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The influence of the positron distribution and electron-positron interactions on the momentum density
p(p) of annihilation quanta in real metals is discussed on mathematical grounds. We show that in simple
metals, neither the assumed form of the positron wave function nor state-independent electron-positron
correlations can change appreciably the shape of p(p) inside the central Fermi surface. The role of
momentum dependence of two-particle correlations is set forth. For localized electronic populations,
this property does not occur: both the form of the positron distribution and the locality of correlation
effects have a crucial influence on the resulting momentum density p(p). The same features have the um-

klapp components for delocalized electrons.

I. INTRODUCTION

The angular correlation of positron 2y annihilation ra-
diation (ACPAR) technique has been established for
studies of the electronic structure of materials, particular-
ly for electron momentum spectroscopy.! In solids, how-
ever, due to strong electron-positron correlations as well
as to the deviation of the positron distribution from the
uniform one, the electron momentum density (EMD) in
the material investigated, p°(p), differs from the momen-
tum density of the 2y annihilation quanta p*"(p) (whose
one- and two-dimensional projections are provided by the
ACPAR  experiment) by a  factor  &?(p)
=p*"(p)/p%p). In the present work we focus our atten-
tion on the momentum dependence of this function.

Recently there have been theoretical studies of the
influence of the positron distribution in the lattice on the
resulting positron-annihilation characteristics.> This
effect is well described by the function &®M(p)
=p"™(p)/p“(p), where p'™ is the momentum density
obtained within the independent particles model (IPM).
The features of e'™(p) and £2(p) for electronic popula-
tions of various degree of localization are discussed on
mathematical grounds in Secs. IT and III of this work.

A series of papers in the field is devoted to determining
enhancement factors £ (p)=p?"(p)/p"™(p) in jellium,’
in real metals,* 8 as well as from experiment.’ This func-
tion provides information about electron-positron corre-
lations (cf. Sec. II). The role of the momentum selectivity
of two-particle electron-positron correlation functions is
discussed in Sec. III.

In theoretical calculations of p**(p) [or £ (p)] in real
metals various approximations to electron-positron in-
teraction effects have been used. One group of papers is
based on the ladder approximation to the electron-
positron Green’s function. Other approaches use the
average electron density’ (AED) or local-density approxi-
mations®”® (LDA), both based on the results for
j1 (P, 75) obtained within the jellium model® for various
electron density parameters 7;. In Sec. III we show on
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mathematical grounds that for nearly parabolic electron-
ic bands j, results for correlation factors €°°(p) are very
close to corresponding characteristics obtained within the
AED.’ Practical applications of this result are presented
in Ref. 10 (paper II of this work), where the electron den-
sity parameters describing correlation effects for valence
electrons in simple metals are calculated within the LDA.

According to recent theoretical and experimental
works,¥®>7®) for more localized electronic populations
the influence of the positron model on the resulting shape
of €°°(p) is not negligible. This fact is in agreement with
expectations: for more localized electrons, the nonuni-
form positron distribution changes the shape of p'™(p)
and therefore €°°"(p). In contrast to the “experimental”
factor e227(p) as well as theoretical ones €%”(p), €™ (p),
and EIPMP(p), the experimental characteristic egfp,(p)
=p2l(p)/p*(p) does not depend on the assumptions
about the positron wave function. For this reason
eg,{’p,(p) seems to be more reliable than egy(p) and we
would like to recommend it here. It should be noted here
that in a series of experimental works [cf., e.g., Refs. 7(b),
8(b), and 8(d) of Ref. 10] as well as in theoretical calcula-
tions for jellium, €™ is in practice replaced by 27, ac-
cording to the assumption eM(p)=1 [or
pIPM(p)=6(EF-—Ep), where © and E are the Heaviside
step function and Fermi energy, respectively]. In Ref. 10
we discuss the methods of determining egi(p) from
“‘coarse” positron-annihilation data.

II. BASIC FORMULAS

The EMD, which is an important characteristic of the
electronic structure in the material investigated, is given
by the formula

e _ 1 R —ip:(r—r,) .
pUpI= (i) fn fne VG, (rt;r,t )drdr,
—_ 1 ; —ipr, e 2
—Ezi‘,n(t)‘ fne Pryi(r)dr | , (1)
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where (1 is the volume of the unit cell and »n (i) denotes
the occupation number of the electronic state i. G, and
Y; are the electron Green’s and wave functions, respec-
tively.

Positron-annihilation apparatus measures one- or two-
dimensional (1D or 2D, respectively) momentum proba-
bility distributions

N(p,)= X f fdpxdpyp "(p) (2a)
J
mr c —ip(r—r,
pZV(p)— 0 zf f ! )G p(TE, 1851t tort
7Tr(2)c Y#(r,r)

f e ip rlpe

) | ¥4 (r)

Yi(r)- . (r)
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and

Npop)=5 [ do,o™(p) . (2b)

The unnormalized momentum density of the 2y annihila-
tion quanta (partial annihilation rate) is given by the for-
mula [cf., e.g., Refs. 1(c) and 3(b)]

*)drdr,

2
> (3a)

where r, and c are the classical electron radius and velocity of light, respectively. The constant which normalizes N(p,)

and N(p,,p,),

A= fp

plp=mric(—i) f dr G, (rt,rt; e, "

S n(i)lyen)|?

i

=7ric fn drly . (r)]?

is the total annihilation rate related to the positron life-
time 7 as A=1/7. G,, in Egs. (3a) and (3b) is the zero-
temperature  electron-positron  Green’s  function,
Yi?(r,,1,) denotes the pair wave function of the electron
in the initial state i located at r, and thermalized positron
atr,, and ¢, is the positron wave function.

The quantity p®’(p), which can be determined by
ACPAR, differs from the EMD by a momentum-
dependent factor

e (p)=p*"(p)/p“(p) .

For this reason, in practical applications of ACPAR data
to investigations of the electronic structure of solids, first
of all the knowledge of £?"(p) is necessary.

In quite a few works the studies of p?”(p) are limited to
the IPM. Within the IPM electron-positron correlations
are neglected, i.e., one assumes y{(r,,r,)=vi(r, )¢ (r,)
(G,,=G,.G,). In this case Eq. (3a) leads to well-known
IPM ACPAR formula

(3¢)

p™M(p)= ﬂ;fc 2 nl Ty, (ndr |
(4a
The corresponding factor
e!™M(p)=p"™M(p)/p%(p) (4b)
and the IPM annihilation rate
AIPM — f pIPM(p)dp
=mric fﬂdrl¢+(r)|22n(i)|¢$(r)12 (4c)

Yi(r)-¢ . (r)

e(r,r) |
yinr ‘ (3b)

provide information about the influence of the shape of
the positron wave function on the resulting ACPAR
spectrum [cf., e.g., Refs. 2, 6(d), 6(e), and 11] and positron
lifetime.®

The function £*(p) reads as the product of £ (p) and
¢"™(p). The enhancement factors (most often investigat-
ed in theoretical and experimental works)

PM(p) (5a)

COl’l"(

e (p)=p*"(p)/p

and

ycorrzk/klPM (5b)

describe electron-positron correlation effects, as schemat-
ically shown in Fig. 1. It should be stressed here that due
to normalization constant A appearing in formulas (2a)
and (2b) for experimental curves N(p,) or N(p,,p,), nei-
ther ezfpt(p=0) nor egn(p=0) are extractable directly
from 1D or 2D ACPAR data. The only available func-

tions are e (p )/egl’pt(O) and eRL(p)/eqn(0) [cf. also

Ys

4+ -
e-e
correlations.

EMD p%(P) pIPM (B) 027 (B)

8(301"(3)

FIG. 1.
momentum density of annihilation pairs.

Scheme of relation between EMD and studied
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Eq. (3)]. The quantities £2,(0) and $37(0) may be deter-
mined if the positron lifetime 7=1/A is known together
with the full shape of the ACPAR spectrum.

Positron and unperturbed electron wave functions
(Green’s functions) used in Egs. (1), (3), and (4) may be
obtained within standard band-structure calculations. It
is not so with functions ¢ (or G,,) of Egs. (3a) and (3b).

For determining G,, or the respective correlation factors
Fio) =9, 0)? /[0y, (0], (6)

in real metals, various approximations have been used,
leading to alternative results for e (p) (Refs. 4-7) and
A (Ref. 8). Of particular interest is the LDA developed in
a series of papers.®”® Within the LDA the functions
fi(r) are approximated by correlation functions in jellium
of local electron density characterized by the parameter
r.(r), i.e.,

fl_LDA(r):gjcg{f[K(Ei,r),rs(r)] > )

where E; is the energy of the initial electronic state i and
k is chosen in various papers in different ways.

It should be noted here that, if within the LDA, f,(r)
is assumed to be independent of r [i.e., fFPA(r) is approx-
imated by eji"(E;,r" ), where 1 is some effective electron
density parameter], the approach reduces to the average
density approximation

PRen(P)= 3 € By o™ (p) ®
kj

where k and j are the electron momentum in the reduced
zone scheme and band number, respectively, and momen-
tum p represents k in the extended zone scheme. When
the state selectivity of f;(r) is neglected [i.e., f;(r)
=g(r)], as in Ref. 7, we get

p*7(p)=a-pi™(p),

where p!*™(p) is the IPM momentum density obtained
according to Eq. (4a) with another positron wave function
Y (r)=1v,(r)g(r)""?a~'? [the normalization constant a
is equal to [g(r)[¢,(r)|’dr]. The enhancement factor
Ezy(p) reduces in this case to an IPM one, aellpM(p), for a
positron wave function ¥'(r). In an electron gas,
characterized by r,(r)=r}, this approximation leads to
the momentum density of the IPM shape, i.e.,
p*Y(p)=ap™(p), giving e (p)=a. For delocalized
electronic populations in real metals the same feature
occurs for momenta p less than the Fermi momentum
pp, %1l a5 proved in Sec. III. This behavior of
p*7(p) shows that a great deal of caution is necessary
when the dependence of two-particle electron-positron
correlations on the initial electronic state is neglected in
the ACPAR formula (3a).

III. ELECTRON-POSITRON
ENHANCEMENT FACTORS
FOR VARIOUS ELECTRON POPULATIONS

In this section the influence of the positron distribution
as well as of the local correlation effects f;(r) on the re-
sulting momentum density p?”(p) is discussed. Let us
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take into account the contribution of jth band of elec-
tronic Bloch states

Uiy (D= =" [ 3 uy (GO (9a)
G

to the EMD and p*"(p). Here G denote the reciprocal
lattice vectors, and momenta k are in the first Brillouin
zone (1BZ).

Due to normalization of ¢;(r), coefficients u,; satisfy
the equation

3 luy(G)P=1. (9b)
G

Let us mention here that for any chosen state k;j there ex-
ists at least one reciprocal lattice vector Gy; such that
luyj(Gy;)| = |uy ;(G)]. Moreover, for any fixed momen-
tum p in the extended zone scheme (i.e., fixed G*, such
that k=p—G™* € 1BZ) there is at least one state kj* such
that

‘ukj*(G*)| > Iukj(G*)| .

For our analysis of annihilation characteristic it is con-
venient to check how the electronic density for momen-
tum p,

pp=k+G*)= 3 n(kj)lu,;(G*)|?
J
- 1ukj*(G*)|2
2
ukJ(G*)
U, +(G*)

>

X [n(kj*)+ 3 n(kj)

J#i*
(10)

changes after perturbing functions ¥§; by the correspond-
ing functions

ij(r)'__d’ﬁlj'(f,r)/l//ﬁj(")=¢+(r)[fkj(r)]l/2 .

The correlation functions fy;(r), given by Eq. (6), and the
positron wave function ¥, (r) are periodic in the lattice.
Thus the functions Xx;(r) are also periodic'? and they
may be expanded into the Fourier series with respect to
reciprocal lattice vectors G, i.e.,

X (D=3 hy ;(G)eiOT .
G

(11a)

(11b)

We would like to stress here that, except for the IPM
case, Xx; should not be understood as the wave functions;
beyond the IPM Y ;(r) is not normalized to unity, due to
correlation effects. Also the function ¢§‘}(r,r), treated as
a function of only one variable r, cannot be considered as
the eigenfunction of any one-particle Schrédinger equa-
tion, as was assumed incorrectly by Yongming et al.!
Indices (kj) in xy;(r) are referred to the initial electronic
states in the host material.

Introducing Xy ;(r) we generalize the problem present-
ed in the preceding section: if y,; is approximated by the
positron wave function ¢, (r) [fy;(r) is assumed to be
equal to 1], we study the density p'*™(p); for
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Xx;j(r)=1,(r) [g(r)]'”? [fx;(r) does not depend on kj]
we have the case of state-independent correlations used in
several works;® 8 if no approximations to Xi; (1) [f;(r)]
are made [cf. the expression in square brackets on the
right-hand side of Eq. (3a)] we get exactly p?"(p). It
should be noted here that this formalism goes beyond the
LDA, as, in general, no assumptions about the functions
Xi;(r) [fi;(r)], except their periodicity, are made. In
practice, however, the pair correlation functions

fkj(r)=2ij(G)eiG'r (11¢)
G

behave regularly with respect to the electron density

<const|N,(G)/N,(0)| for any G#0. Moreover (see the
Appendix),

ij(l'=0):0 .

According to Egs. (3a), (6), (9a), and (11b), we can
define the ‘“generalized” momentum density p(p=k
+G*) (cf. also theorem on the convolution),

plk+G*)= 3 n(kj) | Suy;(H)h ;(G*—H) |?
j H

=3 n(kj)luy;(Gy;)I?
J

X | (G* =Gy )I* [1+alkj,G*)|?

ng(r)= 3 n(HYir)|>= 3 N, (G)eCT, (11d)

i G (12a)
ie, |V,f(r)|<const|V,n,(r)] for any r in the where H denote the reciprocal lattice vectors, and the
unit cell or, alternatively, |Fy;(G)/F, ;(0)]  functions

J
ukj(H)

a(k]yG*):[hkj(G*_ij)]fl 2 hkj(G*"‘H)

H#G,

are dependent on the initial electronic state kj (through
uy;) and may take positive or negative values, depending
on the band number j and reciprocal lattice vector G*.
The constant 7rc, appearing in the definitions of p**(p)
[Eq. (3a)] and p'""™™(p) [Eq. (4a)], is omitted in the formula
(12a) for convenience.

Let us consider two cases: nearly free and localized
electronic populations.

A. Nearly parabolic electronic bands

As follows from band-structure calculation results, the
nearly free electron (NFE) model is quite reasonable, e.g.,
for valence electrons in simple metals (Al, Mg, and alkali
metals). Except for the states close to the Brillouin-zone
boundary, there is only one “leading” term in the Fourier
representation of y;(r), |u,;(G)|, and the other (um-
klapp) components are very small [cf. Egs. (9a) and (9b)].
This means that for any chosen state kj (excluding those
on the BZ boundary) there is only one reciprocal lattice
vector Gy; such that

lu; (G| >>luy (G| for G#Gy, (13a)

Prre(P=k+G*)=u, +(G*)[h (0 |1+ 3 |Bkj,G*) |,

it
where
kj(G*_ij) ukj(ij) hkj(O)

h
Bkj,G*)=n(kj) )

ukj(ij)

4y ;+(G*) by s (0)

(12b)

and for any fixed momentum p=k+G* there is only one
state kj* such that

|ukj,.,(G*)] >>|uy;(G*)| for j#j* . (13b)
Relations (13a) and (13b) clearly imply that
ij*=G* » Gy #G* for j#j* . (13c¢)

For momenta p inside the central Fermi surface (FS) the
state (p—G*,j*) is occupied, while for p outside the FS,
n(p—G*,j*)=0.

We shall start our studies of p(p) and &(p) for momen-
ta p inside the FS. For any fixed momentum p&FS

n(k=p—G*,j*)=1. (13d)

According to condition (13), p°(p) [Eq. (10)] and p(p)
[Eq. (12)] can be approximated by (cf. the Appendix)

prrE(P=k+G*)=|u, «(G*)? (14a)

and

(14b)

(14¢)
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Since the umklapp components of p{pe(p) inside the FS
are small, the contribution of one band dominates, i.e,
pire(k+G* )%p;*(k-i—G* ). pnre(p) has similar proper-
ties, as shown below.

Equation (14b) is based on the assumption that, within
NFE, functions a(kj*,G*) and a(kj,G*) are negligible
in comparison with unity. On the other hand, we should
remember that although a are very small, they are not
exactly equal to zero in real NFE metals. These quanti-
ties, obtained within the LDA on the basis of band-
structure calculation results, are presented for some of
the simple metals in Ref. 10. As can be seen in Fig. 2 (cf.
also Ref. 10), the approximation a(kj,G*)=0 is quite
reasonable.

It should be noted here that if the whole FS is con-
tained inside the 1BZ (as takes place, e.g., for all alkali
metals), the only occupied band is j*=1, i.e., n(kj)=0
for j7j*. In this case pype(p) and the corresponding

enhancement factor (p) for pEFS reduce to (G*=0)
prE(p=k)%|ukj*(0)|2 |hkj*<0)|2 (15a)
and
SNFE(p=k)’£]hkj*(0)|2 . (15b)

If the functions x,;(r) are independent of the electron-
ic state kj [the case of IPM (Ref. 2) and fy;(r)=g(r) (Ref

-
~

-
N

€(p)/€(0)

X p(mrad)

FIG. 2. Relative enhancement factors in Mg and Na inside
the central Fermi surface. €°"(p) obtained within LDA for
SEPAr)=¢€0,r(r)] and €§[E,;,7,(r)] are presented by
dashed and solid lines, respectively. £™(p)/e*M(0) is almost
the same as state-independent €°°"(p)/e“°"(0). The results are
based on LMTO-ASA band-structure calculations [Refs.
6(d)-6(f)] where the values of £{5"(p,r,), applied locally in f-PA,
were taken from Ref. 3(h).
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7], i.e., Xkj(r)=x(r), the enhancement factor

SNFE(p)EIh(O)P (15¢)

does not depend on the momentum either. This fact is il-
lustrated in Fig. 2, where two relative enhancement fac-
tors elPM(p)/e®M(0) and €X"(p)/eT(0), obtained
within the LDA for y,; independent of the electronic
state kj, calculated for valence electrons in Na are
presented by a one dashed line. It should be noted here
that our theoretical considerations deal with £'"™(p) and
e?7(p)=¢e"™(p)e*(p) only, because both these quanti-
ties describe the change of the momentum density with
respect to EMD. Since within NFE EMD and IPM
momentum density have the same form inside the FS, i.e.,
puM(p) differs from p§rp(p) by a constant factor
|, (G=0)|? [cf. Eq. (15a)], the features of the corre-
sponding correlation enhancement factor e{fs(p) may be
identified with properties of eXg(p).

It should be noted here that, as explained in Sec. II, the
relative enhancement factor &(p)/e(0) only is extractable
from experiment. In our case eypg(p)/enpp(0)=1 up to
the Fermi momentum. For this reason studies of
influence of the shape of the positron wave function or
state-independent correlations on the resulting shape of
ACPAR spectrum for valence electrons in alkalis do not
seem to be very instructive.

Let us consider the NFE metals in which the Fermi
momentum is outside the 1BZ (cf,, e.g., Al and Mg). It
should be noted here that for correlation functions f;(r)
which behave regularly with respect to the electron densi-
ty, i.e., for |F,;(G)/F,;(0)| <const|N,(G)/N,(0)| [this
case includes IPM and LDA; cf. Eq. (7)], we have

|hEPA0)] >> [hPAG70)]

(16a)
|ukj(ij)|/|ukj*(G*)|zl ,

and
|h{;}3A(0)|2/|h:j'.?,A(0)l2 <2

for any k, j, and j* [according to any of calculations per-
formed for jellium,’ gl (Prp) /€ (0)<2]. In this case
the factors B(kj,G*) in sum over j#j* on the right-
hand side of Eq. (14b) are small and the whole sum can be
neglected. The corresponding momentum density and

enhancement factor are given by

Prre(P=k+G*)=|u, «(G*)]* b, «(0)]? (16b)
and Eq. (15b), respectively. So, remarks concerning
momentum dependence of €(p) in alkali metals remain
valid for Fermi momentum beyond the 1BZ (see enhance-
ment factors in Mg presented in Fig. 2).

It should be stressed here that calculations of electron-
ic structure in Na and Mg have been performed within
linear-muffin-tin-orbitals—average-spheres approximation
using self-consistent potential parameters.®9"%¢) As can
be seen, our general considerations are confirmed by
practical applications of real band-structure results. The
small deviations of el*M(p), £2%"(p), and €2%(p) from a
constant value, occurring at the BZ boundary in Mg, can
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be attributed to nonzero values of B(kj,G*), which
change at this point. In Ref. 10 the effects coming from
functions a(kj,G*) and B(kj,G*) are discussed in detail.

As can be seen in Egs. (15a), (15b), and (16b), the as-
sumption on the state dependence of functions xy;(r) is
of vital importance in studies of momentum density of
annihilation quanta coming from nearly parabolic
valence bands inside the FS. Neither ¢, (r) (Ref. 2) nor

RREP=k+G*)= | [ (e K(E, v /Ep,1)

COIT
= f €l [

kj* /Egp,1),r (1)

which is similar to the expression
ec(p=k+G*)= [ e[E w* /Epsr(D]lg (r

proposed by Chakraborty®® with AED. Here
r(r)=[4mn,(r)/3] /3. From the theorem on the aver-
age value for integrals we get

ekRR(k+G*) =S [E, + /Ep,r, (D],

)%dr ,

which for given momentum p determines the effective
electron density r;°"=r(¥). The question is how far
r(T¥) is common for all momenta p inside the FS and
whether the corresponding factor y°°™ in real metals is
equal to its analogs obtained within the model of jellium?
of the same density yi"[r,(T)]. If so, the AED would be
a great advantage in the studies of EMD by positron an-
nihilation; knowing only A, /A'M in reals metals, we

would be able to determine the effective electron density

r&™ from the equation kva,/kf,';}“:yfﬁ]"( o) and
read the EMD directly from p "(p) as p%p)

=p*(p)/e € (p,rs°™") without performing laborious cal-
culations of individual electronic wave functions. The
problem of applicability of AED in simple metals is dis-
cussed in Ref. 10.

The role of the state selectivity of Xx;(r) is illustrated
in Fig. 2, where €73;"(p), calculated within the LDA [us-
ing €i"(p,r;) obtained in Ref. 3(h)], presented by a solid
line, are compared with enhancement factors following
from the state-independent correlation function and from
IPM (both denoted by the dashed line).

Let us now focus our attention on momenta p outside
the FS. For momenta |p| greater than the Fermi momen-
tum |pgl, n(p—G*,j*)=0, where p—G*€E1BZ,

+=G* and j* is given by relation (13b). In the ex-

j
pression (10) for p*(p), n(kj*) vanishes, and the sum

PRre(P=k+G*)= 3 n(kj)lu,;(G*)|?,
it

p&FS,

(17a)

where G*#G,; for j#j* either vanishes (it happens,
e.g., for p€ 1BZ if py is inside the 1BZ) or is very small
[cf. Eq. (13b)]. The amplitudes |u,;(G*)| for j#j* are
very small as well, and generally no leading term in the
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state-independent correlations g(r) (Ref. 7) should
change visibly the shape of p2%(p) with respect to p¢,(p)
and p*M(p) inside the FS in simple metals. The corre-
sponding parts in experimental curves differ from p$,,(p)
or pf,};,M(p) only because the two-particle correlations are
state selective.

Within LDA the enhancement factor (15b) inside the

FS reads as

ro(r)1} 2P, (1) dr |’

]I¢+(r)|2dr ’

[

sum (17a) can be separated. The momentum density is

equal to [see Egs. (14b) and (14¢)]
prre(P=k+G*)=|u, «(G*)[* [, «(0)

X 3 IBkj,GI?,
it

p&FS . (17b)

The resulting enhancement factor is either not determin-
able [if p{pe(p)=0] or its momentum dependence is
difficult to predict. Even if x,; are not dependent on the
state kj (e.g., within IPM), functions u,;(G*) are [while
n(kj) switches from unity to zero at k], and the
momentum dependence of the resulting enhancement fac-
tor for momenta p outside the FS is observed [in these re-
gions in which €(p) is well defined, i.e., p*(p)#0]. So, for
p outside the FS it is more convenient to consider p;(p)
and €;(p), i.e., high momentum components (HMC) of
individual bands j, instead of p(p) and e(p).

B. High momentum components of annihilation characteristics

We would like to point out that all considerations of
this section are general and conclusions should be limited
neither to NFE nor to LDA. None of approximations of
Sec. IITA is applied here. This means that our con-
clusions should be valid also for true correlation func-
tions fy;(r). For real metals these quantities have not
been determined by the theory up to now.

The contributions of individual occupied bands j to
p(p) and €(p) are given by

p5(k+G*)=n(kj)|uy,;(G*)|? (18a)

and the corresponding enhancement factor for the occu-
pied state kj [cf. Egs. (12)]
ukj(ij) 2

e, (k+G*)=|h, (G*—Gy,)|?
j I kj kj I ukj(G*)

X |1+ a(kj,G*)|?

In the band j+j* (in which the state kj is occupied)
k+Gy,; is responsible for the leading term in p(p) inside
the FS, while k+G*#k+Gy; provides HMC of these
quantities.

In a series of theoretical works* devoted to the problem

(18b)
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of electron-positron interactions in the lattice potential,
the behavior of HMC in comparison with electrons inside
the FS is studied. For this purpose let us define the ratio

(ki G*)= e;(k+G*)
RS g, (k+Gy,)
_ th(G*_Gk_’) “kj(ij) 2
hkj(o) ukj(G*)
X|1+8(kj,G*)|?, (19a)
where G*#Gy; and

alkj,G*)—a(kj,G,;)

8(kj,G*)=——7 Aaudd (19b)

1+a(kj,Gy;)

The factor n(kj,G*) describes the ratio of enhancements
of the HMC and the main component of p(p) inside the
FS. Effects n(kj,G*)>1 and n(kj,G*)<1 are usually
called overenhancement and de-enhancement, respective-
ly.

The formalism of Ref. 4 leads to the de-enhancement
effect only. On the other hand, according to LDA
results,®4>®¢) both de-enhancement and overenhance-
ment of HMC are observed in real metals. As follows
from Eq. (19), for the chosen vector G* the value of ratio
n(kj,G*) depends on (i) the degree of localization of
functions x,;(r) and ¢;;(r) [i.e., for which the Fourier
transforms 4, ;(G) and u,;(G) are faster convergent to
zero with respect to the reciprocal lattice vectors G ]; (ii)
the band number, which determines the vectors G,; and
G*—Gy;; and (iii) the sign of 8(kj,G*), which deter-
mines whether the value of the second modulus is greater
or smaller than unity.

We would like to stress here that the factor n(kj,G*)
depends on the electronic state kj even if 4,; does not
(IPM and state-independent correlations’), as amplitudes
uy; depend on kj. Also the enhancement factor
e(k+G*) appears to be strongly dependent on the
momentum in the case of HMC.

The behavior of HMC enhancement factors £;(k+G*)
in Mg is presented in the extended zone scheme in Fig. 3,
while the detailed discussion of these results is given in
Ref. 10. It should be noted here that our general con-
siderations about over- and de-enhancement of HMC are
consistent with results obtained within IPM by
Sormann®® (see also Refs. 10 and 11). Even the fact that
neglect of the anisotropy of ¥, has only weak influence
on the nearest HMC [Ref. 2(b)] is confirmed by our
theory.!°
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FIG. 3. (a) Enhancement factors e™(p) (solid line) and
£°"(p) (dashed line) along the [100] direction [Ref. 6(e)] in Mg
for momenta p outside the Fermi surface. For momenta around
G, the contribution from the third band dominates in p(p), i.e.,
p(p)=p;(p) and e(p)=¢,(p). Outside this region p(p)=p,(p)
and, accordingly, e(p)=¢,(p). (b) The same as in (a) but for
p(p) and p*"(p) drawn by solid and dashed lines, respectively.

C. Localized electronic populations

For localized electrons (e.g., those from localized d
bands, in the rare-gas core, at the metal vacancies, or in
the near-surface region), in the Fourier representation
(9a) of ¢4;(r) more than one of the amplitudes |u,;(G)|
are of considerable magnitude, much higher than zero (in
contrast to NFE, where only one term was much higher
than the other ones). The number of terms u,;(G) which
should be taken into account in the sum over G in the
normalization condition (9b), as well as in p*(p) [Eq. (10)]
and p(p) [Eq. (12)], depends on the degree of localization
of electronic state kj. The sum over j#j* in (10) and
a(kj,G*) in (12) cannot be neglected, in contrast to the
NFE. The resulting enhancement factor

e(k+G*)= [Zn(kj)‘zukj(ﬂ)hkj(G*—H) H/ [zn(kj)\ukj(G*W (20)
H J

J

depends on the momentum p=k+G™* even if 4, are state independent, both for p inside and outside the FS. For ex-
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ample, let us assume that for the occupied state kj* only two terms u, .«(G*) and ukj*(G**) (G**#G™*) are not negli-
gible in (9a) [i.e., |ukj*(G* )2+ |ukj*(G**)[2%1], and the other amplitudes are close to zero. Even if ,; is state in-
dependent [i.e., #,;(G)=h(G)], the corresponding enhancement factor in the band j*, equal to

ex(p=k+G*)=|h(0)+h(G*—G**u +(G**)/u, «(G*)I*/|1+u, «(G**)/u, (G,

depends on the momentum p, as the ratio ukj*(G*)/
Uy (G**) is momentum dependent.

Thus, for more localized electronic populations the
influence of the positron wave function and local state-
independent correlations can have a considerable effect
on the resulting annihilation characteristics. This fact is
confirmed by calculations of p(p) and &(p) performed for
core electrons,? d electrons,”® or at the metal surface.'*

For strongly varying electron densities (e.g., at the ion-
ic cores or in the near-surface region) the state depen-
dence of )(IIZPA(r) is much less pronounced than their po-
sition dependence and therefore x;;(r) may be approxi-
mated by its average over electronic states kj. For less
localized electrons (d electrons), however, neglecting the
state dependence of X, ;(r) is not recommended. Features
of the enhancement factors for localized electrons are
similar to those for HMC: they are strongly momentum
dependent and their behavior is difficult to predict.

IV. CONCLUSIONS

This paper is devoted to theoretical studies of the
momentum dependence of electron-positron enhance-
ment factors for various electron populations in metals.
Applications to simple metals are presented in the follow-
ing paper (Ref. 10).

Our attention has been focused on the influence of the
positron distribution and electron-positron correlations
on the resulting annihilation characteristics. We have
shown on mathematical grounds that for delocalized elec-
tronic populations the only effect which visibly changes
momentum density p(p) with respect to the EMD within
the FS is the state dependence of two-particle electron-
positron correlations fy;(r). Neglecting this fact may
lead to misleading conclusions about the influence of the
positron model on the resulting enhancement factor
€°°(p) in simple metals or to an invalid interpretation of
correlation effects in nearly parabolic electronic bands.

In bands of NFE character the AED describes
electron-positron correlation effects reasonably well. The
main problem is connected with choice of correct elec-
tron density!® when real metal is approximated by model
of jellium. The approximation most often applied in
theoretical works is the average valence electron density
in the Wigner-Seitz cell. This way of determining the
effective electron density may be, however, risky even in
simple metals, due to the core electron contribution to
screening a positron. In the following paper (Ref. 10) we
present the effective electron density parameters, describ-
ing electron-positron correlations effects in simple metals.

The properties of HMC of e(p=k+G™*) are discussed.

The conditions necessary for observing overenhancement
and de-enhancement effects are pointed out. This effect
changes both with the band number and reciprocal lattice
vector G*. The behavior of HMC depends also on the
positron wave function and electron-positron correlations
under consideration. Outside the FS g(p) is found to be
varying function of momentum, even if IPM or state-
independent correlations only are taken into account.

For strongly localized electronic populations depen-
dence of electron-positron correlations on the positron
position may be more pronounced than their state depen-
dence. The momentum density p(p) is strongly
influenced by the assumed positron distribution in the lat-
tice (cf., e.g., the influence of the correlation potential
used in the positron Schrodinger equation on the result-
ing core enhancement factors®). Also the state-
independent correlations’ change appreciably the shape
of p(p) inside the FS. Neglecting the state selectivity of
two-particle correlations for less-localized electronic
bands is, however, not recommended.
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APPENDIX

Within NFE for pEFS the state kj* is occupied, i.e.,
n(k=p—G*,j*)=1, and |ukj(G*)|/|ukj*(G*)| << 1 for
jFj* [cf. Egs. (13b) and (13¢)], while n(kj)=0 or 1, and
the number of occupied bands j{n(kj)7O0] is finite. Thus
the sum over j5j* on the right-hand side of Eq. (10) is
small in comparison with n(kj*)=1, which leads to ap-
proximation (14a).

The functions ij(r=0), i.e., at the ionic core, are
equal to zero. This is obvious for the IPM, where
Xkj(r)=1v,(r), as the ionic potential V', (r)=Z/r at the
center of the atom is strongly repulsive and probability of
finding a positron at point r=0 is equal to zero. The
same result is obtained within the LDA, where

Xij (1) =1, (D) {efq"
as at the point r=0 the electron density is very high
[r,(r=0)=0] and &j3"(kj,0)=1. Beyond the LDA we
have to remember that fy;(r), given by Eq. (6), denote
the change of the density of electronic state kj on the
positron site, assuming that a positron is at point r. At
the center of the ionic core the electron potential
V_(r=0)=—Z/r is more attractive than the (un-

[kj,r (D)1}

’
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screened)  electron-positron  interaction  potential

Vep(r=0)= —1/r. At the extreme case the value of

Sf«;j(r=0) does not exceed the relative change of electron
density at the ionic core when the ionic charge changes
J

p(k+G*)=u, +(G*)?

n(kj*)lh, «(0)[1+a(kj*,G
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from Z to Z +1. The above density increases at most ten
times (cf,, e.g., Ref. 16). As a result, [x,,(r=0)
=1 (0)|[f1;(0)]"*<const|y, (0)| =0.

Equation (12a) reads as

*)'2

u  (Gy;) |2
+ 3 ki) [ =L by (G =Gy P+ alk)j,G*)I? | (A1)
j#j* ukj*(G )
Taking into account expansion (11b) and the fact that Xk;j(r=0)=0, we get the relation
G
From Eq. (A2) it clearly follows that
> hkj*(G*—H)%—hkj*(O) (A3)
H#G*
and
> h(G*—H)=—h;(G*—Gy;) . (A4)
H#G,
As a result [Egs. (A3), (13), and Abel’s lemma], the term
Uy +(H) Uy« (HD|
" hkj*(G*—H) < max " |hkj*(0)l<<lhkj*(0)]
H-G* ukj*(G ) H#G |ukj*(G )I
and the value [cf. Eq. (12b)]
la(kj*,G*)| <<1 (AS)

can be neglected in the first expression in the square brackets on the right-hand side of Eq. (A1). Similarly [Egs. (A4),

(13), (12b), and Abel’s lemmal, the expression

u,;(H)
la(kj,G*)| < max M <<
H~Gy; Uy (Gy;)l

(A6)

may also be omitted in Eq. (A1). As a result we get the NFE approximation (14b).
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