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Fluxon interaction with external rf radiation in Josephson junctions
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Interaction of a Auxon with an rf radiation emitted into a long Josephson junction is investigated
analytically and numerically. We use a model based on the sine-Gordon equation driven by a periodic
force at the boundary with the frequency larger than the plasma frequency of the junction. It is
shown that due to excitation of a standing linear wave by the driving force, the Buxon motion is
strongly influenced by a periodic (averaged) potential similar to the Peierls-Nabarro potential in a
discrete chain. This effective potential decreases in the direction of the boundary where the external
rf drive is applied, so that the fluxon always moves to the active boundary. We calculate the Auxon
parameters and confirm our analytical predictions by direct numerical simulations.

I. INTRODUCTION

As is well known, the dynamics of long Josephson
junctions shows a rich variety of interesting nonlinear
phenomena, which have been observed experimentally
and explained analytically (see, e.g. , Ref. 1 and refer-
ences therein). In particular, the dynamics of fluxons in
quasi-one-dimensional Josephson structures has received
increasing interest over the last decade as a model sys-
tem for soliton physics and also because of possible ap-
plications for microwave generation. When an external
rf signal is applied to the junction, it creates a set of in-
teresting features in nonlinear dynamics; e.g. , depending
on the amplitude of the rf signal, various nonlinear phe-
nomena such as hysteresis, period doubling sequences,
quasiperiodicity, etc. , have been predicted analytically in
the framework of the model based on a perturbed sine-
Gordon (SG) equation. s As has been shown, when the
frequency of the rf signal is within the spectrum gap of
the linear (plasmon) waves, the most interesting effect of
the applied signal is the hysteresis loop which consists
of an upper and lower branch, respectively. 3 These two
branches may be explained in the framework of a simple
approach which assumes that the excited localized non-
linear oscillation at the junction edge may be considered
as an efFective breather mode, so that the breather dy-
namics may be studied in the framework of the collective-
coordinate approach as that of an effective nonlinear os-
cillator showing a nonlinear resonance and hysteresis. 7

Recently, a series of experimental studies of the fluxon
dynamics in long 3osephson junctions has been initiated
to analyze the influence of external millimeter-wave irra-
diation on the flux-flow dynamics. ' In particular, a type
of resonant Hux. -flow satellite steps was observed which

can be interpreted as parametric mixing of the flux-flow
oscillations with the external rf signal; it was suggested
that a natural qualitative explanation for these steps was
the microwave-assisted reflections of fluxons into antiflux-
ons at the junction boundary.

In the present paper, mostly motivated by the exper-
imental studies in Refs. 8 and 9, we analyze the effect
of the external rf signal on the dynamics of a fluxon (2a
fluxon) in the framework of the perturbed SG equation
with the external ac force applied as a boundary condi-
tion. We assume that the signal is applied at a frequency
which is above the spectrum gap; i.e. , it generates linear
waves (plasmons) in the junction. The linear waves cre-
ated at the edge of the junction propagate along it and
influence the fluxon dynamics. We investigate the mo-
tion of the fluxon and find the dependence of the fluxon
parameters on the parameters of the external rf signal,
combining analytical and numerical approaches. In par-
ticular, we demonstrate that due to the external rf signal
the slow (time-averaged) motion of the Huxon is influ-
enced by a periodic (averaged) potential similar to the
Peierls-Nabarro potential in the dynamics of the discrete
SG chain and this potential is decreasing to the bound-
ary where the external rf drive is applied, so that the
fluxon always moves towards the active boundary. We
con6rm these conclusions by direct numerical simulations
and observe a rather good agreement between the ana-
lytical predictions based on the method of averaging and
numerical results.

The paper is organized as follows. Section II contains
an outline of the model which is based on the SG equation
with the ac driving force applied as a boundary condition.
In Sec. III we describe the analytical method developed
to analyze the problem. The method itself is rather gen-
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eral to be applied to various nonlinear problems which
involve a rapidly oscillating ac drive at a boundary. Sec-
tion IV is devoted to the analysis of the fluxon motion
under the influence of the driving force. We derive a dy-
namical equation for the fluxon coordinate and we show
that the motion of the fluxon may be described as that of
a particle in an effective (averaged) potential. In Sec. V
results of numerical solution of the model equation are
presented and they are compared with our analytical pre-
dictions showing a good agreement for large frequencies.
Section VI concludes the paper summarizing the main
results.

II. MODEL

The mathematical model used to describe the dynam-
ics of a long Josephson junction is the perturbed SG equa-
tion including a dissipative term,

+ sing = —ny„
where P is the phase difference between the quantum me-
chanical wave functions of the superconductors defining
the junction. The spatial coordinate 2: is normalized to
the Josephson penetration depth A~ = (h/2edpoJ) ~,
and time is normalized to the inverse plasma frequency

——(2eJ/hC)i~2. Here J is the Josephson current
density, d is the magnetic thickness of the barrier, and
C is the capacitance per unit area. The loss parame-
ter o, models dissipative (quasiparticle) current, and it is
de6ned through the shunt conductance G' per unit area,
~ = G(h/2. ~C)i~2

When an oscillatory magnetic field H, cos(ut) is ap-
plied to one edge (in our case at z = L) of the junction,
perpendicular to the length of the junction and parallel to
the plane of the barrier, the boundary conditions for the
phase difference P at the edges are (see, e.g. , Refs. 3—7),

dynamics and it may be considered as a version of mean
field theory. The similar approach has been recently used
in two other problems related to the kink dynamics in the
SG and P4 models perturbed by a parametric external
force which was taken to be homogeneous in space.

III. AVERAGED EQUATION OF MOTION

The ac force applied at the boundary of the junction
generates a linear wave which propagates along the junc-
tion and, after a reflection from another boundary, a
standing linear wave forms which subsequently influences
the fluxon dynamics. Because the frequency of the stand-
ing wave is large (u ) 1), we will apply an averaging
method analogous to the well-known one for the Kapitza
problem, i.e., for the dynamics of a pendulum hanging
from an oscillating suspension point (see Ref. 12). In or-
der to derive an averaged equation of motion in our case,
we will decompose the wave field P into a sum of slow
and fast varying parts, that is to say,

(3)

where the functions 4(x, t) and @(x,t) describe the slow
and fast evolutions, respectively. The function @(x,t)
stands for small oscillations around the slowly varying
field C, and the mean value of g during the period 2'/cu
is assumed to be zero, i.e. , (P) = 4, the brackets stand-
ing for time average. Our goal is to derive an efFective
equation for the function O that describes the slow ("av-
eraged") wave field dynamics. To this end, we substitute
Eq. (3) into Eqs. (1) and (2), and expanding in Q, which
we assume to be small enough for such a purpose, we
obtain the equation

C'ii + Qiq —C'» —g» + sin C' + g cos C —
z g sin C

4*1*=0= o, L, = acos(~t),

where a = H, /JAq and L = l/Aq are the normalized
magnetic field strength and the junction length, respec-
tively. As in Refs. 3—7, we assume that the influence of an
external magnetic field is felt only through the boundary
conditions such as in Eq. (2). In experimental studies, s s

the external rf signal has been applied at a frequency
which is larger than the plasma frequency [= 1 in the
dimensional variables as it is in Eq. (1)]. This condition
is difFerent to that considered in Refs. 3—7, because such
a signal generates linear waves (plasmons) which prop-
agate along the junction. The problem we are going to
analyze is how the linear waves induced by the external
rf signal will influence the fluxon motion in the junction.
In particular, in this paper we restrict ourselves to the
case where the fluxon is initially at rest, so that we are
interested in the effect of the rf radiation on the fluxon
parameters and its motion.

The problem formulated above allows us to use a quite
general formalism which may be extended to a variety of
different problems involving an external high-frequency
driving force at the boundary. The approach we apply
here is based on the method of averaging of nonlinear

(4)

where we neglect higher-order harmonics contributions.
The boundary conditions are

(o*+@*)1*=0= o

(C~+ @~)~~ L, = acoscut. (6)

Let us go on taking a careful look at Eqs. (4)—(6). It
is clear that the equations have terms of a very different
nature, slow and fast varying ones. Hence, the fast and
slow terms must satisfy Eqs. (4)—(6) separately In order.
to satisfy the rapidly oscillating parts in Eqs. (4)—(6), it
is necessary to take into account all the terms which are
proportional to the rapidly varying function @ plus the
term acos(ut), which is also fast. As a result, the
following equations must hold for the rapidly oscillating
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part:

A~ —0**+~pl = —~i%,
—p ——0, Q ~

I, = acos(wt), (7)

where uo ——cos C. Now, as the function C evolves much
slower than @, we can consider the function cup~ in Eq. (7)
as constant, and subsequently write the forced solution
of the linear equations (7) in the form,

g(x, &) = acos~&[Ai c»kixcoshk2x+ Azsinkixsinhk2x]+ asin~t[Aqcoskixcoshkqx —Ai sinkixsinhkqx], (8)

where

Q2 Q2'1+ 2
2 g2 g21i+ 2

Ai 2 ——ki 2 sin kiL cosh k2L ~ kq i cos ki L sinh k2L,

IV. FLUXON DYNAMICS INDUCED
BY RADIATION

In a nondissipative case, when a = 0, the resulting
Eq. (13) is the SG equation with the spatially varying
coefficient,

@ii —C'» + 0 (x) sin C' = 0, (16)
and the parameters k~ and k2 are the real and imaginary
parts of the wave number, k = ki+ik2, which are defined
by the expression k = u —uo + i+~, i.e. ,

k2 1 ~(~2 ~2) + (~2 ~2)2 + o,2~2

In the limit n ~ 0 we have k2 ~ 0, and the solution (8)
transforms to a more simple one

where 0 (x) = (1—
2 (g )). In the system with an infinite

length, Eq. (16) has an exact fiuxon solution of the form

-x. &] X 0

i —x,')
provided 02(x) = 02 = const. Here Xp = Xp(t) is the
fiuxon position, Xp is the fiuxon velocity, and the fluxon
energy is given by the expression

Q(x, &) = — . eoswteoskx,
k sin kI (12) Ei, = 80/ 1 —Xp2. (i8)

with the boundary conditions

C'
~

—p=O~] —1, =0, (14)

where the function (Q ) has to be calculated with the
help of Eq. (8) and finally it looks quite simple,

a [cosh(2k2x) + cos(2kix)]
2(ki + k~) [cosh(2k2L) —cos(2ki L)]

In the limit w2 )) 1, the wave numbers are also large,
in particular, ki2 )& 1; i.e. , the spatial dependence of (Q2)
will be also rapidly oscillating, but now also in x. Thus,
after averaging Eq. (15) in x, the last (oscillating) term in
the right-hand side (RHS) of the equation will disappear,
and the dependence (@2) vs x is smoothed. In the general
case the wave number A: is not large, even though the driv-
ing frequency is large, and the function (@~) is spatially
oscillating with the wavelength A = 7r/k2. Thus, the
renormalized SG equation (13) is the main result of our
analytical approach, and it describes an averaged non-
linear dynamics of the junction in the case where the
external rf signal excites a standing linear wave.

where k
The next stage of our analysis is to input Eqs. (8)—(11)

into Eq. (4) and to average over the fast oscillations. By
doing so we derive the equation for the slowly varying
function C, which turns out to be

Oi, —O + (1 ——,'(q')) sin C = —nC „

In the subsequent analysis we assume that the system
length L is much larger than the fluxon width lA, (x A
so that even in the long- but Rnite-length system we may
use the solution (17) for the infinite model, assuming
that the Buxon coordinate is not at the system bound-
ary. When the function 0 (x) is spatially dependent, but
slowly varying in 2:, we may consider the fluxon dynam-
ics adiabatically, assuming that the Huxon shape is given
by Eq. (17), but its parameters are slowly varying in t.
Then, as follows from Eqs. (15) and (16), the inequality
A2(x) & A~(L) is valid, so that Ei, (x) ) EA, (L). There-
fore, the Quxon always has the lower energy at the bound-
ary where the external ac force is applied. Moving along
the junction, the fluxon changes its width, which may
approximately be described by the relation [see Eq. (17)]

ti, = 0 ' 1 —X(~) 0 (x).

To derive the equation of Inotion for the Buxon coordi-
nate Xo, we use the simplest version of the perturbation
theory for solitons which is based on the use of conserva-
tion laws (see, e.g. , Ref. 13 for a review and Ref. 14 for a
concrete problem involving conservative perturbations).
To apply this approach, we write the SG equation (13)
in the form

C|,|, —4»+ sin C = A(x) sin C —nCg, (20)

where A(x) = 2(Q2) is given by Eq. (15) and it is con-
sidered as a perturbation, additionally to the dissipative
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term ( n). The simplest way to proceed now is to use
conservation laws which are modified by perturbations.
Let us consider the momentum of the wave Beld C deBned
as

C ~C ~dx. (21)

In the SG system without perturbations [i.e. , when
the RHS of Eq. (20) is zero), the momentum (21) is
conserved, because P is an integral of motion. In
the presence of perturbations the equation describing
the perturbation-induced evolution of the momentum is
given by

dP
dt

dx A(x) C sin C —aP.
00

Equation (22) is exact; however, it may be effectively
used only to develop a perturbative approach. Let us as-
sume that the function A(x) is slowly varying in z. This
is valid, e.g. , for the case of large k2, when the function
A(x) may be considered as averaged with respect to fast
spatial oscillations. The slow dependence of A(x) on 2:

assumes that Eq. (22) may be transformed to be of the
form

P = —4A'(Xp) —nP,

FIG. l. Averaged field (@ ) as a function of z and ur for
the length of the junction L = 20; the 2~ fluxon is placed at
XQ —10. The microwave source is placed at the right end
of the junction (at x = 20). The resulting efFective potential
given by Eq. (25) has a character which eventually forces the
fluxon to move towards the right boundary.

where the prime stands for the derivative. To obtain
Eq. (23), we have used, as an approximation, the Huxon
shape uA; = 4 tan exp(x —Xp). Calculating the fluxon

momentum as P —SXO, we finally get the motion equa-
tion for the fIuxon coordinate Xo,

where up = cos4, 4 being the usual expression for the
Huxon (2vr kink) solution. The increase of (@ ) for in-
creasing 2: results in an effective potential (which is just
of opposite sign to (tP )) which attracts Huxons placed in
the junction.

d'Xo dv'a dXo
dxp

(24) V. NUMERICAL SIMULATION RESULTS

OO

& s'(Xo) = ——
8

A'(z+ Xp)
dz

cosh z

As follows from Eq. (25), the properties of the effective
potential U,g are completely determined by the averaged
function (Qz). Because this function is oscillatory in-

creasing, the effective potential is decreasing, so that the
Huxon, even being initially at rest, will move to the active
boundary under the action of the driving force applied
at the edge of the junction. Figure 1 shows the averaged
function (@2) for constant value of the amplitude of the
applied microwave signal, a = 0.5, the frequency is varied
from w = 1 to ~ = 5, the length of the junction is I = 20,
and the Huxon is placed in Xo = 10. The function (@ )
has been calculated using the definition given by Eq. (26)

Equation (24) describes the motion of a particle of the
mass m, = 1 under the dissipative force (~ a.) and in the
efFective potential

&.~(Xo) = —
4 (@')1*=x.

where (Q2) is defined as an averaged (in time) spatially
dependent function. In a more general case the effective
potential may be defined from Eq. (22) as

In the present section the results obtained from the
perturbation approach are compared to results from the
numerical solution of the SG equation describing the in-
teraction between the fluxon and radiation emitted by
the microwave source placed at the boundary. Through-
out this paper, the loss term n = 0.2. The microwave
source is placed in the right end of the junction.

First, examples of fluxon dynamics confirm the predic-
tion of the existence of an effective attractive potential.
Fluxons are shown to be attracted by the active boundary
in the full SG system. Second, a comparison between tra-
jectories determined from numerical solution of the full

system and the perturbation approach is performed.
In order to illustrate the effect of the predicted attract-

ing potential derived in the former section, two examples
of fIuxon dynamics are shown in Fig. 2 in terms of contour
plots of the spatial derivative P~. The Huxon is initially
placed in X'p(0) = 10. Because of the interaction with
the radiation penetrating the junction, the fluxon moves
to the right. In Fig. 2(a) the parameter values are u = 2
and a = 0.5 while in Fig. 2(b) they are cu = 8 and a = 0.5.
The interaction between the radiation and the Huxons is
clearly seen. For the lower value of the frequency cu, the
Buxon has been attracted to the right boundary. The
attraction is much less pronounced for the larger value of
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FIG. 4. Comparison between the trajectories obtained
from full numerical simulation of the SG equation (solid lines)
and the perturbation approach (dot-dashed lines). The pa-
rameter values are a = 0.5, a = 0.2, and from the top
u = 2, 4, 6, 8. For u ) 4 the agreement is rather good.

FIG. 6. Same as in Fig. 4 but for u & 1, i.e., when the ex-
ternal frequency lies in the linear spectrum gap. The applied
amplitude a = 1.0, and from the top u = 0.95, 0.75, 0.7. As
is clearly seen, for u & 0.7 there is no attraction of the kink
by the boundary and the kink practically does not move.

from the full SG system defined by Eqs. (1) and (2). The
dot-dashed curves are obtained from numerical solution
of Eq. (22). The parameter values in Fig. 4 are a = 0.5
and, starting from the top curve, u = 2, 4, 6, 8. In Fig. 5
the amplitude of the applied microwave signal has been
increased to a = 1 and the frequency is u = 2, 3, 4, 6, 8.
The influence of the amplitude a is clearly seen, in agree-
ment with Eq. (15); i.e. , the potential is proportional to
—a~. Even for smaller values of u the qualitative agree-
ment between the results obtained from the perturbation
approach and the SG system is good. For ~ ) 4 the
agreement is excellent. Finally, we note that fluxon is at-
tracted by the active boundary and eventually absorbed
as seen in Fig. 5 for ~ = 2.

For values of the applied frequency less than unity,
the averaging method described above fails. As has been
shown in Ref. 3, for larger amplitudes of the driving force
the low-frequency oscillation becomes localized at the ac-
tive boundary, and in the nonlinear case it may be treated
as an efFective breather mode with the characteristic size
determined by its amplitude, (1—w2) i~2. This means
that a kink situated far away from the boundary does not

18—

1'4

"feel" such an oscillation produced by the driving force
in the junction. Figure 6 shows results of our numerical
simulations for the case w ( 1. As may be concluded
from this figure, for ~ & 0.7 the kink initially situated at
x = 10 practically does not interact with the boundary.

VI. CONCLUSION

In conclusion, we have analyzed the influence of an rf
signal applied to the boundary of a long Josephson junc-
tion on the dynamics of the fluxon. The model we have
used is based on the SG equation including a dissipative
term, with the external ac drive being taken as a bound-
ary condition. When the frequency of the driving force
is above the plasma frequency, the ac force generates a
standing wave in the junction which strongly influences
the fluxon motion. We have derived an averaged equa-
tion of motion to analyze the problem, and have shown
that the radiation from the boundary leads to an effec-
tive oscillating potential which influences the fluxon dy-
namics. The effective potential decreases in the direction
of the boundary where the ac force is applied, so that
the fluxon always moves to the active boundary even if
initially at rest. We have made a series of numerical sim-
ulations to elucidate the influence of the active boundary
on the fluxon. Further we have shown that the analyt-
ical predictions and numerical simulation results are in
good agreement. Thus, the physical picture based on an
averaged potential for the fluxon may be indeed rather
useful for understanding, even quantitatively, the physi-
cal phenomena in long Josephson junctions driven by a
microwave field.

10
500 1000 1500

FIG. 5. Same as in Fig. 4 but for a = 1.0, and from the
top u = 1.5, 2, 4, 6, 8. Again the agreement is good for cu ) 4.

ACKNO%'LEDGMENTS

Y.K. thanks Physics Laboratory I, The Technical Uni-
versity of Denmark, for warm hospitality during his stay
there when this work was initiated. Y.K. and A.U.
also acknowledge financial support by the Alexander von
Humboldt-Stiftung.



5218 KIVSHAR, OLSEN, SAMUELSEN, AND USTINOV 47

On leave from Institute for Low Temperature Physics and
Engineering, 310164Kharkov, Ukraine. Permanent address:
Optical Sciences Center, The Australian National Univer-
sity, ACT 2601 Canberra, Australia.

tOn leave from Institute of Solid State Physics, 142432
Chernogolovka, Moscow District, Russia. Present address:
Il Universita di Roma, Departimento di Fisica, 00173 Roma,
Italy.
A. Barone and G. Paterno, Physics and Applications of the
Josephson Effect (Wiley, New York, 1982).
N.F. Pedersen, IEEE Trans. Magn. 27, 3328 (1991).
O.H. Olsen and M.R. Samuelsen, Phys. Rev. B 34, 3510
(1986).
O.H. Olsen and M.R. Samuelsen, Phys. Lett. A 119, 391
(1987).
O.H. Olsen and M.R. Samuelsen, Phys. Rev. B 43, 10273
(1991).

B.A. Malomed, Phys. Lett. A 128, 494 (1987).
Yu.S. Kivshar, O.H. Olsen, and M.R. Samuelsen, Phys.
Lett. A 168, 391 (1992).
A.V. Ustinov, J. Mygind, N.F. Pedersen, and. V.A.
Oboznov, Phys. Rev. B 46, 578 (1992).
A.V. Ustinov, J. Mygind, and V.A. Oboznov, J. Appl. Phys.
72, 1203 (1992).
Yu.S. Kivshar, A. Sanchez, and L. Vazquez, Phys. Rev. A
45, 1207 (1992).
Yu.S. Kivshar, N. Grgnbech-Jensen, and M.R. Samuelsen,
Phys. Rev. B 45, 7789 (1992).' L.D. Landau and E.M. Lifshitz, Mechanics (Pergamon, Ox-
ford, 1960).
Yu.S. Kivshar and B.A. Malomed. Rev. Mod. Phys. 61, 763
(1989).
M. Salerno, M.R. Samuelsen, P.S. Lomdahl, and O.H.
Olsen, Phys. Lett. 108A, 241 (1985).


