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Phonon-self-energy et''ects due to an electronic mechanism in high-T, superconductors
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The phonon self-energy at q=0 and zero temperature is calculated for a conventional electron-
phonon superconductor, Pb, and for an equivalent high-T, superconductor, assuming an electronic
mechanism for the superconductivity (to be specific and as a convenient illustrative example, we use the
marginal-Fermi-liquid phenomenology). Comparison between the results demonstrates that for an s-

wave strong-coupling superconductor, phonon shifts and widths exhibit the same behavior regardless of
the mechanism for superconductivity. In addition, the marginal-Fermi-liquid model shows no unusual
behavior at zero temperature in the phonon self-energy, with the exception of a possible narrowing of
the phonon width below 260 in the clean limit. As an aside, we also present renormalized BCS formulas
that agree well with the full numerical strong-coupling calculations and could be easily implemented for
use in model fits.

I. INTRODUCTION

Raman light-scattering experiments have been a valu-
able tool in the field of superconductivity for their poten-
tial to comment on various issues. ' For instance, in the
normal state, the Raman intensity is related to the
normal-state conductivity and therefore provides an im-
age of the excitations in the system. The Raman intensi-
ty is also simply related to the absorptive part of the po-
larizability and has been used to motivate the marginal-
Fermi-liquid phenomenology for high-temperature super-
conductivity which is based on an assumed form of the
absorptive part of the polarizability. The superconduct-
ing state will also be manifested in these experiments by
removal of electronic states from below co=26, where 6
is the energy gap, to a pileup of the same just above 26. '

In addition, Raman-active phonons observed in these ex-
periments will broaden or narrow, and shift up or down
in frequency as the sample changes from the normal to
the superconducting state, depending on the energy of
the phonon with respect to the gap energy. Hence, Ra-
man experiments can be a very useful probe of the super-
conducting state. Many reviews exist on this subject
which expand further on these and related topics. '

In this paper, we would like to focus on the
superconductivity-induced phonon self-energy effects of
the q =0 phonons. This quantity was calculated by
Zeyher and Zwicknagl for the high-temperature super-
conductors and has become very popular for analyzing
the data in terms of an energy gap. Our purpose here
is twofold. First, we would like to ask the question: Can
the phonon self-energy effects tell us about the mecha-
nism, i.e., can an electron-phonon mechanism for super-
conductivity be distinguished from an electronic one?
Second, the question has been asked several times, what
does the marginal-Fermi-liquid phenomenology do to the
phonon self-energy in the superconducting state? Will it
be ruled out in this experiment?

In addition, we will give simple renormalized BCS for-
mulas that can be used in lieu of the Zeyher-Zwicknagl

theory for experimental fitting for strong-coupling effects
without the need for the full numerical machinery of
strong-coupling Eliashberg theory. This could be of use
to experimentalists.

II. THEORY

In their paper, Zeyher and Zwicknagl have given a de-
tailed discussion of the phonon self-energy effects in the
high-T, oxides. They have also given detailed arguments
for using the lowest-order approximation for the phonon
self-energy diagram. Normally, the phonon self-energy
effects for the q=o phonons will be zero due to Coulomb
effects, ' however, for the B,g mode, the Coulomb effects
drop out of the problem and the phonon self-energy
effects can be observed in this case. Because of this, the
vertex corrections can be neglected and the
superconductivity-induced polarization to lowest order is
all that need be calculated.

Under the assumption that the electron-phonon cou-
pling is independent of momentum, the phonon self-
energy is proportional to the polarization bubble diagram
shown in Fig. l. For q=o the polarization II(iv„) is
written in terms of the boson and fermion Matsubara fre-
quencies, iv„and ice, respectively, as "
II(iv„)

1
TrI r3G(k, i to +i v„)r3C(k, ico ) I .

N

Here, N is the number of lattice sites, P is the inverse
temperature, r3 is the usual Pauli matrix, and C(k, ito )

FICx. 1. The polarization diagram in the lowest-order ap-
proximation (i.e., with no vertex corrections) as discussed in the
text.
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l co +El 'r3+ 6(leo )7 )
(k, ico )=-

co +Eg+6 (Lco )
(2)

is the electron Green's function, given in the supercon-
ducting state as

If the sum over k is converted to an integral over energy,
assuming a constant density of states in the standard ap-
proximation, one obtains for the diff'erence between the
superconducting state and the normal state,
b, II(iv„)—:II (iv„)—II (iv„):

alI(i v„) =2~T
" +com+~m++com+n+~m+n

~m~m+n +~m ~m+n

+co +b, +co +„+b,

oo
1—2m-T

m = —~ ~m +~m+n
I 1 —sgn(co co +„)]

Here the superscript 0 refers to co evaluated in the normal
state. Notice that the normal state [resulting from set-
ting b, =O in Eqs. (1) and (2)] has been subtracted off for
reasons of convergence and to achieve the correct limit as
v~~. This quantity is analytically continued using
Pade approximants' ' as was done in Ref. 4. Marsi-
glio, Akis, and Carbotte" have done an exact analytic
continuation of this quantity and have shown which
features in the previous results are artifacts of the Pade
approximants scheme. At zero temperature, Fade ap-
proximants work reasonably well as we will discuss later.

Finally, we require the Matsubara pairing energy
6(i co„) and renormalized frequencies co(i co„), which
come from a solution of the standard Eliashberg equa-
tions on the imaginary axis

E„=vrT g [A(n —
, m ) —p*(co, )]

+co +5

and

~m
co„=co„+~Tg A. +(n —m )

m +co~ +A~

In Eqs. (4) and (5), b, and co are related to the gap b, and
renormalization factor Z by h(ico„) =b, (ico„)Z(ico„) and
co(ico„)=co„Z(ico„). T—he function A.

—(n —m) is related
to the electron-phonon spectra density a F(Q) by

~+( ) y
~ 2Aa F(Q)

0 +(co„—co )

and to the marginal-Fermi-liquid phenomenology by

(& +& )y
o 2Qtanh(Q/2T) d/ (7)

~~(T) Q'+(co —co )'

Details of the implementation of the marginal-Fermi-
liquid model can be found in Refs. 19—23. Here, A, (A, )

is the coupling to charge (spin) fluctuations and coo is an
ultraviolet cutoff. Finally, p* is a Coulomb pseudopoten-
tial with a cutoff cu, . This parameter is taken to be zero
in the marginal-Fermi-liquid case.

We would like to emphasize at this point that we have
chosen to use the marginal-Fermi-liquid model for the
electronic mechanism in these equations both for its ap-

parent successes and as it is the most unusual in this
class. However, any other form of electronic mechanism
would be equally valid and give the same results. The
marginal-Fermi-liquid model has the added feature of a
lower cutoff in the spectrum at 2ho in the superconduct-
ing state, which we impose as a sharp cutoff for simplici-
ty. This feature gives rise to a rapidly falling quasiparti-
cle damping rate in the superconducting state, a 4AO

absorption edge in the finite-frequency optical conductivi-
ty, ' and a peak in the low-frequency temperature-
dependent conductivity. ' As we will see it results in
no anomalous behavior in the phonon self-energy at zero
temperature. While a cutoff' imposed in this crude
manner possibly violates the sum rules for the charge
part of the interaction, the suppression of the low-
frequency behavior in the superconducting state, which
in the normal state gives rise to the marginal-Fermi-
liquid behavior, signals a restoration of the full quasipar-
ticle nature and a possible return to Fermi-liquid behav-
ior allowing for the use of Fermi-liquid-based theories for
the superconducting state. Anderson believes that while
there is a sharp increase in the quasiparticle lifetime,
Fermi-liquid character is not being restored in the super-
conducting state.

The marginal-Fermi-liquid model has had success in
explaining many of the normal-state properties of the
high-T, oxides. In the superconducting state it also
shows promise. There can be a large 26/k~ T, with little
associated Holstein structure in the optical conductivi-
ty. The temperature dependence of the penetration
depth can fall near the observed two-fluid model behav-
ior. ' However, one recent set of data has indicated in-
stead a (1 t ) law, with t the —reduced temperature,
which would conflict with the marginal-Fermi-liquid
model and favor d-wave superconductivity. A peak in
the temperature dependence of the microwave conduc-
tivity can exist with no corresponding peak in the NMR
relaxation rate. ' However, no quantitative fit to both
sets of data with a common set of parameters has ever
been tried. There is a very rapidly decreasing scattering
rate as a function of decreasing temperature in the super-
conducting state. ' ' Such data is, however, consistent
with any mechanism in which the fluctuation spectrum
becomes gapped and is not a conclusive proof of
marginal-Fermi-liquid behavior. And finally, there is
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structure in the quasiparticle density of states at 3A as
observed in the angular resolved photoemission spec-
trum, ' ' although the magnitude of the predicted
structure is much smaller than is observed. Alternative
interpretations of the photoemission data have been ad-
vanced.

In this paper, we use the marginal-Fermi-liquid model
mainly as an explicit example of an electronic mechanism
which has been widely discussed in the literature and
which we use to illustrate an important point, namely,
that the present Raman data on phonon shifts is not in-
consistent with an electronic mechanism. We believe
that the results are not significantly affected by the choice
of electronic mechanism.

The procedure is then to iterate Eqs. (4) and (5) for the
renormalized frequencies and gaps, substitute these into
Eq. (3), and analytically continue this quantity to the real
axis (iv„~v+i5) by Pade approximants. The final re-
sult b, II(v+i5) is related to the di6'erence between the
superconducting and normal-state self-energy, the real
part of which corresponds to phonon frequency shifts
and the imaginary part to changes in the phonon widths.
Our calculations have been done at T/T, =0. 1 which is
effectively zero temperature.

We will now summarize our results. First, we will
compare the Pade approximant scheme with the exact
analytic BCS results, as we will be using Pade approxi-
mants for the marginal-Fermi-liquid model calculations
shown here. Second, we will present renormalized BCS
formulas (these do not apply to the marginal-Fermi-liquid
model), demonstrating their level of accuracy by compar-
ison with exact calculations for Pb. And finally we will
discuss the results for the marginal-Fermi-liquid model.

III. RESULTS

In Figs. 2(a) and 2(b), we show the BCS result for the
real and imaginary parts of the phonon self-energy to il-
lustrate the difference between the Pade approximants
and the exact BCS result. The solid curve corresponds to
the exact analytic solution of the unrenormalized BCS
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limit of AH at T=O. " In general, the agreement is
quite good at zero temperature with only a slight smear-
ing around the singularity at 2ho in the imaginary part
and a slight oscillation above 26o in the real part. This is
due to the difhculty that Pade approximants have in
capturing sharp features or singularities. In a A, mod-
el' calculation, where the approximation A, (n —m )

=AH(coD —co ~)0(coD —~co„~) is made, we find that Eq.
(1) leads to the renormalized BCS result at T=O:

FIG. 2. The phonon self-energy, (a) real and (b) imaginary
parts in BCS theory, at zero temperature and in the clean limit.
The solid curve is the exact analytic result and the dashed curve
is the Pade approximant result. Negative (positive) values cor-
respond to (a) softening (hardening), (b) broadening (sharpen-
ing).

Red, II(v+ t'5 )

%(0)

2
tan

(1+A,)v+1 —v
for v&1

ln(2v —1+2vl~ v —1) for v) 1,
(1+A, )vI/ v —1

(8)

I md II(v+i 5 )

X(0)
0 for ~&1

1

(1+A, )v+v —1

for V)1,
(9)

where v—=v/(26O) and k is the electron-boson mass renormalization parameter. The unrenormalized BCS results plot-
ted in Figs. 2(a) and 2(b) correspond to A, =O in Eqs. (8) and (9). This renormalized BCS result could be useful for quick
estimates and fits of the data for strong-coupling effects. We have found by comparing the above formula with exact
numerical strong-coupling calculations that the agreement for large A, is not very good quantitatively for v) 2A but vir-
tually exact for v & 26. With impurity scattering the renorrnalized BCS result at any temperature T is given as
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b II(v+i6) 1 /3' 1 N—(co)N(co+v) P—(co)P(co+v)
den tanh

N(0) 1+1, o 2 e(ro)+e(co+v)+i /[r(1+A, )]

+ dec tanhf 00 P(co+v) 1 N—*(ro)N*(co+v) P—*(co)P*(~+v)
0 2 e*(co)+F.*(co+v) i—/[~(1+A, )]

co+v co 1 —N' co N co+v —I'* co P co+v
d cu tanh —tanh

e(co+v) e—*(ro)+i /[r(1+1, )]

+ dec tanh
0 P(co+ v) 1 N*—(co)N*(ro+ v) P*(—cu)P*(co+ v)

V e*(ro)+E*(co+v) i /—[~(1+A, ) ]

1+N*(co)N(co+ v)+P*(co)P(co+v)
e(co+ v) e*—(ro)+i /[r(1+ A, ) ]

2v
v+i /[r(1+A, )]

(10)

where e(co) = ~/co —b, , N(co) =u/e(cu), and P(co)
=b. /e(ro). In Figs. 3(a) and 3(b), we test this formula at
T=O against the full strong-coupling calculation done on
the real axis" (no Fade approximants) for Pb with some
impurity scattering. The agreement is very good. The
virtue of the renormalized formula in this case is that its
simple application gives almost exactly the full numerical
results without the need for computer intensive calcula-
tions. The Fade approximants for this case gave anoma-
lous structure and hence were unreliable. As before, the

3.0

(a)

agreement for v )260 is not as good. Presumably
strong-coupling effects not captured by the simple ap-
proximation are coming into play. However, for v(2b, 0
the curve is entirely due to the normal state, where the

model is particularly well suited. Good agreement
also occurs at finite temperature.

Having demonstrated the limitations and justified our
use of Fade approximants, we now proceed to the results
of our calculation of interest. In Figs. 4(a) and 4(b), we
show the real and imaginary parts of the phonon self-
energy. The solid curve is for the marginal-Fermi-liquid
model with the following parameters: co0=200 meV,
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FICx. 3. The phonon self-energy, (a) real and (b) imaginary
parts for Pb with 1/v. =2.16 meV (dashed curve). The exact
real-axis strong-coupling calculation has been done using the
tunneling-derived e F(~) spectrum for Pb. This is compared
with the renormalized BCS formula in Eq. (10) using the k for
Pb, which is 1.55, and T=O (solid curve). The agreement be-
tween the two curves is very good, illustrating the usefulness of
the simpler formula given in Eq. (10).

v/2kp

FICx. 4. The phonon self-energy, (a) real and (b) imaginary
parts for Pb (dashed curve) and for the marginal-Fermi-liquid
model (solid curve), both in the clean limit and for T/T, =0.1.
Parameters are given in the text. Note that there is essentially
no appreciable difference between an electronic mechanism and
an electron-phonon one. Negative (positive) values correspond
to (a) softening (hardening), (b) broadening (sharpening).
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g=(Ap —& )/(Ap+A, )=0.8, T, =100 K, 2b, o/k~T,
=4.55, ho= 19.6 meV, A, —1.3, and p* =0 (see Ref. 24
for details). The dashed curve is for the tunneling de-
rived a F(co) spectrum of Pb. The characteristics of Pb
are T, =7.19 K, 26p/k~ T, =4.49, Ap=1. 39 meV,
A, =1.55, and p*=0.139.' The marginal-Fermi-liquid
model was chosen to have strong-coupling parameters,
2b,o/ks T, and A., similar to Pb so that a comparison be-
tween the two mechanisms could be made independent of
strong-coupling behavior. According to Fig. 4(a), a pho-
non with frequency below 2hp would soften while one
above 2hp would harden; this is similar to the BCS result
in Fig. 2(a) but lesser in magnitude. Note that the oscilla-
tions above 2hp are a result of the Pade approximant
scheme. In the exact analytic continuation scheme there
would be a sharp cusp as in Fig. 2(a). (This should have
been the case in Ref. 11, however, the numerical integra-
tion was not sufficiently accurate and the cusp feature
was rounded instead. ) The primary result is that the two
models give qualitatively and almost quantitatively the
same result. It is clear that the observed pattern of be-
havior for phonon shifts cannot be used to differentiate
between electron-phonon and electronic models. Both
are consistent with present data. It should be pointed
out, however, that the absolute value of observed shifts
depends on the electron-phonon coupling constant
squared ( ~gzkk ~ ), a quantity which would be expected to
be quite different for a phonon model and a marginal-
Fermi-liquid model. We have not treated this difticult
problem here as this would go beyond the present scope
of this work and such an analysis would probably be
worthwhile only after the margina1-Fermi-liquid model is
more firmly established and a microscopic derivation
forthcoming. Neither of these criteria have yet been met.

Likewise, in Fig. 4(b), for the phonon widths, a phonon
with frequency less than 2hp neither narrows nor
broadens in the superconducting state because no scatter-
ing can occur while above 2hp it broadens. Again the
two models are almost indistinguishable with the excep-
tion of v & 26p. To comment on the quantitative
difference in these figures, we must point out two items.
First, in the procedure of gapping the marginal-Fermi-
liquid spectrum at low frequency, we have not accounted
for the loss in spectral weight and hence in the difference
between the superconducting and normal states there
would be a positive shift in AH. This would be negligible.
Also, in the normal state of the marginal Fermi liquid,
the spectrum goes to zero frequency as co instead of as co

in the case of Pb or any other phonon spectrum. Hence,
this strong-coupling weight at low frequency has an effect
of acting like static impurities. It is well known from
functional derivative calculations for superconducting
properties that are affected by impurities ' that very
low-frequency phonons (co/T, ((1) mimic static impuri-
ty scattering. In this case, we are looking only at the
clean limit, but previous work" has also shown that with
the addition of impurities H is finite and hence the
slightly positive direction of the ImhH below 2hp is due
to this (H' being zero below v=26, o). We will comment
further on this shortly.

As an aside to this discussion, it was not commented
on in Ref. 11 that ImhH for co & 25p was slightly positive
in the extreme strong-coupling case partly for the same
reasons as given above. The best strong-coupling param-
eter is T, /co, „, where co,„is some average frequency of the
a F(cu) spectrum. ' T, /co~„~0 corresponds to the
BCS weak-coupling limit and T, /~~„&& 1 is extreme
strong coupling. The T, /co, „ for Pb is 0.128. Hence for
very strong coupling T, /co&„&& 1 or, alternatively,
co~„/T, (& 1 and, as discussed above, in this limit phonons
are beginning to behave like static impurities.

To address the question of whether the slight sharpen-
ing below 2hp is a real feature of the marginal-Fermi-
liquid model, we show in Figs. S(a) and 5(b) the
marginal-Fermi-liquid model for two cases: gapped and
ungapped. In the latter case, the same marginal-Fermi-
liquid model is employed as previously discussed but
there is no low-frequency gapping of the fluctuation spec-
trum, i.e., the lower limit on the integral in Eq. (7) is set
to zero. In this ungapped case, the strong-coupling pa-
rameters are higher and we notice that the gapped model
(dashed curve) agrees well at low frequency with the
ungapped case (solid curve), and hence the gapped case
seems to retain a memory of its ungapped version. This
can easily be understood from the fact that below 26p
only the normal-state contributes; therefore there is the
return to the ungapped (normal-state) model in this re-
gion. Hence, the shift upwards in the curves in Fig. 4
compared with that of Pb is a result of this memory.
Also the gapped case looks very similar to a renormalized
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FIG. 5. The phonon self-energy, (a) real and (b) imaginary
parts for the marginal-Fermi-liquid model in the ungapped case
(solid curve) and the gapped case (dashed curve) in the clean
limit and for T/T, =0.1.
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FIG. 6. The phonon self-energy, real (solid curve) and imagi-
nary (dashed curve) parts calculated from the renormalized BCS
formula at T=O and with 1/[(1+k)rbo]=0. 1. The similarity
between these curves and those of the ungapped case of the
marginal-Fermi-liquid model in Fig. 5 is striking.

To summarize, we have calculated the phonon self-
energy for the conventional strong-coupling supercon-
ductor Pb and compared it with a similar calculation
done for an electronic model for the mechanism of the
high-T, superconductors (namely, the marginal-Fermi-
liquid model). Our main conclusion is, for different
mechanisms with the same strong-coupling effects in an
isotropic s-wave superconductor, the phonon self-energy
is essentially the same. Hence, it is not possible to distin-
guish between the electron-phonon mechanism and some
other bosonic mechanism for an s-wave superconductor.
Thus, while the Zeyher and Zwicknagl theory may be
used to extract a possible energy gap from the data, there

BCS curve with a small amount of impurities. To illus-
trate this we used Eq. (10) with the appropriate A, for the
ungapped case and I/[(I+A, )rbo]=0. 1, and have plot-
ted the result in Fig. 6. There clearly is a similarity of the
results of the ungapped marginal-Fermi-liquid model in
Fig. 5 to impurity scattering shown in Fig. 6. The simi-
larity is so strong that it reinforces our previous con-
clusion that the -~ dependence in the Auctuation spec-
trum at low frequencies is acting as static impurity
scattering. Therefore, the slight sharpening of a phonon
with energy v(26p in the clean-limit version of the
marginal-Fermi-liquid model of Fig. 4 appears to be a
real feature of this model. However, it would be difficult
to distinguish this from regular impurity scattering in an
electron-boson model, making this more of a theoretical
point of difference rather than an experimentally
verifiable feature of a marginal-Fermi liquid.

IV. CONCLUSIONS

is no proof that this is an electron-phonon mechanism
and other experiments seem to rule otherwise. Howev-
er, it will be shown in another publication that the na-
ture of the gap parameter with regard to anisotropy will
have qualitatively different behavior than discussed here
and elsewhere.

In this work, we have examined only the clean limit.
We have also calculated the same models with normal
impurity scattering and have found the standard behavior
as reported previously, "'" with no difference between the
two mechanisms studied here.

It should also be noted that we have not attempted to
do calculations at finite temperature in the superconduct-
ing state. These calculations require the use of an exact
analytic continuation of the phonon self-energy" and
within the marginal-Fermi-liquid model such a calcula-
tion is numerically intensive. While a finite-temperature
calculation could be of significant interest for the
marginal-Fermi-liquid model which has a temperature-
dependent kernel, there is no microscopic theory for the
development of the low-frequency gap in the spectrum of
excitations. Therefore, a finite-temperature calculation
would also involve examining several possible models for
the development of the gap for reasonable statements to
be made and it is not deemed to be worth the numerical
effort at this time.

One final point to be made in this regard is that the po-
larization calculated here is similar to that for the optical
conductivity, with the Pauli matrices at the vertex giving
rise to different coherence factors in the two cases. " The
superconducting state optical conductivity in the
marginal-Fermi-liquid phenomenology shows zero ab-
sorption until co=46p in the clean limit, but the phonon
self-energy shows no such anomalous features, with the
exception of a possible sharpening below 2hp. The pho-
non self-energy at q=O is a measure of the existence of a
superconducting energy gap and the structure of the gap
parameter.

We have also presented renormalized BCS formulas
which we hope would be useful to experimentalists for
model fits for strong-coupling effects. These formulas are
easily implemented and agree reasonably well with the
full numerical strong-coupling calculations.
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