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Insulator-to-superconductor transition in ultrathin films
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The thickness dependences of the electrical conduction and the onset of superconductivity have been
studied in ultrathin films of Bi, Pb, and Al. Thickness was varied by repeated in situ deposition of small
increments of material onto amorphous Ge substrates held at low temperatures in an ultrahigh-vacuum
environment. The thinner films of the resultant sequences of films were insulating and as thickness in-
creased with successive depositions, superconductivity eventually appeared. This insulator-to-
superconductor transition has been interpreted as a quantum phase transition, and compared in its
features with predictions of the boson Hubbard model. The conductances of the sequences of films were
scaled with a single parameter, and a universal scaling function was found. The scaling parameter van-

ished as the transition was approached from either the insulating or the superconducting side, falling as
a power law of the difference between the Boltzmann conductance and a critical value of the conduc-
tance very close to (h/4e ) ', or the inverse of the quantum resistance for pairs. The asymptotic value
of the scaling function was also close to (h/4e') ', although this value was achieved only for Bi films.
In the case of Pb and Al films superconductivity nucleated before the asymptotic limit was reached, at
lower values of the conductance.

I. INTRODUCTION

Under conditions in which thermal Auctuations are
suppressed, such as by cooling to low temperatures, the
behavior of some macroscopic systems is dominated by
quantum fluctuations. These may bring about quantum
phase transitions, similar to thermodynamic transitions,
but which are controlled by parameters other than tem-
perature. It is believed that the disorder-driven
insulator-to-superconductor transition in the limit of two
dimensions and zero temperature is such a transition. '

Ultrathin films of various metals are important realiza-
tions of disordered electronic systems in reduced dimen-
sions, and are good candidate systems for the study of the
insulator-to-superconductor transition. Among the
difFerent types of material systems that have been investi-
gated in this and related contexts, are high-temperature
superconductors, ' intermetallic compounds such as
amorphous MoGe (Ref. 4) and MoC, (Ref. 5),
amorphous-composite In-In203, (Ref. 6) and metals
grown by deposition onto substrates held at liquid-helium
temperatures (quench-condensed films). The study of
electrical transport of the latter has been carried out for
almost fifty years beginning with the pioneering work of
Shal'nikov and Buckel and Hilsch. ' Such "quench-
condensed" films are inherently disordered. They exhibit
insulating rather than metallic behaviors when the sheet
resistance is sufficiently high. As it is reduced, they be-
come either metallic or superconducting, depending on
the evaporant. The sheet resistance is efFectively a mea-
sure of the disorder of a film, and its value is directly con-
trolled by thickness.

The investigations of ultrathin quench-condensed films
deposited onto amorphous Ge (a-Ge substrates, which
are presented here, were motivated by the goal of under-

standing the nature and the relationship between the dis-
tinct and essentially antithetical behaviors of the insulat-
ing and superconducting states of these films. The results
of this work, which suggest the existence of a direct
insulator-to-superconductor transition in the T~O limit,
are an important challenge to the conventional theory of
the interplay of localization and superconductivity, and
have in part motivated the development of the boson
Hubbard model as a description of such systems. '

In high-resistance films, electrons are spatially local-
ized, either as a consequence of the random potential,
which leads to Anderson localization, or of interactions,
which result in a Mott insulator, or a combination of
both. For such films, the direct-current (dc) electrical
conductance vanishes at zero temperature as a conse-
quence of the localization of the electronic wave func-
tions. " This localized state is gauge invariant. ' In the
opposite limit, the case of superconducting films, elec-
trons move in a coherent manner over the entire sample.
The dc resistance of the sample vanishes due to the quan-
tum coherent character of the electron motion, and the
ground state is characterized by the breaking of both the
global and local gauge symmetry, which results in the
well-known Anderson-Higgs phenomenon through the
coupling of the matter and gauge fields. '

There are a number of questions that arise when one
considers the interplay between superconductivity and lo-
calization. For example, can a superconducting state be
constructed from localized single electron wave func-
tions, or if the single electron wave functions are local-
ized, must the system be insulating at zero temperature?
In two dimensions, this issue becomes particularly intri-
guing as the lower critical dimensions for both localiza-
tion and superconductivity are two. Superconductivity,
i.e., zero dc resistance, is strictly possible only at zero
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temperature. ' Also, in two dimensions all electrons are
believed to be localized even for the smallest possible lev-
els of disorder. " As a consequence, it would appear that
either insulating or superconducting states are allowed at
zero temperature in two dimensions. Any transition be-
tween these two states, would be associated with a gauge
symmetry breaking, and would be of fundamental in-
terest.

The suppression of the transition temperature in disor-
dered superconductors by the enhancement of Coulomb
repulsion in the presence of weak disorder has been cal-
culated using perturbation theory. ' ' A consequence of
this approach is that superconductivity can be weakened
with increasing disorder even in the absence of scattering,
which breaks time-reversal symmetry, as would be re-
quired by Anderson's theorem. ' The calculated suppres-
sion of the mean-field transition temperature is in reason-
ably good agreement with the data, especially for low-
resistance films. ' These considerations have been ex-
tended to a more highly disordered regime using pertur-
bative renormalization-group techniques, and somewhat
better agreement with experiment has been found. ' It
should be noted that this approach is not applicable to
systems in which disorder is strong, and, since it only ac-
counts for the effect of disorder on the amplitude of the
order parameter, it may not actually describe the demise
of superconductivity, i.e., the appearance of resistance.
The latter is connected with the breaking of long-range
phase coherence, which may occur even when the order
parameter amplitude is nonzero. Long-range or quasi-
long-range phase coherence of the order parameter is
directly responsible for the dc resistance vanishing, or the
conductance diverging, which usually defines supercon-
ductivity.

In interpreting measurements on real systems it is
necessary to note the importance of length scales in
determining physical properties and the applicability of
various models. Films of metals have conventionally
been grouped into two extreme categories depending on
the characteristic length scale of the disorder. Those
with disorder on length scales substantially larger than
atomic lengths, but much smaller than the sample size
have been considered to be granular films, while films be-
lieved to have atomic scale disorder have been considered
to be homogeneous. The physical models used to de-
scribe these extreme limits are nominally very different.
These geometrical lengths must also be compared to
those associated with localization or superconductivity.
In the localization problem, one must distinguish be-
tween the strongly- and weakly-disordered regimes. In
the weakly-disordered regime, the localization and the
dephasing lengths are relevant. ' The first determines the
spatial decay of an electronic wave function, and the
second, how far an electron propagates without losing
phase memory assuming diffusive motion. At nonzero
temperatures, the dephasing length cuts off the quantum
interference effect, which is the essence of weak localiza-
tion. Granular films and atomically disordered films are
similar in the weakly-disordered limit, as the localization
length is usually larger than the average grain size, at
least in the two-dimensional limit. ' In the strongly-

disordered regime, electronic conduction is via thermally
activated hopping processes. At sufficiently low tempera-
tures, the competition between the probability for tunnel-
ing localized sites and thermal activation, controlled by
the Boltzmann factor, gives rise to variable-range-
hopping conduction, with the optimal hopping distance
being the important length scale. When superconductivi-
ty is involved, the superconducting coherence length, or
the correlation length of the order parameter, is needed
to characterize the system. This length must be com-
pared with the length scale for disorder to determine the
relevant physics. For example, when the superconduct-
ing coherence length of a granular film is sufficiently
larger than the average grain size, the distinction between
granular and homogeneous films should vanish.

Early studies of quench-condensed films were focused
on understanding material properties that were different
from those of bulk crystalline materials, such as the
elevation of superconducting transition temperatures, '

on superconducting Auctuation effects, and on the issue
of topological phase transitions. A systematic experi-
mental study of disordered superconducting films includ-
ing films in the strong-disordered regime was carried out
in 1970. In this work, the films were prepared by succes-
sive deposition, in situ, onto substrates held at low tem-
peratures. The superconducting transition temperature
T, was found to be a well-defined function of normal
sheet resistance R&, which was in turn controlled by the
film thickness d. In effect, Rz is a convenient measure of
the amount of disorder. Moreover, the values of T, de-
creased monotonically with increasing R~. In addition
to the above findings, it was observed that extremely thin,
and electrically continuous films, could be grown on sub-
strates that were coated with thin layers of an appropri-
ate material, such as a-Ge. In contrast, films grown
directly on glass were initially connected electrically at
much greater thicknesses. The former is the basis for the
work reported here.

Differences between films grown directly on A1203 and
glass substrates, and those grown on predeposited a-Ge
underlayers have been noted in electron-tunneling stud-
ies. ' It was observed that in the case of films grown
directly on glass, which are considered to be granular
films, the effective density of states depends on the nor-
mal sheet resistance only very weakly. On the other
hand, for films grown on predeposited a-Ge underlayers,
which are considered to be homogeneously disordered
films, the effective density of states decreases monotoni-
cally with increasing normal sheet resistance Rz. Fur-
thermore, for the latter, the ratio of the mean-field transi-
tion temperatures and effective densities of states remains
approximately constant with increasing normal-state
resistance. This implies that the decrease in T, is a result
of a reduction of the effective density of states at the Fer-
mi surface. As T, deceases, and the superconductor-to-
insulator is approached, the energy gap also becomes
small.

In this work we will elaborate in detail the thickness
dependence of electrical transport properties of homo-
geneously disordered films grown on a-Ge substrates.
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The results are very different from those of similar studies
of granular films grown directly on glazed alumina or
glass substrates. In the latter, as thickness was in-
creased, insulating, "locally superconducting, " "metal-
lic," and finally fully superconducting behaviors are ob-
served in succession. In a locally superconducting film,
as temperature decreased, the resistance first increases,
and then at a temperature close to the transition tempera-
ture of the bulk crystalline form of the evaporant, the
resistance falls to a local minimum. As temperature is re-
duced further the resistance continues to increase. The
initial fall in resistance is interpreted as evidence of the
onset of superconductivity within grains that are other-
wise isolated or only weakly linked. The increase of resis-
tance as temperature is decreased further is associated
with the opening of a gap in the excitation spectrum of
the grains, which results in an increase in the tunneling
resistance between them. If the grains and the junctions
coupling them are sufficiently small, then the charging
energy is appreciable and the phase associated with the
superconducting order parameter is strongly fluctuating,
preventing the system from establishing a globally
phase-coherent state. The term, "quasi-reentrance" has
been used to describe plots of 8 (T) exhibiting these local
minima. Films with thicknesses close to the threshold for
superconductivity, but which exhibit a nearly
temperature-independent resistance at low temperatures
are referred to as metallic. This phase presumably does
not persist down to T =0.

Fully superconducting behavior in granular films was
observed only after the normal sheet resistance of the
films fell below a value which was close to
h/4e =(=64550), the quantum resistance for pairs.
In a series of experiments involving Sn, Al, Ga, and Pb
films this value of the resistance threshold was repeatedly
found, and would appear to be material independent.
Granular films have been modeled as junction arrays,
with zero resistance a consequence of the suppression of
phase fluctuations, either by damping, or by renormaliza-
tion of the intergranular capacitance to a larger and
fluctuation-suppressing value by quasiparticle tunneling
effects. The experimental results are unable to distin-
guish between the two approaches, although evidence
from experimental work on ordered, low-capacitance,
junction array systems supports the capacitance renor-
malization picture.

In contrast with the above, films grown on a-Ge sub-
strates exhibit much simpler behavior. In the low-
temperature limit, electrical conductivity either decreases
or increases monotonically with decreasing temperature,
and the more complicated phenomena described above
are not observed. In modeling these films there are two
important caveats: The first has to do with the role of the
a-Ge substrates. The "conventional wisdom" is that the
Ge underlayer only enhances the wetting of the substrate
by the various metals. However, a case can be made that
its role is much more complicated. Investigations on the
Ag/Ge system demonstrate that Ge underlayers play a
direct role in electrical transport. This issue cannot be
ignored in the case of Pb, Al, and Bi films deposited onto
Ge underlayers. One possible scenario is that the struc-

tures of both "granular" and "homogeneous" films are
actually granular. However, the grains of the films
grown on a-Ge, which is an amorphous semiconductor
with empty states, may be more strongly coupled electri-
cally than those grown on glass or ceramic because of
enhanced electron transport through the semiconductor.

The second caveat has to do with the possibility of
quantum tunneling of Abrikosov vortices giving rise to
finite voltages and nonvanishing resistances. When vor-
tices are pinned, the resistance is zero. However, they
can be depinned, leading to nonzero resistance. One ex-
pects that in the limit of small current vortices would be
pinned at sufficiently low temperatures. However, quan-
tum tunneling of vortices 'can bring about finite resis-
tance even at zero temperature. An understanding of the
role of tunneling and pinning would appear to be essen-
tial.

Experimentally, it may be difficult to decide whether a
given film is truly superconducting. Although a
definition based on the appearance of zero, or near zero,
resistance is in principle unambiguous, it may not be very
useful experimentally as in sufficiently disordered systems
the transition temperature may be suppressed to a value
below the accessible temperature range. Also, the mea-
surement of very small voltages is limited by the sensitivi-
ty and noise levels of instruments. The study of another
property of the superconducting state such as the energy
gap, although of great interest, might not actually answer
questions as to the disappearance of resistance, as a gap
and a finite resistance can coexist. A similar difficulty ex-
ists for the insulating state, as there is always a nonvan-
ishing conductivity due to thermal activation. Although
one can use the temperature coefficient of resistance
(TCR) at very low temperatures for specific samples to
extrapolate to the zero-temperature limit, there are al-
ways dangers in such a procedure, and other ways of
analyzing data are required to infer the behavior of the
sample at the temperatures lower than those accessed ex-
perimentally.

This paper is organized in the following way: in Sec.
II, experimental techniques are described. In Sec. III the
data and scaling analysis of the conductivity of films of
Bi, Pb, and Al grown on a-Ge substrates is presented and
compared with results of a similar nature found for non-
superconducting Pd films grown directly on ceramic sub-
strates. In Sec. IV the relevance of the boson Hubbard
model to the observed insulator-to-superconductor tran-
sition is considered. This model is a major advance
beyond the theory of the interplay between superconduc-
tivity and localization in the description of the
phenomenon being considered here. The various issues
raised by this work are discussed in Sec. V.

II. EXPERIMENTAL PROCEDURES

The apparatus used in this study combined state-of-
the-art ultrahigh-vacuum (UHV) and molecular beam ep-
itaxy (MBE) technologies and low-temperature tech-
niques. It provides the capability for in situ deposition of
films and their measurement at low temperatures. Al-
though the details of the apparatus have been described
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in detail earlier, a brief description will be included here
for completeness.

The combination of MBE and low-temperature techno-
logies was realized by attaching a stainless steel dewar,
compatible with an UHV environment and equipped with
a He-evaporation refrigerator, onto the top of a MBE
growth chamber. This chamber was pumped by two ion
pumps (a 250-1/s differential ion pump and a 300-1/s con-
ventional ion jump) with a total pumping speed of 550
1/s. The base pressure, which was measured and moni-
tored with a residual gas being Hz. A Cu sample block
was attached to the bottom of the He-evaporation cell.
The whole refrigeration unit was in turn attached to a
flexible stainless steel bellows assembly, which allowed
the sample block to be lowered into the growth chamber
for the deposition of films and retracted back into the
dewar for low-temperature measurements. The bellows
assembly was welded to a gold-wire-sealed Aange at its
bottom end so that the sample block space was kept
within an UHV environment at all times. Thermal
shielding with liquid-nitrogen-cooled panels reduced the
radiative heating of the sample during the deposition of a
film. The metal vapor sources were commercial Knudsen
cells (K cells). The crucibles were made of pyrolytic bo-
ron nitride and were approximately 13.8-cm deep and
1.8-cm inner diameter. The Aux supplied from this type
of crucible is substantially more uniform than that from
ordinary Langmuir sources, which are usually crucibles
or open thermal evaporation sources employing either
tungsten or tantalum boats, wires or baskets. The K cells
were heat-shielded by a hollow shroud through which
cold air was Rowed. This minimized outgassing from the
K-cell units or the growth chamber walls. The pressure
during growth remained below 1 X 10 Torr for even the
highest operating temperatures of the sources, and was in
the 10 —10 ' range for the deposition of metals. For
the work described here, the highest temperature was
about 1300'C in the case of the deposition of Ge. For
other materials, the cell temperatures, and operating
pressures, as described above, were substantially lower.

Vapor cruxes were controlled by monitoring the source
temperatures, which were measured using a thermocou-
ple. The source temperatures remained constant during
depositions. The amount of the material deposited was
determined by the exposure time, which was controlled
by tantalum shutters. These shutters were operated
manually and could be easily opened for as short an inter-
val as a few tenths of a second. This translated into a

0
thickness increment of less than 0.01 A. The source-to-
substrate distance was approximately 45 cm.

Thicknesses were monitored using a quartz-crystal
monitor. The crystal was mounted roughly parallel to
the substrate and was about 6 cm away from the center of
the film. The amount of material per unit area deposited
on the crystal could be determined very accurately from
the shift in its resonant frequency. The di6'erences in the
cruxes at the substrate and in the plane of the quartz crys-
tal were accounted for by a calibration. This was ob-
tained by depositing a thick Sn film at ambient tempera-
ture and determining the associated shift in the frequency
of the monitor and correlating it with the film thickness

as measured using a profilometer. However, the
thicknesses reported in this paper are nominal in that
standard bulk crystal densities were used to compute
thicknesses from measured masses per unit area. Natu-
rally, these densities might not be the same as those of
the actual films (determining the latter would require de-
tailed knowledge of film structure, which was not avail-
able). Additional error may be introduced as the quartz
crystal was not kept at an absolutely constant tempera-
ture. Thermal drift could be significant for sources that
were operated at high temperatures. However, the
thermal response of the crystal could be distinguished
from its response to mass by waiting for the source to re-
turn to equi1ibrium after a deposition before recording
the frequency shift.

The films were grown on glazed alumina (99.% Alz03)
substrates, which were 2.54-cm square and 0.625-mm
thick. The glaze, which was a 0.013-cm thick layer of
A12Si03 provided an extremely smooth surface. The sub-
strate were mechanically pressed onto the sample block.
A small amount of Apiezon N grease mixed with fine Cu
powder was applied between the unglazed face of the sub-
strate and the sample block surface to enhance the
thermal contrast between the substrate and sample block.
The films were patterned to permit four-point probe mea-
surements. A very uniform magnetic field could be ap-
plied in a direction perpendicular to the plane of the films
using a split-coil superconducting magnet. Due to the
size of the magnet, and the limited current carrying capa-
city of the electrical leads, the maximum value of the
magnetic field was limited to about 2100 G. The unifor-
mity of the magnetic field was +1.1%%uo in a 1-cm diameter
spherical volume. Samples could be aligned to within 0.5
cm of the center of the magnet.

Film resistances were measured using both dc and ac
techniques. Electrical contacts were provided by wires
connected to preevaporated 5000-A-thick Ag pads.
These pads were in turn connected to 100-A-thick leads
deposited after the substrate was loaded into the UHV
chamber. These leads provided contact to the ultrathin
films. For films involving a Ge underlayer, which was de-
posited in situ as well, all the layers were connected to the
leads since the Ge layers were never more than about a
monolayer thick and electrons could easily move through
this thickness of Ge. The films were 0.5 mm X 5.0 mm in
area, or ten squares. Current was supplied by a Keithley
model 220 Programmable dc current source and the volt-
age was measured using a Kiethley model 181 nano-
voltmeter. ac measurements were carried out using a
PAR-124A lock-in amplifier. On some occasions, a
transformer was used to match the impedance of a film to
that of input amplifier of the lock-in amplifier in order to
achieve the best noise figure. Temperatures were mea-
sured and controlled using a Quantum Design Digital
R/G Bridge. Data acquisition was controlled and
managed by an Apple II+ computer through an IEEE in-
terface bus. The lowest and highest temperatures for the
measurements were 0.44 and 14. 2 K, respectively.

All low-temperature measurements were performed
within a metal dewar, and all electrical leads entering the
vacuum chamber were filtered with low pass electromag-
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netic interference filters (Erie +1233-006), which were
soldered into a conductive shield. In series with these
filters, inside the shield, were 20 nH inductors. The com-
bination of filters and inductors exhibited voltage at-
tenuations of 15 dB at 1 MHz, 60 dB at 10 MHz, and
finally 75 dB beyond 100 MHz. However, there were no
low-temperature filters so that room-temperature thermal
noise generated in the leads inside the apparatus could
have in principle affected the sample.

The surface quality of the substrate is obviously crucial
to the growth of ultrathin films. Given the fact that the
setup was not enclosed in a clean room, extreme care was
taken to clean the substrate beforehand and to keep it
clean in subsequent handling in which it was loaded into
the cyrostat. Substrates were cleaned ultrasonically first

0

using acetone and then with methanol. The 5000-A-thick
Ag pads were evaporated in a separate small vacuum
chamber. Jumper wires were attached to connect to the
parts to the printed circuit board, which was in turn con-
nected to the instruments. For films of Bi, Pb, and Al,
these wires attached by direct soldering. Later, a tech-
nique using Ag epoxy was adopted for films of Ag and
Pd. This technique was not nearly as labor intensive as
the previous one. Substrates were always kept in a closed
case in between various steps so as to avoid dust landing
on their surfaces. After finishing these preparations, sub-
strates were washed with methyl alcohol and dried using
Omit-Plus lint and dust remover, before enclosing them
in the system. These procedures for preparing substrates
were found to be adequate in order to obtain connected
ultrathin films.

The unique feature of the apparatus was that it could
be used to successively deposit material and measure
properties of films in situ at low temperatures. A se-
quence of films was fabricated and measured in the fol-
lowing way: A certain amount of material was deposited
and then the sample block was retracted into the cyrostat
for resistance measurements. The cryostat chamber was
separated by two optically tight doors, which were held
at liquid-nitogen and liquid-helium temperatures, respec-
tively. The pressure in cryostat chamber was
significantly lower than that in the growth chamber due
to cryopumping. After the resistance measurements, the
substrate was again lowered into the growth chamber and
more material was deposited on top of the existing film.
The resultant film was then driven back into the cryostat
for additional measurements. The temperature of a film
was generally kept between 14—20 K during the deposi-
tion (for Bi and Pb films, the highest temperature was 18
K). At these temperatures the gases absorbed on the film
were desorbed.

The procedure described above is illustrated in Fig. 1.
This "layer-by-layer" approach to growing ultrathin films
revealed detailed features of the evolution of the electri-
cal conduction encompassing a range from strong to
weak disorder as the thickness was increased semicon-
tinuously. The operation of this system required a great
deal of patience and persistance. A typical run involving
a film sequence of a specific material could take up to a
few months. During this time considerable care was
needed to maintain the extremely stable operating condi-

Deposit Small
Amount of Material in

UHV Growth Chamber

In Situ
Measurement

at Low Temperatures

FIG. 1. Flow diagram of an experimental run for fabricating
and measuring a sequence of ultrathin films.

tions needed to keep the parameters of the films constant.
Finally, it should be pointed out that there was no ca-

pability for structural analysis in this apparatus. There-
fore, the morphology of the films was inferred only from
transport measurements or from information on similar
system found in the literature. As a result, definitive
statements on film structure cannot be made.

III. DATA AND SCALING ANALYSIS

In this section, the results of studies of ultrathin films
of superconducting materials will be described. Before
doing this, it would be of value to review the properties of
the three materials, Bi, Pb, and Al. Bismuth is an in-
herently very complex element. It is a pentavalent and
possesses an atomic configuration given by
4f ' Sd' 6s 6p . When forming a bulk crystal, the five s-
and p-electrons become conduction electrons, while the
other electrons, which are strongly bound to the nuclei,
are not relevant to transport processes. Crystalline Bi is
a semimetal characterized by a very low carrier concen-
tration. There are equal numbers of electrons and holes
with concentrations of either being about 3 X 10' /cm, a
few orders of magnitude smaller than in ordinary metals
(typically 10 /cm ). The static dielectric constant of
crystalline Bi is very high (~=100). The crystal struc-
ture of Bi is a rhombohedral Bravais lattice with a two-
atom basis. This is a layered structure with three elec-
trons forming a strong covalent bond within each layer.
The bonding between the layers, however, is of the van
der Waals type, which is much weaker. It is important to
note that the bulk crystalline Bi is not superconducting
down to 0.05 K, although small Bi grains have been re-
cently reported to be superconducting. When deposited
at low temperatures, Bi forms an amorphous film with
disorder on an atomic scale. The carrier density of amor-
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phous Bi (a-Bi) is much higher than that of bulk crystal-
line Bi and has been measured to be 2. 1X10 /cm as-
suming there are only electron carriers. This indicates
that a-Bi is a good metal. In addition, a-Bi is supercon-
ducting around 6 K.

Lead is a heavy metal in the 4A column of the periodic
table. In crystalline form, it becomes superconducting at
7.19 K. When deposited onto substrates held at liquid-
helium temperatures, while not alloyed with a second
metal, it does not form an amorphous phase unless it is
grown at very low temperatures. However, the amor-
phous phase can be stabilized by adding a small amount
of Bi. For Pbo 75Bio25, the superconducting transition
temperature is 6.9 K and the measured carrier (electron)
density is 2. 84X 10 /cm . It is worth noting that both
Bi and Pb are heavy materials and therefore exhibit
strong spin-orbit scattering. The spin-orbit coupling
strength is typically proportional to Z, where Z is the
atomic number. This may be important in the under-
standing the electrical conduction of these systems.

Aluminum is a metal in the 3A column of the periodic
table. Its superconducting transition temperature is
1.196 K in pure form and can be significantly higher in
the case of dirty samples or thin films. The carrier densi-
ty measured for crystalline Al is 6.1 X 10 /cm (holes).
Aluminum does not form an amorphous phase even when
deposited onto substrates held at liquid-helium tempera-
tures.

The a-Ge underlayers were grown with the substrates
held at low temperatures, and Knudsen cells were used as
vapor sources. Their thicknesses were 6.0 A, 5.7 and 5.7
A, respectively, for the particular sequences of Bi, Pb,
and Al films described here. The sequence of Pb films ex-
hibited a measurable conductance [R(4 K)( 10 G Q] at
the smallest thickness (2.4 A) of the three. The Al films
were considerably thicker when they became conductive.

The evolution of the conductivity of Bi films is illus-
trated in Fig. 2. Each individual curve represents a single

film. The symbol G denotes the conductance in units of
4e /h, i.e., 6 =(h /4e )/R, where R is the resistance per
square. To avoid too high a density of data points, not all
the data is included in this figure. Although the data are
not explicitly shown, Pb and Al films behaved in a similar
manner.

A common feature of the data was its nature in the
limit of zero temperature. Films were either insulating or
super conducting, with those exhibiting conductance
curves increasing with decreasing temperature considered
to be superconducting and those with the opposite slope
insulating. This categorization implies an extrapolation
to temperatures below those actually reached experimen-
tally. Nevertheless, general features of the data strongly
support it. Also local superconductivity, as defined in
Sec. I, was not observed. Its absence has been taken as
evidence of a homogeneous structure with disorder on an
atomic length scale. However, this is only indirect evi-
dence, as studies of structure were not carried out.

In Fig. 3, the electrical conductances of the ten thin-
nest Bi films are plotted against temperature. In the
T~0 limit, these exhibit an Arrhenius form, i.e.,
G =Goexp( —To /T). This is similar to "fixed-range-
hopping" (FRH) conduction. However, more careful
examination of the data indicates that this temperature
dependence may not be attributable to FRH. The prefac-
tor Go is roughly independent of thickness, or sheet resis-
tance at 14 K, as this is shown in Fig. 4. The value of Go
is about 0.174, which corresponds to a conductivity
o.o=0. 11e /A, a result not expected from FRH picture.2

The number, o.o=0. 11e /A, or 1/37kB, is very close to
the "universal minimum metallic conductivity" in two di-
mensions, obtained in early theoretical studies predating
the modern scaling theory of localization. In that con-
text, the data could be taken as evidence of a mobility
edge separating the conduction and valence bands and
the minimum conductivity" would simply be a measure
of the mobility right at the mobility edge. Correspond-
ingly, To would be the measure of the mobility edge. Al-I

though the "minimum metallic conductivity" is believed
not to exist in two dimensions as all electronic states are
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1/T (K )FIG. 2. Evolution for Bi films of the electrical conductance G

in units of 4e /h as a function of temperature T. The
thicknesses of a few selected films are indicated. Note that con-
ductance and conductivity are identical in two dimensions.
Only some of the data of the sequence of films is shown to avoid
too high a density of data points.

FIG. 3. G vs 1/T plotted on a semilog scale for the ten thin-
nest Bi films (the first to the tenth films of the Bi sequence). An
Arrhenius law is clearly seen.
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FIG. 4. The prefactor Go obtained by fitting an Arrhenius
law to the data of G vs T of the ten thinnest Bi films. Error bars
indicated were estimated from the variations in the fitting pa-
rameter Go in fitting over different ranges.

localized, this notion may still be a useful description of
electron conduction at high temperatures. Of course if
there were a real gap (i.e., hard gap) in the quasiparticle
excitation spectrum, possibly associated with spin degrees
of freedom, ' then the prefactor Go would have a
different origin.

As film thickness is increased, the electrical conduc-
tance deviates from Arrhenius behavior at low tempera-
tures. Eventually, with sufficiently thick films this Ar-
rhenius tail becomes very difficult to identify. For such
films, plotting the logarithm of the conductances against
(1/T)" with n as a variables suggests that the conduc-
tance in the low-temperature limit is best described as
variable-range-hopping with a Coulomb gap, character-
ized by G-exp[TO/T)'~ ]. This is shown in Fig. 5
where the values of G for the 11th through the 21st films
are plotted.

As the thickness is increased even further, the conduc-

tance becomes logarithmic in temperature as shown in
Fig. 6. This dependence, G =G~+B lnT, where G~ is
the Boltzmann conductance and B is a number indepen-
dent of temperature, is typical for electrons in the weak
localization regime. ' However, noticeable deviations
from logarithmic behavior can be seen in the plot. They
may be due to effects that have not been taken into ac-
count in the perturbation calculations, which are the
basis for the weak localization theory. It is interesting to
note that the slope of the logarithm in the low-
temperature limit decreases as the onset of superconduc-
tivity is approached. The best fit to the data at low tem-
peratures indicates that B varies from 9.72X 10 for the
22nd film to 5.5 X 10 for the last insulating film.

Insulating films of Pb and Al behaved in a manner
similar to those of Bi. For the thinnest, the electrical
conductance had the Arrhenius form,
6 =Goexp( —To/T). In contrast with the case of Bi, the
prefactor Go for Pb and Al films, rather than being con-
stant, depended on thickness. With increased thickness
the conductance followed G —exp[( —To/T)' ] in the
low-temperature limit. Finally, G(T) was close to loga-
rithmic in temperature for thicker films although
significant deviations from logarithmic behavior, particu-
larly in the low-temperature limit, were observed. These
deviations made it difficult to fit the data with a logarith-
mic form.

The onset of superconducting behavior in the various
sequences could be correlated with the value of the resis-
tance in the normal state. In the case of films in the Bi
sequence, there was a sudden drop in the resistance with
decreasing temperature when the normal-state sheet
resistance, measured at 14 K, fell below Ro=6.42+0.2
kA. This threshold value Ro was taken as the algebraic
average of the resistance measured at 14 K for the last in-
sulating and the first superconducting films of the se-
quence, respectively. The quoted uncertainty was arbi-
trarily taken to be the order of the difference between the
resistances of these two films at 14 K. It is very striking
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FIG. 5. Conductance G vs 1/T' of the 11th to 21st films of
the Bi sequence. These films are of "intermediate" thickness.
In the low-temperature limit the conductance is best fit by the
form predicted by a model involving variable range hopping
with a Coulomb gap.

FICs. 6. Conductance G vs lnT of last ten insulating Bi films.
(The 22nd to 31st films of the Bi sequence. ) The temperature
dependences of the conductances are approximately logarith-
mic. Notice that in the low-temperature limit, the slope of the
logarithm decreases as the onset of superconductivity is ap-
proached.
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FIG. 7. Sheet resistance R vs T of the first superconducting
and last insulating films for the Bi, Pb, and Al sequences. The
algebraic mean Ro of the resistance at 14 K of the last insulat-
ing and first superconducting films of the Bi, Pb, and Al se-

uences, respectively, are 6.42, 9.94, andd 18.6 kQ. These num-
bers are close to h/4e, 1.5(h/4e ), and 3(h/4e ), and appear
to be system dependent.

tat Oisch t R is close to the quantum resistance or pairs,
h /4e ( 6455 0 ). Since there is a slight temperature
dependence to the resistance even at high temperature
[dR /dT(14 K) = —0.062 kfl/K for the first supercon-
ducting film], the selection of 14 K as the temperature for
the normal resistance is somewhat arbitrary. However,
as will be shown later, this does not affect the conclusions
in fundamental manner. The corresponding values of the
threshold for Al and Pb, respectively, were (9.94+0.4) 0
and (1g.6+ l. 7 )kQ for Pb and Al. These results are
shown in Fig. 7. It should be noted that among the three
materials studied, the differences between the thicknesses
of the last insulating and first superconducting films was
smallest for the Bi sequence.

The resistances at high temperatures, even for super-
conducting Bi films, exhibited a small negative tempera-
ture coefficient of resistance (dR /d T (0). A similar neg-
ative temperature coefficient of resistance was found in
both the Pb and Al sequences. For Bi films, the negative
temperature coefficient of resistance was found for all the
films studied. For other two sequences of films, values of
dR/dT at high temperatures gradually increased to zero
and eventually changed sign with increasing film thic-
ness. The physical origin of this sign change is unclear.

It is interesting to note that magnetic fields had a
strong effect on the superconducting transition for films
c ose o e1 t the threshold for superconductivity. In Fig. 8,
the temperature dependences of the resistance o t e rs
superconducting film in the Al sequence are plotted for
different magnetic fields. The higher temperature data
are not shown. Magnetic fields ((1400 G) had negligible
effects on film resistance at high temperatures. The Aat-
tening off, and also the apparent turning up of the resis-
tance of this film are very similar to what has been ob-
served in In-InO„ films where it was interpreted as
magnetic-field driven superconductor-insulator transi-
tion. This issue was not pursued in the work described
here.
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FIG. 8. Resistance R vs T in several magnetic fields for the
first superconducting Al film in the Al sequence. In the highest

magnetic field, the resistive tail levels off.

Another important feature of the films is the strong
depression of the superconducting transition tempera-
tures with decreasing thickness. Figures 9(a) and 9(b)
contain plots of T, vs 1/d and R(14 K), respectively.
Here T, is effectively the mean-field transition tempera-
ture, i.e., that temperature at which the resistance falls to
half its value at T =14 K. These data are in qualitative
agreement with a number of models. Calculations based
on the idea of an enhanced Coulomb repulsion in disor-
der films predict a reduction of T, such as that ob-
served. ' ' ' However, for strongly-disordered films
near the superconductor-insulator transition, such calcu-
lations should not apply. A second model involves the
addition of a surface energy to the Ginzburg-Landau free
energy, ignored in bulk systems, and equivalent to a
modification of the boundary condition for the order pa-
rame er. it This will also impose a thickness dependence on
T, . A final possibility is the recent suggestion of Ferre
and Lobb that phase fluctuations are pair breaking.
This will lead to a reduction of the superconducting gap,
and T, with increasing sheet resistance.

It should be noted in passing, that for thicker Al films,
small oscillations in T, with thickness were observed.
Similar behavior reported for granular Sn films grown on

lazed alumina substrates, was attributed to a quantum
size effect in a dimensionally constrained system.
Bi and Pb films, such T, oscillations were never found.
These observations taken together may be related to the
detailed structure of the various films, and will be t e
subject of future study.

A two-step drop of resistance developed in the low-
temperature tails of the superconducting transitions of
relatively thick Pb films. This suggests the presence of
second superconducting phase with a transition tempera-
ture comparable to the first. The two phases could be the
amorphous and crystalline phases of Pb. Another possi-
bility is that one of them is associated with the Pb/Ge in-
terface, being either a signature of interfacial supercon-

features observed for thick films although effects directly
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attributable to a distinct second phase could not be
identified. The above-mentioned features of R (T) of
thick films in the Pb and Al sequences suggest the nu-
cleation of chemical or/and physical inhomogeneities
during the evolution of the sequence. It would appear
that this did not happen in a detectable manner during
the evolution of the Bi sequence. The possible reasons for
these observations will be discussed in Sec. V.

The data for the Bi films shown in Fig. 2 can be scaled
in an empirical manner. For insulating films, curves of G
vs lnT of a given film can be shifted along the lnT axis to
overlap with the film adjacent to it in the sequence. This
operation can be applied successively to all insulating
films of the sequence over the entire temperature range.
Mathematically, this implies that the electrical conduc-
tance can be written in a scaled form,
G = G (T,d) =G( T/To(d) ), where d is the film thickness,
and To is a characteristic parameter. The ratio of the
values of To of two adjacent films can then be determined
by the shift on the lnT axis required to overlap their plots
of G vs lnT. The value of To for the first film is deter-
mined by directly fitting the condensate data to the Ar-
rhenius form. Then, starting with the vale of Tz for the
thinnest film, values of To for each of the subsequent

films can be determined by successive multiplication by
the ratios of the scaling parameters for adjacent films.
Once To is determined for each film, all of the data plot-
ted as G(T/To) collapses onto a single curve. This pro-
cedure worked over a wide range of conductances from
the regime in which they were exponentially activated
functions of temperature to that in which they were near-
ly logarithmic functions. It should be noted that Mobius
used a similar procedure to collapse the conductance data
of thick amorphous Si& Cr„ films with difT'erent values
of the Cr context x." This was done in the context of an
attempt to prove the existence of a minimum metallic
conductivity in three dimensions.

The outcome of the above procedure is illustrated in
Fig. 10 in which values of G for 31 insulating films are
plotted vs ln(T/To). The collapse of the data is very ac-
curate, and there are only small deviations from scaling
in the high-temperature limit for the films closest to the
onset of superconductivity. To see this, the inset displays
a linear plot of the data of Fig. 10. The inset also shows
that for 0.2(G &0.8 the scaling curve is very close to
being a logarithm in T/To. It begins to level off as G is
increased further.

The same analysis can also be applied to insulating Pb
and Al films. The conductances for these two sequences
are shown in Figs. 11 and 12, respectively. In both
figures the collapse of the data is not as clean as it is for
Bi. However, when all three sequences are plotted on the
same graph, as shown in Fig. 13, they follow a single
curve despite scatter of the data points for the Pb and Al
films. It is important to note that values of To are deter-
mined independently for the three sequences of films
without any adjustable parameters. The curve in Fig. 13
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FIG. 9. {a) Superconducting transition temperature T„
defined by R ( T, ) =R (14 K)/2, vs the inverse of the thicknesses
1/d for the Bi, Pb, and Al films. (b) Superconducting transition
temperature T„defined by R (T, )=R(14 K)/2, vs R(14 K) for
the Bi, Pb, and Al film sequences.

FIG. 10. Conductance G vs ln(T/To) for insulating Bi films
in semilog scale. A linear plot of the same data is shown in the
inset. Deviations from linearity are seen in the latter at high
temperatures in the case of films with properties placing them
close to the insulator-superconductor transition. An approxi-
mate logarithmic dependence on temperature is seen for films
with 0.2& G &0.8. For G &0.8 the scaling curve appears to
level off.
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FIG. 11. Conductance G vs T/To for insulating Pb films.

can be viewed as a general scaling function for the electri-
cal conductances of insulating films of eventually super-
conducting materials. It has an Arrhenius form in the
limit of T/Tp~0, i.e., for the thinnest films, and goes
over to a form described as variable range hopping with a
Coulomb gap (=exp[ —(To/T)'~ ]) in an intermediate
range of thicknesses. As the value of T/Tp is further in-
creased it becomes approximately a logarithmic function
of reduced temperature. Finally in the limit of
T/Tp~ ~ the scaling curve tends to level off and may
eventually become temperature independent.

Superconducting films with thicknesses near the cross-
over from superconducting to insulating behaviors were
analyzed in an analogous manner employing a parameter
Tp. It was found by shifting data of 6 vs lnT, the low-
temperature tails of the various conductance curves could
be brought together to follow an envelop trajectory. For
those films having sufficiently long conductance tails at
low temperatures, the data also collapsed onto a single
curve. Values of Tp were found by noticing that the
low-temperature tails of film, which were superconduct-
ing, and at the same time close to the threshold for the
transition to nonsuperconducting behavior, fell to zero as
exp( —To /T). Using To of one of these films as a refer-
ence, values of Tz for the other films were determined

FIG. 13. Conductance G vs T/To for insulating Bi, Pb, and
Al films. Note that values of To are independently determined
for each sequence of films, without any adjustable parameters.
This suggests that the scaling curve is universal, and therefore
its asymptotic value is as well.

without additional adjustable parameters.
However, in the analysis of data on superconducting

films, the high-temperature conductance data does not
actually collapse onto a single scaling curve. The values
of the conductance of the first ten superconducting films
of the Bi sequence are plotted vs T/T p as determined by
the above procedure in Fig. 14. In the case of thick Bi
films, even further from the onset of superconductivity,
the high-conductance tails overlap, but don't collapse
onto a single scaling curve. Superconducting Pb and Al
films could be analyzed in the same way. The scatter of
the data about the scaling function was quite noticeable
even in the high-conductance limit for Pb films and devi-
ations from scaling for Al films were substantial.

The scaling analysis presented above implies that the
quantities Tp' are very important parameters of the sys-
tem. In Fig. 15, values of both log&pTp and log, pTp for
various Bi films are plotted as a function of the quantity
6 ]g K

=R /R p 1, where R is the sheet resistance of a
given film at 14 K, and Rp =6.42 kQ is the average of the
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FIG. 12. Conductance G vs T!Tofor insulating Al films.
FIG. 14. Conductance G vs ln(T/To ) for first ten supercon-

ducting Bi films.
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FIG. 15. Plots of Tp and Tp vs 5&4 K=(R/Rp 1) for Bi
films, where R is the sheet resistance at T=14 K and Rp the
average of the sheet resistances at 14 K of the last nonsupercon-
ducting film and first superconducting film.

resistances of the last nonsuperconducting and first su-
perconducting films of the sequence, also evaluated at 14
K. It is seen that both Tz and To fall abruptly to zero
near 6,4 K=O. If thickness is used as a control parame-
ter, a similar plot can be obtained.

A casual examination of Fig. 15, suggests that the lim-
iting values of To' are proportional to 5','4 K in the limit
of 6&4 K~O. In this instance, the exponents i and s would
be critical exponents of the insulator-to-superconductor
transition. An approach to further analysis of the data
would be to fit T&' -6",4 K to the data. From such a fit
we find i =2.8+0.4 and s =1.5+0.2. This is illustrated
in Fig. 16 in which plots of [To]'~ and [To]'~' vs

5&«are shown. A similar analysis for the Pb and Al
films is not all reliable because of significant scatter in the
scaling curve.

It should be noted that the resistance of the films, even
at 14 K, is slightly temperature-dependent (dR /dT (0).
However, this dependence is so weak for films close to
the insulator-to-superconductor transition that the ex-
ponents resulting from the fit do not depend on the tem-
perature at which 6 is evaluated. If one chooses 5&o K,
with Ro(10 K) =6.62 kQ, and repeats the above analysis,
the values of i and s turn out to be the same as those ob-
tained using 5,4~, demonstrating that 6, as defined, is a
reasonable choice for the control parameter of the transi-
tion.

The fact that the exponents i and s differ by a factor of
2 is unusual, but may be a reflection of intrinsic physics
of the system which is unidentified at this time. Howev-
er, it should be emphasized that there is always a danger
in extracting critical exponents from experimental data
obtained in a temperature range over which the system is
not in the critical regime. Such may be the case in this
instance. In Fig. 17, we show a log&o-log&o plot of To' vs

5&4K. This emphasizes limiting values for small 5&4K,
and demonstrates that the data are not yet up to the stan-
dards of studies of critical phenomena. If only the last
data points for both superconducting and insulating films
are considered, the exponents appear to both approach
the superconducting value of 1.5, although the density of
the data leaves the outcome uncertain. This important is-
sue will be resolved in futUre studies in which extensive
data at lower temperatures, and closer to the insulator-
superconducting transition are obtained.

The success of the above one-parameter scaling
analysis suggests that the values of resistance measured at
high temperatures can be associated with those which
would be obtained at zero temperature if the latter could
be achieved experimentally. Starting from a film with a
superconductor or insulator at T=O according to the
one-parameter scaling. (This is a more reliable approach
to determining whether a film is an insulator or a super-
conductor than a simple extrapolation based on TCR.)

Operationally, the scaling analysis permits the determina-
tion of the limiting resistance at zero temperature as it
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FIG. 16. Plots of (Tp)' ' and (Tp)' "vs R for Bi films,
where R is the sheet resistance measured at 14 K. Insulating
films far from the insulator-superconductor transition are not
included. It is seen that the data corresponding to the smallest
values of Tp and Tp fall onto two separate straight lines. This
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determines the scaling function, G =GI s(T/To' ). Al-
though details for specific films may result in deviations
from the scaling curve, the overall features and the
asymptotic value of the scaling function appear to be
universal.

The two asymptotic limits of the scaling function,
Gl(0)~0 and Gs(0)~ co, correspond to the insulating
and superconducting states, respectively. The asymptotic
value, G*=GI( ~ )=Gs( ~ ) defines a critical resistance
R, . Given the accurate scaling of Bi films on the insulat-
ing side, the asymptotic limit of the scaling function is
seen to be very close to G *= l (R, =h /4e ). Since the
scaling curve is universal, so is its asymptotic limit. This
leads to the conclusion that R, defined in the above
manner is a universal quantity. This conclusion does not
contradict any previous experimental results obtained by
any group. Unless the existence of this scaling curve is
an accident, or there exists a different scaling curve with
a different asymptotic value, the universality of the criti-
cal resistance defined in this manner would appear to be
on firm ground.

It is important to distinguish this limiting resistance of
the scaling function R, from the threshold for the onset
of superconductivity Ro as defined earlier. The latter has
been measured in this work for Bi, Pb, and Al films and
also by others for various systems. ' It appears that the
two quantities may or may not coincide. For the set of Bi
films they happen to have the same value. Incidentally, a
search of the literature suggests that the values of the
threshold for superconductivity Ro, may be very close to
n/2(h/4e ) where n is an integer. (For the Bi, Pb, and
Al films of this work, the values of n are 2, 3, and 5, re-
spectively).

It should be pointed out that the asymptotic value of
the conductance can, in principle, be reached experimen-
tally. As T~O, T& can be controlled such that it will
be much smaller than T at any accessible temperature.
The existence of a finite resistance limit such as that
found in these systems which exhibit superconducting be-
havior is unusual, as the scaling theory of localization
would predict all electrons in two-dimensional systems to
be localized, and thus all films insulating in limit T~O
unless they become superconducting.

An interesting question is whether the scaling behavior
described above is a distinctive feature of superconduct-
ing systems, or is a general property found even in two-
dimensional nonsuperconducting systems if they are ex-
amined at a comparable level of detail. This issue was ad-
dressed by studying films of Pd, which did not exhibit su-
perconductivity. Palladium films have a number of
unique properties that make them particularly suitable
for study. In particular, they wet ceramic and glass sub-
strates extremely well, and thus can be made so thin that
they are easily two-dimensional. In this study, measur-
able conductances, e.g., sheet resistances R & 10G 0 at 4
K, were found at a thickness of about 8.8 A. Palladium
films grown on liquid-helium temperature substrates are
also amorphous. These two properties ensure that Pd
film systems can be made homogeneous, exhibiting disor-
der only at atomic length scales. An analysis of data for
the conductance of sequentially deposited Pd films

showed that in a manner similar to that found for super-
conducting films cr =o(T,d) =cr(T/To(d)), where d is
the film thickness. On the other hand the scaling func-
tions for the films of superconducting and nonsupercon-
ducting metals were different. Within the experimental
parameter range for insulating films of the superconduct-
ing sequences, in the limit of T/To(d) +0,—
cr = exp( —To /T), while for nonsuperconducting se-
quences, the corresponding limiting behavior was
o. =exp[ —(To/T)' j. Although the electrical conduc-
tivities of all insulating films of superconducting materi-
als, Bi, Pb, and Al, fell into a single scaling curve, addi-
tional parameters were required to achieve a similar col-
lapse for different sequences of Pd films. The most im-
portant di6'erence was that the scaling parameters To(d),
were very different functions of thickness or Boltzmann
conductance. In the case of Pd they fell to zero over an
extended range of thicknesses or Boltzmann conduc-
tances, exponentially, as metallic behavior was ap-
proached. This must be contrasted with the nonexponen-
tial decay of To with either sheet resistance or thickness
in nonsuperconducting Bi, Pb, and Al films as the super-
conducting state was approached.

IV. THE INSULATOR-SUPERCONDUCTOR
TRANSITION AND THE BOSON HUBBARD MODEL

The analysis presented above strongly suggests that the
scaling of electrical conductivities observed in films of su-
perconducting materials Bi, Pb, and Al can be related to
a phase transition at zero temperature. It has been sug-
gested that this transition is an insulator-superconductor
transition driven by quantum rather than thermal Auc-
tuations. In this section we will connect the empirical
scaling approach described in Sec. III with a scaling
analysis proposed in the context of the boson Hubbard
model. '"

It is important to note the difference between the usual
scaling analysis and the empirical one described in the
previous section. When a scaling analysis is carried out
in a conventional manner, independent measurements are
made to determine the critical exponents, and after
finding them, the data is collapsed onto a universal curve.
In the empirical approach the opposite is done. First the
data is collapsed empirically onto a scaling curve. The
critical exponents are then deduced from the dependence
on a control parameter of the scaling parameter used to
collapse the data.

Fisher and co-workers' ' have argued that a disor-
dered superconductor can be modeled as a collection of
interacting charged (2e) bosons moving in a two-
dimensional random potential, i.e., a boson Hubbard
model. The bosons correspond to Cooper pairs and are
assumed to exist on both sides of the insulator-
superconducting transition. At low enough tempera-
tures, below the "bulk" superconducting transition tem-
perature, and in the critical regime of the insulator-
superconductor transition, the dc resistance R can be
written as R =(h /4e )Q[b5/T'r"'], where g is a univer-
sal function, 6 is a control parameter, and b is nonuniver-
sal constant. The parameter 6, in the case of the field-
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FIG. 18. Conductance Cx vs x for 20 Bi films in the vicinity of
the insulator-to-superconductor transition. The quantity
x = ~5/T'~"~, where 5, v, and z are defined in the text. The crit-
ical point corresponds to x =0. For insulating and supercon-
ducting films the values of vz are taken to be 2.8 and 1.5, respec-
tively.

V. CONCLUSIONS AND DISCUSSION

Sets of films of superconducting materials grown on
amorphous Cze substrates were investigated as a function
of thickness, a study facilitated by the possibility of sem-
icontinuous variation of film thickness using the tech-
nique of successive deposition at low temperatures. In
the T~O limit, the films were either insulating or super-
conducting. In each instance a separatrix between super-
conducting and insulating films could be found. For
amorphous Bi films this separatrix corresponded to a film

induced transition is of the form 5= ~H —H, ~, where H is
the applied field and H, is the critical field. In the case of
the zero-field transition 6 can be taken to be either
~d —d, ~, or ~R —Ro~, where d is the film thickness, d, is
the critical film thickness, R is the sheet resistance mea-
sured at high temperatures, and Ro is the critical sheet
resistance. One can relate the empirical scaling analysis
of Sec. III to the present discussion by noting that the
variation of the conductance with temperature
G =G(T/To' ), with To' =5" is equivalent to the ex-
pression for the resistance given above if one makes the
identification of the exponents i and s with the product
vz. Having determined i and s from the dependence of
To on 6, one can then replot the data in the scaled form
shown in Fig. 18 using vz=2. 8 for insulating films and
vz =1.5 for superconducting ones. As one can see all of
the data do not collapse onto curves corresponding to
positive and negative 6. The collapse of this range of
data is much poorer if one chooses vz =1.5 for both su-
perconducting and insulating films. Although the same
caveats relating to the asymptotic limit in the discussion
relating to Fig. 17 hold here, these results exhibit the con-
nection between the empirical scaling approach of Sec.
III and that suggested in the context of the boson Hub-
bard model.

with a normal sheet resistance Ro=(6.42+0. 2)kQ, a
number very close to quantum resistance for pairs,
h/4e =6455 Q. For films of Pb and Al the separatrix
corresponded to films with normal-state resistances of
9.94+0.4 kQ and 18.6+ 1.7 kQ, respectively. The
temperature-dependent electrical conductances of the
sets of films could be scaled with a single parameter with
a functional form given by G =G(T/To' ), where To
and To were the values of the scaling parameters on the
insulating and superconducting sides of the transition.

In every instance substantially more scatter was found
in the scaling of the Pb and Al films than in the case of
Bi. Despite this, the scaling curves for all three materi-
als, at least on the insulating side collapsed onto a single
curve, without any adjustable parameters, and with an
asymptotic resistance limit given by that found for the Bi
sequence. This strongly suggests the existence of a
universal scaling curve with a universal critical resistance
defined by this asymptotic value. In the Pb and Al se-
quences superconductivity develops before the asymptot-
ic limit of the scaling function is achieved. It is possible
this may actually be the onset of local superconductivity
due to mesoscale inhomogeneities in the Pb and Al films,
with the local resistance minima occurring at tempera-
tures below the minimum temperature of our experi-
ments. This hypothesis allows for the possibility that the
limit T~O resistance of the scaling function may be the
same in all of the sequences. For the sequence of Al
films, there was also a large gap in thickness between the
last insulating and first superconducting films, suggesting
that these superconducting films were not very close in
their parametrization to the threshold for superconduc-
tivity.

The absence of physical and chemical inhomogeneities,
or changes in the structure during the course of succes-
sive depositions would appear to be absolutely essential
for the success of the scaling analysis. It would appear
that only for the sequence of Bi films was there no evi-
dence of these deleterious effects. It is important to real-
ize that deposition onto substrates cooled to liquid-
helium temperatures may not eliminate motion of atoms
on the cold surface. The energy for the latter can come
from the kinetic energy of the impinging atoms, from
their condensation energy or from radiant heating of the
substrate by a hot source. Of the three metal systems we
have studied in detail, Bi, Pb, and Al, Bi has the lowest
condensation energy, and lowest source temperature, and
Al, the highest. Bismuth appears to follow the scaling
curve to the lowest conductance before becoming super-
conducting, whereas Al, with the highest condensation
energy and highest source temperature of the three ap-
pears to become superconducting the soonest.

The critical resistance for the insulator-superconductor
transition inferred from the asymptotic limit of the
universal scaling curve was close to Ro(=6.42 kA). In
all instances the values of To and To fell to zero as the
insulator-superconductor transition was approached with
an algebraic dependence on the control parameter. This
is in marked contrast with a similar analysis of Pd films.
The above observations on superconducting systems have
been interpreted as evidence of a direct transition from
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an insulator to a superconductor at zero temperature.
Clearly further detailed studies are needed to more pre-
cisely define the critical regime and to find the true criti-
cal exponents.

The scaling of the insulator-to-superconductor transi-
tion has been interpreted as evidence of a quantum phase
transition at zero temperature such as that described by a
boson Hubbard model. In this theory, the asymptotic
value of the resistance [h /4e )Q (0) is a universal quanti-
ty. A proof of this universality has been given using the
hyperuniversality assumption for quantum phase transi-
tion at zero temperature (within the Boson model) and
the Kubo formula, which relates the conductivity to the
superAuid density. Within the boson Hubbard model,
the value of the critical resistance has been shown to be
precisely hl4e only if the model is self dual u-nder
charge-vortex transformation. ' In this picture,
charges (Cooper pairs) and vortices exchange roles on the
two sides of the insulator-superconductor transition. The
requirement of self-duality is a very strong constraint
that may not be achievable for real films as the vortex-
vortex interaction and the Coulomb interaction must
have the same functional form to satisfy it. On the other
hand, a sample-dependent value of the critical resistance
would not be consistent with the boson Hubbard model,
which predicts a universal resistance, although not its
precise value, except in the case of self-duality. ' If a
marginal variable not included in the theory determined
the value of the critical resistance, then the boson Hub-
bard model would be ruled out. The scaling analysis
which we have developed implies the existence of a
universal value of the limiting resistance.

It is interesting to note again that within the analysis of
the available experimental data, the exponents i and s
differ roughly by a factor of 2. Usually critical exponents
are the same on either side of the critical point. A de-
tailed scrutiny of data very close to the critical resistance
suggests that this difference may vanish, with both ex-
ponents having the value on the superconducting side, if
the critica1 regime is sampled in a more detailed way.
This will require the study of films close in their proper-
ties to the threshold, and lower temperatures. The ex-
ponents of the boson Hubbard model arise from the
characteristic frequency, Q-5', and characteristic length
gz —5 associated with the transition. They should be
the same on the two sides of the transition. In the con-
text of the present work, as mentioned above, the phe-
nomenological parameters To' vanish as To' -O' . It
has been argued that the dynamical critical exponent z
should be unity for a charged system. Real-space re-
normalization calculations seem to confirm this result
and furthermore suggest zv=1.4. The latter compares
favorably with the result from fitting on the supercon-
ducting side.

There is a general question of the applicability of the
particular form of boson mode that should be addressed.
It has been shown that the Josephson-junction array
Hamiltonian, which is presumably the correct model
for granular films, can be mapped onto a boson Hubbard
mode1. This mapping is precise if the fluctuations of the
amplitude of the order parameter on individua1 grains are

small. When these fluctuations are large, another mod-
el may be needed although it is possible that it belongs to
the same universality class as the boson Hubbard model.
For homogeneous films, the Josephson-junction array
model may be inappropriate because of the absence of
we11-defined superconducting grains. In this case, howev-
er, one may still envision localized states of Cooper pairs,
which are constrained spatially, as effective grains.
These localized pairs could then be coupled with nearby
pairs via some effective Josephson coupling. In this
scenario, the boson model might still be applicable fol-
lowing arguments similar to those used for granular su-
perconducting films.

The boson Hubbard model requires the existence of
Copper pairs on both the superconducting and insulating
sides of the transition. This is a natural assumption for
the superconducting side. It may also be natural to de-
scribe the pairs as bosons on the superconducting side as
the coherence length is reduced in disordered films.
For these Cooper pairs, the only relevant energy scale
would be the energy gap. Therefore, To could be related
to the gap or superconducting transition temperature.
To would be the corresponding quantity on the insulating
side if pairs also existed there. Then the fact that both
To and To fall to zero at the superconductor-insulator
transition, and that To is very small near the transition,
may make it possible to reconcile the present analysis of
the transition with recent tunneling studies. In the latter,
the superconducting gap was found to fall to zero with
T„as the superconductor-insulator transition was ap-
proached from the superconducting side, and was not
measurable on the insulating side. '

For insulating films there may be further complica-
tions. According to the scaling function we have found,
at sufficiently low temperatures, the electrical conductivi-
ty scales continuously to the behavior, exponential in
temperature, of the thinnest films, even for films that are
close in their properties to the onset of superconductivity
and, which exhibit logarithmic temperature dependences
at high temperatures. Thus the low-temperature behav-
ior of the thicker films should involve the same physics as
the general behavior of the thinner ones. Although it
would not be unreasonable for the thicker insulating films
to have Cooper pairs, in the case of the thinnest films,
even local pairing should not be possible as the strong
long-range Coulomb repulsion would overcome any at-
tractive interaction. This, together with the scaling func-
tion, which links the low-temperature behavior of thicker
films to the behavior of the thinnest films, suggest that at
sufficiently 1ow temperatures all films will be Fermi rath-
er than Bose insulators. It is an open experimental ques-
tion as to whether a transition between these two types of
insulators actually occurs as a function of temperature or
sheet resistance. There is evidence of such a transition in
Hall effect studies of In203 in varying magnetic fields.

Measurements of films grown on a-Ge may have an ad-
ditional complication related to the discussion given just
above. Although Hall studies have not been carried out,
it is very likely that the average electron density in these
systems is much less than that of metals. Such is indeed
the case for In203 films. If reduced carrier densities
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characterize both of these systems, then it is possible that
the pairing leading to superconductivity is real space
rather than momentum space pairing. ' Real-space pairs
might behave more like composite bosons, which exhibit
no spatial overlap of the wave functions of different pairs,
in contrast with conventional momentum space or Coop-
er pairs in which there is substantial spatial overlap. A
dependence of the carrier concentration on thickness for
ultrathin films, or a variation from material to material
would have important consequences.

The temperature dependence of the resistive tails of su-
perconducting films with parameters placing them close
to the threshold is Arrhenius in character, i.e.,
8 =exp[ —TOIT]. For thicker films one might have ex-
pected that the resistive tails would have been described
by the Kosterlitz-Thouless-Berezinskii (KTB) model.
This was not found, although the high-temperature be-
havior of the resistance of these films could be fit by the
Aslamazov-Larkin theory in a conventional manner. In
the work on the field-induced superconductor-insulator
transition in amorphous composite In203 films, zero-
field resistive transitions could be fit rather accurately by
the KTB model. Similarly, in studies of quench-
condensed Hg/Xe films carried out a number of years
ago, the KTB model provided an excellent account of the
data for the superconducting transition. The films,
which were studied in this work, had thicknesses that

0
were far less than 100 A, in contrast with thicknesses in
100—200 A range for both In203 and Hg/Xe films. We
conjecture that the inability of the KTB model to
represent data is a consequence of quantum effects being
dominant for films close to the threshold even in zero
magnetic field. In the context of the phase diagram of
Ref. 51, the ultrathin films of the type studied in this
work, in contrast with amorphous composite Inz03 and
Hg/Xe films, would undergo superconducting transitions
in zero magnetic field at positions on the phase diagram
very close to the end point of the KTB phase boundary.
In this regime crossover effects between the KTB and

quantum universality classes might be expected. Such
crossover effects could lead to resistive transitions with
temperature dependences different from those of the
KTB model. They might also lead to changes in values
of the critical exponents such as discussed above. Clearly
more detailed studies are needed to resolve this issue.

Further experimental studies could resolve a number of
important issues raised by the present work. Future
work could include studies of structure, Hall measure-
ments to determine carrier concentrations, tunneling
studies to determine the nature of the states of both su-
perconducting and insulating films, studies of electrical
conductivity at ultralow temperatures, in films with pa-
rameters very close to the insulator-superconductor tran-
sition, and measurements of the Aharonov-Bohm effect of
insulating films. The latter might reveal whether the
charge carriers in the insulating state were pair or single-
particle excitations. In addition, study of the field-
induced transition in samples close to the threshold
would reveal the nature of the phase diagram and permit
a comparison of the zero-field and field-induced transi-
tions, which although similar, do not have the same sym-
metry.
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