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The one-dimensional Hubbard model in a magnetic field is equivalent under renormalization-
group transformation to a multicomponent Tomonaga-Luttinger model. The mapping between the
Coulomb repulsion U of the Hubbard model and the couplings of the Tomonaga-Luttinger model
is obtained for arbitrary magnetic field A and band filling n from a comparison of the correlation

function exponents.

These quantities are calculated for the Hubbard model from the finite-size

corrections to the excitation energies, since the assumption of conformal invariance relates them

to the critical exponents.

On the other hand, the correlation functions of the multicomponent

Tomonaga-Luttinger model are determined by solving the exact equation of motion derived by the

use of generalized Ward identities.

I. INTRODUCTION

The properties of strongly correlated electron systems
have been studied intensively recently, especially since
the discovery of heavy-fermion compounds and high-
temperature superconductors. Although it is not yet
clear how well the simple one-parameter Hubbard Hamil-
tonian can describe these systems, it is important to get
as much information as possible on this model.

In one spatial dimension the Hubbard model can be
solved! exactly by Bethe's ansatz, leading to decoupled
charge (holon) and spin (spinon) excitations. Although
the spectrum has been known for many years, the calcu-
lation of the correlation functions proved to be a delicate
problem. After early attempts? to determine numeri-
cally the correlation functions, an analytic approach has
become possible only recently. In the large-U limit and
for special filling of the band it is possible® to determine
some correlation functions by analyzing the properties of
the ground-state wave function.

Another exactly solvable one-dimensional fermion
model is the Tomonaga-Luttinger? model, where the
solvability is due to the linearity of the spectrum and
to the neglect of the backward scattering and umklapp
processes. It turns out that the Fermi-liquid theory fails
in this case. The momentum distribution function nj is
not sharp and it has a power-law-like behavior. There
are no fermionic quasiparticles; instead the low-energy
physics is determined by the bosonic collective modes.

In the early 1980s, in a series of papers Haldane®
pointed out that the non-Fermi-liquid-like behavior of
the Tomonaga-Luttinger model is generic for a large class
of one-dimensional quantum systems. In one dimension
the statistics does not play a distinctive role; even in
fermionic systems the low-lying excitations are bosons.
The parameters in the excitation spectrum will determine
all the exponents in the correlation functions. These sys-
tems are called Luttinger liquids.

The numerical evaluations of the correlation functions?
and the analytic results® indicated clearly that the
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one-dimensional Hubbard model is a Luttinger liquid.
The relationship between the Hubbard model and the
Tomonaga-Luttinger model can be justified in another
way too. The renormalization-group treatment of the
so-called “g-ology” model® has shown that, at least for
weak couplings, where perturbation theory works, the re-
pulsive Hubbard model is in the same universality class as
the exactly solvable Tomonaga-Luttinger model. There
is indication from the above-mentioned works that this
is valid even in the strong-coupling case of the one-
dimensional Hubbard model.

Assuming that the one-dimensional Hubbard model is
a Luttinger liquid, it then becomes possible to calculate
the correlation functions from the knowledge of the en-
ergy spectrum. Using this procedure Schulz” studied the
correlation function exponents for different U and band
filling n. Ren and Anderson® gave a more general pre-
scription to determine the correlation function exponents
using the Luttinger-liquid picture. These calculations
also have been extended to include the effect of exter-
nal magnetic field.%0

Recently the use of conformal field theories has turned
out to be very fruitful in the description of the crit-
ical phenomena of two-dimensional classical or one-
dimensional quantum systems. A large class of exactly
solvable models can be uniquely characterized by a single-
dimensionless number, the central charge ¢ of the under-
lying Virasoro algebra. This central charge or conformal
anomaly determines the critical exponents of the correla-
tion functions of primary operators. It is closely related
to the finite-size corrections of the ground-state energy
and can be calculated from it. If ¢ = 1, the critical ex-
ponents are not determined by the central charge alone;
an extra anomalous dimension appears in the correlation
functions. The anomalous dimension can be related to
the parameters of the towers formed by the energies and
momenta of the low-lying excited states.!!

Although the Hubbard model is critical at zero temper-
ature, it does not belong directly to the group of confor-
mal invariant models. Conformal invariance requires that
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the group velocity be the same for all elementary excita-
tions. In the Hubbard model, in general the holon and
spinon excitations have different group velocities. Never-
theless, it has been suggested by Kawakami and Yang!?
and by Frahm and Korepin!? that the concept of con-
formal invariance can be applied to the Hubbard model
as well. They assumed that the spectrum of excitations,
which in this case has a similar tower structure as in con-
formal theories, can be described in terms of a semidirect
product of two Virasoro algebras. If there is an underly-
ing conformal field theory in both the holon and spinon
sectors, the correlation functions appear in product form.
The correlation function exponents will be composed of
two terms, each related to the parameters of the tow-
ers in the appropriate sector. For the Hubbard model
this tower structure of the low-lying excitations has been
calculated!* by a careful analysis of the Bethe ansatz
equations; hence the anomalous dimensions of the corre-
lation functions could be determined.!® Since the Bethe
ansatz equations are valid even in an external magnetic
field, this analysis has been extended to this situation as
well. 15

In an indirect way the correlation function exponents
establish the relationship between the parameters of the
Hubbard model and those of the Tomonaga-Luttinger
model. The mapping between the two models is known
explicitly in the weak-coupling case only, where the low-
order renormalization-group treatment allows us to fol-
low the scaling trajectories from the bare couplings to the
fixed point. It is therefore of interest to see what hap-
pens for larger U. In this paper we study the Hubbard
model in an arbitrary external magnetic field A and for
general band filling n. Our aim is to determine explicitly
the Fermi velocities and couplings of that generalized,
multicomponent Tomonaga-Luttinger model, whose be-
havior is equivalent to that of the Hubbard model with
Coulomb coupling U.

The paper is organized as follows. In Sec. II the
Bethe ansatz solution of the Hubbard model is reviewed
and the analytic form of the correlation functions pre-
dicted by the conformal field theory is given. The weak-
coupling limit of the Hubbard model and its relationship
to the g-ology model is discussed in Sec. III. A general-
ized Tomonaga-Luttinger model that could be equivalent
to the Hubbard model in magnetic field is introduced in
Sec. IV, and the tower structure of the excitation spec-
trum is determined. The correlation functions of this
multicomponent Tomonaga-Luttinger model are calcu-
lated in Sec. V, using the equation of motion method
and exact Ward identities. The mapping that relates
the Hubbard U and the couplings g of the Tomonaga-
Luttinger model is given Sec. VI. The special cases of
zero magnetic field and the small- and large-U limits are
considered separately. For small U a comparison to the
results of the renormalization-group theory is given. Our
results are summarized in Sec. VII.

II. HUBBARD MODEL IN MAGNETIC FIELD

The Hubbard model is the simplest nontrivial model
of interacting spin-1/2 fermions on a lattice. It is defined

by the Hamiltonian

H=- Z( +1a]a+HC)+UZnJ»TnJl
—p Z(nm +mj,) — Z(na,

Here cJ » (¢) is the creation (annihilation) operator of

electrons of spin o at site j and n;, = el e,

j,0Cj.o i the
number operator.

—nj). (2.1)

U is the on-site repulsion, u is the
chemical potential, and h is the external magnetic field.
The hopping integral (which determines the bandwidth
of the free fermions) is taken to be unity. This sets the
energy scale for the quantities U, u, and h.

Lieb and Wu! have shown that this model can be
solved by the Bethe ansatz. The wave function and the
energy of N, = N; 4+ N, electrons, where Ny and N
denote the number of electrons with spin up and down,
respectively, on a chain with N sites can be written in
terms of N, pseudomomentum variables k; and Ny = N
rapidities Ao. These quantities have to be determined
from the Lieb-Wu equations:

kj—A
Nk; =27l — Z 2 arctan sin —Ua — 8 (2.2)
N,
—sink; . Aa — A8
2 arctan =2y + 2 arctan ———— ,
R 072
(2.3)

where the parameters I; and J, are integers or half-
integers, depending on the parity of N, and N,. The
eigenstates of the model can be characterized by giving
either the pseudomomenta k; and rapidities A,, or alter-
natively the quantum numbers I; and J,.

The ground state is obtained by choosing the sets {I;}
and {J,} to contain consecutive integers (half-integers)
centered around zero. For simplicity we assume that N,
is even and N, is odd, i.e., I; takes half-integer values
with —(N, —1)/2 < I; < (N. —1)/2 and J, is inte-
ger with —(N; —1)/2 < J, < (N; — 1)/2, so that the
ground-state sets can be chosen symmetrically, otherwise
the ground state would be degenerate. The correspond-
ing pseudomomenta k; and rapidities A\, form a Fermi sea
with maximal pseudomomentum kg for the charge vari-
ables and with maximal rapidity Ao for the spin variables,
i.e., they are restricted to the ranges —k¢ < k; < ko and
=X0 < Aa < Ao-

Contrary to the parameters I; and J,, the quantities
k; and A, are not distributed uniformly in the ground
state. In the thermodynamic limit, where the momen-
tum and rapidity variables are continuous, the Lieb-Wu
equations become integral equations for the ground-state
distribution functions of momenta p.(k) and of rapidities
ps(A), satisfying the integral equations

1 Aoodx
pe(k) = ot cosk R —27”—K1(smk —A)ps(A), (2.4)
— A0
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ko
pa(N) = / 2 K1 — sin k) (k)

—ko
Ao dAI / ’
- [ SO = Xa), (2.5)
with the kernels
U/2 U
K = =—
1@) =TT K0 = Gapr e
The values of ko and Ao are fixed by the constraints
ko
dk pc(k) =N , (2.6)
—Ro
AO 1
dX ps(A) = 5 (n —m), (2.7)
_‘AO

where n = N,/N is the total charge density and m =
(N1 —N|)/N is the density of magnetization. The charge
density n is related to the band filling v by n = 2v.

The quantities kg and Ag are, however, not the real
Fermi momenta. These latters are related to the number
of electrons by

N
kF‘T = W’]'VT 3 kFl = "TWL ) (2'8)
or
N, N,
kFT+kFl=7r7v— , kFl=7r1—v€-. (2.9)

The low-lying excitations can be of several types.
Changing the number of electrons of spin up and spin
down by AN; and AN, respectively, i.e., changing the
charge by AN, = AN; + AN, and the magnetization by
AM = AN; — ANy, is equivalent to adding (removing)
AN, extra I; and AN, = AN| extra J, values. It has to
be taken into account that an odd number of AN; parti-
cles will change the set of integers {J,} to half-integers,
and an odd number of AN, particles will change the set
of half-integers {I;} to integers. This may generate an
asymmetry in the distribution of the new I; and J, val-
ues. This asymmetry will be characterized by the num-
bers D. and D,, where 2D, denotes the difference in the
number of positive and negative I; values, and similarly
2D, denotes the difference in the number of positive and
negative J, values.

Adding a spin-up particle to the system (AN, = 1,
AN, = 0), the lowest-energy excited state is obtained by
choosing the new I, value to be I; = £(N, + 1)/2, i.e.,
it can be on the positive or negative side of the ground-
state set, producing an asymmetry D, = +1/2. The
change in the number of spin-up particles changes the
possible values of J, to half-integers and this leads to an
asymmetry D, = F1/2. Since an extra I; or J, carries
a momentum
2w 2w

NIj or k‘=—Ja,

k= N

(2.10)
it is easily seen, using Eq. (2.9), that the total momentum
of the system will change by +kp;. Similarly, adding a
spin-down particle corresponds to AN, = 1, AN, = 1,
D. =0, and D; = +1/2 and its momentum is +kp|.

We can thus distinguish right- and left-moving par-
ticles that have positive or negative momenta. Let us
denote by AN, ANy, AN}, and AN|" the number of
particles adde(l to the system with spin up and momen-
tum kg1, spin up and momentum —kg1, spin down and
momentum kg, and spin down and momentum —kg|,
respectively.

It is easy to check, using the above considerations, that
the numbers ANT'" , AN, ANf', and AN are related
to AN., ANy, D., and bs by

AN} = 3(AN; — AN, +2D.) , (2.11)
AN =3(AN. — AN, —2D,) , (2.12)
AN} =3(AN, +2D. +2D,) , (2.13)
AN[ =1(AN, - 2D, —-2D,) . (2.14)
Naturally
AN, = AN + AN7 + AN} + AN, (2.15)
while the change in the magnetization is

AM = AN} + ANy — AN} — ANT

=AN, — 2AN; . (2.16)

The asymmetries D, and D, are related to the charge
and spin currents carried by the excitations. For a given
number of extra particles or for a given change in the
magnetization there is still some arbitrariness in the
choice of the values of the sets {I;} and {J,}. The whole
sets can be shifted to the left or right, increasing the
asymmetries D, and D;,.

It follows from the above considerations that these
shifted states correspond to large momentum (2kr) ex-
citations. These excitations can carry charge and spin
current J, and J; defined by

Je = (ANT"— - ANT_)kFT + (ANf_ - ANl_)kFl )
(2.17)

Js = (AN?_ - ANT_)kFT - (ANIF - ANl_)kpl .
(2.18)

For later purposes we give here the relationship between
these currents and the asymmetries D, and D,. From
Eqgs. (2.11)-(2.14)
Je =2Dckpty + (2D + 2Dg)kr) (2.19)
Js =2D;kpy — (2D, + 2D,)kpy . (2.20)
If originally the system is unpolarized, i.e., kpt = kr) =
kr, then
Je=2(2D; + D,)kF , (2.21)
Js=—2Dkp . (2.22)
Other types of excitations can be created by removing
some I; values from the densely occupied shifted ground-
state set, leaving behind holes, and choosing the same
number of new I; values. The removed and new I; val-
ues can be considered as particle-hole pairs in the distri-

bution of these parameters. If the I; values of the pairs
are close to the end points of the densely occupied in-
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tervals, N./2 or —N,./2, the excitations will have small
momenta. The {I;} sets obtained this way correspond in
fact to small momentum particle-hole excitations. The
number of such particle-hole charge excitations around
N_./2 (=N_/2) will be denoted by n} (n7). Similarly n}
(n;) denotes the number of small momentum spin ex-
citations obtained by creating particle-hole pairs in the
distribution of J, near N, /2 (—N,/2). The excitations in
the charge and spin sectors are called holons and spinons,
respectively.

These small momentum excitations are superimposed
on the large momentum (2kr) excitations. For momenta
in the neighborhood of multiples of 2kr both the holon
and spinon excitations have linear spectra with velocities
u. and ug, respectively. These velocities can be expressed
in terms of the derivatives of the dressed energies

£¢(ko) £5(Ao)
dp = —80) g, _Ca020) 2.23
°= Bmpetke) " Znpa(ho) 223
where the denominators appear to relate the pseudo-
momentum and the rapidity to the real momentum of
the excitations. e.(k) and &,(\) satisfy the equations

2o g
eu(k) = O (k) + / 2 Ka(sink — Nea(N) |

—Xo

(2.24)

B ko dk
es(A) = O (1) +/ o cosk K1(A —sink)e.(k)

—ko

Ao !
_ / 9N g (0= N)es (V)

2.25
o (2.25)

where

(O = —u -5~ 205k, £ON) =h.

In large but finite systems the energies and momenta
of these excitations form towers. The position of a tower
can be characterized by the number of extra particles
AN, and extra down spins AN, and by the number of
large momentum charge and spin excitations D., Dq,
while the elements of the tower are characterized by the
number of small momentum excitations in the holon and
spinon sectors ny, n7, n}, and n;. According to Ref.
14, to leading order in 1/N the energy and momentum
of the excitations can be written in the form

E(ANc,s» Dc,sa nis) —Ep

27
= Fu(AT + AL +nf +ng — 53)

2m - - 1
+ U (AT AT + 07 +n7 — 45)+ 0 (3;,-)

(2.26)

and
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P(AN,s, DosyniE,)
2w 4 - + -
= W(Ac — A7 +n —ng)
2 + - + -
+W(As - A7 +n7 —ny)

1
+2D.(kr1 + kr)) +2Dskr| + O (7\7) ,  (2.27)

where the dependence of Aci’s on the numbers AN_, ANg,
D., and D, is given by

Z,sAN, — Z,,AN, 2
2AF = (:!: g v Z" 2+ Z.D.+ Zsch) ,
(2.28)
ZsAN, — Zo.AN, 2
2A3: = (:F = ZCdet;Z >+ ZesDe + Z.ssDa) .
(2.29)

In this expression Z is the dressed charge matrix taken
at the Fermi points

z= (7 72) = (&) &£63)

and for general k and A the dressed charge matrix itself

(2.30)

€cc(k) 663(*)
(@(k) sss(A)) (2:31)
is defined by the following integral equations:
Ao
Eee(k) =1+ / A —;—’:Kl(sink —Néea(N),  (2.32)
ko
£a(N) = /_ N -‘21—7’: cosk K1 (A — sin k)€ee(k)
Ao gx
- [ S = X)), (2.33)
roodn o
Gelh) = [ SKa(sink = N6 (), (2.34)
ko
&s(A\) =1+ /k g—:: cosk K1(\ — sin k)&sc(k)
Ao dA’
- [ SR @39

As given in Eqgs. (2.28) and (2.29) AZ, are squares of
bilinear expressions of the elements of the dressed charge
matrix and of the parameters of the towers.

It is convenient to use a shorthand notation for such
quantities introducing column vectors |w Hi “ee)y con-
structed from the elements of the dressed charge matrix,
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r 233 T -__ ZSS ]
detZ det Z
(4ue) — _]_'_ _ ch (—ue)y _ l Zes
W) =3 | "qez > ™" =3 Gtz |
ZCC ch
L ZBC J L ZSC .
(2.36)
(_ Zsc T [ Zse ]
det Z det Z
(+us) =_]_' Zee (—us)y — l _____.ZCC
W) =3 stz | " ) =3 | "3z
ZCS ch
L 8s J L 8s

the vector |ANg) that contains the parameters of the
towers,

|ANg) = (2.37)

(J,(Dc, Ds)e—ZiDcka:ce—%(Dc-f-D,)kpl:z:
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and defining the scalar product of two vectors |a) and |b)
as

(alb) = aib; . (2.38)

In this notation Aﬁjs can be written in the form

2AE, = (W) | ANK)? . (2.39)

A primary operator ¢ may add (or remove) electrons
or spins to (or from) the ground state, so the parameters
AN, s are uniquely defined by the operator. It may also
change the momentum by multiples of 2kr, the asym-
metries D, , can, however, take arbitrary integer (half-
integer) values. The operator ¢ will have finite matrix
elements between the ground state and states belonging
to a series of towers in the excitation spectrum, where
the tower is characterized by the four quantum numbers
AN, and D.,. These numbers and the dressed charge
matrix define the parameters AL, given in Egs. (2.28)
and (2.29). According to Frahm and Korepin!3 the long
distance asymptotics of the zero temperature correlation
functions of the operator ¢ will have the form

(B(z,t)$(0,0)) ~ >

De,D, (@ — uct)?2¥ (z + uct)?e (z — ust)?A7 (z + u t)287

Since the parameters A;’fs appear in the exponents, they
are sometimes called anomalous dimensions.

It is important to emphasize that the four parame-
ters AN, , and D, , do not determine uniquely the four
parameters A:c*-:a. In fact, the finite-size corrections give
three quantities: the coefficients of u. and u, in the ex-
pression for the energy corrections in Eq. (2.26) and the
momentum of the state given by Eq. (2.27). The intro-
duction of the four anomalous dimensions and the sep-
aration of the above-mentioned three parameters in the
form given in Egs. (2.28) and (2.29), although reasonable,
is somewhat ambiguous. Instead of choosing them in the
form given above, Egs. (2.26) and (2.27) are equally well
satisfied by

AfF=AT+ Ay, AT=ALZFA,. (2.41)
where Ag can be arbitrarily chosen. As is known, without
external magnetic field the charge and spin separation
holds. It is therefore natural to assume that A, depends
on the number of extra charges AN, and on the charge
current J., while A, depends on the extra magnetization
AM and on the spin current J, and there cannot exist a
term Ay that appears in both the charge and spin part of
the correlation functions. This, however, is not the case
when an external magnetic field is applied. As was shown
by Frahm and Korepin!® the charge-spin separation does
not hold in general. The choice proposed by Frahm and
Korepin!3 (A = 0) is motivated by the fact that in this
case the anomalous dimensions AL, can be written in a
simple quadratic form as shown in Egs. (2.28) and (2.29).

(2.40)

III. WEAK-COUPLING LIMIT
OF THE HUBBARD MODEL
IN MAGNETIC FIELD

In the weak-coupling limit it is convenient to rewrite
the Hamiltonian in momentum representation. The hop-
ping term will give rise to the kinetic energy. The spec-
trum of noninteracting electrons has two branches, one
for spin-up and one for spin-down electrons. This is de-
scribed by the free part of the Hamiltonian,

Ho = E[ET(k)CL,TCk,T + Ei(k)c}c,lck,l] s (3.1)
k
where
h
er(k)=—2cosk — 5 ~Hs
h
ei(k)=—2cosk + 5H-
This energy spectrum is shown in Fig. 1(a). The

Fermi energy will cut both branches at two points and
this will define four Fermi points at momenta +kr; and
+kp;. Since in the weak-coupling situation states near
the Fermi energy only are important, the spectrum can
be linearized around the Fermi points. This linearized
spectrum is shown in Fig. 1(b). The slope will define the
four Fermi velocities tv; and +v;. The creation opera-
tors on the four branches will be denoted by a};, RD a};, Lt

a;rc’ ry» and a;rc, 1> respectively, where R and L stand for
right- and left-moving particles.
The interaction U will couple particles on the same
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branch as well as between different branches. Using the
language of the g-ology model® the interaction between
particles on the same branch is a g4 process, while inter-
action between particles on different branches can give
backward-scattering (g1), forward-scattering (gz), or um-
klapp processes (g3). In the most general, spin-dependent
case the coupling strength will depend on whether the
incoming particles have identical or opposite spins. The
corresponding coupling are denoted by g and g, , respec-
tively. However, since in the presence of a magnetic field
the Fermi velocities, vy and v; and the Fermi momenta
kry and kp| are different, the couplings g; will be fur-
ther split, into g1 and g;, depending on whether both
incoming particles have spin 1 or |.

Fourier transformation of the on-site Coulomb cou-
pling gives identical values for the backward- and
forward-scattering processes. This coupling exists, how-
ever, between electrons of opposite spin only. Thus the
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Hubbard model, in its weak-coupling limit and in zero
magnetic field is equivalent to a g-ology model in which
911 = g2 = g41 = U and g1 — g2 = g4 = 0. In the
general, non-half-filled case g3 = 0.

The g-ology model has been studied in detail by a
renormalization-group treatment.® Under a scaling trans-
formation of the bandwidth the bare couplings get renor-
malized. It has been found that in this way the backward
scattering processes can be eliminated since they scale to
zero if originally they were repulsive. Assuming that the
band is not half-filled, the umklapp scattering processes
can also be neglected. It is therefore expected that the
fixed-point Hamiltonian of the repulsive Hubbard model
is a model in which ga- and g4-type processes only are
present. This is the Tomonaga-Luttinger model.

In the most general case the interaction between the
fermions in the Tomonaga-Luttinger model can be writ-
ten in the form

- _ g2 t ot 924 toot
Hine = = > ol R0l L1 4g,11%—g Rt + N D Ok ROk, L0 1 % R

kK kK
921 + t 1 i
5 2 (kR1% L1010, 0 % RT + TRy B L1010, L1%—q,R1)
k.k'\q
941 t ol tooot
ToN > (ok, 10k, —1% 1q,—1% g1 + 0L 110k £10k 4q,L1%—q,L1)
kK \q
g4l to gt t 1
toN > (ak,r10k,R1 O 4q,R1 Ok g Ry + Ok, L1k 11O L1 kg )
k)kl»q
941 t it t 0t ;
N 2 (9 R1k Rk, RUOk—g BT + Bk L1 % L1 4,1 Th—g,L1) - (3.2)

k,k'\q

It is easily seen that in the form given above the interaction is in fact between the densities on the different branches.

Introducing density operators
pA(g) = Z aL+q,Aak,A ,
k

p)x(_q) = Z aL,,\ak.',q,)‘ )
k

where A stands for R T, L1, R |, or L |, the Hamiltonian describing the interaction is

Hine = 137 o1 (@i (-0) + % 3 pri(@pri(—0)
q q

g2

5 > lor1(@)pri(—q) + pri(g)pL1(—9)] +

q

%\l’ > lori(@)pri(~a) + pLi(@)oLi(—9)] +
q

In the case when no external magnetic field is applied,
the scaling theory can also predict the values of these
fixed-point couplings. The combination gy — g — g2,
which in our case is equal to —U, is an exact invariant
of the g-ology model. On the other hand, the scaling
equations show that the coupling constant combination
91| — 92| + 921 and g1 scale together to zero if originally
they are equal and positive, as is the case for the repulsive
Hubbard model. The fixed-point couplings satisfy

(3.3a)
(3.3b)

T Y lort(@)pri(~a) + pL1(@)pL1(=0)
2> leri(@)pri(=a) + prr(@)pri(—9)] - (3.4)

[

giL =0, (3.5)
91 — 93 +92.=0, (3.6)
9 — 95 —9L=-U. (3.7

Since g3 and g are physically indistinguishable, we
are free to choose the backscattering as g3 =0 and so
(3.8)

g =91.=0, g3 =95, =U/2.
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(b)

FIG. 1. (a) The energy spectrum of free fermions on a
lattice in an external magnetic field. (b) The linearized spec-
trum of noninteracting fermions with velocities v and +v;
of the corresponding Tomonaga-Luttinger model. The Fermi
momenta +krt and +kr| are also shown.

The couplings g4 do not get renormalized to lowest
order and they can be incorporated into a Fermi velocity
renormalization giving

1 1
Ve = 'UF+:9:;(94|] +941), vs= Up+g(94|| —ga1) -

(3.9)
In the present case, where g4y = 0 and g41 = U, the
renormalized velocities will be
U U
vc=vp+§?, Us =UF = 5 (3.10)

The above considerations are valid for A = 0. The
scaling theory can be generalized to the g-ology model in
magnetic field. This cannot, however, be equivalent to
the Hubbard model in magnetic field, since in the latter
model the Fermi velocities are different for the two spin
orientations. In the next section we will introduce a gen-
eralized Tomonaga-Luttinger model with several kinds of
particles, each having different velocities, and will calcu-
late exactly its properties.
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IV. ENERGY SPECTRUM
OF THE MULTICOMPONENT
TOMONAGA-LUTTINGER MODEL

As we have seen in the preceding section the Hubbard
model in magnetic field is expected to be equivalent to
a Tomonaga-Luttinger-like model. The four branches of
the bare spectrum, labeled by R 1, L T, R |, and L |
have different but pairwise opposite Fermi velocities and
Fermi momenta. Here we will define a generalized, mul-
ticomponent Tomonaga-Luttinger model and will show
how its spectrum and correlation functions can be deter-
mined exactly.

Instead of the spin index a “color” index A will be intro-
duced, where the number of colors can be arbitrary. For
each color X there will be right- and left-moving fermions
with opposite Fermi velocities and opposite Fermi mo-
menta,

VLA = —VR), krrr=—krrx- (4.1)

In what follow A will stand both for the color and the
R, L index.
The Hamiltonian will be assumed in the form

H= ZH)‘+ZH)‘)" s
A

AN

(4.2)

where H), is the kinetic energy of free particles of color
A and H,, describes the interaction between particles
of color A and ). Assuming a linear dispersion relation
with Fermi velocity vy and Fermi momentum kgy, H)
can be written as

Hy =Y vk —kra)af ya 5 » (4.3)
k

where a;fc 5 and ay, ) are the creation and annihilation
9

operators, respectively of fermions of color A.

As a generalization of Egs. (3.2) and (3.4) the interac-
tion Hyy is supposed to exist between the densities of
fermions of color A and )/,

1 1
Hy\ = N Z gz\z\’(Q)ak,/\az’,,\’ak'+q,)"ak—q,)\
k,k'\q

= 2—1]7 > o (@)pa(@)px(-a) , (4.4)
q

where N is the number of sites in the chain and the cou-
pling constants gx) are symmetric in the color indices
g v = gxa- The momentum transfer in the scattering
processes is limited by choosing g(k) = ge~!*/A| with
the momentum transfer cutoff A < kg, i.e., only small-
momentum-transfer processes are allowed.

Following Mattis and Lieb,* let us introduce the den-
sity operators defined in Egs. (3.3a) and (3.3b). They
obey the commutation relations

gN

o 6,\’>\/6q,qr sgn vy ,

[oa(—9), px (d)] =
(4.5)

[oA(—a), o (—4")] = [pA(9), X ()] = O .
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Mattis and Lieb have shown that not only the inter-
action is bilinear in the densities, but the kinetic energy
part of the Hamiltonian Eq. (4.3) can also be written in
terms of the density operators

H} = %’r 3 foal x {PA(Q)P,\(—q) if vy >0 (4.6)
q>0

px(—q)pa(q) if va <0.

In what follows we will use the notation H) for the ki-
netic energy when it is written in its original form Eq.
(4.3) and the notation Hj when written in terms of the
densities. Both Hy and Hj obey the same commutation
relation with the density operators

[Hx, pa(£q)] = [H, px(£49)] = £quapa(%q)

and with the interaction, so they can only differ in a shift
of the ground-state energy.

Haldane® has pointed out that the expression (4.6) is
valid in the Hilbert space of a fixed number of particles.
An extra term should appear in the energy if the number
of particles is changed. If AN, particles of type A are
added to the system, the additional energy is

(4.7)

AE = (1/N)|va|(AN»)?% . (4.8)
In an operator form
ANy =[] \ay , — O(krx — ksgnuvy)] (4.9)

k

where ©(x) is the Heaviside step function. Adding this
term to Eq. (4.6) and neglecting a constant term coming
from commuting the density operators, the kinetic energy
is equivalent to

H{ = Tinl(AN) + 2 > mln@n(-a). (410

As mentioned before, the interaction between the
fermions is in fact an interaction between the densities,
so it is straightforward to express the interacting part
of the Hamiltonian in a bilinear form of the densities as
given in Eq. (4.4). Analogous to Eq. (4.10), the ¢ > 0,
g = 0, and ¢ < 0 parts will be treated separately. Regu-
larizing the ¢ = 0 part in the interaction by subtracting
the infinite ground-state density [using AN, of Eq. (4.9)
for px(g = 0)], the full Hamiltonian of the model is

H=22 3 Awe(@en(-9)

AN ,g>0
™
+—N ZA)‘XAN)\AN)‘/ , (4.11)
AN
where
gax
A = ’ — .
v = |ualdan + o (4.12)

Introducing the vectors |p(g)) and |AN) with compo-
nents px(q) and AN), respectively, and the matrix A
defined by the matrix elements A,,,, the Hamiltonian
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can be written in a shorthand notation as

H = 22 5™ (()lAlp(a) + 1(ANIAIAN)
q>0

(4.13)

The usual procedure is to diagonalize this Hamiltonian
by a canonical transformation. Instead we will use a dif-
ferent procedure. Let us suppose that the new densities
p;(£q) that diagonalize the first part of the Hamiltonian
can be obtained from the densities py(+g) by multiplying
the column vector |p(g)) by the vectors |w!9)), i.e.,

pi(£q) = (W |p(+q)) . (4.14)
We require that the first part of the Hamiltonian (4.13)
be the sum of the contribution of these decoupled modes,

2 - - T
H =333 lulbs(@)ps(—9) + 5 (ANIAIAN)
q9>0 j

(4.15)

where u; is the velocity of the jth mode. The matrix A
can then be written as

A= Ju|lw@)(w)] . (4.16)
J

Since the matrix A is symmetric and real, this equation
can be satisfied with real vectors |w(¥)) and real veloci-
ties u; unless the couplings gix//27m are of the order of
or larger than |vy|. We will not consider this strong-
coupling situation, where different kinds of instabilities
may occur, since, as we will see, even in the strong-
coupling limit of the Hubbard model the couplings of
the equivalent Tomonaga-Luttinger model are less than
the velocities.

Using the commutation relations for p) given in
Eq. (4.5), the new density operators p; satisfy the re-
lations

- . N . »
(55(~a), B3 (¢)) = L=, (| Blw®?)

or
(4.17)
(i (=), i (—=a)] = [p;(a), Pi»(¢)] = 0,
where the elements of the matrix B are
B)\)‘l = 6)\)\/ Sgn vy . (4.18)

The matrices A and B do not commute; futhermore B2 =
1, where 1 denotes the unit matrix. Since we want the
modes §; to satisfy the usual commutation relations, we
could try to require

(w9 |Blw@)y = 8 - (4.19)

It turns out that this is not possible because B is not
positive definite. Some of the diagonal elements have to
be —1. Analogous to the first equation of (4.5), we will
assign these negative signs to the respective velocities u;,
writing the orthogonality relations of the |w()) vectors
in the form

(wD|BJwYy = 6, sgnu, . (4.20)

This shows that the diagonalization of the Hamiltonian
with this orthogonality constraint is equivalent to the
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generalized eigenvalue problem

AlwD) = u;Blo) , (4.21)
where
@)y = Blw®) . (4.22)

It follows from the commutation relations (4.17) that
the.properly normalized density operators

[2m [2m
t = _ -
bq,j - quJ(Q)’ bq,J quJ( Q) ]

have the properties of boson creation and annihilation
operators if u; > 0 and ¢ > 0, while for u; < 0 these
operators have to be defined by

27
t — =
bl = \/quJ( g) and b_g; = Uquj(q) ,

(4.24)

again for ¢ > 0. For the symmetric model [see Eq. (4.1)]
the velocities u; are also symmetric, that is, there are
pairs j and j' for which u; = —uj. The corresponding
operators bf ; and bl q,;+ can then be considered as the
creation operators of a single bosonic field defined for all
values of gq.

Introducing the diadic matrices

(4.23)

a® = WDy (]|, (4.25)
with matrix elements
ag‘j) = w( )ww = www( sgn (vavx) , (4.26)

the spectral decomposition of 4 in Eq. (4.16) takes the
simple form

A=) lujla", (4.27)
J
while the eigenvalue equation (4.21) gives
B= Z lwDY) (wD | sgnu; = Zg‘j) sgnu; . (4.28)

J J

Using the spectral decomposition of A in Eq. (4.27),
the second term in Eq. (4.15) can also be diagonalized.
We get

- 3 e {1

q>0,5 —-q,J "'q J

if Uj>0
if 'U,j<0

2 AN|aYW|AN
+Fﬂ > |uj|(——|%2—|——> . (4.29)

The momentum of the system can also be calculated
easily. The addition of AN, fermions changes the Fermi
momentum kry to kpx+2m(ANy/N)sgnvy. The change
in the momentum is obtained by multiplying the average
Fermi momentum by the number of added fermions AN,.
The momentum of the bosonic excitations can be written

in the usual form, and the total momentum is

pP= Z (kp,\ +7rAJI\>r’\ sgnv)\) AN,
)
if u; >0
+ ) x T bas . (4.30)
Pyt { —q _“b_“ if u; <0.

The term Y, (AN)2 sgn v, can be written in terms of the
matrix B as (AN|B|AN). Using the spectral decompo-
sition of B in Eq. (4.28), the momentum can be written
as

or AN|aW|AN
P= ka,\AN)\ + FZ %sgnuj
bY
if u; >0
+ q,J q; o (4.31)
q;m { qb_qJ —a.j if u; <0.

Since the momentum of the bosonic exc1tat10ns is
quantized in units of 27 /N, the quantity Z qbq jbq,5 can
take values that are integer multiples of 27 /N Denoting
by n; this integer number for the bosons with velocity u;,

the energy and momentum of the system take the form

2T . 1
PNy~ Fa = 5 S w89 ) +0 (%)

(4.32)
and
P(ANy,nj) = — Z(A(J) + nj)sgnu;
J
1
+3 " ANxkpx +0 (ﬁ) (4.33)
A
where
AD = (AN|aD|AN)/2
= (w]|AN)2/2. (4.34)

Thus the excitation spectrum has the usual tower struc-
ture and the towers are characterized by the parameters
AN, forming the vector |AN).

These expressions for the energy and momentum Egs.
(4.32) and (4.33) should be compared to those expected
in conformal field theories or to those obtained for the
Hubbard model given in Eqgs. (2.26) and (2.27), taking
into account that if the noninteracting system was sym-
metric (Vr,x = —vr,), then the collective mode veloci-
ties are also such that each mode has its counterpart with
opposite velocity.

Using the language of the conformal field theory, the
quantities AY) can be associated with the anomalous di-
mensions of the primary fields ¢. The operator ¢ de-
termines the parameters AN, and thereby selects the
towers that contribute to the correlation functions. The
contribution of a given tower to the correlation function
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is

exp (*ikam\ANA)

A

[ - ust)22®
J

(6(2,£)$(0,0)) ~ (4.35)

This assignment of AY) to be the critical exponent, al-
though straightforward, is not rigorous. Since the veloc-
ity u; appears in Eq. (4.32) in absolute value, the contri-
bution of the modes with opposite velocities appear in the
expression for the energy as a sum. Their separation into
positive and negative components could be attempted us-
ing the expression for the momentum where, due to the
factor signuj, their difference appears. As we will see,
and was emphasized by Frahm and Korepin!® for the
Hubbard model, this separation is not a priori possible,
since in general the contribution of all modes are mixed
in the expression for A, The critical exponents cannot
be determined unambiguously. It is therefore of interest
to calculate these correlation functions directly, using an
independent method. It will be shown that, indeed, the
critical exponents are (AN |a)|AN).

V. GENERALIZED CORRELATION
FUNCTIONS OF THE MULTICOMPONENT
TOMONAGA-LUTTINGER MODEL

The Green’s function of the fermions has been calcu-
lated exactly by Dzyaloshinsky and Larkin.1® They have
shown that due to the linearity of the spectrum and due
to the absence of large-momentum-transfer processes, all
diagrams containing internal fermion loops with more
than two interaction legs cancel. As a consequence, the
diagrams that give nonvanishing contribution are very
simple: the incoming fermion lines pass through the di-
J

1ot !,
Gargeodm (X1, X0, ooy X3 X1, X2, - -«

where W) (x) is the field operator of fermions of color A,
x is a shorthand notation for the space-time point (z,t),
and 7T is the time ordering operator. For simplicity we
will assume that the color indices A1, Ag,..., A, are all
different, although the results can be easily generalized
by proper antisymmetrization to the case, when several
particles of the same color are present.

The equation of motion is derived by taking the deriva-
tive of G with respect to the time variable t,, of the op-
erator \Ilf\m (%xm). For this we write first the equation of
motion for ‘Ilf\(:z:,t), 3\111(:1:,t)/6t = i[H, \I!:r\(m, t)]. In-
stead of using the fermionic representation both for the
kinetic energy and the interaction Egs. (4.3) and (4.4),
respectively, it is convenient rewrite the Hamiltonian as

(5.2)

H:;HA+ (H—;H,’\) ,
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agram conserving their color. These lines are coupled in
all possible ways by effective interactions which are ob-

‘tained by dressing the bare interactions with polarization

bubbles.

Another important ingredient in the calculation of the
Green’s function was the proof by Dzyaloshinsky and
Larkin'® of an exact Ward identity for general momenta.
For an alternative proof of the theorem using more el-
ementary arguments see Ref. 17. This Ward identity
is a consequence of a special conservation law of the
Tomonaga-Luttinger model. In the absence of backward
scattering and umklapp processes the particle number is
conserved on each branch of the spectrum for each spin.
In the case of a linear energy-momentum relation the
particle-number conservation goes together with the cur-
rent conservation for each branch. Two-particle Green’s
functions or correlation functions can also be calculated
exactly using generalized Ward identities as shown by
Sélyom.5:18

The same arguments are also valid in the multicom-
ponent case as well, since the color current is conserved
in the scattering processes described by the interaction
Hamiltonian (4.4). Following Refs. 6, 16, and 17 it is
possible to introduce effective interactions and to prove
the generalized Ward identities by considering the dia-
grammatic expansion of the quantities. This allows us to
write the Dyson equation for the correlation functions in
a closed form and to calculate the exact form of the most
general correlation function of fermions in the multicom-
ponent Tomonaga-Luttinger model.

Alternatively, as was shown by Everts and Schulz,!®
the equation of motion method can be used, since a closed
set of equations can be obtained in two steps. The same
procedure has been applied by Di Castro and Metzner??
in their study of the properties of Luttinger liquids.

Let us consider the most general correlation function

s Xm) = (—8)™(TUx, (x])Ux, (x5) -+ T, (X0 )TL (%) -+ O] (32) W] (x1))

(5.1) -

where for Hy we use the fermionic form [Eq. (4.3)], while
for H and H) the diagonalized forms in terms of bosonic
operators j; is applied. Then

E) .
-a—twi(x,t) =i[Hy, U} (z,t)] +i[H — H}, ) (z,1)]

= —v,\%‘ll;(x,t) +i[H — H, ¥l(z,1)] .
(5.3)

Since the Hamiltonian is written in terms of j; we need
the commutators

[3i (x4, ), Ua(z,1)] = —6(t — t')eF 9wV W) (2, 1)
(5.4)
[3i(£q,t), Ul (2, 1)] = 6(t — t')eF w0l (2,1)

which are obtained from the relation between g; and py
in Eq. (4.14) and from the usual canonical relations be-
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tween the fermion creation and annihilation operators and densities.
Using Eq. (4.15) for the full Hamiitonian, the commutator gives

2r 1 i ~ —igx ~
H, ¥ (2, 0)] = 55 D luslwf [ W] (2,6)5;(=q, 1) + €755 (g, 1) ¥} (=, )]

g>0,j
2 — i .
= 5 2 lugle™ = u§) Ui (@, 1)55(0,1) , (5.5)
a,J

where we have neglected the commutator of \Ilf\(:c, t) and p;(g,t) that yields a shift of the ground-state energy.
In order to calculate the commutator with Hj given in Eq. (4.10), we express py in terms of g;. Using the spectral
decomposition of B [Egs. (4.18) and (4.20)],

pa(£g,t)sgnox = > wi j(+q,t) sgnu, . (56)
J

With this form we find

2w i ; ~ —igT x
[H,, \Il;(z, t)] = ~ Z ]w\lé,\xwf\’) sgn (ujv,\)[e’q’”‘llx(x, t)pi(—q,t) + e %5, (q, t)\Il;(a:, t)]

g>0
2m — i) ~
= 5 2 loalbane™ w0 5;(q, )} (2, ) sgm (uyn) (5.7)
q
Inserting these expressions into Eq. (5.3) we get
8 0 .2 —i i)
(52 + ”*%) i (z,t) = v ;(uj —uy)e ‘qzwf\”pj(q, t) 0! (z,t)sgnu; . (5.8)

It is straightforward now to write the equation of motion for the correlation functions

8 5]
(52: + v, Ez_m-)G’\"”)""(xll’ ey X Xy X))

= i6(xh, — Tm)6(th, — tm) G- dmey (X e oy X 13 X1y - o o s Xme1)
;27 (s — vy Ye—iaEmyy@® FO)  (xt » - 5o
+1,N ngnuj(u, Uy, )e wy, Al__,Am(xl,...,xm,xl,...,xm,q, m) s (5.9)
%)

where Fﬁ) A,, is defined by

F)(.z))‘m (xlly vy x;-n,; X1+ Xm; 4, t) = (-i)m+1<T\I'/\1 (xll) e ‘I,)\m (x;n)ﬁj (q1 t)‘IITm(xm) e \I’;q (X1)>. (5'10)

As a next step we calculate the equation of motion for the generated new quantity. H is now used in its bosonic
diagonal form (4.15). The singularities due to the time ordering produce the original Green’s function; thus

6 .
.a_t_FA(i)Am (xlla ‘e yx;n;xla e 7x7n’q’t)

= ’Lqu]F,{Z))\m(x{U e 7x;n,;x1’ vy Xm; q, t)
m . , . )
+iZ[e“’”"6(t — 1)) — e E(t — tz)]wf\Jl)Gh...,\m (Kiy ey X3 X1y v -y Xmn)- (5.11)
=1

The hierarchy of equations terminates in this step, no further quantities are generated. Fourier transformation to
frequency w and inverse Fourier transforming back to the time variable t gives

€] - AW i) —w(t)—t)] i (ti—t) wf\j)
/ ’ . _ - - - -
FAI,.,)\m(xl,...,xm;xl,...,xm,q,t)_IE=1/ 27T[61[qz; w(t] — eilazi—w(t ]]w—;jq
XGageoam (X1 e ooy X3 X1y oo oy Xim) (5.12)

Finally, inserting this into Eq. (5.9), performing the integration with respect to ¢ and w, introducing the kernels
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a&jA)l

B U’\):L' —ujt+i/Asgnu;t

y

Ky (.’L‘, t) = Z(U’J
J

(9)
where ayy,

0
Ot

= 16(Xm —Xp)Gaq--

is defined in Eq. (4.26), we get

’ ’ .
A1 (Xly e oy Xip 13 X1y« o -

m
+ > [Bnpn (5m—%]) = K pox, (km —%1)] Gagrgeo g (X15 X5, -«

=1

Before turning to the solution of this equation for
Gxixg--2m» let us consider an auxiliary problem, the dif-
ferential equation

(8t + va8z) fxx (x, t) = Ko (z,t) fan (2, t) .
Using Eq. (5.13) its solution is found in the form

>—a§"§,

(5.16)

where fo(z — vat) is an as yet undetermined function
with boundary condition fo(0) = 1. The proper analytic
properties of f can be ensured if we choose fy in the
following form:16

II

3
(ujv,\)<0

(5.15)

—u;t +i/Asgnu;t
T — vt +i/Asgnu;t

v (z,t) = fo(z— 'UAt)H (

folz — vat) = [L+ (2 — 0x)?A2) 7% . (5.17)

Inserting this into Eq. (5.16) and using Egs. (4.18) and
(4.28), we find

, ; %Y
Pz, t) = A72 (:v — Ut + %sgnv,\t)

@)

TN
XH(:L' u,t+ 7 S8 Y ) ,

oot .
G>\1>\2~"Am(x13x27 ey X X1, X2, .0 axm)
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vxm—l)

P (X = X7) 0 (X,

0
oo ’ .
+v’\’"3 Giingeodm (X1y XD,y ooy X005 X1, X2y« o« X))

47
(5.13)
»x:rn;xlax%"'yxm) . (514)
r
where
o= 3 of). (5.19)
(ujva)‘)«)

We use this result first to calculate the one-particle
Green’s function G, (x’, x). It satisfies the equation

(§t+v’\ )G,\(x x)

= ié(x’ —x) + [Ka(x —x) — Kn(x —x)|Gr(X/,x) .
(5.20)

The term with K (x — x) gives a shift in the ground-
state energy and will be neglected. The differential equa-
tion is satisfied if the dressed Green’s function has the
form

Gr(x,x) = GO (X', x) fa(x — x') . (5.21)

In the same way, using Eq. (5.15) it is straightforward
to see that the solution of the differential equation (5.14)
can be expressed as a product of functions f,

= Gr\m (X;n, xm) H

l<m

Since Eq. (5.22) is a recursion relation for the correla-
tion functions, the full solution is

Gridgam (X1, X5y ooy X3 X1, X0, -+, X))
Py (%0 = X3 ) P, (X) — x1r)
—HG)\,(xl,xl)H .
<l f/\l/\u (xl - xl')f)\l/\l/ (x[ - xl’)
(5.23)

Frmn (Xm = X0) Faon (X, — X7)

G)‘l...)‘m_l(xll,...,x:n_l;xl,. ..,xm_l) . (522)

r

The correlation functions appear in a fully factorized
form. This is a typical feature of integrable systems and
is due to the factorizability of the scattering matrix.

We will apply now this general formula to obtain the
explicit form of the time-dependent response functions
for which the conformal invariance gives the prediction
(2.40). Let us consider the response function x(x) =
(TO%(x)0(0)), where O(x) is a product of fermion field

operators Wy (x) and \Iﬂ;\(x) The particles propagate
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from the origin 0 to x or in the opposite direction. If
two particles of color A; and A\ propagate in the same
direction the product of the f functions in Eq. (5.23)
gives
Fang () Fauxn, (—%)
Fang (0)Fan,, (0)

while if they propagate in opposite directions, we get

Frrg (0)Fan, (0)
f/\[)\ll (x)f)\lkzl (_x) '

(5.24)

(5.25)

Using Eq. (5.21) for the propagator of the particles and
the explicit form (5.18) for the f functions, after some
bookkeeping and elementary considerations, we arrive at

160~ [ e

— ozt +i/Asgnuyt
T — vyt +i0sgnuyt

—a{, Cw
XH( —ujt + — sgnuj) )
5V

(5.26)

where Cj; is either 1 or —1, depending on whether the
fermions of color A\; and A, propagate in the same or
opposite direction. Denoting by AN, the number of
fermions of color A propagating from the origin to the
point x (particles propagating backwards appear with
negative sign), Eq. (5.26) can be written as

x(x, {AN»}) ~ exp (—ix > AN,\kA)
A

X H(az — ujt)“mN’a(j)lAN) .
J

(5.27)

Comparing this formula with Eq. (4.35), the critical ex-
ponents are indeed

2A0) = (AN|aY|AN) , (5.28)

as conjectured from the conformal field theory. Using the
definition (4.25) of the matrix o),
2A0) = (WD |AN)? (5.29)
Strictly speaking this formula is valid for ANy = 0, £1.
However, since x(x) is an asymptotic correlation func-
tion, this formula could still be used if two or more
fermions of the same color are created at very small dis-
tances compared to the propagation path x.

VI. MAPPING OF THE HUBBARD MODEL
TO THE TOMONAGA-LUTTINGER MODEL

Our aim is to find the mapping that, for a given
value of the Coulomb repulsion U of the Hubbard model,
determines the couplings of the equivalent Tomonaga-
Luttinger model. This is achieved by requiring that
the critical exponents, the anomalous dimensions be the
same for the two models.
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As mentioned in Sec. III the Tomonaga-Luttinger
model, which could be equivalent to the Hubbard model
in a magnetic field, has to have four components with
Ferini velocities +v; and +v; and Fermi momenta +kpt
and kg, and it might have six different couplings got,
921, G21, 941, 94, and gq, .

The matrices A and B defined by Egs. (4.12) and (4.18)
will be denoted in this special Tomonaga-Luttinger model
by Ar; and Bypj. Taking the color indices in the order
R1,L1T, R, and L | they have the form

vt +3Jar 21 941 Qu
J21 vr+ G4t G21 ga1

App = g ) - g ) 6.1
=TL gaL 921 vy j— 941 921 (6.1)
go1 Jal G21 v+ G4

where § = g/2m and
1 0 0 0
0-1 0 O

ETL = 0 0 1 0 (6'2)

0 O 0 —

The eigenvalue problem Eq. (4.21) with A = Ay, and
B = By, will produce the velocities u, and +u; of the
charge and spin collective modes, and the eigenvectors
Iw(%)) Iw(_uC)> Iw(“a)) and Iw( u-))

Using Eq. (5.29), it is straigthforward to give the ex-
ponents of the correlation functions in terms of the eigen-

(:i:uc_,))

vectors |wyy, ,

289 = (wil} |ANTL)? (6.3)
where the elements of the vector
ANRT
— | ANrt
|ANTL) = AN, (6.4)
AN,

count the number of different fermions in a given corre-
lation function, the number of extra particles added to
the system.
The requirement that this system should have the same
behavior as the Hubbard model leads to the relation
AW = A (6.5)

Cc,8

where the anomalous dimensions of the Hubbard model,

Agfs are defined in Eqgs. (2.28) and (2.29). From the
comparison of Egs. (6.3) and (2.39) we find
<w(J) |ANpL)? = (w(’)|ANH)2 ) (6.6)

It is natural to identify the numbers ANg;, ANgy,
ANpg,, and ANy, with the number of right- and left-
moving particles introduced in Sec. II for the Hubbard
model. Equations (2.11)—(2.14) can then be used to re-
late the vectors |ANT.) and |ANg) defined in Eq. (2.37).
These relations can be written in a matrix form,

|ANTL) = VIANg), (6.7)
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where
1 -1 1 0
1 1 -1 -10
Y=3510 1 11 (6.8)
0 1 —-1-1

Using Eq. (6.7) that relates the vectors |ANrL) and
|ANg), Eq. (6.6) is satisfied if the eigenvectors |wrp)
and |wy) are related by

wiy) =

@ HT[wd) . (6.9)

Arp = ue(V YT (Jw§) wi | + lwi ) wi DV + ue (V" HT (w0 (wlE)] + jwl ) (wl ) )y —?

The vectors [w&f"“")) are given in Eq. (2.36), while the

matrix Ap; is defined in Eq. (6.1). It is straightforward
now to find the couplings g of that Tomonaga-Luttinger
model, which has the same critical behavior as the Hub-
bard model with coupling U in a magnetic field h,

2
U+ = [(dezt zy2 T (Zee ™ Z“)Z]
2
ﬂ[(qe%)ﬁ( -2 L (612)
~ Ue Z?s
g21 = '2— [W—( cc — sc)]
s Zszc
L [W (Zes — Zss) ] (6.13)
Zss_ cs
vy +Ga = > [—————( (det Z)Z) +Z2]
+7 [————-(Z(s(; ;Z)f) +Z2] , (6.14)
N~ Uc (Zs.s - ch)2
o = |G - 2]
Zsc_ cc
+5 [( (det Z)Z) _Zz] ’ (6.15)
Zies)Zss

~ _ E‘ﬁ (Zss_
941 = 5

W + Zsc(ch - Zsc):’

Zse — Zec)Zse
5| Bmar + 2= 2]
(6.16)
~ Z Zes)Z,
g1 = 7 [(—%deg‘zc)—l"ﬂ - Zsc(ch - Zsc)]
Z Zee)Zse
+? [%‘é;—)z‘—s‘ - Zss(ch - Zss)] 9

(6.17)
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Making use of this relationship we are able to relate
the matrix elements of Ay, which contain the couplings
and velocities of the Tomonaga-Luttinger model, to the
known elements of the dressed charge matrix of the Hub-
bard model. According to Eq. (4.27) the spectral decom-
position of Ay is

Arp = uc(wl) (W | + [ Y (Wi ))
s () i + i Yl
(6.10)

Inserting Eq. (6.9) into this expression we get

(6.11)

where Zcc, Zes, Zse, and Z,s, are defined in Egs. (2.30)-
(2.35).

A. The zero magnetic-field case

As a special case let us consider the model first in zero
magnetic field where the magnetization vanishes. This
case corresponds to A\g — o0o. The Bethe ansatz equa-
tions have been analyzed in detail by several authors.
Equations (2.4) and (2.24) for the charge degrees of free-
dom simplify to!4

pe(k) = — —+ cosk/ K (sink — sin k') p (k")

(6.18)

and

el (k) = 2sin k+cosk/ ~7—T—K(smk: sink")el (k') ,

(6.19)
where the kernel K(z) is given by
_ oo e—wU/4
K(z) = /0 dwm coswz . (6.20)
The velocity of the charge modes, u. is given by
Eq. (2.23).

In the expression (2.23) for the velocity of the spin
modes, both the numerator and the denominator van-
ish in the limit, when Ao — oo. This velocity can be
calculated using the form!4

5 = " dk eZa sinke! (k)
s 2 —ko ¢

o =
x [/ dk eZu s“"‘pc(k):l .
—ko

Using Eqgs. (2.32)—(2.35), the dressed charge matrix de-

(6.21)
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fined in Eq. (2.30) takes now the form

&(ko) O
Z= E(ko) 1 ' (6.22)
2 V2

where

ko dk’ _
Ek) =1+ / — cos k'K (sink — sin k’)&(k') .
—ko 2

(6.23)

In this special case the charge and spin degrees of free-
dom are independent. To show this we use (6.22) in the
expressions (2.28) and (2.29) for the anomalous dimen-
sions Agfa

. AN,
20% = (s(ko)(w +D)F o )) o (629)
2AF = % (\/§D3 + AN :/gAN ) (6.25)

The anomalous dimensions can be expressed in terms of
the extra charge AN, the change in the magnetization
AM, and the spin and charge current J, and J, defined
in Egs. (2.15), (2.16) and (2.21), (2.22). We find

2
2AF = i- (g(k =+ %) , (6.26)
2
20% = 7} (—\/E-Qi—’F F %) , (6.27)

which clearly demonstrates the charge-spin separation.
In the general, field-dependent case, however, both AN,
and AN, as well as J. and J, will contribute to all the
exponents.

Evidently in zero magnetic field the Fermi velocities
and momenta of spin T and spin | fermions are equal.
Furthermore, the couplings g4 and g4 are also equal
and will be denoted by g4. Similarly ga1 = g2) = go.
In this case Egs. (6.12)—(6.17) reduce to

2

vF + gy = (éz(lk y+ ¢ (f")) + 32’- . (6.28)
2

o =5 ( 52(1]60) + Q%Q) -2, (629)
2

Go1 = Gy = == <§2(1k0) 3 (fo)) . (6.30)

Equations (6.18)—(6.21) and (6.23) can be solved nu-
merically to evaluate the velocities and £(ko). Perform-
ing this calculation for several densities n as a function
of the Coulomb coupling U, we plot our results in Fig. 2
for vp +§y), in Fig. 3 for §s1, and in Fig. 4 for go, = gy
As we can see, the couplings §a1, 21, and go are linear
in U for small U and they saturate for large U. Except
for very low densities or for densities near half-filling, the
linear region extends to U values of the order of the hop-
ping integral, which is our energy unit. At small densities
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06 ]
04} 4 01
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02} :
0 . . . .
0 4 8 12 16 20

U

FIG. 2. The velocity with the Hartree-Fock correction
vr + ga) of the Tomonaga-Luttinger model that shows the
same critical behavior as the Hubbard model with the
Coulomb repulsion U in zero magnetic field for density n =
0.1, 0.3, 0.5, 0.7, and 0.9. The arrows on the right-hand side
show the asymptotic value of the velocity in the large-U limit,
vF + gy — (5/4) sin7n.

the bottom of the band is very close to the Fermi energy
and a linear approximation of the dispersion relation is
valid in a narrow energy range only. Near half filling the
umklapp scattering g3 becomes important, and this leads
to the breakdown of linearity. We will analyze the small
and large-U limits separately.

In Figs. 5-7 we present the velocity and the couplings
for several values of U as a function of the band filling or
density n. At low densities all three quantities go linearly
with n. Close to half-filling §, decreases and goes to zero
for any U. In the same region §s; becomes negative,

1.25 r T r - 0.5
0.3
1F e
0.7
0.
0.7
075 K E
. 0.3
5
>
05 f J J
y 0.1
-
0.1 0.9
0.25 | 0.9 E
0 . L
0 4 8 12 16 20

FIG. 3. The couplings gs1 of the Tomonaga-Luttinger
model that shows the same critical behavior as the Hubbard
model with the Coulomb repulsion U in zero magnetic field
for density n = 0.1, 0.3, 0.5, 0.7, and 0.9. In the small-U
region the dashed line shows the predictions of the scaling
theory, ga1 = U. The arrows on the right-hand side show
the asymptotic value of the coupling in the large-U limit,
gar — (5/4)sinmn.
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FIG. 4. The couplings g2 = g = G21 of the Tomonaga-
Luttinger model that shows the same critical behavior as the
Hubbard model with the Coulomb repulsion U in zero mag-
netic field for density n = 0.1, 0.3, 0.5, 0.7, and 0.9. In
the small-U region the dashed line shows the predictions of
the scaling theory, g2 = U/2. The arrows on the right-hand
side show the asymptotic value of the coupling in the large-U
limit, g2 — (3/4) sin7n.

while vF +Jq) remains positive such that vrp+§s +§a1 =
0. Except for these extreme cases, very low density or
nearly half-filled band, large plateaus appear for small
U, indicating that the band filling plays little role. For
U < 1 this plato extends from n = 0.1 to 0.9. This is the
region where the low-order scaling theory and the g-ology
model can be reasonably applied.

1. Small-U limit (U < sinkg)

As a check let us look at the results in the weak-
coupling limit, where the results obtained in the g-ology

T 1t
&
08 |
06 | 1
04 Y
02t g
o . s L . . . . . .
0 01 02 03 04 05 06 07 08 09 1
n
FIG. 5. The velocity with the Hartree-Fock correc-

tion vp + g4 of the Tomonaga-Luttinger model that
shows the same critical behavior as the Hubbard model
with different values of the Coulomb repulsion U (U =
0.4, 08, 1.2, 1.6, 2, 4, 8, 16, oo from top to bottom on
the right-hand side) in zero magnetic field as a function of
the density n.
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n

FIG. 6. The same as Fig. 5, for the coupling g4, .

model should be valid. In the noninteracting (U = 0)
case the hopping on the lattice gives a dispersion (k) =
—2cos k. Since the spin-up and -down bands are equally
occupied, and ko is equal to the common Fermi momen-
tum kp = mn/2, the charge and spin excitations have
identical velocities u, = ugs = 2sinkp. For small U
Egs. (6.18)—(6.19) and (6.23) can be solved in powers
of U using the Wiener-Hopf technique (see Ref. 21). The
leading terms in the interesting quantities are

U 2
E(ko) =V2 (1 BTy kF) ou?, (6.31)
ue = 2sinkp + % +0(U?), (6.32)
us =2sinkp — % +0(U?). (6.33)

The velocity vr+3q) is not renormalized to linear order
in U, while for the couplings we get

(6.34)
(6.35)

U
921 = 92| = 5 +0(U?),
941 =U+0(U?).

This result is in complete agreement with the predic-
tion of the scaling theory of the g-ology model,® as dis-

45

921, Oy

05

Y] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 7. The same as Fig. 5, for the coupling gz, g2.1.
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cussed in Sec. III. As mentioned before, the numerical
results show that this linear approximation is valid until
U becomes of the order of unity.

2. Large-U limit (U > sinkg)

The strong Coulomb coupling splits the bands. For in-
finitely strong repulsion only the lower band will be filled
until kg = mn = 2kp. The velocity of the charge exci-
tations will be u, = 2sin 2kr, while spin waves cannot
propagate, since double occupancy of sites is forbidden.
For finite but large U the equations for the dressed charge
and the velocities can be calculated in inverse powers of
U,

41In2
(ko) =1+ ;%— sinko + O(1/U?) (6.36)
ue = 2sin ko <1 - 47%11172 cos ko> +0(1/U?), (6.37)
_ 2 sin 2kg 2
Us = 7 (1 T ) +0(1/U%) . (6.38)

Both the charge and spin excitations remain gapless. The
velocity of the spin excitations is of the order of 1/U, as
expected. To leading order in 1/U the couplings are

vF + Gq = 2 sinnn 4+ O(1/U) (6.39)
GooL = g2 = 3sinwn+ O(1/U), (6.40)
gaL = 3sinmn+O(1/U) . (6.41)

The coupling saturate to a finite value. The asymptotic
values are shown by arrows in Figs. 2-4. Looking at those
figures we should also notice that the couplings remain
always smaller than the velocity, thus no strong-coupling
instabilities can occur in the model. The fractions 5/4
and 3/4 give the simple exponents found in this limit.?%®°

B. The model in a magnetic field

In order to do calculations in a finite magnetic field we
need to establish the connection between the parameters
Mo and h. In the ground state those states of the two
Hubbard bands are occupied for which e.(k) < 0 and
€s(A) <0, i.e., ko and Ag satisfy the equations

eclko) =0, &5(Ag)=0. (6.42)

Following Woynarovich!4 this equation can be rewritten
using the definition of the dressed charge in Egs. (2.32)-
(2.35) as

eulho) = ehn) = (u+ 5 ) €eehn) + Bése(0) = O
(6.43)

200) = £,00) = (4 3 ) sl + Hur(20) =0,
(6.44)

where Z.(k) and £5()\) are the band energies for h = 0
and g = 0.
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) 0.2 04 0.6 0.8
h/h,
FIG. 8. The velocity and couplings of the Tomonaga-

Luttinger model that has the same critical behavior as the
Hubbard model with U = 4 and density n = 0.1 plotted
against the magnetic field h/hc (h. is the magnetic field of
saturation). As h — O the couplings Jo1, g2, and a1 (solid
lines) approach the common value in a nonanalytic way.

Solving this set of linear equations for the magnetic

field we get
h = 5c(ko)€cs(>\o) _ gs(AO)gcc(kO) (6 45)
Ecc(ko)ﬁas(ko) -fsc(ko)ﬁcs(ko) ’ ’

As the strength of the magnetic field increases, in the
ground state the number of spin down particles decreases
and correspondingly Ao decreases. At a finite value h. of
the magnetic field all spins point upwards, and A¢ van-
ishes. For larger fields the spin excitations will have a
finite gap, the system ceases to be critical and the corre-
lation functions decay exponentially. Our considerations
based on mapping to the critical Tomonaga-Luttinger
model are not valid any more for h > h,.

In Figs. 8-10 we show the couplings for three densities
for fixed U = 4 as a function of the magnetic field h.
It can be seen that for h — 0 the couplings go71, g2),
and g2 approach the common value given in Eq. (6.30)

28 e =
——————————— vi+lg
L5t e U=4
~~~~~~~~~~ n=0.5
~~~~~~~~ _ he=0.8284
‘‘‘‘‘‘ Vitdy
o T
Oy N
0.5 - =
- .
\\
5 §
9ot 2
0 ; -
0 0.2 0.4 0.6 0.8
h/h

FIG. 9. The same as Fig. 8 at the density n = 0.5.
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FIG. 10. The same as Fig. 8 at the density n = 0.9.

in a nonanalytic way. This splitting of g21 and g2 from
g21 becomes more enhanced as the band filling increases.
Frahm and Korepin!® studied the behavior for weak fields
and near the critical field in the strong-coupling limit. We
will analyze the behavior for general U in the following
subsections.

1. Behavior in a weak magnetic field

For weak fields, i.e., in the limit A9 > U, the depen-
dence of A¢ on the magnetic field is determined by eval-
uating the quantities appearing in Eq. (6.45) using the
Wiener-Hopf method. By inverting the relation we find

U, ho
Ao = ﬁ In .}-l— s (646)
with
27 2
ho =\ e Tetk)
ko 7 sin
x [ dkcosk [Ec(ko)E(K) — Eo(k)E (ko) "B
...ko
(6.47)

where £(k) is the solution of Eq. (6.23) and &.(k) is ob-
tained from

ex 2 Ne. (k'
&.(k) = —2cosk +/k 5. €08 k'K (sink —sink")&. (k") .
—FKo

(6.48)

The charge and spin velocities behave smoothly, as
h — 0.22 However, this is not the case for the dressed
charge matrix, since a logarithmic field dependence ap-
pears in Z,,. Neglecting the linear corrections compared
to this logarithm we find

E(ko) + O(h2) o(h)
Z =
Z={ (ko) 1 1
9 o) = (1+ g ) +OW

(6.49)
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where £(ko) is given in Eq. (6.22). This logarithmic field
dependence modifies the expression for the couplings as

- - Ug 1 2(k u 1
'92T=921=7( 5(0))_ 3

(ko) 4 2 21In(ho/h)
+0(h) , (6.50)
L uc 1 (ko) L us 1
921 = (c2<ko) e ) * 3 SIn(ho/R)
+0(h) . (6.51)

The corrections to the couplings §s are O(h). A common
value gg| = g21 = g2| can be used if corrections of O(h)
are neglected.

This logarithmic correction is not surprising since the
magnetic field couples directly to the spin degrees of free-
dom and it is known that such a logarithmic dependence
appears in the magnetic susceptibility of the spin-1/2
Heisenberg chain.?® The magnetic origin of this correc-
tion is even better seen if we consider the linear combi-
nations g = Jo|| + G2 and §s = §o| — J21, which couple
directly to the charge and spin modes,® respectively:

2
e = e (% - -f—%“-"—)) +oh), (6.52)
G = —usm +0(h), (6.53)

i.e., the logarithmic term appears in g, only.

2. Behavior at the critical field

At h = h, it is straightforward to solve the Lieb-Wu
equations. Since in this field all spins point upwards,
Xo = 0 and therefore from Egs. (2.6) and (2.4) p.(k) =
1/2w and ko = wn. Holon excitations only are present
with velocity u. = 2sinmn = 2sin kpy, the spinon band is
empty, and the velocity vanishes, u; = 0. The magnetic
field of saturation can be given!® in the form

cosk —cosTn

he = v /wn dk cosk——"———3— (6.54)
"o J_in (U/4)? +sin’k ’
which for large U is
he = % (n - Sin;:m) +0(1/U3) (6.55)
and for small U
he =2(1 —cosmn) — Un + o(U?). (6.56)

The dressed charge matrix defined in Egs. (2.30)—(2.35)
becomes

1 a
Z = (0 1) , (6.57)
where
a= 2 arctan 4sin ko (6.58)
™ U

Inserting this into the expressions for the couplings we



get

vt + G4t = U , (6.59)
g21=0, (6.60)
v+ s = G2 = %(1 -a)?, (6.61)
Ga1 =Go1 = %(1 —a). (6.62)

We can choose vt = uc, v; = 0 yielding
941 =921 =0, (6.63)
g4y = G2 = %C-(l - a)?, (6.64)
gaL =g21 = %5(1 —a). (6.65)

This is easily understood, since if kp} = 0 and u, = 0, the
distinction between right- and left-moving particles dis-
appears for that branch. These degeneracies are clearly
seen in Figs. 8-10.

In the small-U limit

U
=] — .
* 2w sinmn ’ (6.66)
so the leading corrections to the couplings are
U2
g4y = g2, = el (6.67)
ga1 =921 =U, (6.68)
941 = g21=0. (6.69)

The coupling between particles of opposite spin is sim-
ply the original Hubbard U, while particles of the same
spin exercice a weaker mediated repulsion on each other.

VII. SUMMARY

It was known for some time already that the one-
dimensional Hubbard model is in the universality class of
Luttinger liquids. The explicit relationship between the
parameters of the models were known, however, in the
weak-coupling limit only, where the Hubbard model can
be replaced by a g-ology model and the fixed point cou-
plings can be determined using the scaling theory. The
aim of the present paper was to find the mapping be-
tween the Tomonaga-Luttinger model and the Hubbard
model in magnetic field h for arbitrary Coulomb coupling
U and for general band filling n.

Since the Fermi velocities of free fermions on a lat-
tice in an external magnetic field are different for the
two spin orientations, first we generalized the Tomonaga-
Luttinger model to the case when the fermions of differ-
ent color have different Fermi velocities and Fermi mo-
menta. Using the method of Mattis and Lieb it is pos-
sible to diagonalize the corresponding Hamiltonian ex-
actly and the excitation spectrum could be determined.
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Assuming that this model can be considered as a direct
product of Virasoro algebras, the finite-size corrections
to the energy and momentum allowed us to obtain the
anomalous dimensions of the primary fields that appear
in the exponents of the correlation functions. Since there
is some ambiguity in the choice of the anomalous dimen-
sions, an alternative approach was used to determine the
correlation functions exactly. The equation of motion
method applied to the correlation functions gave a closed
set of equations which are equivalent to generalized Ward
identities between higher-order vertices. The correlation
functions could be calculated in a closed form in real
space and time representation.

Since the same correlation functions are known for
the Hubbard model from the works of Frahm and
Korepin,%15 it is possible to identify the equivalent mod-
els by putting equal the anomalous dimensions of the
Hubbard model and the generalized Tomonaga-Luttinger
model. We have found that in zero magnetic field in
the weak-coupling limit the couplings of the Tomonaga-
Luttinger model increase linearly with U in agreement
with renormalization-group theory. Except for low den-
sity or near half-filling the couplings of the equivalent
Tomonaga-Luttinger model are not very sensitive to the
band filling, again in agreement with the g-ology model.
For strong-coupling U the couplings of the Tomonaga-
Luttinger model saturate at finite values. This allowed
us to conclude that except for very low densities or near
half-filling, the g-ology model with bare couplings U is a
very good approximation for the Hubbard model if U is
not larger than the hopping integral.

In an external magnetic field the equivalent Tomonaga-
Luttinger model has two different velocities and the cou-
plings become spin dependent. In small magnetic field we
have found an interesting nonanalytic (logarithmic) be-
havior of the couplings as A — 0 in much the same way
as is found in the susceptibility of the one-dimensional
Heisenberg chain. At a finite critical field h. the sys-
tem becomes fully polarized. The velocity of the spinon
excitations vanishes and several couplings become degen-
erate. For larger fields the spinon excitations are massive
and the system loses its criticality, the spin part of the
correlation functions decays exponentially. The model
cannot therefore be mapped to an equivalent Tomonaga-
Luttinger model.
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