
PHYSICAL REVIEW B VOLUME 47, NUMBER 9 1 MARCH 1993-I

Enhancement of self-energy effects of phonons with finite wave vectors
tine to Fermi-surface nesting
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The changes in phonon self-energy due to superconductivity are investigated for all wave vectors in
the Brillouin zone, for two types of gap-function symmetry (s or d wave). We also study the phonon
self-energy as a function of frequency, and for various electron concentrations. We adopt a simple
tight-binding model that includes the important feature of a nested Fermi surface at half-filling. The
changes in phonon self-energy arise from electron-phonon coupling. However, we make no assumption
regarding the mechanism giving rise to superconductivity. We present possible signatures of an s- or d-
wave gap function observable through inelastic-neutron-scattering experiments. Observation of any of
these features in the high-T, oxides would assist greatly in clarifying the gap function and Fermi-surface
topology in these compounds.

I. INTRODUCTION

In the past few years there have been many indications
that a sizeable electron-phonon coupling is present in
many of the high-T, oxides. ' In the bismuthates, con-
ventional indicators, such as tunneling and isotope mea-
surements, have strongly suggested that the electron-
phonon interaction is involved in the superconductivity
in these compounds. In the cuprates, however, the iso-
tope coefficient is generally anomalously low, and while
structure is present in some tunneling experiments, its
origin is not understood.

Nonetheless, even in the cuprates, Raman scattering,
neutron absorption spectroscopy, infrared spectrosco-
py, and ion channeling experiments have all indicated
that a large electron-phonon coupling exists in these ma-
terials. On the theoretical side, Zeyher and Zwicknagl
have been able to interpret many of the q=0 phonon
shifts and broadenings observed with Raman spectrosco-
py, through an Eliashberg formulation of the phonon
self-energy. Marsiglio, Akis, and Carbotte have extend-
ed this work by using a real axis formulation, and have
obtained a phonon narrowing in the superconducting
state with the addition of impurities, in agreement with
observation.

In the meantime, neutron spectroscopy and ion chan-
neling experimental results have been interpreted to indi-
cate a large electron-phonon coupling. Zeyher has thus
calculated the change in the phonon self-energy at q&0,
assuming a quasi-two-dimensional Fermi surface (a
cylinder). He found that the calculated phonon changes
due to superconductivity at large q are too small to ac-
count for the changes reported in Refs. 3 and 5. The pur-
pose of this paper is to re-address this question in the fol-
lowing way: We will assume a two-dimensional tight-
binding model, so that near half-filling the Fermi surface
is nearly nested. Phonons with momentum vectors close
to the nesting vector are then expected to undergo large

changes in frequency and linewidth as the material goes
superconducting, comparable to those for q=0 phonons.
In fact, neutron-scattering experiments, which probe
directly these momentum transfers, should detect large
frequency and linewidth changes in the superconducting
state. Ruvalds et al. ' have already argued that sufficient
evidence exists from neutron-scattering and other mea-
surements in the normal state that the Fermi surface in
the cuprates is highly nested.

In addition, there is an increasing body of evidence
that the gap function in the cuprates may not have s-
wave symmetry, as initially thought. "Hence, we will in-
vestigate the expected changes in phonon frequencies and
linewidths due to superconductivity with a gap function
of d-wave symmetry, in addition to one with s-wave sym-
metry. Sufficiently accurate inelastic-neutron-scattering
measurements could in principle distinguish between the
two possible symmetries. In the past such measurements
were successfully carried out by Axe and Shirane' and
coworkers on Nb3Sn and Nb. More recently Chou
et al. ' conducted the same experiment on a
La& &~Sro &&CuO4 single crystal, and observed no change
in the phonon linewidths due to superconductivity.
However, their measurements, while carried out along
the (110) direction, did not approach the zone boundary.
Moreover, while phonon changes have been observed by
many groups using Raman scattering in the
YBazCu307 & compound, none have been reported for
La, 8~Sro, 5Cu04, and Yaa2Cu307 & may be a better can-
didate for study. Indeed, a preliminary observation of a
frequency change due to superconductivity has been re-
ported by Reichardt. '

The outline of the paper is as follows: In Sec. II we
summarize the theory used and point out some of its limi-
tations. In Sec. III we provide results as a function of
phonon momentum q, energy v, and electron chemical
potential p, which, for our simple band structure, deter-
mines the Fermi surface. A summary is provided in the
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final section. A short report of this work was given at the
Sante Fe conference. ' More recently, Flatte' has
presented similar ideas. We should also add that the un-
derlying assumption in this work is that the electronic
structure is described by a single band near half-filling.
Certainly other hypotheses exist, ' where the effects de-
scribed here will not occur. Moreover, it should be kept
in mind that we postulate an electron-phonon coupling to
give the phonon self-energy effects, but this does not
necessarily imply that the electron-phonon mechanism
drives superconductivity.

II. THEORY

1
p(q r)= —$ ck+q (r)ck (r), (2)

and ~Q) is the ground-state wave function. Here ck (r)
is the creation operator for an electron with momentum k
and spin o. at imaginary time ~. The charge susceptibility
is given at wave vector q and Matsubara frequency, i v„(:i2v—rTn, n an integer). In the superconducting state,
~Q) is the BCS superconducting ground state, and Eq. (1)
is evaluated by using the Bogoliubov-Valatin transforma-
tion. Upon evaluation the susceptibility is analytically
continued to real frequencies [y(q, i v„)~y(q, v+i 5) ].
The phonon self-energy, II(q, v+ i5), is then proportional
to the susceptibility

We adopt the simplest approximation to the phonon
self-energy which, in the normal state, amounts to
evaluating the charge susceptibility:

II(q, v+i 5)= ~g~ y(q, v+ i5), (3)

p(q, i v)= ——J dre " (A~p(q, r)p( —q, O)~Q),
0

where

where g is the electron-phonon coupling constant, which
we have assumed is structureless in momentum. Hereaf-
ter, we confine ourselves to a study of y(q, v+i5). The
end result, in the superconducting state, is

~ = 1 1
y(q, v+t5)= g . tt+(k, q)[f (Ek) f (E~+,—)]2X V+1 + k k+q

1

v+ t 5 —(Ek Ek +~ )—

+a (k, q)[1 f (Ek ) f—(Ek+q )—]
1

v+i 5 (Eq +E—g+ )

1

v+i 5+ (Eg +Ek +q )
(4)

where Ek—=Q(ek —p) +4k, f(Ek) is the Fermi func-
tion, and a+ (k, q) are the so-called coherence factors:

(ek t )(ek+, t
—

) ~k~k+-,a+(k, q) =1+
&k&k+q

Vector symbols have been suppressed for clarity. The
chemical potential p determines the number of electrons
in the system. Finally, 6k is the gap function. For our
purposes, we take 6k as given, with either s-wave or d-
wave symmetry;

suits for a gap with s- or d-wave symmetry, we show in
Fig. 1 the single-particle density of states, g(E) vs E for
the normal state, superconducting state with s-wave gap
function, and the superconducting state with d-wave gap
functions. The analytic expressions are given here for
reference. In the normal state,

g„(e)=(1/2m t)K[1—(e/4t) ] . (7a)

In the superconducting state, at half-filling, the result
with an s-wave gap function is

s wave

(b,o/2)( cosk —cosk ), d wave,

where Ao is the maximum value of the gap function. The
d-wave form has nodes at points on the Fermi surface.
Here we are assuming that the important effects are in
two dimensions. The band structure that we will assume
in the remainder of the paper arises from nearest-
neighbor overlaps only, ek = —2t (cosk +cosk ), and
has the important property that the Fermi surface is nest-
ed at half-filling. As already mentioned, there is some
evidence that the Fermi surface is nested in the cuprates,
and while the actual band structure will differ
significantly from the one we are using, it is not our pur-
pose here to try to quantitatively predict the phonon
self-energy effects in these compounds; rather we wish to
investigate qualitative effects which will arise due to nest-
ing in the simplest possible model.

To understand the qualitative difference between re-

0.600

0.376

0.260UJ
O)

O.a6—

I I

I

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

I
I

I

t
I

r

0.000
0.0 1.0

E/4,
2.0 3.0

FIG. 1. Density of electron states g(E) vs E/Ao for the
nearest-neighbor tight-binding model, at half-filling, for the nor-
mal state ( ), the s-wave superconducting state ( ),
and the d-wave superconducting state ( ———).
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and with a d-wave gap function ' and

[(4r)' —E'](b,' —E')
E4

g, (E)=
~E

where

K(k), E &
'1/ 1+(b,o/4t)

(7c)
—K(l/k), E & +1+(bo/4r)

K( )=f dO +I—x sin 9

is the complete elliptic integral of the first kind. In the d-
wave case, there is no gap in the superconducting case
althou h clearlg, y, states have been pushed into a logarith-
mic singularity. The singularity occurs at an energy

=ho/Ql+(bo/4t) . In the s-wave case there is of
course a ga at E =5
lari

p = o, with the usual square-root singu-

will turn
arity. The result of the removal f t t 1

wi turn out to be qualitatively similar: Fewer electron
states will cause the hp onon lifetimes to increase consid-
erably. At ener ies beg beyond Ao, however, it turns out that
a qualitative difference arises, as will be seen in the next
section. In the normn e normal state, scaling properties of the
random-phase-approximation (RPA) susceptibility have

~ ~ ~

been discussed recently by Ruvald t l ' 0s e a . f particular
importance here is the result for th tim

'
e nes ing wave vector,

q=Q[ = ir, ir)], where the imaginary part of g(Q, v+i5)
is given analytically

—Imp(Q, v+i5)= —g — t han
4T

+2p
4T

At low temperatures there is then a a v =4
ered about zero frequency. This arises because the wave

vector is constrained to be Q=( )
h'

sence of im uritiespurities, can conserve energy only if the hole
is at least 2 p above the Fermi surface whichic requires

Ill Fi . 2 —, x, y Ilote:In Fig. 2 we show —Imp(q, v) for q q &0 [
q„, q, v =y(q q, v)] for v=0. 5t, and (a) @=0.0

(half-filling) and (b)
(T=0 Olt . The.

p = —0.8 t at a low temperature
). The nesting feature present at half-filling

manifests itself in the peak present at (ir, 7r). This nesting
transition is clearer in Fig. 3, where we show the energy

1.0

0.0

FIG 2. —Im ( v+i6) vy q, i ) vs q in the normal state for (a) p =0
(half-filling), and (b) p = —0.8t. We used v=0. 5t and essentially

nii surface is nested with nesting wave vector Q={ir,ir).

-1.0
-1.0 0.0 1.0

k /n'

FIG. 3. Ener gy contours in the Brillouin zone. Momentum
transfers of the kins o e ind labeled (a) in the figure give rise to the eak
at (vr, ~) seen in Fi . 2

e o epea

beled b
g. 2 a). Momentum transfers of th k' d l-

( ) give rise to the ridges shown in Fig. 2(a).
e in a-
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contours for ok= —0.25t 0 d 0.2, an . 5t. With v=0. 5t,
the wave vectors of type (a) indicated in the figure con-
nect states from below the Fermi surface (e =0)
a ove the Fermi surface with the desired ener

peaks at (+sr, +m. . T
ere are many of these, hence th e

(along with their Umkla c
k, m ). The momenta vectors of t e (b)o ype

app counterparts) give the ridges
w ic occur alongside the diagonals. Note that alon the
diagonals there is a valle ' ity; i is essentially impossible to
satisfy energy conservation with such moment t

'g. we show the corresponding result for

peak at q=(vr, vr) due to the lack of nesting. Note that in

both cases there is always a gap at wave vect
nce e energy difference associated which

changes in electron states connected b such a
vec or is insu cient to give the energy, v(=0. 5t) in this
case. Nonetheless, beyond this threshold there is always
a pea, rejecting the fact that there is a lar e hase s
for these transitions.

III. RESULTS IN THE SUPERCONDUCTING STATE

A. q dependence

In Fig. 4 we show —Imp(q, v+E5) vs
mal state b

, v i vs q m (a) the nor-
ma state, (b) the superconducting state with s-wave sym-

(b}

(c}

FIG. 4. —Img( q, v+ i 6 ) vs q in (a) the normal state 'b' t0

state. The ar
s a e, ( ) the s-wave superconductin stg ate, and (c) the d-wave superconductin

the s-wave staate, while remnants of the Fermi surface (where nodes in the e -wave state
, v= . t, o= .2t, and T=0.01t. Note the corn

con ucting

i sur ace w ere nodes in the gap function occur) remain the d-wave state
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metry, and (c) the superconducting state with d-wave
symmetry. In all cases, we have used p = —0.8t, v=0. 1t,
60=0.2t, 5=0.025t, and T=0.01t. We have used the
same scale in all three figures; —Imp(q, v+i5) is given in
units of 1/8t, so t is left arbitrary. It is immediately clear
that, since v & 26O, the superconducting state with s-wave
symmetry, which has produced a gap around the Fermi
surface (see Fig. I), has led to a complete suppression of

I—mg(q, v+i5) Keeping in mind that the phonon life-
time is inversely proportional to this quantity, it is clear
that the phonon lifetime (as attributed to the electron-
p onon interaction, i.e., not including anharmonich

effects, for example) has become essentially infinite. In
the d-wave case, the situation is quite different, and peaks
remain in —Imp(q, v+i5) due to the nodes in the gap
function. For lower phonon frequency, the effect is even
more pronounced as has been discussed for the NMR re-
laxation rate by Scalapino' and neutron-electron scatter-
ing by Lu. The changes in the real part of the phonon
self-energy indicate whether or not modes are expected to
soften or harden. In Fig. 5 we plot Re' ( v

i —y, (q, v+i5)] vs q for the same parameters as in
Fig. 4. Here the subscript n (s) means normal (supercon-
ducting) while the superscript x =s or d, depending on

(b) (b)

FIG. 5. ChChange in the real part of the susceptibility,
—b. Rey(q, v+i5) = —Re[y", (q, v+i6) —y„(q, v+i5)], (a) for
s-wave superconductivity and (b) d-wave superconductivity. A
positive (negative) result represents phonon softening (harden-
ing) ~ The parameters are as in Fig. 4.

FIG. 6. Change in the imaginary part of the susceptibility
[Elms(q, v+i5)=[Imp,"(q,v+i6)] —[Imp„(q, v+i6)]] vs q
for (a) s-wave superconductivity, and (b) d-wave superconduc-
tivity. Here, a positive result represents phonon narrowing

'
ming in

e superconducting state. The parameters are as in Fig. 4.
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th symmetry of the gap function. In Fig .s. 5!a) and 5(b)e sy
ndwe show the results for a gap function of s-type and

type symmetry, respectively. A positive result indicates a
softening in the superconducting state relative to the nor-
mal state. The most pronounced hardening occurs at
wave vectors almost connecting different parts of the Fer-
mi surface, as discussed earlier. Hence the troughs, par-
ticularly visible in Fig. 5(a), follow the ridges seen earlier
[Fig. 4(a)]. Overall, there is more hardening at large wave
vectors in the case with d-wave symmetry [Fig. 5(b)]. In
Fig. 6(a) we show the corresponding results for t e
difference of the imaginary parts:

Im[y, (q, v+ ifi) —y„(q, v+ ifi) ],
where it is clear that in both cases the phonons narrow in
the superconducting state (positive difference).

The situation for higher-frequency phonons is, of
course, very different. In Figs. 7(a) and 7(b) we plot the
difference in Imp(q, v+i5) for v=1.8t. We find that the

entum space over which narrowing occurs is highly
restricted in the s-wave case, to lie along the ridges a-
ready alluded to earlier. In the d-wave case the regime
over which narrowing occurs is much greater. This is as
expected, since the reason for the broadening in the su-

FICx. 7. Negative change in the imaginary part of the suscepti-
bility, — my q, v iy, —4 I (, + 6) vs q for (a) s-wave superconductivity,
and (b) d-wave superconductivity, for the same parameters as in

Fig. 4, except that the frequency is higher, v=v=1.8t. Here a posi-

tive result represents phonon broadenrng.

~ ~ ~

FIG. 8. Change in the imaginary part of the susceptibility vs

frequency an q, w ered h q = (q q) for (a) s-wave superconductivi-

t, and (b) d-wave superconductivity, for p =0, o
= . , d

~ ~ =0 6 =0.2t, and

T =0.01t. A positive result represents narrowing.
ty, an

in . Note that no
broadening occurs near q= (~,~) in the d-wave case.
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perconducting state is the increased single-particle densi-
ty of states for frequencies v) Ao. However the increase
in the density of states is much greater for an s-wave gap
function (square-root singularity) than for a d-wave gap
function (logarithmic singularity). The fact that phonon
narrowing is even possible for frequencies above the gap
is more easily seen in the case of an s-wave gap function
tFig. 7(a)], where the wave vectors for phonon narrowing
are confined to two narrow ridges. It turns out that t e
phonon linewidths in the normal state are enhanced, just
as they were for lower frequency Isee Fig. 4(a)]. In the
superconducting state, however, one can simply no
longer satisfy both momentum and energy conservation,
so that the phonon line shapes will narrow, in spite of the
enhanced single-particle density of states.

—Imp, ( q =0, v+ i5 ) =~
2

2~o „v „pvg,
" —tanh

v 2
(9)

superconducting state [b, Imp( q, v+ i 5 ) )0]. Actually,
for q=(0, 0) there is in fact no narrowing, which is most
evident if one examines the contours plotted below the
figures. In the s-wave case this is in agreement with pre-
vious calculations. ' To clarify the situation at q=O we
show in Fig. 9(a) b. Imp(q=O, v+i5) vs v/2bo for both
the s-wave and d-wave cases. These results are given
analytically by

B. Frequency dependence

To examine more closely the frequency dependence of
the changes in phonon self-energy, we take slices in the
( ) lane and plot specifically the change in~x 9'y P
Imp(q, +vi 5),

b, lmy(q, v+i5) =t lmy, (q, v+i5)] —
t lmy„(q, v+i5)],

for x =s or d. In Fig. 8 we show b. Imp(q, v+i 5) vs v,
for q along the diagonal, q=(q, q), with b,o=0.2t, p, =O,
T =0.01t, and 5=0.025t, for (a) an s-wave gap function,
and (b) a d-wave gap function. Note that for v(2b, o, in
both cases there is a phonon narrowing upon entering the
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FIG. 9. DID(q=O, v+i5) vs v/2AO for (a) q=0, and (b)
q=(m, ~), for the parameters of Fig. 8. The s-wave (d-wave) re-
sult is given by the solid (dashed) curve. A positive result
represents narrowing of the phonon line shape.

FIG. 10. 6 Imp(q, v+i6) vs v/2ho and h, where q=(~, h~),
and —~ h + 1 for (a) s-wave superconductivity, and (b) d-wave

superconductivity, for p= 0.2t Ao=0. 2t, and T =0.01t. A
positive result represents phonon narrowing.
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where g,'(E):g—,'(E) and

2 5(E E—
k )+5(E+Ek )

which can b
t

e evaluated in terms of corn 1 t 11'

egrals of the first and third kind. I b
p e e e iptic in-

roa ening occurs; the difference is that for frequencies
v&26o, there is no change th —,i e
broadening occurs in the d-wave case.

Returnin to Fi . 8g 'g. , we note that the situation for fre-
quencies v) 2AO is significantl d'ffy i erent in the two cases
shown, for q=g[=(rr, m)]. S ecificall

e a signi cant broadening occurs for v) 2b, , whereasrv o, w ereas
se e phonons become narrower in the

a ain ob
superconducting state at all frequencies. Th 1e resu ts are

g
'

obtained analytically at half-fillin
q=Q=(~, ~):

a - ing for

to half-fillin, the hg, p onon will experience a significant
broadening in the superconducting state. U f hpon urt er

p' g, e phonon will actually narrow f 11 d
tually by a re ime

w, o owe even-

y a regime where no change will occur. In F 12
we show ththe same result (front view onl ) for a d-

n ig.

gap function. Nop . No roadening is now present but the ho-
non linewidth experiences similar nonmonotonic chan es

~ ~

en u t ep o-

as a function of doping.
nic c anges

(a)

—Imp', (Q, v+i5) =~g,' —tanh s wave (1 la)

—Imp,"(Q,v+i5) =sr g,
d

2

26o
2

gs
—d

2

Xtanh —— d waveL3v

4
(1 lb)

and are plotted in Fig. 9(b).
What chan es occ

InFi. 10w
g s occur as we dope away from half-fill' ?

'g. we focus on the region near (a, vr) and plot
a - ing.

b, Imp(q, v+ i5) vs v/250 along the zone ed e
with the chemical potential

p= —0.2t, for (a) an s-wave, and (b) a d-a -wave gap func-
ion. e note that very close to q=(~, ~) there is no

change in the phonon lifetime
is is due to the fact ththat there is no scattering in both

the superconducting and normal st t fs a e at requencies
v 2(p( [see Eq. (8)]. For 2(p( ~ v~2+[

(
+b,

nons ca
v p +DO, pho-

conductin s
can decay in the normal state but nou not in the super-

con ucting state, for the same reasons as in Fi . 8. Fin
v ~p +~o, phonons broaden significantly in

the s-wave case, while little change occurs in th d-
case.

in e -wave

C. Dependence on chemical potential

To see the dependence on chemical otential

while varying the chemical potential. In Fig. 11(a) we
show the s-wave case. At @=0 'p= in particular, we see the
narrowing for v (2AO, followed b b
v) 2A . The

we y roadening for

in Fi. lib w
v o. e effect of increasing

~ p ~

is more 1 1re c ear y seen
ig. ( ) where we show a rear view of the same

figure. Clearly, for nonzero ~p~ th
'

1
~ ~ ~

ere is a ow-frequency
regime in which no phonon self-energy ch

e y a requency regime where narrowing would
occur, followed by another wh b dere roa ening occurs.
From an experimental point of
monitorin a h

~ ~

'n o view, one can imagine
g p onon whose frequency is above 2ho, and

assumed fixed as a function of d Thoping. en, very close

FIG. 11. 'a' Front view and (b) "rear" viewCC

s ate. e used q=(m. ,~), 50=0.2t, and T=O 01t N
change in phonon linewidth (w' h fi

result r
c ange sign as a function of doping (increasin

~ ~ ) A
represents phonon narrowing.

sing p . positive
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FIG. 12. 6 Imp(q, v+i6) vs v/260 and p in the d-wave su-
perconducting state, with the same parameters as in Fig. 11. A
positive result represents phonon narrowir owing.

iV. SUMMARY

We have investigated the variety of possible changes
p onons could undergo as a material goes superconduct-
ing, with a gap function of either s-wave or d-wave type
symmetry. It is generally true that as electron states are
removed close to the Fermi level, less phase space for
phonon decay through quasiparticle scattering is avail-
able, so that low-frequency phonon lifetimes will general-

ly increase. Whether or not softening or hardening of the
phonon frequency accompanies this lifetime increase de-
pends on the wave vector of the phonon involved. For
higher-frequency phonons ther

' 1'ere is a qualitative
difference in the phonon lifetime behavior, depending on
t e gap function symmetry, and also depending on the
wave vectors involved. Even for th e s-wave case, where
the single-particle density of states has a strong square-
root singularity above the single-particle gap, there exist

narrow, simply because momentum and energy could not
be conserved in the superconducting state.

We should emphasize that we have used a simple
tig t-binding band structure, which is nested at half-
filling, to present some of the features expected from a
nested or nearly-nested band structure. In particular, the
nonmonotonic behavior of the phonon lifetime change as
a function of do inp' g, for a nearly-nested wave vector,
would be a clear signature of some nesting phenomenon.

It is of course impossible to exhaust all possibilities and
to explore all parameter space within such a model. In
the present paper we have focused on particular parame-
ter regimes where interesting effects arise which t th

e time, may be relevant to experiments. We have not,
owever, tried to make detailed predictions, nor, for ex-

amp e, have we even varied the band structure to give
more realistic models. In this connection we wish to en-
courage further in elastic-neutron-scattering experiments

~ ~

of the type first carried out by Axe and Shirane, ' partic-
ularly for YBa Cuy 2CU307 Q Through careful experimental
studies of phonons throughout the Brillouin zone, along
with theoretical analysis of the kind t din presente in t is pa-
per, it is possible that definitive answers regardin

y etry and Fermi-surface topology can be provided.
s regar ing gap
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