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Simple model of stacking-fault energies
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A simple model for the energetics of stacking faults in fcc metals is constructed. The model
contains third-nearest-neighbor pairwise interactions and a term involving the fourth moment of the
electronic density of states. The model is in excellent agreement with recently published local-density
calculations of stacking-fault energies, and gives a simple way of understanding the calculated energy
contributions from the different atomic layers in the stacking-fault region. The two parameters in the
model describe the relative energy contributions of the s and d electrons in the noble and transition
metals, and thereby explain the pronounced differences in energetics in these two classes of metals.
The model is discussed in the framework of the effective-medium theory where it is possible to find a
functional form for the pair potential and relate the contribution associated with the fourth moment
of the density of states with the so called one-electron correction energy.

I. INTRODUCTION

With the development of newer and faster computers
it has become possible to make more realistic large-scale
simulations of material properties at the atomic level. A
crucial input to such simulations is an interatomic po-
tential, which describes the essential physics of the sys-
tem accurately. One of the most important physical pro-
cesses when deforming materials is the emittance and
interaction of dislocations. In most structures, the dis-
locations release energy by splitting into partial disloca-
tions, thereby creating a stacking fault in between. The
energy of the stacking fault will then determine the equi-
librium distance between the partials. It is therefore an
important feature of a potential to be able to calculate
stacking-fault energies accurately. These are small en-
ergy diff'erences, of the order meV/atom, due mainly to
the changes in the band structure of the faulted crystal.
It is a challenge to devise models for the energetics of
stacking faults which are simple enough to be practical
for simulations and yet accurate enough to describe these
small energy differences reasonably well.

In recent years, a large number of simulations of met-
als and metal surfaces have been based on the efFective-
medium theory, the embedded-atom method, or math-
ematically equivalent models like the N-body potentials
or the glue model. 4 These potentials contain, in addition
to a pair potential, an embedding function F(n, ). This
function gives the energy contribution as a function of
the local-electron density n, , which is obtained by super-
imposing atomiclike densities p(r) from the neighboring
atoms, n, = P . p(r,s). For a stacking fault in a fcc mate-
rial, the distances to the first- and second-nearest neigh-
bors are identical to those of the perfect crystal, so the
change in the local-electron density will be minor. It is
therefore a good approximation to replace the embedding
function with its first-order expansion, F(n, ) =

& n, ,
which is a pair potential. For the stacking faults the
density-dependent term therefore electively reduces to a

pair potential.
By construction of a simple two-parameter model for

the energetics of stacking-faults in fcc metals, we shall
show that it is only for the noble metals that a central-
force model provides an appropriate description of the
energetics in a stacking-fault region. For the transition
metals and also for aluminum the difference in directional
bonding between the stacking-fault region and the per-
fect crystal becomes important, and a central-force model
is not sufficient. The directional nature of the bonding
manifests itself in the electronic structure and can be de-
scribed through an expansion of the electronic density of
states in terms of its energy moments. This gives rise to
effective four-body interactions which have to be taken
into account. The two parameters in the model therefore
describe the strengths of the pairwise interactions and
the four-body interactions.

The model is tested by comparison with recent local-
density calculations of stacking-fault energies for eight
fcc metals: Cu, Ag, Au, Ni, Pd, Rh, Ir, and Al. The
calculations5 give the contributions to the extrinsic, in-
trinsic, and twin stacking faults projected onto individ-
ual atomic layers. The comparison shows that the simple
model can describe the energies of the diferent stacking
faults as well as the-variation in the layer-projected en-
ergy through each of the stacking faults.

In Sec. II we present the model for the stacking-fault
energetics, and thereafter in Sec. III we compare the
model to the results of the above-mentioned ab initio cal-
culations. Section IV provides a derivation of the model
from the effective-medium theory and presents an esti-
mate of the four-body terms based on a tight-binding
linear muffin-tin orbital (LMTO) Hamiltonian. In Sec. V
we conclude.

II. THE MODEL

In the model, there are two contributions to the
stacking-fault energy E. The first term Ep@pp is a sum
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of pairwise interactions between the atoms while the sec-
ond term Eb»d is obtained from the electronic density
of states:

@= +pair + @band ~ (1)
The guiding line in the construction of the model is to
keep it as simple as possible with only a minimal input.

In a stacking-fault region the fcc-stacking sequence
ABC is changed to hcp stacking ABA. The stacking
sequences for the extrinsic, intrinsic, and twin stacking
faults, that we shall discuss here, are indicated in Fig. 1.
The change in stacking sequence does not change the
very close environment around an atom. Every atom in
a stacking-fault region is still surrounded by 12 nearest
neighbors and 6 second-nearest neighbors and since the
interlayer relaxation is unimportant for stacking faults, 7

we can assume that these distances are the same as in the
perfect fcc crystal. A pair potential with a range only ex-
tending to second-nearest-neighbor distances does, there-
fore, not give any contribution to the energy of a stack-
ing fault. However, if the pair potential is suSciently
long ranged an energy difference between the hcp and
fcc stackings will contribute at the third-nearest-neighbor
level and beyond. If we, for simplicity, truncate the pair
potential P(r) after the fifth-nearest-neighbor shell, there
will be a specific contribution to the stacking-fault energy
from the atoms which are in a hcp-stacking sequence. To
be more precise: There will be an energy contribution
ep to the stacking-fault energy each time two layers of
the same kind (A, B, or C) are separated by only one
other layer. The energy e2 is given in terms of the pair
potential by

Extrinsic Fault

e2= P(

-3~(~4) —«(~5) + «( —".), (2)

Eband = ep, (e)de,

where eF denotes the Fermi energy. To this end, we char-
acterize the projected density of states by its moments

p~ = f e"p, (e)de. The moments have a geometrical
interpretation since they can be found by traversing the
lattice,

where we have explicitly given the changed neighbor dis-
tances in units of the nearest-neighbor distance.

The contribution to the stacking-fault energy from the
pairwise interactions gives rise to a particular pattern
when decomposed into contributions from each layer in
the stacking fault. In Fig. 1 is indicated the number of e2
contributions for each layer in the extrinsic, intrinsic, and
twin stacking faults. This projection onto the individual
layers will be useful when the model is compared with
results from local-density calculations.

The second contribution to the energy of the stacking
faults comes from the shape of the electronic density of
states. To describe the electronic structure in the metal,
we consider a tight-binding model with Hamiltonian H
which only contains hopping-matrix elements between
nearest neighbors. (The construction of the tight-binding
model will be discussed in greater detail in Sec. IV.) We
shall assume that the atomic levels and hopping matrix
elements are the same in a stacking-fault region as in a
perfect fcc crystal. The aim is to find a simple way of
estimating the band energy Eb~ d which is given by the
density of states (projected onto state i) p, (e) by

Layer
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(4)
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The calculation of the nth moment requires a summa-
tion over all paths in the lattice with n legs. The band
energy is in principle a function of all the moments, but
it is often possible to get estimates of energy changes by
considering only the changes in a few moments. (For a
general discussion of this approach the reader is referred
to Carlsson. s) We first note that if we restrict the model
to nearest-neighbor hopping, the moments up to third
order will be the same in a stacking-fault region as in a
perfect fcc crystal. The first nonzero contribution there-
fore appears in the fourth moment, and for simplicity
we shall only include this term here. (See Sec. IV for a
discussion of the higher-order moments. ) The difference
between the fourth moment of the density of states of an
atom in a stacking-fault region and an atom in a perfect
fcc crystal is quite small and it is therefore reasonable to
use a linear expansion of the change in band energy

FIG. 1. Layer-by-layer contributions to the extrinsic, in-
trinsic, and twin stacking-fault energies in units of the pa-
rameters eq (from the pairwise interactions) and e4 (from the
fourth moment of the density of states).

+Eb»d = ) ~4(P4 P4, rc ). (5)
2

The fourth moment p4 contains information about the
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environment of atom i which can be reached by closed
paths with four legs. The paths can be divided into two
glasses: Ring paths and single-track paths. The single-
track paths use the same two legs out and back, while the
ring paths visit each atom in the paths only once. The
closed paths with four legs can extend over at most three
layers in the crystal and we therefore now consider the
two different situations where three layers are in a fcc-
(ABC) stacking sequence and in a hcp- (ABA) stacking
sequence. All the paths which only visit two layers of
the fcc-stacking sequence have a counterpart in the hcp-
stacking sequence so there can be no contribution to the
stacking-fault energies from these paths. Consider first
the paths which start at an atom in the A layer. In both
situations there are nine single-track paths and six ring
paths which visit all three layers starting at A. In an s-
band model where there is no angular dependence of the
hopping amplitudes, all the paths contribute with the
same amount, and there will be no net contribution to
the stacking-fault energy from these paths. However, if
we consider p or d states, the paths are no longer equiva-
lent, and there will be a contribution to the stacking-fault
energy which we denote by e4.

Let us now consider the paths which start at the cen-
tral B layer. For both the fcc- and the hcp-stacking se-
quences there are 18 single-track paths and 12 ring paths,
and there is an exact two-to-one correspondence between
these roads and the roads starting at layer A. (This is
easily seen from Fig. 2.) Therefore, there is an energy

contribution from the central layer of the hcp-stacking
sequence of 2e4.

Using this approach, it is possible to find the layerwise
contribution to the extrinsic, intrinsic, and twin stacking
faults from the fourth-moment term in units of e4. The
result is shown in Fig. 1.

III. TESTING THE MODEL

Extrinsic Intrinsic Twin

We will now test our model on the data in Ref. 5, where
calculated results are presented for layer-by-layer energy
contributions to the extrinsic, intrinsic, and twin faults
for eight different metals. The calculations are per-
formed using the layer Korringer-Kohn-Rostoker method
together with the force theorem. To see if the layer de-
compositions of the stacking faults obtained from this
local-density calculation follow that of Fig. 1, we have
fitted the two parameters e2 and e4 to their data; that is,
a two-parameter fit to 12 data points for each element.
The goodness of the fits and the fitted vajues (es2' and
e4t) are shown in Table I, while Fig. 3 shows the results
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FIG. 2. The atoms visited by roads with four legs which
traverse all three planes in an ABC sequence. (a) The roads
start in the A layer. (b) The roads start at the central atom
in the B layer.

FIG. 3. Layer-by-layer energy contributions to the extrin-
sic, intrinsic, and twin faults. The solid lines are the results
of the local-density calculations in Ref. 5. The bars are the
energy profiles obtained from Fig. 1, where the solid part is
the contribution from e2 and the open part the contribution
from e4.
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TABLE I. The result of fitting the layer structure in Fig. 1 to the data of Ref. 5. The goodness
of the fits is given by ((E —E"') ) ~/(E ) ~, with the average taken over the 12 data points used
in each fit. Also shown are the values of e4 obtained from a LMTO calculation.

Goodness
fit

fite4
cake

e4

Unit

(%)
(mJ/m )
(mJ/m )

(mJ/m )

Cu

2.3
11.6
2.7

0.0

4.3
7.2
1.0

0.0

Au

2.2
11.0
-0.0

0.0

Ni

11.2
-3.0
22.6

18.7

Pd

3.3
-0.3
19.6

21.2

4.5
14.1
31.4

30.4

5.7
15.2
62.2

37.3

Al

6.7
9.3

11.2
5.0

graphically. The complicated energy profiles of the stack-
ing faults are generally very well described by this simple
model.

The metals clearly fall into two groups. The stack-
ing faults of the noble metals are described almost ex-
clusively by the pairwise interaction term t 2 while the
transition metals have much larger stacking-fault ener-
gies which must be attributed to the band (four-body)
term e4. Aluminum seems to be an intermediate between
the two. It was noted above that a pure s-band can-
not contribute to the fourth-body term and, of course, a
filled d band as for the noble metals cannot contribute
either. The pairwise interaction therefore dominates for
the noble metals. For the transition metals, however, the
partly filled d band gives a strong contribution to the
fourth-moment term which then completely dominates
the pairwise interactions.

Our model assigns an energy of 2e2+ 4e4 to each hcp-
stacking sequence (ABA). There are two of these in the
extrinsic and the intrinsic faults, but only one in the twin
fault. Our model therefore predicts the following relation
between the stacking-fault energies:

1 1
2Eintr = 2+extr = @twin —@hcP —2&2 + 44 ~

In Table II we compare the total energies of these faults.
Apart from the hcp-structural energies, which have been
calculated with a di8'erent method, the relationships hold
within a few percent. However, there is a tendency for
the transition metals that the energy of the intrinsic fault
is a little higher than the energy of the extrinsic and twin
faults. The origin of this difference is that in the intrinsic
fault the hcp-stacking sequences are not separated, so
that there is an interaction energy between the two ABA
sequences. Such interactions are neglected in our model,
which has a range of only two layers.

TABLE II. The total energy predicted by our model
(2e2 + 4e4 ) compared with local-density calculations of
stacking faults (Ref. 5) and the hcp structure (Refs. 17 and
7). The unit is mJ/m .

IV. CONNECTION TO THE
EFFECTIVE-MEDIUM THEORY

The simple two-parameter model for the stacking-fault
energetics can be understood from other models of inter-
atomic interactions. In the tight-binding approach, the
total energy is written as a sum of pair potentials plus
the contribution from a tight-binding Hamiltonian; so
the simple model follows right away if the hopping am-
plitudes only extend to nearest neighbors and the density
of states is expanded in terms of moments.

In the efFective-medium theory an embedding density
n, is associated with each atom. The embedding density
is calculated by averaging over the electron-density tails
of neighboring atoms. The total energy is then calculated
by moving each atom to a reference system, taken to
be a fcc crystal with the same embedding density, and
evaluate the energy difference. The binding energy of
atom i, Ei,(i), is then given by three terms

E/, (i) = E,(n, ) + EAs(i) + E,i(i).
The first term the cohesive function E, is the energy of
the reference system. The two last terms are the change
in energy when the atom is moved to the reference sys-
tem. The atomic-sphere correction EAS is the change
in electrostatic and exchange-correlation energy and is
usually represented as a difference between a pair poten-
tial contribution in the real system and in the reference
system. The one-electron-correction energy E,~ is the
change in the sum over the one-electron eigenvalues, i.e. ,
it is the difference in band energy between the real sys-
tem and the reference system where the potential has to
be shifted rigidly from the reference system to the real
system.

The changes of the embedding densities in a stacking-
fault region are very small and it is therefore possible
to linearize the density-dependent terms E, and EAs
whereby an eKective pair potential P(r) results. This
pair potential is given by

y( )
~+0

((
1) —q ( —1)(1 —q( —1)*

)
1

&Vi(r/+ ni)

2 fit 4 fi
1 ~extr

2 intr
&twin

&h.p

Cu Ag

34 18
37 19
35 17
36 19
30 15

22 84
22 75
22 90
21 70
28 103

78 154
78 141
81 154
76 147

121 164

279 63
247 59
267 62
243 56
281 85

Au Ni Pd Rh Ir Al

in terms of the effectiv-medium parameters
r/) g] ) r/z pi) p2) &no the Wigner-Seitz radius s(i, and the
distance r in units of the nearest-neighbor distance Pso.
Using these parameters, we can now in principle calcu-
late e2 from Eq. (2). However, Fig. 4 shows the value
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be the fcc-bulk value. These we calculate by inserting
the off-site elements into the LMTO "Dysons equation"
for the structure constants. For the potential parameters
(C, 6) we use the fcc-equilibrium values listed in Ref. 14
transformed to the relevant representation.

Prom this Hamiltonian, we get the projected density
of states using the recursion method. This gives the
Greens function as an infinite-fraction expansion in the
chain parameters a„and b„,

b
E —ap +

6—G1+

(1O)

-20.0
1.5

I

1.7
I I I

1.9 2.1

r. (units of Pso)

I

2.3 2.5

FIG. 4. The value of e2 for copper obtained from Eq. ( 2),
where the pair potential P is cut off softly with a Fermi func-
tion, {1+e " "'

) . The figure shows the ~alue of e2 as a
function of the position of the cutoff r, .

We will terminate the expansion with a constant chain
after the nth level, which gives rise to a square-root ter-
minator

2

b~ —
/

e a
OO

of eq for copper for different cutoffs of the pair potential
The result oscillatesiz and can take any value in an

interval of the same order as e2 dependent on the cutoff;
this curve is characteristic for all the elements. The rea-
son is simply that the efFective-medium assumption of an
exponential tail of the density breaks down outside the
first two neighbor shells, probably because the Friedel os-
cillations then begin to be important. From a pragmatic
point of view, however, we can easily construct a good
empirical pair potential 2 by choosing a value of r„such
that we obtain the fitted value e2~. For copper this value
is r, = 1.8, which is between the third- (distance v 3)
and fourth- (distance ~4) neighbor shells. The position
of the cutoff will not affect most other physical proper-
ties calculated with the potential, because it is only for
an atom in a stacking-fault region that the distances to
first- and second-nearest neighbors are unchanged com-
pared to the reference system. For other configurations
the energy will therefore be dominated by contributions
from the first- and second-nearest-neighbor shells and the
long-range part of the pair potential will be unimportant.

The fourth-moment contribution e4 is contained in the
one-electron energy and we shall in the following calcu-
late this term using the recursion method. By controlled
approximations, we will simplify this to an expansion in
the fourth moment only. First of all, we estimate the dif-
ference in band energy between the stacking-fault region
and a perfect fcc crystal by use of a tight-binding Hamil-
tonian, which we construct from a first-order LMTO ap-
proximation

+RL,R'L' +RL ~RR' ~LL'+ (+RL ) ~RL,R' L' (+R'L' )

(9)

in the localized representation ni (sp screening) or o.ii
(spd screening). is The off-site elements of the structure
constants we calculate from the interpolation formulas
in Ref. 13, including only nearest-neighbor hops. We use
the same on-site elements on all sites, which we take to

resulting in a continuum of states in the range of a~-
26 & ~ & a + 2b . The constant chain is therefore
determined by the top (ez ) and the bottom (eR) of the
band

(12)

(13)

In a solid the band edges, and thereby the limit of
the recursion chain, will be determined by the extended-
bulk states, and the chain will converge as 1/n towards
this limit in a three-dimensional (3D) ordered system. is

The first chain parameters ap, ai, bq are unchanged in
the stacking-fault region compared to the fcc-bulk values.
The next parameter, bq, we calculate from the value of
the fourth moment p4, and the rest of the chain we obtain
by interpolating between the second-level values a&, 62
and the fcc-bulk values using the 1/n2 form. In this way,
we get the one-electron correction as a function of the
fourth moment. By linearizing we obtain the form used
in Sec. II,

however we now have a prescription for calculating o,4,
To test the approach, we have calculated the

structural-energy difference between fcc and hcp within a
canonical d-band model. The results are shown in Fig. 5.
The solid line indicates the energy as calculated from the
recursion method using a chain of length 8, while the
dotted line is obtained from Eq. (14). Also shown is the
result from a fully self-consistent calculation for the 3d,
4d, and Gd transition metals. For comparison all the
numbers have been rescaled with the potential parame-
ter 4d". The figure shows that for the elements with
an almost filled d shell, i.e., the elements with 8, 9, or
10 d electrons, the fourth-moment term gives a reason-
able description. This is where we find the fcc metals
and therefore the elements we have been considering in
this work. If we instead consider elements in the first
or middle part of the transition series, we cannot expect
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04
Canonical d band---- Fourth moment model

a 3 d metals
4 d metals

ence in structural energy between iridium and rhodium
can simply not be explained in a canonical d-band model.

Cl

O
V)

0.2

-0.2

3 4 5 6 7
d occupation [states/atom]

9 10

FIG. 5. The structural energy difFerence between hcp and
fcc for the transition metals rescaled by the potential param-
eter A&". The triangles, squares, and stars are the results
of a full LMTO calculation for the 3d, 4d, and 5d transition
metals, respectively (Ref. 17). The solid line is the result
of a canonical d-band model in the ayy representation, and
the dotted line is the result when only the fourth moment is
included.

the layer-by-layer contribution to be described only from
a fourth-moment term.

With a similar calculation to that in Fig. 5 we have
determined the value of the fourth-moment term e4 ocalc

the stacking faults. The results are shown in Table I and
except for iridium and aluminum there is good agreement
with the values obtained by fitting to the data of Ref. 5.
We beleive the discrepancy for rhodium arise from ne-
glect of the 8 electrons, since from Fig. 5 the large differ-

V. CONCLUSIONS

We have discussed a simple two-parameter model for
the layer-by-layer contributions to the stacking-fault en-
ergies, which explains the energy profiles found in recent
ab initio calculations. The two parameters can be inter-
preted as the relative contributions to the fault energies
of the s and d electrons for the noble and transition met-
als, consistent with the observed difFerence in stacking-
fault energies for the two kinds of metals.

By well-defined approximations, we have put the one-
electron correction into a form involving only the fourth
moment of the density of states. By comparisons with
the fcc-hcp structural-energy difFerence, we have found
this approximation to be justified for the metals with
8, 9, or 10 d electrons. Approximate calculations within
the LMTO formalism of the fourth-moment term showed
good agreement with the values obtained by fitting to the
stacking-fault energies of Ref. 5.

We have also showed that, by using a proper cutoff
of the pair potentials in the eifective-medium theory, we
can get the correct value for the atomic-sphere correction
energy. This indicates that the e6'ective-medium the-
ory, including the one-electron correction in the fourth-
moment approximation, may provide a useful description
of stacking-fault energies appropriate for large-scale sim-
ulations of material properties in fcc metals.
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