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Dispersion of absorption and refractive index of PbTe and Pb, „Eu„Te(x (0.05)
below and above the fundamental gap
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We report extensive experimental and theoretical studies of the frequency dependence of the absorp-
tion constant a(co) and of the index of refraction n (co) in PbTe and its pseudobinary alloy Pb& Eu Te.
Mid-infrared transmission experiments on epitaxial layers of Pb& Eu Te (0~x ~ 0.0475, thickness =5
pm) on BaF2 substrate were performed in the frequency range 1000-5000 cm ' at temperatures from 5

to 300 K. The absolute values of the transmission as a function of frequency can be evaluated to yield in-
formation on both a(co) and n (co), due to the presence of interference fringes below the fundamental en-

ergy gap and due to the drop of transmission above the energy gap. For a(co) a model calculation is pre-
ferred based on the nonparabolic Dimmock model for the energy-momentum relationship e(k) of elec-
trons and holes. For the oscillator strength, interband matrix elements P~~ and P, are used that are in

agreement with the values obtained from magneto-optical studies. In the procedure to fit the transmis-
sion spectra four parameters are used: energy gap, oscillator strength, damping parameter, and a back-
ground index of refraction. With these parameters the functional dependence a(m) is calculated, and
n (co) is derived using a Kramers-Kronig transformation. The results show that nonparabolicity is quite
important to reproduce a(cu), and that via Krarners-Kronig transformation it also substantially
influences n (co). Through the causality relation, even for frequencies below that corresponding to the
energy gap, n (co) is inAuenced by the shape of e(k) above the gap. With increasing Eu content the ener-

gy gap increases and the extremum in n (co) close to E'g shifts to higher energies. The enhancement over
the background refraction index, which is determined by higher interband transitions, becomes weaker.
For Eu contents x =0.05 the oscillator strength increases by about 10% in comparison to PbTe. In ad-
dition, the damping parameters increase from 3 to 40 cm ' at T = 5 K.

I. INTRODUCTION

Presently, there is again much interest in the optical
properties of semiconductors, ' especially in the refrac-
tive index of epitaxial layers as well as quantum-well
structures. It is important to know the dispersion of the
refractive index in the design and analysis of optical
filters, of mirrors coated with thin films, and of wave-
guiding semiconductor devices like semiconductor lasers
and modulators. In a wide range of photon energies
(from 0 to above 6 eV), optical constants are usually
determined by spectroscopic ellipsometry. However,
Kim et al. ' suggested that spectroscopic ellipsometry
does not measure the true bulk dielectric function. Near
the fundamental energy gap, transmission or reAectivity
measurements have been commonly used to determine
the optical constants of thin films, either by dealing only
with the minima and maxima of Fabry-Perot (FP) in-
terferences or by fully analyzing the transmission or
reQection spectra. With the aid of the former ones, only
the optical constants below the energy gap can be deter-
mined. In the analysis of the latter method, an empirical
formula is employed to describe the dependence of the
absorption coefficient (a) near the energy gap on photon
energy. Both approaches usually do not take into ac-
count the intrinsic relationship between a and the index
of refraction n, i.e., the Kramers-Kronig (KK) relation-
ship. Instead, some empirical relations, like the Cauchy

relation and the Sellmeier relation, were used to de-
scribe the dispersion of the refractive index n. There-
fore, the optical constants determined by such methods
are only valid for a narrow range of photon energies.
Four effects are found to have a major inhuence on the
optical transmission of epitaxial films: (i) refiection at
the substrate-to-air interface, (ii) absorption within the
substrate, (iii) interference fringes arising from the epitax-
ial film layer, (iv) absorption within the epitaxial layer.
Since the transmission or reAection spectra of a thin film
depend on the absorption coefticient, the refractive index,
and the thickness of the film, it is necessary to treat a and
n self-consistently through the Kramers-Kronig relation.
For layered structures, the common Kramers-Kronig
analysis is not directly applicable to the reAectivity spec-
tra, since it is not straightforward to get the phase of
reAectivity without mathematical tricks to guarantee
causality.

Among the narrow-gap semiconducting compounds,
the lead chalcogenides PbS, PbSe, and PbTe and their
ternary compounds Pb& Sn Te, Pb& „Eu Te, and
Pb

&
„Eu Se play an important role as mid-infrared

emitters and detectors in the wavelength range of 3—30
pm. ' The interaction of photons with free and bound
carriers in these compounds has a long history of investi-
gation. In the far infrared, the optical response (mea-
sured by refiection spectroscopy) is mainly determined by
free-carrier absorption and lattice vibrations. Since the
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masses of anions and cations in the fcc Bravais lattice are
heavy (e.g., Te and Pb), the phonon wavelengths are in
the range of about 100 pm and above, i.e., far outside the
range of interest for applications in the mid-infrared.
Thus from the far infrared toward the fundamental ab-
sorption edge (iiico=eg, where eg denotes the energy gap)
these semiconductors act as high index of refraction ma-
terials at moderate extinction coefficients (n = 5 —6,
k =0.01 ). Therefore, these compounds are particularly
interesting because of their high polarizability in the in-
frared (which is much higher than that of the elemental
semiconductors Si and Ge).

The ternary alloys of IV-VI compounds with magnetic
(Mn +, Eu +, Gd +, etc. ) and nonmagnetic (Sn +, Cd +,
Sr +, etc.) ions " are of special interest, since for the
former, so-called sernimagnetic semiconductors, the elec-
tronic band-structure properties are drastically influenced
by external magnetic fields. For all ternary compounds,
the energy gap increases with the content of the substi-
tuents, except for PbSn(Te, Se) for which the band align-
rnent of conduction and valence bands is interchanged at
certain Sn concentrations.

In our work we will concentrate on Pb, „Eu Te
(x =0, 1.9%, 2.65%, and 4.75%), which is of particular
relevance for mid-infrared devices. Very low threshold
current diode lasers have been obtained in single
quantum wells based on the lattice matched
PbTe/Pbi Eu Tei Se heterojunction (A, )2.7 pm for
y =0),' and PbTe insulated-gate field-effect transistors'
have been fabricated using a PbTe/EuTe superlattice be-
tween the BaFz substrate and the PbTe channel (where
the velocity of electrons saturates close to the speed of
light). So far no data of optical constants are available
for the mixed crystals of Pb, Eu Te over a wide tem-
perature range.

Single crystals of these semiconductors are grown by
the Bridgman method, or by hot wall' and molecular-
beam epitaxy if films on insulating substrates (NaC1,
KCl, LiF, and BaFz) are desired; The density of free car-
riers can be controlled either by intentional doping, or
originates from anion or cation vacancies. The smallness
of the effective mass both of electrons and of holes is typi-
cal for this group of IV-VI narrow-gap semiconductors
and is related to the strong interaction of close-lying
valence and conduction bands of symmetry L6+,L6 at
the L point of the Brillouin zone.

The onset of direct interband transitions at the funda-
mental energy gap was treated by Walton and Moss' us-
ing a single oscillator at A,0=bc/e and relating the re-
fractive index n(A, ) to no of an empty lattice at infinite
wavelength:

)f0 1

n +1

For extrapolation to low frequencies, n0 can be approxi-
mated by the Drude expression including the optic-
phonon contribution to the dielectric function. ' For
PbTe a reliable determination of optical constants (at 77
and 300 K) from below band-gap ( A.= 5 —12 pm)
transmission was given by McCarthy, Weber, and Mik-

kor' in the regime k (((n —1), k =0.1, n = 5 —6,
where the extinction coefficient can be obtained from
transmission maxima alone. An additional absorption
just below the band gap with exponential tails (Urbach
tail) was attributed to chlorine contamination in PbTe
films deposited on NaC1 substrates. Data of n for PbTe
for room temperature and 77 K were presented by Zemel,
Jensen, and Schoolar, ' Globus et al. ' and (also for
T =20 K) by Piccioli, Beson, and Balkanski. The latter
authors pointed out the causality between n and a and its
influence on the singularity of the slope of the index of re-
fraction near the absorption edge. To obtain a correct fit
to the decreased values of n (n =5.8) below 2000 cm
and the maximum of n at 2600 cm ' (T =300 K), Pic-
cioli, Beson, and Balkanski had to take into account ex-
plicitly the exponential part of absorption a(e) below the
band gap, and the conjugate Kramers-Kronig pair
n (e),a(e):

(2)

The dispersion of the index of refraction near the funda-
rnental energy gap is still a point of controversy. The ex-
istence of any excitonic absorption may explain a
stronger decrease of n above e, but this explanation is
unlikely in IV-VI compounds due to their huge dielectric
constants. In Refs. 21 and 8 two related narrow-gap
compounds Hg, „Cd„Te and PbTe (Ref. 21) [and
Pb, Sn Te (Ref. 8)] with similar energy gaps were com-
pared with each other. The correlation between the in-
dex of refraction maximum near eg and the slope of the
onset of the absorption edge for pseudobinary PbSe
narrow-gap semiconductors was emphasized in Ref. 22.

In the photon energy range e))e, the absorption
coefficient u depends on the special features of the energy
bands close to the ones at the L point of the Brillouin
zone. PbTe has at least one additional series of valence-
band extrema in the (100) directions (X points of the
Brillouin zone). Due to these additional extrema along
the X and A directions, the absorption spectra exhibit
steps at @=1.45 and 2.6 eV for room temperature.

' '

Nonparabolicity and the occurrence of various Van-Hove
singularities in the energy band scheme were taken into
account, however, not primarily for the evaluation of the
optical constants (n, a. ) near the fundamental energy gap.
Greenaway and Cardona have found good correspon-
dence of oscillator fits to measurements at higher energies
in the absorption regime e))e (e= 1 —17 eV) without
showing the validity of the fit in the absorption range
near e . The harmonic-oscillator model does not in-
corporate the concept of an optical energy band gap e .
Thus, the optical energy band gap of semiconductors and
dielectrics cannot be directly determined from this ap-
proach. Furthermore, many fitting parameters are need-
ed to describe the optical constants in the fundamental
gap range.

The precise knowledge of optical constants (and ab-
sorption coefficient a) above and below the fundamental
absorption edge is particularly important for the investi-
gation of layered systems consisting of IV-VI semicon-
ductors (for coatings or nowadays for multilayers ' of
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different IV-VI compounds). Without such information,
no fit to reflectance and transmittance spectra over a wide
range of photon energies is possible from the low to high
absorbing regions. It is the purpose of this work to find
reliable data for the optical constants.

We present a model that yields excellent fits to experi-
mental transmission spectra of PbTe and Pb

&
Eu Te

epilayers over a wide temperature range (5, 77, and 295
K). For PbTe the resulting absorption coefficient and re-
fractive index are in excellent agreement with published
data. So far, there are no data available for Pb, Eu Te,
x ~ 0.05.

The paper is organized as follows. In Sec. II transmis-
sion spectra of a high-quality epitaxial PbTe layer and
three Pbi „Eu„Te layers (x =0.019, 0.0265, and 0.0475)
at temperatures 5, 77, and 295 K are presented and com-
pared with model fits. The optical constants are evalu-
ated in Sec. III, starting from the calculation of the opti-
cal dielectric function using a nonpa ra holi c turbo-ha nd-
model. Lifetime broadening of the energy levels is in-
cluded. The momentum conservation between the ab-
sorbed photon and the excited electron, which is
stringent for crystalline solids of translation symmetry, is
strictly fulfilled in our calculations. In Ref. 29, the ex-
pression for the absorption coefficient was taken from a
treatment of amorphous solids for calculating a(co) in
crystalline solids, but this violates momentum conserva-
tion. We include the requirement of momentum conser-
vation into the method described in Ref. 29 and expand it
to the case of nonparabolic energy bands in a narrow-gap
semiconductor. A Kramers-Kronig transformation is ap-
plied to find the index of refraction from the calculated
extinction coefficient. The set of essential fitting parame-
ters is reduced to four: (i) energy gap, (ii) oscillator
strength, (iii) lifetime broadening, and (iv) background in-
dex of refraction. The negative dispersion of the index of
refraction slightly above the energy gap is evaluated in
context of nonparabolic energy bands. From the results
(Sec. IV), the interband matrix elements and oscillator
strengths are extracted from the two-band model and
from the comparison to transmission spectra. The pecu-
liarities of near-band-gap optical properties of lead salts

are discussed in Sec. V in comparison to other narrow-
gap semiconductors. The validity of the nonparabolic
two-band model for the description of optical absorption
above and below the band gap follows from a comparison
to the experimental data.

II. EXPERIMENTS

The samples under investigation are (1 1 1)-oriented ep-
itaxial layers on insulating substrates (BaF2). They were
grown by molecular-beam epitaxy (MBE) under
ultrahigh-vacuum conditions. The PbTe, Eu, and Te2
beam Aux rates from the effusion cells were measured by
a crystal thickness monitor and adjusted for a growth
rate of 1.1 pm/h and for the desired x content of the
Pb, Eu Te layers. The sample parameters are given in
Table I. Sample A is the binary compound PbTe. Sam-
ples 8, C, and D are ternary compounds Pb

&
„Eu Te

with varying x contents from x =0.019 to 0.0475 . The
nominal Eu content x was extracted from the measured
energy gap at 5 K by using the expression of Partin:
eg (x, T—+4.2 K) = 1 87 meV+x 6000 meV, and the ulti-
mate accuracy was +2 meV (at T = 5 K) for the deter-
mination of the energy gap from fits to transmission spec-
tra. The electric transport properties, Eu contents, and
film thicknesses are given in the left part of Table I. For
the samples 8 (x =0.019) and C (x =0.0265) the Te2 to
Eu beam Aux ratio was about 1 .2, for sample D
( x =0.047 5 ) about 1 .8. The monatomic layer-by-layer
growth was monitored by in situ reQection high-energy
electron diffraction (RHEED). The film thicknesses of
3 .9—4.5 pm are sufficient for complete strain relaxation
with respect to the substrate. Thus the samples behave
like bulk crystals, and strain-induced effects on the elec-
tronic band-structure properties (symmetry, splittings)
can be excluded.

The relatively large optical thickness of the samples en-
ables us to observe a sufficient number of Fabry-Perot
fringes in the transmission range below the fundamental
gap. In our case the peak-to-val ley ratio of the FP
fringes proves the high optical finesse of the epitaxial film
samples.

TABLE I. Electric transport and optical parameters of Pb
&

Eu„Te epitaxial layers on BaF2 ~

Sample

0.019

0.0265

0.0475

(pm)

4.5

4.0

3.9

295
77

5
295

77
5

295
77

5
295

77
5

N
( 10' cm )

—6.2
—1.6
—0.6'

+8.4
+5.9

—2.0
—2.3

(cm V s)

500
19700

465 000'

3080

165
1790

52
832

E'g

(me V)

3 19
21 1 213
190 190

396
324
302
44 1

359
347
54 1

48 1

472

0.54
0.57
0.56
0.54
0.57
0.5 1

0.49
0.52
0.53
0.57
0.60
0.62

r
(cm ')

1 8
3
3

30
10
5

10
10
10
50
35
40

5.67
6.00
6.07
5.33
5.53
5.60
5.13
5.3 1

5.34
4.82
4.94
4.96

'For T =20 K.
E'g determined from the onset of PC spectra; see Figs. 3(b) and 3(c).
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The transmission measurements were performed by
mounting the sample in a variable-temperature optical
cryostat (ZnSe windows) on a proper sample holder
which can be lifted up and down to expose either the
sample or a reference diaphragm (a hole or the BaFz
reference sample) to the beam. The absorption in the
8aFz substrate was eliminated by normalizing the
transmission of the sample to a bare BaF2 substrate with
the same thickness.

The cryostat is inserted in the interferometer chamber
of a Bruker IFS-113v Fourier-transform spectrometer.
The spectral resolution is 4 cm ' and the photometric
accuracy is better than 1% over the full wave-number
range from 1000 to 4000 cm '. The additive noise-
limited sensitivity is especially important to recover spec-
tral features in the strong absorbing regime above the
fundamental absorption edge.

In Fig. 1, the transmission of the PbTe sample
versus frequency divided by that of its BaFz substrate is
shown for the temperatures T =295, 77, and 5 K togeth-
er with model fits (solid curve, nonparabolic two-band
model; dashed curve, parabolic limit of the two-band
model). The most obvious influence of the temperature
variation on the transmission spectra is the shift of the
fundamental absorption edge to higher photon energies
with increasing temperature. From Fig. 1(a) it can be
seen that the nonparabolic model fits the experimental
data much better than the parabolic one using the same
band parameters. In Figs. 1(b) and 1(c) only the fits for
the nonparabolic two-band model are included.

Figures 2(a) —2(c) show transmission spectra for three
ternary compounds Pb, Eu„Te at T =5 K. The funda-
mental absorption is shifted to higher frequencies with in-
creasing Eu content. By comparison of Fig. 2(c) to the
spectrum of the PbTe sample [Fig. 1(c)], one recognizes a
stronger absorption below the energy gap E'g over a
broader photon energy range than that observed for
PbTe. We believe that enhanced absorption due to alloy
fluctuations is responsible for this behavior.

The transmission spectra of Pb, „Eu Te (x =0.019,
0.0265, and 0.0475) at temperatures T =77 and 295 K
were also measured and included in the analysis of the
data (Sec. IV). They are not shown in separate plots for
brevity.

III. DERIVATION OF OPTICAL CONSTANTS
FOR NONPARABOLIC INTERBAND TRANSITIONS

g2
e, (k)= k-

2mp 2mp
[4A P (k +k )+4% P k

2 2 )i/2m p6'g (4)
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louin zone. The energy gap E'g is modified according to
the Eu content in the ternary compound Pb, „Eu Te,
and its temperature dependence is taken into account as
well. The dispersion relationship is given by

E (k) — k2+ [4ir2p2(k 2+k 2)+4g2p2k2
g2 1

C 2m x y z
p mp

2 2
)

1/2m pE'g

In order to reduce the number of parameters for fitting
spectra, only interband transitions close to the fundamen-
tal energy gap (1.6+,1.6 ) in PbTe and Pbi Eu Te are
considered. Contributions due to free-carrier absorption
and lattice vibrations (as well as from critical points
above the fundamental energy gap) are neglected. Thus
for near-fundamental absorption we use a simple two-
band model with a nonparabolic energy-momentum rela-
tion according to Dimmock and Wright ' or Mitchell
and Wallis (neglecting the contributions from the far
bands) with a pair of interband matrix elements Pi, Pi
which describe the strong nonspherical anisotropy of the
conduction and valence bands at the I, point of the Bril-

0.2

0 (

1000
I

1200 1400
PHOTON ENERGY (cm )

1600

FIG. 1. Transmission spectra of a 4.5-LMm epitaxial layer
PbTe on BaFz, sample 2, for various temperatures: (a) 295 K,
(b) 77 K, (c) 5 K. The solid and dashed lines are model fits: the
best agreement with experimental data (circles) is obtained by
using the nonparabolic two-band model (solid lines), whereas in

the limit of a parabolic two-band model (with identical band-
edge masses) the phase of Fabry-Perot interferences does not fit

the measurements as shown in (a).
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2Pi
mp

mp 2P
II

mp
2

7
=E

gmz mp mII

Since it is well known that the far bands modify the

The z axis is parallel to a [111]direction, i.e., perpendicu-
lar to the Brillouin-zone boundary at the L point, and mp
is the free-electron mass. The zero energy is chosen to be
in the middle of the forbidden gap e . In the strict two-
band model, both the conduction and valence bands are
mirrorlike in the e versus k dependence, since far-band
contributions are not taken into account. The momen-
tum matrix elements PII and P~ differ considerably for in-
terband transitions parallel and perpendicular to the
principal axes of the energy ellipsoid in the k space.
They are related to the anisotropic band-edge masses m

II

and m ~ at the L point of the Brillouin zone: '

effective masses of electrons and holes by up to 30%, the
corrected values quoted in Eq. (5) do not correspond to
these which are obtained from fits to magneto-optical
experiments using both the exact conduction-
band —valence-band interaction and considering the effect
of the far bands in the k approximation. For the calcu-
lation of the absorption coefficient we modify the two-
band parameters PII and P~ so as to result approximately
in the proper mean electron and hole mass anisotropy
and to also yield proper mean values of the transverse
(mi ) and longitudinal (m

~~

) effective masses. Up to about
x =0.05 the band alignment of Pb, Eu Te does not
change, ' and P~ and PII are assumed to be constant,
i.e., independent of x.

The joint density of states J„(e) for an optical transi-
tion e=fico=e, (k) —e„(k) is derived (see Appendix A)
from Eqs. (3) and (4) and is given by

0.8

(a)
x = 1.9 9o

T=SK

3
mpJ,„(e)= e(e —e )'i

cv
8 2g3P 2P

II

(6)
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% 0.6

Z 0.4
C4

0.2
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x =4,75%
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FIG. 2. Transmission spectra of Pb& Eu Te epitaxial layers
on BaF2 at T=5 K for various Eu contents: (a) sample 8,
x =0.019; (b) sample C, x =0.0265; (c) sample D, x =0.0475.
The solid lines are model fits according to the nonparabolic
two-band model.

In the parabolic limit, e=e~, Eq. (6) can be simplified to
the usual square-root-like joint density of states for para-
bolic energy bands:

(7)
S 'e'P,'PII

'
The optical dielectric function is identical with the longi-
tudinal dielectric function of Lindhart in the limit q~0,
except that the direction of the momentum is in the
direction of the electric field of the light wave [see formu-
la (2.9) of Ref. 1]:

e(co)=1— g J J„(e')de'
mo&p c, E

x
'Ado E +/ I

1

%co+e'+i I
(8)

p„ is the energy-dependent electric-dipole matrix ele-
ment in the momentum representation which enters in
first-order perturbation as interaction of the light wave
(polarization unit vector e) with the carriers in the
valence and conduction bands (e is the electron charge,
and eo is the permittivity of free space). Due to defect
scattering, electron-phonon scattering, electron-electron
scattering, alloy scattering, etc. , the linewidth is finite and
introduced into Eq. (8) by a "broadening" parameter I .
Equation (8) is readily a special case for I being a con-
stant which describes a Lorentzian line-shape broadening
of the electronic states. ' Since the semiconductors which
we investigate (PbTe and Pb, Eu Te) are valley degen-
erate at the L point of the Brillouin zone corresponding
to the various (111)directions, the average square of the
interband transition matrix elements is evaluated in Ap-
pendix B for the longitudinal valley parallel [111] with
el[111]and for the three equivalent valleys [111],[111],
and [111]which are oblique to e. The result iss
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& ie p„(0)i')„.„,„,=-,'(P'„+2P,') .

(x~ —e )'+r'
From Eq. (10), the extinction (ic) and absorption
coefficient (a) can be derived in the usual way (abbreviat-
ing the prefactor prior to the integral as 3):

Im [e(co ) ]
2&n)

J„(co) er(~)
(h co)

co Im[e(co)] coA ~cu()
a(co)=

( )
=

( ) 2
r(co) . (12)

The integral of Eq. (10) is generalized as a convolution of
J,„(co)/(ih'co) with the Lorentzian broadening function
r(co):

r/~
(irico) +I (13)

The convoluting operator (g ) between a function f (co)
and I (co) is defined as usual:

f( )cIo(co)= ff(e)I (co e)de . —

Equation (12) is more general than the initial integral Eq.
(10), since it is not restricted to Lorentzian broadening.
It can be formally applied also to lower-dimensional
structures such as quantum wells, quantum wires, and
quantum dots.

To relate the theory to fits of experimental data, Eq. (6)
is explicitly inserted into Eq. (11), and all constant pa-
rameters are taken together in a common constant 8,
which is accessible to a determination from measure-
ments:

From Eq. (8) one can separate the real and imaginary
parts of the optical dielectric function, and evaluate the
optical constants without additional assumptions, for
which two integrals have to be calculated. We shall fol-
low an alternative way: in a first stage, an analytical ex-
pression for the (simpler) imaginary part of the dielectric
function is derived which can be presented in an analyti-
cal form for Lorentzian line-shape broadening. With a
little loss of generality (through the assumption of an
average index of refraction ( n ) ), the absorption
coe%cient is obtained. Finally, a numerically much more
convenient Kramers-Kronig transformation yields the in-
dex of refraction. By that procedure, the causality be-
tween the optical constants is obeyed.

Neglecting the second term in the large parentheses of
Eq. (8), which is only a small correction to near-band-gap
absorption, and keeping the transition matrix element en-
ergy independent, the imaginary part of the dielectric
function is

kiri'e'( ~e p„(0)~')„„„„,
Im[e(co) ] =

m OEO

(e&2 e2 )1/2

ic(co) =8 f
e mo(P +2Pi)
3~h ( n )e,P~~P',

I /~
(A'co —e') +I (15)

(16)

1/2e'm (P'+2P')0

3mh ( n ) eoP~~PJ

At this point, a discrepancy of Eq. (17) to Eq. (15) of Ref.
29 for ic(e) is obvious. In Ref. 29, for crystalline solids,
ic(e)=(e e)—3/(e Be+—C) was derived at a certain
critical point. The disagreement comes about from (i) re-
placing the convolution Eq. (11) by a simple multiplica-
tion with I (e)= 3/(e 8e+C—), and (ii) by using a
functional form for the joint density of states
J„=(e—es) which violates the momentum conserva-
tion. If 6-like absorption at certain critical points is as-
sumed, statement (i) can be justified, but it becomes in-

creasingly wrong for interband transitions continuously
distributed over a wider dispersion regime. The latter
takes place especially near the Mo critical point for the
fundamental absorption regime. Sta.tement (ii) comes
from the derivation of density of states in amorphous
solids, which must not obey any momentum conserva-
tion.

Near the fundamental absorption edge (Mo), the full
nonparabolic dispersion of the participating energy bands
is considered. The Kramers-Kronig relationship yields
the energy dependence of the index of refraction:

+~ K( )eIC
n(e)=n„+ PJ, —de' .

E' 6'
(19)

The Kramers-Kronig transformation of the extinction
coefficient at the critical points above the fundamental
energy gap (apart from Mo) also contributes to the refrac-
tive index near and below the energy gap. It is related to
absorptions at critical points M (j&0) apart from the
fundamental L point at higher energies.

After the complex index of refraction n +i~ is deter-
mined by calculation, the transmission through an epitax-
ial layer grown on an insulating substrate (BaF2) can be
evaluated using a transfer-matrix method. The method
developed in Ref. 35 was applied to our two-layer system.
The optical constants n& and ~& of the film are taken
from Eqs. (15) and (19), and the substrate (BaF2) is as-
sumed to be nonabsorbing in the frequency range of in-
terest. The refractive index of BaF2 is taken as n, =1.39
for all three temperatures 5, 77, and 295 K. It was deter-
mined from the FP fringes of a thin bare BaF2 plate in
the frequency region 100—4000 cm '. The optical thick-
ness (n, d, ) of the substrate is so large that constructive

In the parabolic limit %co E'g the convolution integral
Eq. (11) can be expressed in analytic form, using the joint
density of states of Eq. (7):

I
(hco) [[(hco—es) +I ]'~ —(hco —es) j'
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interferences are not observed in our experiments.
In summarizing all parameters which determine the

transmission spectra, one ends up with four essential
fitting parameters which depend on the electronic band
properties: the energy gap e, B, which is proportional to
the oscillator strength of the interband transition [Eq.
(16)], i as Lorentzian linewidth, and n „as background
index of refraction due to higher critical points [Eq. (19)].
The remaining geometrical parameters are the film thick-
ness (df ) and the thickness (d, ) of the substrate, which
can be determined independently by other methods
(depth profiling) and are not regarded as fitting parame-
ters.

IV. RESULTS

Nonparabolicity effects on optical absorption are ap-
parently of essential importance in the narrow-gap semi-
conductors which we investigated, because the final elec-
tronic states of optically excited carriers lie considerably
above (for electrons) and below (for holes) the band edges.
Assuming symmetric energy bands L 6 and L 6 (as
represented by an exact two-band model for PbTe-related
compounds), the final carrier energies are comparable to
0 56'g for Ace ~ 2' in our fits. Free-carrier and phonon
effects can be excluded in this photon energy range, par-
ticularly due to screening by the high lattice polarizabili-
ty and due to the relatively large anion and cation
masses. The LO-phonon frequency of PbTe is 114 cm
for Pb, „Eu„Te it is smaller than 150 cm ' in the range
of concentrations x ~0.048. Thus the LO modes do not
contribute to the dielectric function in the frequency
range between 1000 and 4000 cm '. The screened
(e„=35) plasma frequency is also below 200 cm ' for
carrier concentrations smaller than 10' cm . For pho-
ton energies considerably higher than 2e (PbTe), transi-
tions originate from other close-lying valence-band extre-
ma, presumably in the direction of X, which can be in-
cluded in the exact two-band model phenomenologically
by setting oscillators near some critical points. " If we as-
sume that the nonparabolic two-band model is valid up to
the wave-number range of 5000 cm ', the analysis of the
measured transmission data gives the optical constants
for both PbTe and Pb, Eu Te using only four essential
fitting parameters, which are given in the right part of
Table I.

In order to show the relevance of the nonparabolic en-
ergy bands for the interpretation of transmission data
close to the fundamental absorption, in Fig. 1(a) two fits
are compared with experimental transmission spectra: (i)
for parabolic bands (dashed curve), (ii) for nonparabolic
bands (solid curve) using the same band parameters.
From the difference of both model plots we conclude that
the energy-momentum relationship e(k) above the energy
gap, which determines a(co), in turn influences n(co)
through the Kramers-Kronig transform also for frequen-
cies below the gap energy; i.e., the proper dependence
a(co) determined by e(k) above the gap energy also deter-
mines the, quality of the fit to the transmission below the
gap. Therefore, in the fits of Figs. 1(b) and 1(c) and Figs.
2(a) —2(c) only the nonparabolic e(k) dispersion was used

for calculating the optical constants n (co) and ~(co).
The absorption coefticient a is plotted versus photon

energy in Figs. 3(a)—3(c) for three temperatures. The on-
set of absorption can be also observed in the photocon-
ductivity (PC) spectra which are given in the insets of the
Figs. 3(b) and 3(c) for PbTe at temperatures T =77 and 5
K. The energy gaps derived from the PC spectra are in
excellent agreement with the onsets of the absorption
coefficient as obtained from the transmission fits. In the
sample with the highest Eu concentration, x =0.0475, an
enhanced broadening is observed in the a(co) spectrum
for all temperatures either due to alloy fluctuations or
due to the energetic neighborhood of the 4f Eu states
(S=—,') to the L6+ states. The hybridization of 4f Eu
states with 5p valence-band states was already discussed
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FIG. 3. Absorption coefficient a(co) for PbTe (sample 2) and
Pbi Eu Te (samples 8, C, and D) at three temperatures: (a)
295 K, (b) 77 K, (c) 5 K. The insets in (b) and (c) show photo-
conductivity spectra (PC) which reproduce the onset of absorp-
tion in excellent agreement with fits to the transmission spectra.
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+x 5880 meV . (22)

The e versus x plots of Figs. 6(a) and 6(b) are the result
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FIG. 6. Energy gap of Pb& „Eu Te as a function of the Eu
content for three temperatures. (a) Partin's formula Eq. (20)
shows a slight difference (see the crosses) to the results of
transmission measurements at 295 K. (b) Our modification to
Eq. (22) gives a good agreement with the experiment at all tem-
peratures.

momentum matrix elements P~I and P~ due to the interac-
tion with the 4f Eu states.

Alloy broadening is important for x &0.0265 at all
temperatures. It is responsible for a smoother decay of
the Fabry-Perot transmission maxima toward the funda-
mental absorption edge at a fixed energy gap. We believe
that higher x content samples differ from our simple
two-band model due to a beginning hybridization of the
valence band with the 4f Eu energy levels, which also
leads to the steplike enhancement of the oscillator
strength for x =0.0475.

The variation of the energy gap with the Eu content x
in Pb, „Eu„Te is shown in Figs. 6(a) and 6(b) for three
temperatures. The eg versus x relation derived from our
fits is nearly linear. It is plotted in Fig. 6(b) and com-
pared with that of Eq. (20) in Fig. 6(a). Our data are
'only in good agreement with those of Partin, Eq. (20),
for T=5 K. They deviate considerably for higher tem-
peratures from Partin's relation, which holds for

x Eu& Sey Te i x y Therefore, for Pb, ~ Eu, Te Eq.
(20) is modified:

2 1 —9.8x
e (x, T)= 190 meV+0. 51 meV. T(K)

of a search for a consistent set of band parameters
(within the framework of a two-band model) for four
samples and a wide temperature range. The excellent
correspondence to Partin's formula at T =5 K is not as-
tonishing, since the T prefactor in formula (22) becomes
more and more negligible for T~O. Therefore, the x
values originally taken from Partin's formula at T =5 K
are reliable starting parameters for the fits, but because of
their validity at higher temperatures the second part of
Partin's formula had to be modified accordingly with
minor corrections of the other parts.

V. DISCUSSION AND SUMMARY

From the results of this work, one can conclude that
the near-band-gap optical properties of IV-VI semicon-
ductor epitaxial layers are consistently described by a
simple two-band model, taking into account the full non-
parabolicity according to the Dimmock model neglecting
far-band contributions. The assumption of an energy-
independent Lorentzian lifetime broadening ( I ) seems to
be artificial, but is convenient in the sense that only one
additional parameter enters into the calculations. How-
ever, there is also a physical reason to keep the broaden-
ing I finite for energies close to the band edge: since
causality between extinction coefficient and index of re-
fraction has to be maintained, the onset of absorption (a)
with a discontinuous slope (neglecting any broadening at
the band edge) would produce a singularity for the slope
of the index of refraction near the absorption edge. Be-
cause such a singularity is unphysical, one has to avoid
the discontinuous slope of a at e=e: undoped samples
may exhibit residual "tail" states below the band edge
(exponential Urbach tail). However, our samples are n

type, and thus the tail states are occupied. Consequently,
the onset of absorption, which starts not at zero but at a
finite density of states, is discontinuous itself for T~O
with an even more dramatic inAuence on the index of re-
fraction than for a discontinuous slope. The convolution
of the density of states with a broadening function ac-
cording to Eq. (12) keeps the slope of cr continuous at
E'= E'

g
It is interesting to compare II-VI and IV-VI semicon-

ductors of a similar narrow gap with each other: as stat-
ed by Herrmann and Rudolph, '

Hgp796Cdp2p5Te and
PbTe behave differently in the dispersion of the index of
refraction. Whereas the latter material exhibits a more
or less pronounced maxiinum of n(co) near e, the former
does not. An excitonic absorption at the leading edge of
absorption does not ocur in narrow-gap semiconductors,
particularly in PbTe, with its high static dielectric con-
stant at low temperatures. Herrmann, Miiller, and
Melzer conclude that the maximum in the index of re-
fraction for the lead salts arises from the steeper absorp-
tion edge as compared to that of Hgi Cd Te.

In our model calculations, a correct choice of a single
broadening parameter I changes the maximum of the re-
fractive index correspondingly to fit the transmission
spectra both above and below the energy gap. The only
remaining decision that has to be made is, is it sufficient
to use a simple parabolic dispersion for e(k), i.e., con-
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stant combined density-of-state masses, or does a nonpar-
abolic e(k) dispersion have to be used for calculating
a(co) and n(co) i As demonstrated in Fig. 1(a) for PbTe,
the nonparabolic dispersion of energy bands above e
determines the position of Fabry-Perot interferences
helot e in better agreement with the experimental data
than the assumption of a parabolic E(k) dispersion.

In Fig. 7 an attempt is made to fit the transmission
spectrum of Fig. 1(a) by altering the parameters of the
nonparabolic model accordingly to get a comparable fit
using the parabolic approximation. The quality of the
parabolic fit (Fig. 7) seems to be comparable to the non-
parabolic one of Fig. 1(a). However, the optimized pa-
rameters for the parabolic approximation deviate appre-
ciably from those obtained by theory: e.g. , the oscillator
strength 8 is fitted as 0.83 (theory: 8 =0.513), whereas
the corresponding value of the nonparabolic fit is
B =0.054, in excellent agreement with the theory. Thus,
we conclude that the use of the parabolic two-band model
leads to unphysical parameters. It also inAuences the be-
havior of the absorption coefficient above the band edge
(see below, Fig. 9). By inspection of Figs. 1(a) and 7, it is
obvious that the Fabry-Perot fringes, which are deter-
mined by the index of refraction below the fundamental
absorption edge, are of different phases using the parabol-
ic or nonparabolic model. The Kramers-Kronig relations
are responsible for explaining this behavior: the correct
dispersion n (co), which crucially alters the observed dis-
tance between subsequent extrema in transmission both
below and above the fundamental gap, is only obtained
from the proper frequency dependence of a(co) aboue the
energy gap.

Another crucial aspect in adopting the nonparabolic
model is the extrapolation of a(co) to higher photon ener-
gies. Whereas lr(c)~0 for e~ cc in the parabolic case,
i~(~ )=const in the nonparabolic case, and accordingly

a(e) diverges at high photon energies. As expected, the
nonparabolic two-band model fails at too-high photon en-
ergies. In order to demonstrate the error in the refractive
index obtained by Kramers-Kronig transformation due to
an arbitrary high-frequency cutoff, we used for the upper
cutoff wave-number limits the foHowing values:
co, =5000, 10000, and 15000 cm '. For this entire span
of cutoff frequencies, the index of refraction above the
band edge does not deviate by more than 5% from that,
as shown in Fig. 8. This figure also demonstrates the
infiuence of the lifetime broadening (I ) on the dispersion
of the index of refraction. The spectrum of the index of
refraction neglecting broadening (I =0) is given in the
figure as a dashed line. The infinite slope of n (I =0) at
@=as is obvious, as discussed above. Broadening (I %0)
rounds off the n(e ) maximum.

Figures 9 and 10 show simulated spectra of the absorp-
tion coefficient and the index of refraction for PbTe at
295 K for the parabolic and nonparabolic case up to
Aco=2t . We would like to emphasize that previously
published data' for a(co) and n (co) for PbTe at
T =300 K agree much better with the results of the non-
parabolic model (solid curves) than for the two parabolic
models (dashed and dashed-dotted curves). Using the
same oscillator strength as for the nonparabolic approxi-
mation, the reduction to the parabolic limit yields a
dependence with a drastic reduction of the absorption
coefficient and of the peak index of refraction (dashed-
dotted curves in Figs. 9 and 10). The corresponding
transmission spectrum is that of Fig. 1(a) (dashed curve).
If one enhances the oscillator strength beyond the value
which is obtained by theory to 8 =0.83 instead of
B =0.54 (dashed curves in Figs. 9 and 10), the absorption
coefficient and the peak index of refraction can be
brought to a closer agreement with the experiment (see
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FIG. 7. Transmission of PbTe {sample 3) at T=29S K, as
compared to a parabolic two-band model (solid line). The model
parameters were optimized correspondingly to fit the measured
transmission spectrum (circles). As a result, the oscillator
strength B has to be modified to B =0.83 in disagreement with
theory (B =O.S13). If the correct value were used in the para-
bolic limit, the calculated spectrum would deviate substantially
from the measured one [see Fig. 1(a), dashed curve].
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FIG. 8. Dispersion of the refractive index of PbTe (Sample
A) at T =29S K above and below the fundamental energy gap
using the nonparabolic two-band model and the Kramers-
Kronig transformation. The inhuence of the chosen upper
cutoff frequency (co, ) on the Kramers-Kronig transformation is
proved to be of minor importance. A finite broadening parame-
ter (I ) reduces the slope of n(co) at Aco= eg, which is infinite for
I =0 (dashed curve).



DISPERSION OF ABSORPTION AND REFRACTIVE. . . 7223

o 3
CO

2,S—z

PbTe T =29S K

~:Glob
+: Piccio
x: Palik,

0 l.s '-

U
z0
C4

0 0.S—

+

2000 2S00 3000 3SOO 4000 4SOO S000

transmission spectrum, Fig. 7). However, the slope of
n(co) above eg deviates from the observations much more
than that resulting from the nonparabolic model. These
results essentially rule out the use of a parabolic model
for e(k) for the determination of both a(co) and n(co).
We have used a simple two-band model to account for
nonparabolicity. From magneto-optical investigations it
is well known that an extended model considering far-
band contributions in the k approximation has to be
used to describe the slight differences in electron and hole
effective masses. The far-band contributions alter some-
what the energy-momentum relationship and consequent-
ly the proper dependence of a(co). These contributions
were considered by Anderson for the calculation of gain
spectra for heterostructure IV-VI lasers. However, the
inAuence of the broadening parameter 1 on a(co) and of
the artificially chosen cutoff frequencies for the calcula-
tion of n (co) on the calculated transmission spectrum is of
comparable magnitude as the corrections to a(co) due to
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: parabolic model
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FIG. 9. Infuence of the chosen two-band model on the ab-
sorption coefficient a(co) for PbTe (sample 3) at T=295 K.
The nonparabolic model (solid curve) using the oscillator
strength B =0.54 fits the published data according to Refs.
18—20 quite well. In the limit of a parabolic model using either
the same B =0.54 {dashed-dotted curve) or fitting the data with
an increased B =0.83 (dashed curve), strong deviations from
the experimental values are noticed.

the far-band contributions in the energy-momentum rela-
tionship.

In summary, we have determined the optical constants
of PbTe and Pb, Eu„Te (x ~0.0475) epitaxial layers
grown on insulating BaF2 substrates below, across, and
above the fundamental absorption edge. The thicknesses
of the samples were chosen such as to observe a sufhcient
number of Fabry-Perot fringes in transmission below the
fundamental gap. In these lead salts, which have an ex-
traordinary high index of refraction (n =4.7S—6.2), the
influence of the carrier energy-momentum relationship
aboUe e is even decisive for the magnitude and for the
phase of the Fabry-Perot interferences observed in the
transmission of the epitaxial layers below the energy gap.
The absorption coefticient and index of refraction are
presented for three temperatures (295, 77, and 5 K) as a
function of photon energy. To our knowledge, the
dispersion of the index of refraction for Pbl Eu Te at
these temperatures is determined for the first time. The
energy of the forbidden gap at the L, point of the Bril-
louin zone varies almost linearly with the Eu content, at
least for our concentration x ~ 0.0475. However, hybrid-
ization of 4f Eu states with Sp PbTe valence-band states
has some spurious inhuence on the oscillator strength of
interband transitions and on the linewidth broadening al-
ready for an Eu content of x =0.0475. The M0 critical-
point transition at the fundamental absorption edge is
treated in the framework of a strict nonparabolic two-
band k.p model, which restricts the number of parame-
ters for fitting the transmission spectra to four: energy
gap, oscillator strength, linewidth broadening, and back-
ground index of refraction (the latter can be taken also
from the fits to absorption spectra in the vicinity of criti-
cal points at higher energies). Thus we believe that the
model presented is rather simple, unambiguous, and does
not violate causality.
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APPENDIX A: JOINT DENSITY OF STATES
ACCORDING TO A NONPARABOLIC

TWO-BAND MODEL

5.5
1000 1500 2000 2500 3000 3500
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FIG. 10. Influence of the chosen two-band model on the
dispersion of the refractive index of PbTe {sample 2) at T =295
K. The various curves correspond to those of Fig. 9.

At the L point of the Brillouin zone of PbTe (Fig. 11),
the surfaces of constant energy are ellipsoids of revolu-
tion oriented with the principal

~~
axis along [111]and l

axis perpendicular to [111]. The curvatures are given by
the squares of the momentum interband matrix elements

P~~ and I'~. In a strict two-band model neglecting far-
band contributions, the k p approximation near the L
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Z = [1'l1]

longitudinal
valley Z'= [111]

blique
alley

Y = [1'l2]

tween adjacent energy surfaces e and @+de can be calcu-
lated by difFerentiating the ellipsoid volume
Vj, = ( —', )era b:

amp3

GV1, = E(62 E2 )1/2dp
2g3P2p

II

(A7)

The number of states within de (the phase-space cell is
Sm /V„V, the crystal volume) can be expressed by the
joint density of states J„(e):

V,
dN(e)=2

3
dV&= V,J„(F)de . (AS)

X=X'= [110] Y'= [112]
If one inserts Eq. (A7) into Eq. (AS), the joint density of
states J„(e)becomes

FIG. 11. Coordinate frames for the constant-energy ellip-
soids of PbTe near the I. point of the Brillouin zone: Unprimed
system for the longitudinal valley, primed system for the oblique
valley. The incident light is along the z direction, which is the
growth direction of the epitaxial layers. Its polarization vector
is denoted by e, which is finally averaged over 0 ~ y ~ 2m for in-
teraction of unpolarized light.

2 2 ]1/2m pE'g (Al)

(k) — k2 [4g2P2(k 2+k 2)+4g2P2k 21

2m 2m x y z
mp mp

point gives the following mirrorlike energy-momentum
dispersion relations for the conduction (c) and the valence
(U) bands:

& (k) k2+ [4g2P2(k2+k2)+4g2P2k2
g2 1

C 2m i x y z
mp mp

3

J,„(~)= e(E2 '~2 )1/2
8~2X3P'p

II

(A9)

It should be noted that Eq. (A9) holds only for mirrorlike
nonparabolic energy bands in the strict two-band approx-
imation. If the contribution of far bands is included up
to the order of k, then the "effective" momentum matrix
elements Pll and P~ have to be modified correspondingly
as traditionally used in the literature. "

APPENDIX B: THE EVALUATION
OF THE INTERBAND MATRIX ELEMENTS

The IV-VI semiconductors have their fundamental en-
ergy gap at the L point of the Brillouin zone. From this
reason their band-edge wave functions are valley degen-
erate. The basis functions at the L point of the Brillouin
zone in the notation of Mitchell and Wallis are related
to our notation by

2 2 ]1/2
mph (A2)

The transition energy between the valence and conduc-
tion bands corresponds to the photon energy (obeying
momentum conservation k, =k, =k):

@=A'co=@,(k) —e, (k)

IL&za& = —sin8 IZ1' &
—cos8 lX+ 1 &

= IC1 &,

IL6~P&=stn8 IZl &
—cos8 lX t &

—ICl &,

lL6+, a & =i cos8+ lR 1'
& +sin8+ lS+ 1 &

=
I Vt &,

lL6+, P & =i cos8+ lR $ & +sin8+ lS 1 &
=

I V$ & .

(BI)

(B2)

(B3)

(B4)

(4g2p2k 2 +4g2p2k 2+~ 2 &2 )
1/21

II z P gmp

This can be rewritten as

(A3)

k k
+ 1

a b
(A4)

which reflects the ellipsoidal shape of the constant energy
surface in k space with principal axes a and b:

2mp
a (~2 ~2 )4X2p'

2mp
b = (e —e).

4X2p'
(A6)

II

The quotient a /b corresponds to the mass anisotropy
of band-edge masses m~/mII at the L point of the Bril-
louin zone. The diff''erential volume dVk in k space be-

ICt &, IC& &, IVI &, I VS & denote conduction- and
valence-band spin-up and spin-down states in our nota-
tion. The other symbols are convenient for the L-point
symmetry (D3d ) and are explained in Ref. 32. We evalu-
ate the interband transition matrix elements for two
specific valleys of a IV-VI semiconductor epitaxial layer
with surface normal along [111]: (i) the longitudinal val-
ley oriented along the unprimed z axis parallel to [111],
(ii) the oblique valley oriented along the z' axis parallel to
[111]. The light is incident in the [111]direction with
polarization vector e in the x,y plane of the unprimed
coordinate frame (Fig. 11). We shall average finally over
all azimuth angles y of the polarization vector e to obtain
the transition matrix elements for unpolarized light.
Without specifying a certain polarization direction, the
remaining oblique valleys oriented along [111]and [111]
have the same interband transition probability as the
[111] oblique valley. a=70. 53 is the angle between
[111]and [111],and 0 is its complement to 90'.
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The basis functions of Eqs. (81)—(84) are correct only
in the individual coordinate frame of a certain valley
(possessing a longitudinal and transverse principal axis).
Therefore, the polarization vector has to be projected
onto the coordinate axes of the corresponding valley:
(i) for the longitudinal valley

e =(e,e, e, ) = (sing, cosy, o); (85)

(ii) for the transverse valley,

e'=(e', e~, e,') =(sinter, cosa cosy, sina cosy)

= ( sing, —,
' cosy, &8/3cosy ) . (86)

By selecting the proper coordinate frame, the square of
the interband matrix element for both valleys is expressed
by the same formula (if e of the longitudinal valley is re-
placed by e' for the oblique valley):

l&cle.p,„(0)lv&l = g l&c;le p,„(0)lv &I'.
J~J= 7l

(810)

(87)
From Table I of Ref. 32, the set of matrix elements can
be evaluated in the following way:

& Cl le.p.„(0}lvt' & P (88)

&Cfle p,„(0)IVI&=P (e„+ie ), (89)

& C 1 I

e.p,„(0)I Vt & =PJ (e„—ie, ),
& c& le.p,„(0)lvl & (811)

Replacement of e, e, and e, by the primed expressions
of Eq. (86) yields the corresponding transition matrix ele-
ments for the oblique valley. The total matrix element is
the sum over the longitudinal valley and three times over
the oblique valley (in the specific case of unpolarized exci-
tation), which can be evaluated in a straightforward
manner using Eqs. (88)—(811)and by selecting the corre-
sponding type of valleys:

long oblique

& e p,„(0)l &„,»,„,= g I & C; le p,„(0)I
v & I

+3 g I & C; le p,„(o)I
v & I'

i,j=il ij =f$

2P2+3( sP2+ iPP2) s(2P2+P2)
II 9 ~ 3 ~ il

(812)
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