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Valley mixing in short-period superlattices and the interface matrix
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Energy levels of short-period GaAs/A1As superlattices are calculated both in an sps* tight-binding
model and in an effective-mass approximation. Mixing between I and X conduction-band valleys is
shown to be successfully described by a current-conserving interface matrix giving boundary conditions
among envelope functions and their derivatives at a heterointerface. Two parameters characterizing the
mixing are determined.

I. INTRODUCTION

A typical semiconductor superlattice is that made from
GaAs/Al„Ga& „As heterostructures. The conduction
band of GaAs has two local minima along the [001]
direction in the vicinity of the X points (called X valleys)
as well as the minimum at the I point called the I valley.
On the other hand, A1As has the lowest minima at the X
valleys. At heterointerfaces grown in the [001] direction,
these different valleys can be coupled to each other. In a
previous paper, ' the effective-mass approximation was ex-
tended so as to take into account the intervalley mixing
at heterointerfaces. The purpose of the present paper is
to determine effective-mass parameters, which character-
ize the intervalley mixing, through a comparison of ener-

gy levels of short-period superlattices calculated in an
sos tight-binding model.

In a GaAs/A1As system the A1As layer works as a
quantum well for the X valley, while the energy of the
CxaAs layer is lower for the I valley. Because the
effective mass of the I valley is smaller than that of the X
valleys, electrons in the I valley are raised higher in ener-

gy in comparison with those in X valleys for superlattices
with sufficiently thin GaAs layers. This leads to a sudden
change of the conduction-band bottom from the charac-
ter of the I valley in GaAs to that of X valleys in A1As
(transition from a direct to spatially indirect semiconduc-
tor). Numerous optical experiments and band-structure
calculations have been performed to understand this
crossover with decreasing superlattice period.

Within the effective-mass approximation, mixing of
different valleys can be incorporated as boundary condi-
tions for envelope functions at the interface expressed in
terms of a 6X6 interface matrix. In a previous paper, '

this interface matrix was obtained by direct matching of
the wave function expressed in terms of envelope func-
tions of different conduction-band minima. Unfortunate-
ly, this led to the severe difficulty of violation of Aux con-
servation at the heterointerface. In this paper, the inter-
face matrix is determined by a direct comparison of wave
functions in GaAs/A1As short-period superlattices in
such a way that the Aux is conserved at the interface.

The paper is organized as follows. In Sec. II the model
and the method of calculations are discussed together
with a brief review of some properties of the 6 X 6 inter-

face matrix. Mixing between different valleys is shown to
be described by two off-diagonal elements of the interface
matrix. In Sec. III the parameters of the interface matrix
are determined by a comparison between the wave func-
tions calculated in the tight-binding approximation and
the effective-mass approximation. A brief summary is
given in Sec. IV.

II. INTERFACE MATRIX
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(2.1)

where E„and E„are the band energies at the Xpoint, m„
and m, are the effective masses, mo is the free-electron
mass, and P is the momentum matrix element between u
and v.

The presence of abrupt interface potentials gives rise to
mixing between three different valleys, a=t, u, and v.
Such mixing can be included in the form of a 6 X 6 inter-
face matrix Tz„=( TI& ) as follows:

gp(0)

VBgB(0) (2.2)

where Tgz =(tP& ) is a 2X2 matrix; V"=(mo/m ")V;
V&=(mo/m& )V' with mo the free-electron mass and m"

Let us consider a GaAs/Al„Ga, „As heterointerface
grown in the [001] direction. Throughout this paper we
confine ourselves to the case k =k =0, i.e., along the 6
axis. For the I valley we use the conventional envelope
gr(z) satisfying a single-valley effective-mass equation
characterized by an effective mass ml-. For X valleys we
shall use a 2X2 multicomponent effective-mass equation
because of the presence of two bands denoted u (conven-
tionally X& ) and v (X3 ) at the X point close to each other
in energy. The effective-mass equation in the presence of
the external potential V(z) is given by
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and I the effective masses in semiconductors A and B,
respectively, at minimum a, and V'=8/aBz, a is the lat-
tice constant. Note that, for simplicity, we shall use Tzz
instead of T~~~ used in previous papers. '

Within the sos* tight-binding model discussed in Ref.
1, the wave function can be represented by the corre-
sponding envelope functions through

Co(n)= +exp(ik z„)[CO(k )g (z„)+Cia(k )Vg (z„)],
(2.3)

C, (n)= +exp(ik z„')[Ci(k )g (z„')+C',(k )Vg (z„')],
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where C, (n) is a vector consisting of the amplitude of
cation (Ga or Al) orbitals s„pi, and s i at
z„' =(n —

—,
' )a /2; Co(n ) is a vector consisting of the ampli-

tude of anion (As) orbitals so, po, and so at z„=na/2;
Ci(k ) and Co(k ) are the eigenvectors at the valley k
and Ci(k ) and CIi(k ) are their first derivative with
respect to k, a. We have chosen z=0 at one As atomic
plane.

Figure 1 shows the conduction band of GaAs and
A1As in the vicinity of the I and X point calculated in
the sps* tight-binding model. The minimum point is
slightly displaced (by k;„) from the X point for both
GaAs and A1As in this model. The effective masses and
the parameter P obtained are listed in Table I. Because
of large k;„, the straightforward use of the 2 X 2
effective-mass equation predicts k;„slightly larger than
that calculated in the tight-binding model. Therefore,
the parameters for the X valleys are modified in such a
way that the overall k dependence is reproduced. The
bands assumed in the effective-mass approximation are
given in Fig. 2 and the corresponding parameters are list-

0.0-0.3 -0.2 -0.1 0.0 0.)
Wave Vector (2ii/a}

0.2 0.3

ed in Table I. The large nonparabolicity of the I valley is
not so important in the energy range corresponding to
the X-valley minimum of A1As (see below for the choice
of the band offset).

A matching of the wave functions in an empirical sps
tight-binding model as in the previous paper gives the fol-
lowing result for the GaAs/A1As interface:

FIG. 1. Energy of the conduction bands calculated in the
empirical tight-binding model as a function of the wave vector
measured from the I point (solid lines) and an X point (dashed
lines) for GaAs (left) and AlAs (right). The energy is measured
from the bottom of the I valley of GaAs.
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(2.4)

TABLE I. The band parameters used in the energy-band calculation. k;„ is the distance of an X-
valley minimum from the Xpoint and mo is the free-electron mass. The number in parentheses for k;„
gives the value obtained by a straightforward use of the parameters in the effective-mass approximation.

GaAs

Tight binding
Effective mass

AlAs

Tight binding
Effective mass

mr /mo

0.068
0.068

mr/mo

0.222
0.222

m„/mo

1.35
1.35

m„/mo

1.58
1.00

m, /mo

1.57
1.57

m„/mo

1.12
1.00

p

1.59
1.40

p

2.69
2.70

ak;„/2~
0.123 (0.154)
0.116

ak;„/2m

0.209 (0.275)
0.210
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where the phase of the basis Bloch function is given by
Eqs. (2.6) and (2.7) of Ref. l. Unfortunately, however,
this interface matrix violates the current or Aux conserva-
tion at the interface. It can immediately be seen that the
off-diagonal elements of the interface matrix are negligi-
ble except for t21', t2", , t2, , and t2", . In the effective-mass
approximation, the envelope function varies slowly over a
distance of the size of a unit cell and therefore the deriva-
tive Vg is much smaller than the envelope itself. Thus,
t2, connecting Vg and g is most important among various
elements of the interface matrix unless its absolute value
is much smaller than unity. Therefore, it is reasonable to
replace the interface matrix by the following approximate
expression:

CD
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These conditions are satisfied within a reasonable accura-
cy, except Eq. (2.6d) for t2," and t 2, . It is this large devia-

In the following, we shall determine the elements in such
a way that they are close to the above equation under the
condition of Aux conservation.

Now, the current conservation given by Eq. (2.13) of
Ref. 1 leads to the relation

FIG. 2. Energy of the conduction bands assumed in the
effective-mass approximation. The notation is the same as in
Fig. 1.

tion from (2.6d) that makes a unique determination of
these two most important parameters leading to the I -X
mixing impossible. Therefore, we shall assume

(2.7)

which satisfies Eq. (2.6d), and try to determine the pa-
rameter p through a direct comparison of wave functions
calculated in the effective-mass approximation and in the
tight-binding model in short-period superlattices. Note
that the sign of p depends on the choice in the relative
phase of the Bloch wave functions at I and X and there-
fore will be chosen to be positive here.

The other parameters are easily determined by a least-
squares fit. First, for the current-conserving matrix we
have

r
t22 0 0 0 0

TAB TBA

0

0

0

0

0

0

t22

0

0 —t 1 1 t 22t 21 0

0

t » —t »t22t2," 0
(2.8)

0 0 0 0 t22 0

22t 1 it 21 0 t 22t 1 it 21 0 0

We determine the diagonal elements t 1 1 and t22 by minimizing

f (t'ai t2»=(tie" —ti )'+(t22" —t22)'+(t2'2' —t'ai)'+(ti" —t22)' (2.9)

under the condition of current conservation [Eqs. (2.6a) —(2.6c)] for each of the I, u, and v valleys, where t &"&, t »", etc. ,
are the results obtained by the direct matching given by Eq. (2.4). Similarly, t2," and t2", are determined by the minimi-
zation of

g (tuv tvu )
—(tBA tuv )2+(t AB+tu tv tuv )2+(tBA tvu )2+(t AB tu tv tvu )2 (2.10)

under the condition given by Eq. (2.6e), where t„„"=t2",for TB„,etc. The result is given by
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which is close to Eq. (2.4) except for the elements con-
taining the mixing parameter p. Note that the slightly
larger difference for tz,' and t2", between Eqs. (2.4) and
(2.11) is a result of the change in the band parameters in
the effective-mass approximation.

The conduction-band bottom of GaAs consists essen-
tially of (antibonding) s states of Ga and As atoms apart
from contributions from their s* atomic orbitals. The
X-valley minimum u consists of an antibonding combina-
tion of the p, orbital of Ga and the s orbital of Al. Simi-
larly, the minimum U consists of that of s of Ga and p, of
Al. The most important contribution to the mixing be-
tween the I and X valleys comes from the p, state of in-
terfacial Al atoms which belong to both GaAs and AlAs
layers. The wave function associated with the U valley
leads to an appreciable amplitude of the p, orbital of the
interfacial Al plane. Because the p, state of Al consti-
tutes a major part of the valence-band top of GaAs and
AlAs at the I point, this affects the conduction-band en-
velope function through the interband k.p interaction as
the source of a discontinuity of its derivative. The result-
ing parameters tz,' and t2", roughly correspond to an in-
troduction of a 6-function-like potential connecting onjy
I - and X-valley envelopes at the heterointerface as postu-
lated previously for a model of I -X mixing.

200

III. SHORT-PERIOD SUPERLATTICES
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In the following band-structure calculation, the
difference in the I -valley minimum of GaAs and the X-
valley minima of A1As is chosen in such a way that the
crossover between I and X is around 14&m &15 for
(GaAs) (AIAs) superlattices. ' lt should be noted that
the sign of the I -X off-diagonal elements of the interface
matrix t 2,

' and t 2I should be changed between two
different interfaces for odd m. This arises from the fact
that the X-valley Bloch function changes its sign by each
monolayer. This leads to a characteristic dependence of
the parity of the resulting wave function on m. The
present effective-mass scheme is not applicable to
(GaAs)„(AlAs) superlattices with odd m+n for which
the bulk X point does not coincide with the I point after
a Brillouin-zone folding.

Figure 3 shows the energy levels at the I point of
(GaAs) (A1As) superlattices as a function of m calcu-
lated in the empirical tight-binding model. Figure 4 gives
the corresponding results calculated in the effective-mass
approximation with the mixing parameter p=0. 5. As
long as p is not so large, the energy levels are nearly in-
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FIG. 3. Energy bands at the I point calculated in the empiri-
cal tight-binding model of (GaAs) (A1As) superlattices as a
function of m. The parity of each state is denoted by + and —.
The energy is measured from the bottom of the conduction-
band minimum near the Xpoint.
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FIG. 4. Energy bands at the I point calculated in the
effective-mass approximation of (GaAs) (AlAs) superlattices
as a function of m. The parity of each state is denoted by +
and —.The optical transition probability determined by the
overlap of the wave function of the lowest energy level with that
of the valence™band top is denoted by filled circles. The energy
is measured from the bottom of the conduction-band minimum
near the Xpoint.
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dependent of p except in the case that those associated
with the I and X valleys are nearly degenerate with each
other. In the present model the X valley has double mini-
ma and the presence of interfaces leads to a splitting of
the valley degeneracy. This valley splitting exhibits a
characteristic oscillatory dependence on m. The
effective-mass approximation can reproduce the tight-
L-'.&ding result for the low-lying energy bands including
the valley splitting. There appears to be, however, some
difference between the results for excited bands.

The valley splitting can easily be estimated in the

effective-mass approximation. The Hamiltonian is writ-
ten as

Ak
2m 2

. A Pk
1

2m

R Pk
2m

Ak +-
2m 2

(3.1)

where A=E„—E„and m =m„=m„. By a unitary trans-
formation, this can be converted into

U-'WU=
[(k —k;„) —k;„]

2m
$2 [(k+k;„) —k;„]
2m

(3.2)

with km;„=P/2 and

1/~2 1/@~2

i /v'2 i /&—2
(3.3)

Therefore, to the lowest order in 6 the wave function of
the minima at k =+K;„is given by

1/2
2 ~z 1

g+(z) = exp(+ik;„z )cos
Lw W

(3.4)
1/2

2 . mz 0
(z) = exp( ik;„z—)cos

w M

where we have assumed that electrons are con6ned by
infinitely high walls within L~/2 &z &—L~/2. The
splitting is estimated as

L~/2f g (z)* ——g (z)dz

1 6 sink;„Lw
2k;„Lw (k;„L~lm ) 1—(3.5)

This explains the characteristic change shown in Figs. 3
and 4.

Equation (2.3) can be inverted in such a way that the
envelope functions at (z„+z„')/2 are given by the ampli-
tude Co(n) and C&(n). However, the presence of the
slight nonparabolicity of the I valley gives rise to a devi-
ation from this relation and leads to some errors in es-
timating the envelope function of X valleys, particularly
for states that mainly consist of the I valley. A compar-
ison of envelopes calculated in the tight-binding model
and in the effective-mass approximation has been made
for varying p and the best agreement has been achieved
for 0.45 ~p ~0.55.

Figure 5 gives a comparison of the envelope wave func-
tions of the lowest four bands at k„=0 in
(CxaAs) (A1As) superlattices with m =16 for p=0. 5.
The solid line represents the envelope ~gr(z)~ associated

with the I valley, the dashed line represents
Q ~ g„~ +

~ g„~ associated with the X valleys, and the
symbols represent envelopes obtained in the tight-binding
model. The lowest band [Fig. 5(a)] has the character of
the I valley in the GaAs layer and the higher three bands
that of the X valleys. For the lowest band, the envelope
associated with the X valleys calculated in the tight-
binding model is larger than that of the effective-mass ap-
proximation and also shows a different z dependence in
the GaAs layer. This discrepancy is due to the nonpara-
bolicity of the I valley mentioned above. The envelope
function obtained in the efFective-mass approximation de-
cays much more rapidly in the A1As layer for the lowest
band as shown in Fig. 5. This is due to the fact that the
effective mass inside the band gap of A1As is much small-
er than that at the conduction-band bottom as has been
pointed out in a study of the tunneling probability across
an Al Ga& As barrier. '

Figure 6 gives a similar comparison for m =13, for
which the lowest two bands have the character of the X
valleys. A similar discrepancy can be seen for the second
excited band having a I -valley character due again to the
nonparabolicity of the I valley. In spite of such
discrepancies, we can safely conclude that the effective-
mass calculation can reproduce the wave functions quite
well, particularly concerning the strength of the mixing
of the I and X valleys.

Using the obtained wave functions we can easily esti-
mate the probability of optical transition between the top
of the valence and the conduction bands. Figure 2 con-
tains the overlap of the envelope of the lowest
conduction-band state and a simple cosine function corre-
sponding to the envelope of the valence-band top. For
m ~ 15 the conduction-band minimum is comprised
mainly of the I -valley minimum, and for m ~ 14 it is
comprised mainly of the X-valley minima. Because of the
small mixing between I and X, the transition probability
for m ~ 14 becomes more than two orders of magnitude
smaller than that for m ~15. The parity of the wave
function changes with m alternately and gives an oscilla-
tion of the probability with m. This oscillation changes
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its phase at the thickness where the valley coupling van-
ishes.

This characteristic parity change is due to the fact that
the period for the X-valley Bloch function is two mono-
layers. This was pointed out by Lu and Sham using10

group theory and was demonstrated in a tight-binding
calculation. Actually, this parity change as a function of
m is quite sensitive to k;„and also to whether E„ is
smaller or larger than E, . This oscillatory dependence of
the optical transition probability can be used for obtain-

ing detailed information about the conduction-band mini-
ma of A1As near the Xpoints, particularly on the value of
k;„and the relative ordering of E„and E, .

It may be worthwhile to point out that the obtained
value for the parameter p characterizing the mixing be-
tween the I and X valleys can depend slightly on the
model for the bulk band structure of GaAs and A1As and
their interface. In principle, p can be determined by
first-principles interface calculations. Unfortunately, this
may still give an unreliable answer because of uncertain-
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FIG. 5. Envelope functions of the I valley (solid lines) and the X valleys (dashed lines) calculated in the effective-mass approxima-
tion with valley mixing for mixing parameter p =0.5 for the lowest four bands in a (GaAs) (AlAs) superlattice with m =16. Cir-
cles and squares represent envelopes for the wave function calculated in the empirical tight-binding model. (a) n = 1 {the lowest), (b)
n =2 (first excited), (c) n =3 (second excited), and (d) n =4 (third excited). The envelope functions are normalized to unity within the
superlattice period d =ma.
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ties present in the band structure near the X points.
Therefore, p should be determined rather through corn-
parison with experiments.

IV. SUMMARY AND CONCLUSION

Energy levels and wave functions of short-period
GaAs/AlAs superlattices were calculated both in an sps'
tight-binding model and in an effective-mass approxima-
tion. Mixing between I and X conduction-band valleys
was included in the efFective-mass approximation through
the interface matrix giving boundary conditions for the

envelope functions and their derivatives at the interface.
The interface matrix was determined in such a way that
the Aux conservation is satisfied and it reproduces the
original result obtained by the direct matching of the
wave functions at the interface as much as possible. Two
elements giving the strength of I -X mixing were obtained
by the direct comparison of the wave functions with
those calculated in short-period superlattices in an empir-
ical sps tight-binding model. The efFective-mass approx-
imation together with the appropriate interface matrix
can successfully describe the electronic properties of het-
erostructures.
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