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The extended x-ray-absorption fine structure (EXAFS) at the K edge of silver has been measured
in P-Agl at different temperatures in the range T=23—410 K. Amplitude and phase of the first-shell
EXAFS have been separately analyzed in terms of cumulant expansion within the photoelectron
wave-vector range k=2.5—16.5 A. taking the 23-K spectrum as reference. Tests on EXAFS sim-
ulated from excluded-volume-model distributions have been performed to check the convergence of
the cumulant series and the correspondence between polynomial coefficients obtained from EXAFS
analysis and exact cumulants. The cumulant series of the Ag—I distance distribution is convergent
within the k and T ranges considered; below 300 K the polynomial coefBcients are a good estimate
of the exact cumulants; above 300 K the exact cumulants can be obtained by extrapolating the
behavior of the polynomial coeKcients below 300 K. The distributions of distances calculated from
the cumulants are consistent with those obtained for P-Agl by other authors through a real-space
analysis of EXAFS. The mean-square relative displacement is largely insensitive to anharmonicity as
a co&sequence of the high degree of correlation of the motion of silver and iodine nearest neighbors.

I. INTRODUCTION

The determination of the local structure and dynam-
ics in disordered solids can greatly benet. t from the
analysis of the extended x-ray-absorption fine structure
(EXAFS). The development of a relatively simple inter-
pretation of EXAFS (Ref. I) in terms of interatomic dis-
tances and coordination numbers allowed its widespread
application to many different physical systems. 2 This
standard interpretation of EXAFS is based on the one-
particle and single-scattering approximations (many-
body effects being accounted for by phenomenological
parameters). Moreover, only small Gaussian disorder is
considered and the distribution of interatomic distances
is completely characterized by its mean value and width:
The so-called EXAFS Debye Wailer factor t-akes into ac-
count the mean-square relative displacement (MSRD) of
absorber and backscatterer atoms. s

Standard EXAFS formula can lead to non-negligible
errors in structural parameters when the distribution
of interatomic distances differs from a narrow Gaussian
one. '5 This situation typically arises when anharmonic-
ity or anisotropy in thermal vibrations is non-negligible
and in the presence of non-Gaussian static disorder.
Even if the real distribution of interatomic distances is
Gaussian, EXAFS samples an intrinsically asymmetric
effective distribution.

The ability of recognizing and possibly measuring the
deviation from a Gaussian distribution is necessary to
check the applicability of standard EXAFS formula. For
large deviations from Gaussian behavior, one is forced
to formulate physical models for the distributions and

to compare them with experimental EXAFS. The arbi-
trariness of models can be reduced if one is able to ex-
tract from EXAFS some model-independent parameters.
These parameters can often give original information in-
dependently of a full knowledge of the distribution, as is
the case of the MSRD, which reBects peculiar vibrational
properties.

An increase of model-independent information from
EXAFS can be achieved by analyzing data in terms of
cumulants of the distance distribution. The cumulants
of order higher than 2 are zero for Gaussian distributions;
their values measure then the deviation from a Gaussian
shape.

Tranquada and Ingalls7 utilized the cumulant ap-
proach to study the anharmonicity in CuBr. A more ex-
tensive exploration of strength and limitations of the cu-
mulant method was done by Crozier, Rehr, and Ingalls. s

These latter authors studied an exponentially skewed
model distribution and showed that the convergence in-
terval of its cumulant series can be quite small for large,
although still physically meaningful, asymmetries; as
a consequence, the erst even cumulants obtained from
EXAFS analysis were affected by exceedingly large er-
rors. On the other hand, the polynomial coeKcients best
fitting amplitudes and phases of experimental EXAFS of
CuBr allowed the same authors to reconstruct a distance
distribution in reasonable agreement with that obtained
through a real-space model-dependent analysis.

A widespread study of difFerent physical systems is nec-
essary to assess on general grounds the effectiveness of
the cumulant analysis of EXAFS. The cumulant method
relies on the ability of evaluating, from the EXAFS spec-
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trum of an a priori unknown distribution of distances,
the convergence properties of its cumulant series. This
evaluation is necessary to estimate the accuracy of the
polynomial coefficients obtained from EXAFS in repro-
ducing the exact cumulants and in reconstructing the
distribution of distances.

In this work we present the results of EXAFS measure-
ments at the K edge of silver in P-Agl at difFerent tem-
peratures varying in the range 23—410 K. Silver iodide
is particularly suited to study the strengths and limi-
tations of the cumulant method. At atmospheric pres-
sure and below 420 K, AgI has two crystalline modifi-
cations: the P and p phases, with hcp wurtzite and fcc
zinc-blende structure, respectively; P-Agl is considered
the thermodynamically stable phase. s At 420 K, AgI un-
dergoes a first-order transition to the superionic a, phase.
A strong anharmonicity has been revealed in P-Agi al-
ready at relatively low temperatures by x-ray diff'raction
(XRD) and neutron diffraction. M i2 An EXAFS study
of the silver-iodine correlation in AgI was performed by
Boyce, Hayes, and Mikkelsen;i their interest was focused
on the P ~ n phase transition, which was described by
an excluded-volume model. In this model the distribu-
tion of distances progressively deviates from a Gaussian
shape when increasing the temperature, leading to the
opening of conduction channels at 420 K. The model was
consistent with measurements made on the P phase at
300 and 371 K.

More recently Dalba et al. studied the MSRD of the
I—Ag and I—I distances in P and p-Agl obtained from
I Is EXAFS in the temperature range ll —300 K.is is
The use of the standard data reduction procedure was
justified by the shortness of the EXAFS signal at the I
Is edge. The temperature dependence of the MSRD's
was found consistent with the harmonic approximation.
A better understanding of the effects of anharmonicity on
the MSRD of P-Agl could be gained by a more refined
cumulant analysis.

In the present study of Ag K EXAFS, only the
first coordination shell of silver is considered; the pos-
sible multiple-scattering paths do not interfere with the
first-shell EXAFS signal, and so we rely on the single-
scattering approximation. The analysis is carried on by
separately comparing phases and amplitudes of EXAFS
spectra at various temperatures with those of the 23-
K reference spectrum, so that backscattering amplitude,
total phase shift, and anelastic terms cancel out. The re-
sult of the analysis is the temperature dependence of the
polynomial coefficients best fitting phase and amplitude
of EXAFS. To test the reliability of these polynomial
coefIicients in estimating the exact cumulants, we con-
sidered the distance distribution of the excluded-volume
model with the parameters best fitting the EXAFS at
300 and 371 K (Ref. 14) and submitted it to the same
procedure of EXAFS analysis done on the experimental
data. A preliminary short account of this work has been
given elsewhere.

This paper is organized as follows. In Sec. II we re-
view some concepts of the cumulant method which are
relevant for our work. Section III is dedicated to ex.—
perimental details on sample preparation and EXAFS

measurements. In Sec. IV a detailed account of the data
analysis procedure is given. In Sec. V the tests on model
distributions are presented. In Sec. VI the temperature
dependence of the first four cumulants and the distribu-
tions of distances obtained from cumulants are discussed
and compared with previous results from EXAFS and
other techniques. Section VI is dedicated to conclusions.

II. CUMULANT EXPANSION OF EXAFS

I et p(r) be the real distribution of distances between
the absorber atom and one atom of a given coordina-
tion shell. Within the single-electron, single-scattering,
and plane-wave approximations, the EXAFS of the sth
coordination shell is expressed as

S2
y, (k) = N, Im f (k, ~) e ' '

where k is the photoelectron wave vector, N, the co-
ordination number, f, (k, vr) the complex backscattering
amplitude, and b1 the central atom phase shift. So and
A take into account intrinsic and extrinsic anelastic ef-
fects, respectively. P(r, A) is the effective distribution of
distances,

~
—2r/A

P(r, A) = p(r) (2)

The possible symmetry of the real distribution p(r) is
not preserved by the effective distribution P(r, A). In the
following we will neglect the k dependence of the mean
free path A; this approximation is generally acceptable
for an EXAFS analysis based on the comparison with a
reference compound when, as in our case (see below), the
same sample at different temperatures is used as both an
unknown and as a reference.

The integral on the right-hand side of Eq. (1) is
the characteristic function of the effective distribution
P(r, A). The knowledge of an EXAFS signal does not
allow a complete recovering of the characteristic func-
tion. Apart from difFiculties connected with backscatter-
ing amplitudes, phase shifts, and anelastic terms, which
can often be overcome by a suitable choice of reference
compounds, the main drawback is the limited k range of
the EXAFS signal. The cumulant method can allow to
reconstruct the low k missing part of the EXAFS signal
with reasonable accuracy.

The logarithm of the characteristic function can be de-
veloped in Mac Laurin series around k = 0:

ln
OO 2ik "

P(r, A) e '"" dr = Co+), C„. (3)
n,=1

The C„coefIicients are called cumulants or seminvari-
ants of the distribution P(r, A) and are connected to the
moments by simple relations. s s Co depends on the nor-
malization of P(r, A); Ci and C2 correspond to mean
value (r) and variance ((r —(r))2) of P(r, A), respectively.
For Gaussian distributions the cumulants C with n & 2
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ln
' =ln ' +ACp —2k AC2+ —k AC4

A (k) N, 2 2

3

——k LC6+.
45 (5)

where AC, = C; —C,", s labeling the unknown sample,
r the reference. For not too large distributions one can
approximate exp(Cp) = exp( —2Ci/A)/Ci, so that

ACp ———2 —2 [ln Ci —ln Ci ];Ci —C~

this term, often negligible, can easily be estimated from
a rough knowledge of interatomic distance and mean free
path.

Phase differences and logarithms of amplitude ratios
can reasonably be fitted by finit polynomials of rela-
tively low degree: One obtains the ratio of coordina-
tion numbers N, /N„and the variation AC, of a lim-
ited number of polynomial coeKcients. The polynomial
coeKcients C, are a good approximation to the exact
cumulants only if the series on the right-hand sides of
Eqs. (4) and (5) are rapidly convergent.

The cumulants of the real distribution differ from those
of the effective distribution by a relative error of order
C2/Ci, which is generally negligible for cumulants of or-
der higher than 1. The mean value B, of the real distri-
bution can be obtained from Ci through

(, + C,
i~

Ci q A)
If the real distribution p(r) is sufficiently narrow, the

corresponding effective distribution P(r, A) can be ap-
proximated by a Gaussian one with mean and width
equal to those of the real distribution; the cumulants of
order higher than 2 can then be neglected and the stan-
dard EXAFS formula utilized: The width o. of the dis-
tribution is accounted for by the EXAFS Debye-Wailer
factor exp( —2cr k ).

III. EXPERIMENTAL DETAILS

To prepare the P-Agl sample for EXAFS measure-
ments, we started from a high purity AgI powder (pur-
chased from C. Erba, Italy), which was a mixture of P and

are zero. The convergence interval of the cumulant series
depends on the shape of P(r, A).

By substituting Eq. (3) into Eq. (1), the EXAFS of
the sth coordination shell can be expressed, within the
convergence interval, through the cumulant series of the
efFective distribution P(r, A). Even and odd cumulants
determine amplitude and phase of the EXAFS signal,
respectively.

The cumulants C„can in principle be obtained by com-
parison with the EXAFS of a reference compound. The
difference between the EXAFS phases is

C', (k) —C„(k) = 2kACi —sk ACs+ issksACs+

(4)

while the logarithm of the amplitude ratio is

p phases, and added it up to saturation to a concentrated
KI:H20 solution. The slowly deposited powder, washed
in methyl alcohol, was characterized by XRD as a high
purity hcp P phase. To get homogeneous samples of uni-
form thickness, as required by x-ray-absorption measure-
ments in transmission mode, the powder was dispersed
in alcohol and slowly deposited on polytetrafiuoroethy-
lene membranes. Samples with absorption discontinuity
Ep2: 0.9 at the silver K edge were so obtained. More
details on preparation and characterization of samples
have been given elsewhere.

EXAFS measurements were performed at the beam
line D42 (EXAFS 1) of the storage ring DCI at LURE
(Laboratoire pour 1'Utilisation du Rayonnement Electro-
magnetique), Orsay, France. The electron-beam energy
was 1.85 GeV and the maximum stored current 300 mA.
The monochromator was a channel-cut silicon crystal,
with refiecting faces (331).

Absorption spectra were recorded in transmission
mode, utilizing as detectors two ion chambers fluxed with
argon gas at atmospheric pressure. A temperature range
extending from 23 to 410 K was systematically explored.
Temperature control was achieved, below 300 K, by a
helium gas flow cryostat containing an heating electric
resistor; above 300 K an oven was utilized with a pro-
grammable controller. The temperature was monitored
by thermocouples; the accuracy was estimated about +2
K. Two separate experimental runs were done: from 23 to
300 K and at 23 and 75 and from 200 to 410 K, respec-
tively. The two measurement sets were in good agree-
ment at the temperatures of overlap.

Standard energy calibration at the K edge of metal-
lic silver (25517 eV) was made before each measure-
ment run. The average acquisition step was 3 eV with
a maximum recording time of 10 s per step. The en-
ergy resolution was LE = 9.5 eV, mainly determined
by the divergence of the photon beam (the vertical di-
mension of the beam was 1 mm at the sample). The
energy width of the Ag K excited state is about 7.5 eV.
The relatively high resolution AE was a compromise be-
tween contrasting requirements of high flux and high re-
solving power, and allowed us to collect a meaningful
EXAFS signal at energies as high as 1 keV above the
edge even at 410 K in a reasonable time. Lengeler and
Eisenberger have shown that the damping of EXAFS
due to the finite-energy resolution can be taken into ac-
count by an exponential factor whose argument varies
as —1/k2 and depends on temperature only through the
interatomic distance. Our EXAFS analysis is based on
phase differences and amplitude ratios: All temperature-
independent terms cancel, including the correcting factor
of Lengeler and Eisenberger, so long as the distance vari-
ations are small.

IV. EXAFS DATA ANALYSIS

The spectra taken at different temperatures were com-
pared in the edge region to get a Gne relative calibra-
tion of the energy scales. The photoelectron wave vector
k = [2m(hw —Ep)] ~ /5 was then calculated from the
photon energy hw by conventionally setting Eo in corre-
spondence with the maximum of the first derivative of
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A. Pourier Altering
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havior was found at 6 A. for the I Ls EXAFS, where
the backscatterer was silver s).

To reduce the uncertainties in phase and amplitude
analysis arising from the resonant behavior at 6.5 A-'
we repeated the FT of the EXAFS signals after phase-
shift and amplitude removal, following the method first
suggested by Lee and Beni. To this purpose, we used
the phase shift and amplitude extracted from the 23-K
reference EXAFS: At this temperature the distribution
of Ag —I distances was supposed perfectly Gaussian and
standard formula applicable (the soundness of this hy-
pothesis was verified a posteriori, see Sec VI); the .ex
perimental 23-K amplitude contains the still unknown
Debye-Wailer factor.

The FT was done over all the measured k range 2.5—
16.5 A. ; ks weighting and 20Fo Hanning window were
selected, after an exhaustive trial procedure, as those giv-
ing a reasonably good isolation of the first-shell peak at
all temperatures. Imaginary parts and moduli of FT are
shown in Fig. 5 for some temperatures. As expected,
the first-shell peak in the 23-K spectrum is symmetric
with respect to its mean value, corresponding now to
the crystallographic Ag—I distance; the imaginary part is
a so syml mmetric and its maximum corresponds to that of

llthe modulus. When temperature is raised the first-she
peak shifts towards shorter distances, becoming more and
more asymmetric, and a growing mismatch is noticed be-
tween the maxima of modulus and imaginary part. This
behavior monitors the progressive departure of the effec-
tive distribution sampled by EXAFS from symmetry.

The first-shell peaks were isolated by asymmetric Han-
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FIG. 6. Moduli of FT's of P-AgI EXAFS at 23, 200, and
390 K (solid lines). The dotted lines show the effect of the
asymmetric Hanning windows utilized to isolate and back
transform the central peak.

ning windows specifically tailored to the peak shapes
(Fig. 6) and backtransformed to k space. This proce-
dure gave a smooth behavior of phase differences and
amplitude ratios, at the expenses of a non-negligible un-
certainty in the phase at low k values (typically below
8 A. i). The alternative inclusion of the first sidelobes
of the peak was also attempted: An apparently more
reasonaasonable behavior of low k phases was obtaine, but
fictitious structures appeared in both phases and amp i-
tudes; tests performed on model distributions (Sec. V)
showed that the inclusion of sidelobes produced less reli-
able results.
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B. Phase and amplitude analysis

Phase differences C(T) —C(23 K) of the first-shell
EXAFS signals are plotted in Fig. 7 (solid lines) for se-
lected temperatures. The deviation from linearity, which
is the fingerprint of asymmetry in the effective distribu-
tion, roughly grows with temperature. The analysis of
phase difference was done through Eq. (4) truncated at
the third-order term. The polynomial coefFicients ACi
and ACs were determined by a best fit to the experimen-
tal curves in the k range 8—16 A. (dashed lines in Fig.
7). The region below 8 A. was considered less reliable
in view of the sensitivity to the Fourier back-transform
window. Moreover, the low resolving power and rela-
tively large acquisition step reduce the accuracy of the
EXAFS phase particularly at low k values and increase
the uncertainty in the determination of the edge position

The phase difference curves could be made apparently
more reasonable in the low k region (e.g. , avoiding the
crossing of the zero axis) by varying the Ep values of the
sample with respect to the model; EEp values as high as
4 eV were, however, required at 410 K. This procedure
was rejected since no physical explanation was found for
such large EEp values. AEp was a priori fixed to zero
throughout all the analysis. The soundness of this choice
was confirmed by tests on model distributions (Sec. V).

Equation (4) is strictly valid only if k refers to the
true Eo value. I et us here indicate by Ez the energy
at the maximum of the first derivative, and by k' the
corresponding wave vector, and let be 6Ep = Ep —Ep.
Equation (4) should be modified, to a first approxima-
tion, to'

4,3 bEO
AC' = (26Ci —2aACs6Ep)k' ——ACsk' + ACi,

3 k'

where a = h/2m. However, if the phase analysis is lim-

ited to k' ) 8 A and for 6Ep & 10 eV, the additive
terms are in our case negligible.

Logarithms of the amplitude ratios, lnA(T)/A(23 K),
are plotted as a function of k in Fig. 8 (solid lines)
for some temperatures. Their analysis was performed
through Eq. (5) truncated at the fourth-order term. Un-
like phase analysis, amplitude analysis was insensitive
to the AEp value, which was anyway set equal to zero.
The polynomial coefFicients ACz and EC4 were deter-
mined by a best Gt to the experimental curves in the k
range 5—16.5 A. i. The ratio N, /N„was fixed to 1. ACp
was calculated through Eq. (6) using the Ci values ob-
tained from phase analysis and a mean free path A 4
A, as calculated for AgI in the EXAFS region utilizing
the imaginary part of an Hedin —Lundqvist potential. zp zs

Neglecting the contribution of ACp in Eq. (5) would lead
to underestimating ACz and EC4 at the highest temper-
atures by at most 3% and 5%, respectively. The choice
of the A value will be discussed in Sec. V; A values rea-
sonably larger than 4 A. would anyway produce effects
smaller than the uncertainty of data analysis.

C. Results: polynomial coefBcients

The analysis of phase differences and amplitude ratios
gave four parameters at each temperature, say, the dif-
ferences in polynomial coefficient AC, = C, (T) —C, (23
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FIG. 8. First-shell EXAFS in P-Agl: logarithm of the ra-
tio of EXAFS amplitudes at difFerent temperatures and at
23 K (solid lines). The dotted lines are polynomials, Eq. (5)
truncated at the fourth order term, best fitting the experi-
mental curves in the k range 5—16.5 A. . The coordination
number was Axed to 4.
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K), i=1,4. These parameters are shown in Fig. 9 (solid
circles) as a function of temperature. By assuming a
Gaussian distribution at 23 K, the absolute values C3
and C4 are directly obtained from EXAFS analysis. The
absolute values, obtained as explained below, are plot-
ted in Fig. 9 also for C2. The anharmonicity of P-AgI is
qualitatively monitored by the growth of C3 and C4 with
temperature.

To estimate the uncertainty due to the data reduction
procedure we repeated the analysis varying some of the
most relevant parameters, for example, shortening the k
fitting range of phase differences and amplitude ratios.
The vertical bars in Fig. 9 represent the standard devi-
ation of the results obtained. The diferent procedures
utilized were not equivalent; the tests on model distri-
butions (Sec. V) showed that the procedure giving the
solid circles in Fig. 9 should be considered the most reli-
able. In the following we will then refer to these values
rather than to statistical averages over all the attempted
procedures.

Our main concern is now to determine whether the
polynomial coefficients obtained from EXAFS are a rea-
sonably good estimate of the cumulants of the effec-
tive distributions. The distributions and the convergence
properties of their cumulant series are a pH ori unknown.
We assume, however, a Gaussian distribution at 23 K and
expect a fast convergence of the cumulant series for suf-
Bciently low temperatures. We try then to fit physically
reasonable functions to the experimental data below 300
K.

For the Erst polynomial coeKcient a reasonable curve
is the horizontal line ACi = 0. The experimental data
exhibit a progressive slight decrease up to 300 K; above
300 K this behavior is dramatically modified and LCi de-

creases quite abruptly. For AC2 we used a Debye corre-
lated models with Debye temperature gz& = 157 K (solid
line in Fig. 9); the experimental data were then verti-
cally shifted to match the theoretical curve at 30 K. The
model satisfactorily reproduces the slope of experimental
data below 300 K, in agreement with the results obtained
from the I I,s EXAFS.is is Above 300 K the experimental
points progressively deviate to lower values with respect
to the theoretical curve.

In their EXAFS study of CuBr, Tranquada and In-
galls showed that an anharmonic potential with the ap-
propriate symmetry leads to a quadratic and cubic tem-
perature dependence for the third and fourth cumulants,
respectively. If we tentatively assume a T and T be-
havior also for the third and fourth cumulants of AgI, a
reasonable fit to experimental points is obtained below
300 K (solid lines in Fig. 9).

In conclusion, below 300 K all polynomial coefficients
behave in agreement with physically reasonable models,
while above 300 K they deviate in a more or less system-
atic way from the theoretical curves. The convergence
interval of the cumulant series is expected to decrease
when temperature increases. When we reduced the up-
per limit of the fitting range to 12 and 10.5 A i for phases
and amplitudes, respectively, the random spread of data
increased, but the average trend was not modified. The
anomalous behavior of the polynomial coefBcients above
300 K cannot then be attributed to a reduction of the
convergence interval of the cumulant series with respect
to the EXAFS range.

Neglecting the third- and fourth-order terms in the
analysis of phases and amplitudes, say, fitting the con-
tinuous curves in Figs. 7 and 8 by straight lines (stan-
dard analysis procedure), leads to an underestimate of
interatomic distances and MSRD's. The introduction of
higher-order terms (fifth and sixth) leads to a large ran-
dom spread of values also for the lower-order coefFicients.
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O V. TESTS ON MODEL DISTRIBUTIONS
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FIG. 9. CoefBcients obtained from polynomial fits to
EXAFS phases and amplitudes in the A: ranges 8—16 and 5—
16.5 A. , respectively (solid circles). Solid lines are theoret-
ical curves as explained in the text; the experimental values
for Cz have been vertically shifted to match the theoretical
curve at 30 K. Vertical bars are mean-square deviations for
difFerent data reduction procedures. The squares in the C3
and C4 plots are results for CuBr (Ref. 7).

To investigate the anomalous behavior of the poly-
nomial coefficients above 300 K, we applied the same
method of analysis utilized for experimental data to se-
lected model distributions. This procedure allowed us
to verify the correspondence between polynomial coef-
ficients C, and exact cumulants C, and the possibility
of reproducing the distributions starting from the finite
number of polynomial coefficients obtained from EXAFS.

The models utilized were (a),(b) two excluded-volume
distributions convoluted with a Gaussian, with param-
eters best fitting the P-AgI EXAFS at 300 and 371 K,
as reported by Hayes, Boyce, and Beeby;i4 (c) a skewed
distribution Bexp[ —B(r —Rii)], with B =10, convoluted
with a Gaussian of width o =0.07 A. , considered also by
Crozier, Rehr, and Ingalls;s (d) a Gaussian distribution
of width o =0.051 A. describing the situation in P-AgI at
23 K, assumed on the grounds of our results for C2 (Fig.
9) and in agreement with the value 0.06 A. utilized by
Boyce, Hayes, and Mikkelsen 3 at 77 K. These four dis-
tributions will be referred to as EV300, EV371, SK010,
and GAU23, respectively; the first three are represented
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by solid lines in Fig. 10. The corresponding effective
distributions were calculated assuming a photoelectron
mean free path A = 4 A..

The first six exact cumulants of the effective distri-
butions EV300, EV371, and SK010 (Table I) were uti-
lized to calculate approximate characteristic functions
through Eq. (3) with the summation truncated at the
sixth-order term. The characteristic functions (Fig. 11,
left) were then Fourier transformed (the transform win-
dow for EV300 and EV371 is shown by dashed lines).
The corresponding real distributions are shown by dot-
ted lines in Fig. 10 ('ieft). The difference between recon-
structed and original distributions (P" and PO, respec-
tively) was measured by the parameter

IP0
I

300

371

010

2.6 3.0 2.6 3.0

FIG. 10. Model distributions (solid lines): excluded-
volume EV300 (a), (d) and EV371 (b), (e) and exponentially
skewed SK010 (c),(f). Dotted lines are distributions recon-
structed from the first six exact cumulants [left: (a),(b),(c)]
and from polynomial coefficients of column (b) of Table I
[right: (d), (e),(f)].

where the summation refers to N equispaced points
within the distance interval 2.6—3.15 A. The Q values
calculated for the three distributions were 5.1, 6.7, and
50, respectively. The poor reproduction of the SK010 dis-
tribution is not surprising, since its cumulant expansion
diverges for k ) B/2. s The EV300 and EV371 distribu-
tions are instead quite satisfactorily reproduced; the re-
duction of the significant k range in passing from EV300
to EV371 (Fig. 11, left) is probably due to the need of
more than six cumulants rather than to nonconvergence.
The difFerent convergence properties of the EV300 and
EV371 distributions with respect to SK010 can be un-
derstood in view of their different behavior for high r
values prior to Gaussian broadening: While the expo-
nentially skewed distribution is upward unlimited, the
excluded-volume distributions for P-Agl are limited.

As a second step of the test procedure, an EXAFS
function

c I
' I ' I f I ' I

g n .»Al]] I I[~ihhAi«. ..A ..iAh I 'I lhAa. .
II

(II "«"
vvyy~~ yyyvv«""v] «vvyf( I[yvv«

v& (b) EV371 (e)

.4~Ahhl hhvish ..aAh] llhAa. .
jvvvvy]Iy gyvvvvy "vyyI yg])yv:"-—

(c) SKO10 (f )

,. Ahlll „llhA . ... Ahh lf I lhhA, .
0$ I I

-10 0 10 -10 0 10
(A')

FIG. ll. Characteristic functions of the model distribu-
tions calculated through exact cumulants (left) and polyno-
mial coefficients from EXAFS analysis (right). Column (b)
of Table I was utilized; no significative differences were found
when utilizing columns (a) or (c).

P(r, A) exp(2ikr)dr

was calculated for all the four model distributions. The
EV300, EV371, and SK010 EXAFS were then analyzed
utilizing GAU23 as reference and following exactly the
same procedure utilized for the experimental data. The
results of this analysis are summarized in Table I. The
polynomial coefBcients are always lower than the cor-
responding cumulants; the differences grow with grow-
ing asymmetry of the distribution (e.g. , in passing from
EV300 to EV371) and, in general, with growing cumu-
lant order. No remarkable difFerences were found when
the k range was shortened, in agreement with the results
obtained for experimental data.

The deviations of the polynomial coefficients from the
exact cumulants for the EV300 and EV371 model distri-
butions are comparable with the deviations of the polyno-
mial coefficients of experimental EXAFS data from the
theoretical curves (solid circles and solid lines, respec-
tively, in Fig. 9) at the corresponding temperatures. This
result suggests that below 300 K the polynomial coeK-
cients satisfactorily estimate the exact cumulants; above
300 K, with growing width and asymmetry of the distri-
butions, the procedure of EXAFS analysis introduces a
progressive reduction of the polynomial coefficients with
respect to the exact cumulants. It seems, however, rea-
sonable to recover the exact cumulants by extrapolating
above 300 K the temperature dependence of the polyno-
mial coeFieients measured below 300 K by means of the
theoretical curves shown as solid lines in Fig. 9.

As a further test, we utilized the polynomial coefB-
cients obtained from EXAFS of the model distributions
to reconstruct the characteristic functions (Fig. 11, right)
and the corresponding distributions of distances (dotted
lines in Fig. 10, right). In spite of the relatively large dif-
ferences between polynomial coefficients and exact cumu-
lants, the difFerences between reconstructed and original
distributions are not dramatic (Table I).

The EXAFS signal corresponds to a Gnite portion of
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TABLE I. Tests on excluded-volume (EV300 and EV371) and exponentially skewed (SK010)
model distributions: first six cumulants of the efFective distributions (calculated for A=4 A) and
results of EXAFS analysis expressed as percent deviation of the polynomial coefficients with respect
to exact cumulants. Phase and amplitude analyses were done up to both the (a) fourth- and (b)
sixth-order polynomial coefficients with a k range extending to 16 A, and up to the (c) fourth
order with a k range limited to 12 and 10.5 A. for phases and amplitudes, respectively. Q measures
the diff'erence between reconstructed and original distributions.

Distribution Exact cumulants
(efFective distribution)

Polynomial coefBcients from EXAFS
(a) (b) (c)

EV300

EV371

Cy —— 2.8155
C2 —— 1.25xl0 '
C3 —— 6.75 x 10
C4 —— 6.06 x 10
C5 —— —5.15x10
C6 —— —3.81x10

=5.1
Cy —— 2.8032
C2 —— 1.64x10
C3 —— 1.35x10
C4 = 1.58x10
C5 —— —3.89x10
C6 —— —1.31x10
Q =6.7

—0.6
—3.4

—58
—10

—1.1
—17
—77
—59

Q =26

—0.2
—16
—19

-110
-149
—66
Q =14
—0.6

—30
49

-108
-190

—87
Q =23

—0.6
—6.3

—55
—17

Q =19
—1.1

—15
—75
—43

SK010 Cg ——

Cg =
C3 ——

C4 ——

C5 =
C6 ——

Q =50

2.8284
].30x]Q

1.45 x 10
3.92 x 10
1.42x10 4

6.46 x 10

—0.8
—23
—86
—90

—Q4
—30
—70
—98
—98

-101
Q =18

—0.8
—25
—33
—90

the characteristic function; the procedure of analysis uti-
lized in this work allows us to pararnetrize phase and am-
plitude of this portion in terms of polynomial coefBcients,
independently of the correspondence between polynomial
coefBcients and exact cumulants. The SK010 distribution
is better reproduced starting from a limited portion of its
characteristic function than from the exact cumulants,
since the cumulant series has a very limited convergence
interval. For the EV300 and EV371 distributions a wors-
ening is noticed when using the polynomial coeKcients
from EXAFS analysis rather than the exact cumulants;
this reflects the incomplete correspondence between poly-
nomial coefFicients and cumulants, which prevents an ac-
curate reconstruction of the missing low-k part of the
EXAFS signal. Actually the central parts of the char-
acteristic functions are slightly higher in the right-hand
than in the left-hand plots in Fig. 11. Correspondingly
the high r tails of the real-space distributions are differ-
ently reproduced (Fig. 10).

Finally, the analysis of model distributions allowed us
to test different choices in data analysis and to establish
the optimized procedure which has been described in Sec.
IV. The smallest discrepancies between polynomial coef-
ficients and cumulants as well as the best reproduction
of the original distributions were obtained when no side-
lobes of the main peak were included in the Fourier back
transform. Moreover, the phase differences between the

EXAFS of the model distributions and of the GAU23
reference were characterized by a zero crossing at low k
values as observed for the experimental data (Fig. 7);
a shift EEo allowed us to eliminate or reduce the zero
crossing but led to a poorer reproduction of both exact
cumulants and original distributions.

VI. DISCUSSION

The cumulant analysis of P-Agl EXAFS was calibrated
by the tests on model distributions. On these grounds we
will now analyze the experimental results summarized in
Fig. 9, Brst considering the possibility of reconstructing
the distance distribution, and then studying the temper-
ature dependence of each cumulant.

A. Distribution of distances

The experimental polynomial coefFicients at 300 and
360 K have been utilized to calculate the approximate
characteristic functions. In Fig. 12 the corresponding
real distributions (dotted lines) are compared with the
excluded-volume-model distributions EV300 and EV3?1
(solid lines). The agreement is much better at 300 K
than at 360 K (Q=8.6 and 17, respectively). The re-
constructed distributions mainly fail in reproducing the
high-r tail; this failure reflects the defective reproduction
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2.6
R (A)

tribution, which measures the MSRD of the couple of
absorber and backscatterer atoms.

The temperature dependence of the MSRD of the first-
shell Ag—I distance obtained through the eumulant anal-
ysis of the Ag K EXAFS is in agreement with that pre-
viously obtained through a standard analysis of the I Ls
EXAFS for both P- and p-Agl. is Elsewhere it was shown
that also for the Ag K EXAFS a standard analysis lim-
ited to A: & 8 A. i would give, below 300 K, the same
temperature dependence of the MSRD. z4 In both cases
(Ag K and I Ls EXAFS) the temperature dependence of
the MSRD is satisfactorily reproduced by a Debye corre-
lated model with the Debye temperature 8~=157 K
of the specific heat above 50 K.ii Alternatively the Ag
K data can be Btted by an Einstein model26

FIG. 12. Dotted lines are distributions of distances recon-
structed from polynomial coefficients of P-AgI EXAFS at 300
K (a) and 360 K (b). Solid lines are excluded-volume distri-
butions at 300 K (a) and 371 K (b). The dashed line in (b)
was obtained by substituting the polynomial coefficients at
360 K (solid circles in Fig. 9) with the corresponding values
on the theoretical curves (solid lines in Fig. 9).

o (T) =
2 coth
h hv@

87K pv@

where p is the reduced mass of absorber and backscat-
terer atoms, and @@=2.77 THz [Fig. 13(b), solid line].
The I Ls data were best fitted by a slightly lower fre-
quency (2.65 THz). The Ag K and I Ls results are in

of the low-k missing EXAFS due to the noncorrespon-
dence between polynomial coefficients and exact cumu-
lants.

The tests on model distributions suggested that the
temperature dependence of cumulants above 300 K is sat-
isfactorily approximated by the theoretical curves shown
as solid lines in Fig. 9. We utilized then as cumulants the
values given by these curves at 360 K: The correspond-
ing distribution (dashed line in Fig. 12) is in satisfactory
agreement with the excluded-volume model (Q=7.9) (the
residual difference could be partly attributed to the 11-K
temperature difference between model and experimental
distributions) .

The results obtained for P-AgI by the eumulant
method are then consistent with those previously ob-
tained by a real-space analysis based on the direct fit
of the model to experimental distributions. This agree-
ment supports the hypothesis that the cumulants series
for p-AgI is convergent within k & 16.5 A. i for tem-
peratures as high as 360 K and that above 300 K the
cumulants can be obtained by extrapolating their exper-
imental behavior at lower temperatures.
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B. Mean-square relative displacement

EXAFS analysis based on comparison with a reference
gives only relative values ACz of the second cumulant.
Below 300 K the slope of the experimental points of P-
AgI is well reproduced by a Debye correlated model [Figs.
9 and 13(a)]. Absolute values of C2 were obtained by
vertically shifting the experimental points to match the
model at low temperature. The relative discrepancy be-
tween cumulants of order higher than one of the effective
and real distributions is proportional to C2/Ci. In the
present case this relative discrepancy is about 0.001, neg-
ligible with respect to the overall experimental accuracy.
We thus identify Cz with the variance o 2 of the real dis-

FIG. 13. (a) MSRD from Ag K EXAFS (open circles)
compared with the sum of uncorrelated MSD's of silver and
iodine obtained from XRD data through a harmonic (open
triangles) and an anharmonic (solid triangles) refinement pro-
cedure (Ref. 12); solid and dotted lines represent correlated
and uncorrelated Debye models, respectively; the dot-dashed
line is an Einstein model. (b) P-AgI MSRD obtained from
Ag K (circles) and I I3 (asterisks) EXAFS compared with
an Einstein model with 2.77 THz frequency (solid line); the
dotted line is an Einstein model with 3.95 THz frequency and
the squares are data for CuBr from Ref. 7, upward shifted to
match the Einstein curve at 77 K. (c) Variation with temper-
ature of the Ag —I distance calculated through Eq. (7), with
A=4 A (circles) and A= 12 A (crosses).
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agreement within the experimental uncertainty. In the
following we will assume an average Einstein frequency
v~ =2.71+0.06 THz.

Despite the relatively strong anharmonicity of P-Agl,
one cannot appreciate variations of the MSRD from the
harmonic behavior below 300 K (above 300 K the arti-
facts of the data reduction procedure are not negligible).
The quasiharmonic contribution to the MSRD has been
evaluated to be negligible for AgI, owing to the very low
average thermal expansion coeKcient.

In their EXAFS study of anharmonicity in CuBr, Tran-
quada and Ingalls7 obtained the MSRD and the higher-
order cumulants by a data analysis similar to ours, al-
though limited to three temperatures (71, 216, and 295
K at the Cu K edge). They found that the first-shell
experimental relative Acr values were higher than those
obtained from a shell-model calculation, while the Br-Br
second-shell values agreed with the theoretical ones; they
attributed this behavior to the anharmonic motion of Cu
atoms. CuBr has the same zinc-blende structure of p-Agl
and similar lattice dynamical properties. By applying
the homology criterion for interatomic forces

&CuBr

&AgI

1

(P& )Asi
(p~') c~B.

where a are the lattice constants and vAz~
——2.71 THz,

we found a frequency vc„B,=3.95+0.09 THz. The slope
of experimental data reported for CuBr by Tranquada
and Ingalls is consistent with this harmonic behavior
[Fig. 13(b), dotted line]. Actually one should be very
cautious in calculating the harmonic contribution to
MSRD from theoretical models; the MSRD is sensitive
to correlation of atomic motion and it is well estab-
lished that different vibrational dynamics models, though
giving the same dispersion curves, can yield different
eigenvectors.

The MSRD sampled by EXAFS contains the contribu-
tion from the mean-square displacements (MSD's) of ab-
sorber and backscatterer atoms and the displacement cor-
relation function (DCF).s is Yoshiasa et at. made single-
crystal XRD measurements on P-Agl at four tempera-
tures (123, 297, 363, and 413 K) and obtained the second-
order anisotropic temperature coefficients P,z through
both a purely harmonic refinement procedure and a pro-
cedure allowing for cumulants up to the fourth order. ~2

From the temperature coefficients P,~ we calculated the
MSD s of iodine and silver, which are with good approxi-
mation independent of direction for both atoms. We can
then refer to the radial MSD, 28

where a and c are the lattice constants of P-Agl in the
wurtzite structure. The contribution to the Ag-I MSRD
from uncorrelated atomic motion, sum of the MSD's of
silver and iodine, is shown in Fig. 13(a) as a function
of temperature. The values obtained through a purely
harmonic analysis (open triangles) are lower than those
obtained through a cumulant analysis (solid triangles).

In the following we will refer only to the results of XRD
cumulant analysis. The MSRD's obtained from EXAFS
analysis are also shown in Fig. 13(a). The large difference
in slope between XRD and EXAFS results is due to a
strong influence of the correlation of atomic motion, and
has been discussed elsewhere.

A rough estimate of the influence of anharmonicity on
the uncorrelated MSD's has been attempted by consid-
ering a harmonic model fitting the experimental value at
123 K. The difference between experimental MSD values
and harmonic model grows with temperature and is 12%%uo

at 300 K and 22%%uo at 413 K. A comparable inHuence of
anharmonicity on the EXAFS MSRD seems incornpat-
ible with our experimental data, which are reasonably
fitted by an harmonic model up to 300 K. Above 300 K
the difference between experimental points and the har-
monic curve is accounted for by the artifacts of data re-
duction. It is reasonable to assume that even above 300
K the deviation from harmonic behavior is smaller for the
EXAFS MSRD than for the XRD MSD's. This result can
be physically explained by considering that the spread of
interatomic distances is smaller than the spread of atomic
positions because of correlation effects. Harmonic ap-
proximation is more valid for narrower distributions.

C. Interatomic distance

The difference between average values of real and ef-
fective distributions, Eq. (7), requires the knowledge of
C2 and A. The determination of the photoelectron mean
free path A is not trivial. Theoretical calculations based
on a complex Hedin-Lundqvist potential led to a value
A = 4 A. for p-Agl. ~s An experimental evaluation of the
mean free path was done for the tetrahedral semicon-
ductors GaAs, ZnSe, and CuBr by Stern, Bunker, and
Heald;3 those authors found a systematic increasing of
A with ionicity; since the Phillips ionicity of AgI (0.770)
is comparable to that of CuBr (0.735), we can assume
that also the mean free paths are similar. The A values
plotted versus k for CuBr by Stern, Bunker, and Heald do
not exceed the value of 12 A. In Fig. 13(c) the variation
with temperature of the real interatomic distance calcu-
lated through Eq. (7) is shown for A=4 and 12 A. The
difFerence between the two cases is almost negligible with
respect to the spread of experimental points. Tranquada
and Ingalls in their EXAFS work on CuBr considered a
mean free path A=8 A.7

XRD measurements by Yoshiasa et at. show that
both the basal and apical Ag —I distances do not vary
with temperature by more than 0.02 A and the average
distance, to be compared with EXAFS results, is con-
stant to within 0.002 A. . The spread of values of distance
obtained from EXAFS below 300 K, which measures the
experimental uncertainty, is of the order of 0.01 A. .

D. Higher-order cumulants

The cumulants C3 and C4 of the effective distribution
can be identified as the cumulants of the real distribu-
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tion, since the relative discrepancies are negligible. The
third- and fourth-order cumulants measure the deviation
of the distribution from a Gaussian shape. The third
cumulant refIects the degree of asymmetry of the distri-
bution; its positive value is connected with the presence
of a tail on the high-r side of the distribution. The posi-
tive value of the fourth cumulant indicates a distribution
narrower at the center and broader at the borders than a
Gaussian one. The values obtained for AgI in this work
are very similar to those quoted for CuBr by Tranquada
and Ingalls" (open squares in Fig. 9).

In P-AgI silver ions are coordinated to four iodine ions
forming a tetrahedron, which is anisotropically deformed
with temperature. Our EXAFS analysis was done as-
suming a Gaussian distribution for P-AgI at 23 K. We
can now investigate the reliability of this hypothesis. No
crystallographic data are available at 23 K. We can, how-
ever, refer to XRD measurements of Yoshiasa et al. At
123 K the tetrahedron of iodine atoms surrounding each
silver atom is slightly distorted, the apical distance be-
ing 0.008 A. longer than the three basal distances. When
the temperature increases, the tetrahedron is compressed
along the t" axis and the apical distance becomes shorter
than the basal distance. The first four cumulants of
the distribution of distances in the distorted tetrahe-
dron measured by Yoshiasa et al. at 23 K are C~
2.813 A. , Cz = 1.2 x 10 s A. , Cs = 4.8 x 10 7 A. , and
C4 = —9.6x10 ~ A. . These values for the second, third,
and fourth cumulants are much lower than the statistical
fluctuations of the values obtained by our EXAFS analy-
sis (Fig. 9). We can conclude that the static disorder due
to the deformation of the AgI4 tetrahedron is below the
sensitivity threshold of EXAFS; this a posteriori justifies
the choice of the 23-K EXAFS as reference compound.

VII. CONCLUSIONS

This work has led to specific results on the local struc-
ture and dynamics of P-AgI and more general results con-
cerning strengths and limitations of the cumulant expan-
sion of EXAFS.

The cumulant analysis qualitatively monitors the pro-
gressive deviation of the Ag—I distance distribution from
a Gaussian shape with growing temperature. Standard
analysis, based on the approximation of small Gaussian
disorder, would produce large errors in the determination
of physical parameters at high temperatures.

A reliable quantitative analysis is possible only if the
cumulant series rapidly converges within the EXAFS
range. The polynomial coefficients from EXAFS anal-
ysis then correspond to cumulants, and their knowledge
allows one to recover the low-k missing signal. For P-AgI
the comparison between experimental data and the phys-
ically consistent excluded-volume model shows that the

whole k range from 2.5 to 16.5 A. ~ can be utilized for
cumulant analysis at least up to 360 K. The progres-
sive deviation of polynomial coefBcients from cumulants
above 300 K is due to artifacts of the data reduction pro-
cedure; the cumulants can be recovered above 300 K by
extrapolating their low-temperature behavior.

The results obtained for P-AgI cannot easily be gen-
eralized. One can anyway expect that the cumulant
method is more appropriate for systems in which the dis-
tribution of distances is upper limited than for systems in
which it has no upper limit. As a matter of fact, distribu-
tions of similar shape, such as the excluded-volume and
exponentially skewed distributions, can be characterized
by very different convergence properties of the cumulant
series. The results -for AgI suggest that the reliability of
cumulant analysis could be roughly estimated from the
physical consistency of the temperature dependence of
the polynomial coeKcients. Further work on different
systems would be useful to clarify this point.

The distributions of distances reconstructed from cu-
mulants at 300 and 360 K are consistent with those cal-
culated by the excluded-volume model. ~4 This model is
appealing for its ability to account for the superionic
transition in a simple way. It is, however, based on a
rather crude approximation of the interatomic potential.
Besides, it does not allow the separation of static and
thermal disorder. More reined model-independent infor-
mation on the interatomic potentials can in principle be
gained from cumulant analysis of EXAFS.7 A complete
investigation of this subject was beyond the aims of this
work. Some partial conclusions can anyway be drawn for
what concerns the MSRD.

The strong anharmonicity of P-AgI is monitored by
the growth with temperature of the third- and fourth-
order cumulants. Also the uncorrelated mean-square dis-
placements (MSD's) of silver and iodine atoms measured
by XRD are strongly affected by anharmonicity. The
mean-square relative displacement (MSRD) of the Ag—I
distance measured by EXAFS can instead be satisfacto-
rily fitted by harmonic models. The difference between
XRD MSD and EXAFS MSRD is due to the strong cor-
relation of motion of nearest-neighbor atoms, 5 which
greatly narrows the Ag—I distance distribution. As a
consequence, the MSRD mainly depends on the harmonic
part of the potential and can be properly checked against
harmonic vibrational dynamics models.
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