ER/R in Fig. 9 is
measured relative to the value found for H~ ——Hll = 0
at each temperature.

The result for H~t
——0 in Fig. 9 is just the perpen-

dicular magnetoresistance considered in Fig. 2, and is
well described by the theory (1) with the phase-breaking
lengths already discussed (Fig. 2). As H~~ was gradually
increased, the behavior was qualitatively similar, but the
width of the dip near H~ ——0 became broader, as ex-
pected, since the parallel field leads to a shorter eKective
phase-breaking length, L', . These results are compared
with the theory (12) in Fig. 10. Here, for the sake of
clarity, and consistency with the presentation of the re-

suits for other samples below, the data and theory have
been offset as described in the caption. Hence, in Fig.
10 the relative positions of the results for diferent val-
ues of H~~ are arbitrary. The theoretical curves require a
value of LII, which we have computed using (9) and the
parameters L, = 550 A. , and t = 110 A. ; these values
were already found to account well for both the purely
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FIG. 9. AR/R as a function of H~ for difFerent values of
Hll, for the pure Au sample considered in Figs. 1, 3, and
6. The values of Hll are indicated in the figure. Here the
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H~~ = Hi = 0 at each temperature. (a) T = 4.20 K; (b)
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FIG. 10. AR/R as a function of H~ for a Au sample
(Ro = 4.1 fl). The numbers in the figure are the values of HI .
This is the same data as in Fig. 9, but with the results for dif-

nt values of HII offset to systematically lower values as H
increases. This offset makes it easier to compare these results
with those for the Au(Fe) and Ag samples considered in Figs.
12 and 14. The solid curves are the theory (10), as described
in the text. We have taken L@ = 7000 and 12000 A at 4.20
and 1.35 K, respectively, with I; = 550 A and t = 110 A
at both temperatures. These values frere obtained from the
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(b) T = 1.35 K.
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dependence on H~ than is observed; this is very similar
to what was found for Au and Au(Fe).

V. DISCUSSION

In our analysis to this point we have only considered
the effects of WL, and have found that several important
features of our results cannot be explained, even qualita-
tively, in terms of this theory. Let us therefore consider
other possible sources of magnetoresistance, with regards
to the parallel magnetoresistance of Au(Fe). The inter-
action magnetoresistance (13) is positive, which is of at
least the correct sign required to account for our extra
magnetoresistance. However, evaluation of (13) yields
the prediction AR/R 1 x 10 s at H =10 kOe and
T = 1.4 K. This is more than an order of magnitude
smaller than our discrepancy for Au(Fe), so it appears
that this is not the source of our extra magnetoresis-
tance. Moreover, even if it was somehow large enough
to account for the discrepancy, one would still have to
explain why it is important for Au(Fe), but not for pure
Au. 6 Indeed, calculations 7 indicate that the presence
of strong spin or spin-orbit scattering should reduce this
contribution to the magnetoresistance.

Let us next consider contributions related to the Kondo
effect. So far as we know, all of these mechanisms yield a
negative magnetoresistance, s since they correspond to a
quenching of the Kondo contribution; this is of the wrong
sign with respect to our discrepancy. In addition, the
magnetoresistance associated with spin-disorder scatter-
ing is negative. ' ' 0 and thus cannot account for our
results. Our best estimates indicate that these effects
are not only of the wrong sign, but are also somewhat
smaller in magnitude than our extra parallel magnetore-
sistance for Au(Fe). However, we should also note that
current theories of the Kondo magnetoresistance are not
able to account for the recent observation ' ' that the
Kondo efFect is suppressed in two dimensions when the
film thickness is reduced. It is conceivable that a mag-
netic field may restore at least part of this resistance,
yielding a positive magnetoresistance, which would be
qualitatively consistent with our observations. However,
this is only a speculation at present.

The above discussion suggests that contributions other
than WL cannot account for our results. Of course, there
may be other mechanisms which we have not considered,
so we cannot use such arguments to conclude that our
effects must be due to WL. However, since WL is able to
account fairly well for the behavior we find for pure Au,
the problem, at least for Au(Fe), seems to be connected
with the presence of the Fe spins (we will return to the
other discrepancies later). With this in mind, we now
consider how (or if) WL theory might be made consis-
tent with our experiments, beginning with the parallel
magnetoresistance.

In Fig. 6 we found that the theory agreed fairly well
with the results for the parallel ma netoresistance of Au
using t = 110 A and L, = 550 (together with the
value of Ly measured in low perpendicular fields), but
that these values did not yield agreement for Au(Fe) (Fig.

7). We now consider how different values of Ly, t, and
L, affect the level of (dis)agreement. First, if we vary
only t, holding I~ and L, fixed at their "best" values
(i.e. , our best estimates based on the perpendicular mag-
netoresistance), we find that no choice of t can account
for the discrepancy in Fig. 7. The effect of changing t
in the range 110—140 A. is not large, so we will hence-
forth keep t fixed at 110 A, the value that worked well
for Au. If we then vary Ly to obtain agreement, we find
that rather large values of Ly, 25 000 A. , are required.
This seems quite unreasonable, since it is much larger
than found from either the perpendicular measurements
for Au(Fe) (4000 A.), or for Au. Finally, adjusting L, in
either direction also fails to bring agreement; the theory
is always a factor of 3 or more smaller than the results.

In our analysis so far we have generally assumed that
the various length scales are independent of Geld, and
that L~ is temperature dependent only to the extent
implied by the perpendicular magnetoresistance at low
fields (Fig. 2). We next consider the effect of relaxing
these assumptions. In this context, it is interesting to
consider the temperature dependence of the parallel mag-
netoresistance of Au(Fe) (Fig. 7). One would ordinarily
expect the only temperature dependence here to come
from that of Ly. For this Au(Fe) sample Ly varies little
(from =4000 to 5000 A) in going from 4.20 to 1.35 K, so
there should be correspondingly little variation in AR/R.
Surprisingly, the Au(Fe) results exhibited a sizable tem-
perature dependence especially at the larger Gelds. As
discussed in the Introduction, one might naturally expect
that L~ will be field dependent when gp~H & k~T, since
the spin scattering should be frozen out by a large field.
However, such behavior cannot explain our results. Eval-
uation of the theory (6) indicates that letting Ly become
larger as H increases does not significantly increase the
magnetoresistance. For example, if we assume that I.y in-
creases from 4000 to 6000 A as the field is increased from
zero to 10000 Oe [which corresponds to quenching att of
the spin scattering found in Au(Fe)] the parallel magne-
toresistance would increase by only AR/R —1 x 10
which is about a factor of 10 less than required to explain
the results in Fig. 7.

The only length scale left to consider is then I, . It
turns out that AR/R is quite sensitive to L, , and per-
mitting it to be field dependent can easily lead to behav-
ior in agreement with Fig. 7; we only need to assume that
L, becomes larger as H~~ increases. If we require that
L, = 550 A. in zero field (the value found in the perpen-
dicular measurements), then L,~ must increase to about
1000 A to account semiquantitatively for the magnetore-
sistance seen in Fig. 7. It is not possible to be quanti-
tative here, since we have no model for how L, might
vary with H~~. In any event, such behavior could account,
at least qualitatively, for the large parallel magnetoresis-
tance of Au(Fe). However, we have no explanation for
why L, should be field dependent. While many pre-
vious experiments have been successfully interpreted by
assuming that I, is independent of field, we should has-
ten to note that essentially all of those experiments have
employed only perpendicular fields (a ease for which we
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too found agreement with the theory). Also, if I, is field
dependent for Au(Fe), then this should presumably also
be the case for Au, but for Au the results can be explained
well without this assumption. Although it seems likely
that they could also be explained with a field-dependent
L, , it is still not clear why the presence of Fe leads to
the different behavior seen with Au(Fe).

We next consider the parallel magnetoresistance of Ag
(Fig. 8). The difFerent curves in Fig. 8 show the the-
ory evaluated with a variety of different values for the
length scales that enter the theory (6). The results in
Fig. 8 indicate that the only way to obtain acceptable
agreement with the experiments is to assume that I, is
somewhat smaller than found in small fields; this is il-
lustrated by curve c in Fig. 8. It is not clear how to (or
if one can) reconcile this result with those for Au(Fe),
but with Ag the fact that the variation of AR with H~~ is
nonmonotonic [due to the reduced spin-orbit scattering
as compared to Au and Au(Fe)] makes it more difficult
to draw unambiguous conclusions.

Let us next consider the behavior of the perpendic-
ular magnetoresistance in the presence of large parallel
fields. For Au, Au(Fe), and Ag we found that in the
largest parallel fields, the resistance was more strongly
dependent on H~ than predicted (Figs. 10, 12, and 14).
While the Beld dependence we observed was not large,
it was observed in many different runs, with a number
of different samples. In the usual measurement of the
perpendicular magnetoresistance, the size of the change
in AR/R near H = 0 is determined by the magnitude
of L~, with larger values of Ly yielding a greater field
dependence. However, in our case it is very difficult to
explain the enhanced field dependence by simply assum-
ing a larger Ly, since when H~~ is large it dominates the
phase breaking, making the theoretical prediction almost
completely insensitive to Ly. The only way the theory
can exhibit a greater dependence on H~ is if the value
of L~~ is increased. For example, for Au at 4.20 K and

H~~ = 6900 Oe, one must assume that L~~
= 3000 A in

order to match the field dependence seen in Fig. 10. How-
ever, this is not consistent with the value L~~

= 1800 A.

obtained from the behavior with a purely parallel field
(Fig. 6). Moreover, the value L~~

= 1800 A also extrapo-
lates from the values of L~~ which give good agreement at
smaller H~~ in Fig. 10. This extrapolation assumes only
that the field dependence of L~t is described by (9), and
it is very hard to see why this would fail. The reason for
this discrepancy may well be the theory itself; as noted
above, the theory (12) which we have used to analyze the
data for combined perpendicular and parallel fields has
not, to the best of our knowledge, been obtained from the
sort of quantitative calculation used to derive (1) and (6).
For this reason, it may be best to defer concern over the
"enhanced" dependence of AR/R on H~ at the highest
values of H~~.

Close examination of the results for both Au and
Au(Fe) (Figs. 10 and 12) reveals another intriguing re-
sult; at the highest values of H~~ it is seen that ER/R
can sometimes decrease with increasing H~. According
to the theory, such nonmonotonic behavior with H~ can
only happen when the spin-orbit scattering is of interme-

diate strength. ~ If we use the value I, = 550 A. found
from the perpendicular measurements, then the theory
(12) does not predict such behavior for any reasonable
value of L~~ or H~~~. According to (12), this behavior can

only occur if L, is increased to at least 2000 A. , or if
L~ is decreased so as to be comparable to L, . It is
hard to see how this discrepancy could be due simply to
a failure of the theoretical expression we have used for
AR(Hz, H~~). The interplay of H~, L, , and Ly, and
the effect on AR/R is well understood and well docu-
mented. While it would not be terribly surprising if the
expression we have used turns out to be quantitatively
incorrect, we would be much more surprised if it were so
grossly in error. We therefore believe that the negative
magnetoresistance at large parallel fields is suggestive of
a field dependence of L,~ or Ly, or both.

Examination of the results for Ag leads to a simi-
lar conclusion; the relatively pronounced dependence of
AR/R on H~, when H~~ is large, can only be accounted
for if I

~~

is larger than expected based on extrapolations
from small HI~, and, according to the theory, also requires
that I, be increased from the value found from the low-

field measurements.

VI. SUMMARY

We have presented the results of extensive magnetore-
sistance measurements of Au, Ag, and Au(Fe) films. In
all cases the results for the purely perpendicular mag-
netoresistance are well described by the established the-
ory of the WL magnetoresistance. However, the par-
allel magnetoresistance, especially for Au(Fe) and Ag,
cannot be accounted for by the theory, unless we pre-
sume that the spin-orbit-scattering length is field depen-
dent. The measurements in combined parallel and per-
pendicular fields also reveal unexpected behavior, espe-
cially when H~~ is large. Detailed analysis suggests either
that large parallel fields reduce the strength of the spin-
orbit scattering, (i.e. , L, is increased) relative to the
values found in measurements with smaller perpendicu-
lar fields, or that Ly becomes smaller in a parallel Beld,
or both. It is not clear that this very tentative conclu-
sion concerning the possible field dependences of L, or
L~ is consistent with the large body of previous work in
this field. However, the vast majority of the prior ex-
periments have employed only perpendicular fields. It is
possible that the behavior in parallel fields is substan-
tially different than predicted by the theory, or expected
based on past results. Of course, it is also possible that
some heretofore unanticipated mechanism makes a domi-
nant contribution to the magnetoresistance. It is hard to
see how this could explain the results we have obtained
in combined parallel and perpendicular fields, but it is a
possibility that should certainly not be ruled out.
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