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Charge-density-wave instability in layered charged quantum liquids
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For boson and electron superlattices with a superlattice period d, analytical results for the local-field
correction are derived within the Hubbard approximation. A charge-density-wave instability is found
for a boson superlattice: r„~d' . r„ is the random-phase-approximation parameter r, at the charge-
density-wave instability. We discuss a recently proposed charge-density-wave instability in an electron
superlattice and find r„ccd.

Physical phenomena of the two-dimensional electron
gas in layered structures are discussed in the litera-
ture. ' Two-layer systems' and superlattices ' can be
realized in semiconductor heterostructures. A charge-
density-wave (CDW) instability in electron superlattices
for zero magnetic field and large magnetic field has been
considered recently from a theoretical point of view. Bo-
son systems represent a classic theoretical model system
and are, however, much less studied.

In the following we show that a boson and a fermion
superlattice at temperature zero is, at small density, un-
stable against the formation of a CDW. The ingredient
of our theory is the random-phase approximation (RPA)
with local-field correction (LFC). By calculating the
LFC for a superlattice we find that the static susceptibili-
ty of a superlattice is unstable below a certain density (or
a certain superlattice period). We present analytical re-
sults for the LFC and the critical boson density. A simi-
lar phenomenon has been discussed for electron superlat-
tices and we report an analytical expression for the insta-
bility point in electron superlattices. We also discuss the
implications of the approximation used in Ref. 3.

The particle-particle (electron or boson) Coulomb in-
teraction in a superlattice is given by the interaction po-
tential V(q, q, ) in the Fourier space. q is the two-
dimensional wave number. q, is the wave number in z
direction: —m/d + q, ~ n/d. One finds

2~e sinh(qd )Vq, q, =
q cosh(qd )

—cos(q, d )

The same expression was derived for a boson superlat-
tice.

The RPA parameter r, for the superlattice is described
as r, =1/mrna . a*=1/me is the Bohr radius. m is
the boson mass (or the electron mass). We use for the
Planck constant h/2~=1. We would like to mention
that our calculation is for superlattices with ideal two-
dimensional planes in the xy plane (no extension in z
direction).

The RPA expression, including the LFC G(q, q, ), for
the static susceptibility y(q, q, ) of the superlattice is

I

given by the susceptibility yo(q ) of the free two-
dimensional system (bosons or electrons) and the interac-
tion potential as

xo(q )
x(q, q. ) = 1+V(q, q, )[1—G(q, q, )]go(q)

(2)

The LFC takes into account short-range correlations in
charged quantum liquids and classical liquids. The LFC
leads to an improvement of the description over mean-
field approximations like the RPA [with G(q)=0]. The
LFC is most easily calculated within the Singwi-Tosi-
Land-Sjolander (STLS) approach. ' The Hubbard ap-
proximation for the LFC can easily be derived from this
approach. This has been demonstrated for a three-
dimensional electron gas' and a two-dimensional elec-
tron gas. " The LFC for a Bose condensate in two di-
mensions was discussed recently. ' We have formulated
the STLS approach for the self-consistent calculation of
the LFC for superlattices. The derivation and the numer-
ical results will be presented elsewhere. ' From this cal-
culation one can derive the LFC of a superlattice in Hub-
bard approximation in the same spirit as for the three- or
two-dimensional electron gas. The relevant wave number
in boson systems is diFerent from the one in electron sys-
tems. For electron superlattices the relevant wave num-
ber is the Fermi wave number kF. For the Bose gas it is
the screening wave number q, : q, =(8~N/a")'~ . a* is
the Bohr radius.

For a boson superlattice we find in the Hubbard ap-
proximation

cosh(qd )
—cos(q, d )

GH(q, q, ) =r,
[q~+q ]' sinh(qd )

with

XFH(q, q, ), (4a)

The free-gas susceptibility is diFerent for electrons and
bosons. For a Bose condensate one finds '

4rnN

q~+q, —sin(q, d )(q, /d )arccot[sinh[(q +q, )' d ]]F(, )=Hqqz=
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We note that FH(q, q, d=O)=FH(q, q, d=+~)=1. For
large d we get q, =0 and we find GH(q, q, )

=qr, /[q +q, ]'~, the Hubbard LFC for the two-
dimensional Bose condensate. For large wave numbers
we find GH(q ))q„qd )) l, q, ) =r, . One can show that
GH(q, q, d =~/2) & r, : GH(q &&q„qd && l, q, d =~/2)
=2r, ~ rr for q, d &(1 and GH(q &&q„qd && l, q, d
=rr/2) =r, ~ /q, d for q, d ))1. For small wave numbers
we get

2/3 2
GH(q «q, qd « l, q, d =sr)=r,

S

(5)

From Eq. (5) we conclude that GH(q ((q„qd &(l,q, d
=+~) increases with decreasing d.

The CDW instability occurs for I/g(q„q, d=vr) =0.
For I/y(q, -O, q, d =rr/2) no instability is observed.
One can transfer this condition to the plasmon-dispersion
relation co (q, q, ): co (q„q,d=m. )=0 defines the instabil-

ity point. The plasmon dispersion for boson superlattices
with G(q, q, )=0 was calculated in Ref. 7. With Eqs.
(1)—(5) we derive for the instability point
I /g(q, =O, q, d =~)=0,

xo(q)=I Ff(q) (7)

with f(q (2kF)=1 and f(q) 2kF) =1—[1—4k~/
q ]'~ . ' pF=X/Ez is the density of states at the Fermi
energy cF. X=kI;/2~ is the electron density. The two-
dimensional Thomas-Fermi screening wave number is
given by q, =2~e pF and does not depend on the electron
density.

The LFC in the Hubbard approximation for an elec-
tron superlattice is expressed as'

cosh(qd ) —cos(q, d )

GH(q, q, ) =—
2 [q +k ]'~ sinh(qd)

XFH(q, q, ), (8a)

For given superlattice period d one expects a Bose con-
densate for r, & r„and a CDW for r, )r„. For given r,
the Bose condensate is stable for d )d, and a CDW with

q, )0 is expected for d & d, .
For the free-electron gas in two dimensions the static

susceptibility is written as

r„=[d /a *] (6) with

q +q, —sin(q, d)(q, /d)arccot[sinh[(q +kF)' d]]F( )=H q~qz =

We observe that FH(q, q, d =0)=F~(q, q, d =+m) =1.
For large d we recover the result for the two-dimensional
electron gas:" GH(q)=q/[2(q +kF)' ]. For a large
wave number we find GH(q))k„, qd )) l, q, )=—,'. With

Eq. (8) one can prove that GH(q, q, d =a/2) (—,':
GH(q «kz, qd &( l, q, d =m/2) = I /n for kFd (& 1 and

GH(q &(kF, qd « l, q, d =w/2)=1/(2kFd) for kFd ))1.
For a small wave number we get for q, d =m.,

that Eqs. (6) and (10) should only be applied for r, (1:
d, /a* &1. We believe, however, that the trend of our
calculation is qualitatively correct even for r, ) 1. More
detailed results can be found in Ref. 12. Anyway, the dis-
cussed singularity occurs for every r, if d is sufficiently
small.

For a two-layer system with distance o. we use for the
susceptibility

1
GH ( q « kF, qd « 1,q, d = rr ) = (9)

xo(q )

1+ I V(q ) [1—G(q ) ]+V,2(q ) I go(q )

The CDW instability occurs for 1/g(q„q, d =~)=0;
no instability is found for 1/y(q, q, d =sr/2). This can be
shown with Eq. (8). For an electron superlattice one gets
I /y(q, =0,q, d =~) =0 for

r„=2'~ [d/a*+1] . (10)

We notice that the d dependence of r„ for an electron su-

perlattice r„~d is difI'erent from the one of a boson su-

perlattice r„~d / .
With Eq. (10) we find for r, = 10 and r, =20

d, /a *=6. 1 and d, /a *= 13.1, respectively. The critical
superlattice period found in Ref. 3 is very close to our re-
sult: d, /a *=5. 1 for r, = 10 and d, /a *= 13.5 for r, =20.
We conclude that Eq. (10) represents an analytical result
for the CDW instability in electron superlattices.

However, one should keep in mind that the Hubbard
approximation is not a very good approximation for
r, ) 1. The use of the Hubbard approximation implies

with V&2(q ) =2rre exp( —
qa ) /q and V(q ) =2ne 2/q.

G(q) is the LFC for the two-dimensional system. The in-
stability point for the two-layer system is defined by
I/y (q, ) =0. For q, =0 we find for the boson-two-layer
system

r„=[2a/a *]'" (12)

For the electron-two-layer system we get

r„=2'~ [2a/a*+1] . (13)

With Eq. (13) we find a, /a*=3. 0 (6.6) for r, =10 (20).
In Ref. 3 a, la*=3.3 (9.6) was found for r, =10 (20).
The 30% discrepancy for r, =20 might be due to the use
of the Hubbard approximation in our approach and
finite-width effects neglected in our theory. a, for two-
layer systems is smaller than d, for superlattices (for the
same density) due to the stronger interaction potential in
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superlattices: every plane in a superlattice has two neigh-
boring planes.

For the authors of Ref. 3 an expression of the LFC for
a superlattice was not available. Therefore, they made
the approximation V(q, q, )G(q, q, )= V(q)G(q). Within
this approximation they found g(q, q, ) =go(q)/[I
+ V(q, q, )yo(q ) —V(q )G(q )yo(q )]. We used the LFC for
a superlattice. In order to get analytical results we ap-
plied the Hubbard approximation. Indeed, one can show
that the two approaches for y(q, q, ) give the same results
for d„ if in both approaches the Hubbard expression
(r, (1) for the LFC is used. ' It is, however, unclear,
whether this is still valid for r, ) 1. Therefore, one might
argue that the work in Ref. 3 for r, ) 1 is not on a save
basis.

The CDW instability found in the theoretical frame-
work of Ref. 3 for electron superlattices must, from a
mathematical point of view, be considered as an artificial
instability: The authors did not realize that the LFC for
a superlattice is singular for small d and this is the origin
of the instability for q, d=+. We claim, therefore, that
we correctly calculated for the first time the CDW insta-
bility of a fermion superlattice.

For bosons we analyzed analytically the susceptibility
and found that the instability at r„occurs for a finite q,
in a two-layer system and at q, =0 for a superlattice. In
our analytical derivation we assumed that the instability
occurs at q, =0. However, even for the two-layer system
our analytical equations describe the instability point
quite well: The numerically determined instability point
r„was about 10% larger than the instability point de-
rived from our analytical equation.

Can the discussed instability be important in the real
world? Electron-two-layer systems' and electron super-
lattices ' are realized with semiconductor heterostruc-
tures. Boson superlattices might be an important model
system for high-T, superconductors (for a review, see
Ref. 14) and organic superconductors (for a review, see
Ref. 15). The possible importance of Bose condensation
in high-T, superconductors was demonstrated recently in
Ref. 16. In order to study the CDW instability we sug-

gest to measure the plasmon dispersion to~(q, q, d =rr) in
electron superlattices and in high-T, superconductors.
To the best of the author's knowledge such measurements
have never been performed.

For a three-dimensional Bose condensate a transition
to a Wigner crystal was predicted to occur for
r, ~-160. ' Theoretical results for two dimensions are
not available from the literature. We believe, however,
that at small boson density a transition to a Wigner crys-
tal can also be expected for boson superlattices. The in-
terplay between the CDW and the Wigner crystal for
electron superlattices was discussed in Ref. 3.

Before concluding we make some remarks on the
effects of disorder on the proposed CDW instability. Dis-
order could pin the CDW (Ref. 18) and a transition from
a superAuid Bose condensate to an insulating CDW
would occur. Recently a disorder-induced superAuid-
insulator transition was proposed for disordered boson
superlattices. The interplay between a (superfiuid or lo-
calized) Bose condensate and a (pinned or unpinned)
CDW is certainly very interesting. Similar remarks hold
for the electron superlattice. The interplay between the
CDW instability and the metal-insulator transition could
be very important in semiconductor superlattices.

In conclusion we have shown that a charge-density-
wave instability exists in a layered Bose condensate and
in layered electron systems for q, d=~. Analytical re-
sults for the density of this instability have been present-
ed. Essential for the instability is the existence of many-
body corrections (local-field correction) to the random-
phase approximation for charged quantum liquids. We
presented analytical results for the local-field correction
in the Hubbard approximation. This Brief Report points
out that qualitatively new phenomena are expected in mi-
croscopically layered charged quantum liquids due to a
many-body effect.

The "Laboratoire de Physique des Solides (URA 74)"
is a "Laboratoire associe au Centre National de la Re-
cherche Scientifique (CNRS)."
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