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p-type germanium in crossed magnetic and electric fields is used as a continuously tunable laser source
in the far infrared. To describe magneto-optical transitions responsible for the laser action, we use the
complete version of the Pidgeon and Brown model, which accounts for the nonparabolicity and non-
sphericity of the I 8 valence bands in Ge. It is demonstrated that both features are of importance in the
correct assignment of the transitions. Also, the heating effects in the light-hole Landau levels are es-
timated theoretically. The calculations are performed for magnetic fields B~~[110] and B~~[111]. We
compare our theoretical results to experimental work in which we are able to achieve laser action in a
tuning range from 28 to 76 cm ' by varying the magnetic field between 1.4 and 3.7 T. The laser output
consists of a single line having a width of 0.25 cm ' and a maximum power of about 300 mW for a
pulsewidth of 1 psec. Hall measurements are performed on p-type Ge samples with the same
configuration as that of the laser crystals in order to determine the effective electric fields involved in the
laser action. It is shown that the effective fields differ considerably from the applied fields. We conclude
that the laser action, for B~~ [110],at low magnetic fields (B (2.7 T) is governed by the 2-3 transition in
the b set of light holes, while the action at high fields (B)2. 8 T) is governed by the light-hole transition
0-1 in the same set. This agrees with estimations of the population inversion determined by other au-
thors.

I. INTRODUCTION

The use of p-type germanium in crossed electric and
magnetic fields as a source of stimulated tunable emission
in the far infrared has recently become a subject of inten-
sive studies. ' The cyclotron resonance (CR) laser based
on light-hole transitions between Landau levels exhibits a
narrow-band spectrum which is linearly tunable by the
magnetic field; the light —heavy-hole laser is based on
transitions between the light- and the heavy-hole bands
and shows a broadband emission spectrum.

An important requirement for establishing an inverted
population of Landau levels is that the latter have an un-
equal energy spacing. In the valence band of Ge that is
automatically the case, since the degeneracy of the I 8

band gives rise to the Luttinger (or "quantum") effects. 2

The Landau-level spacing in this case is infIuenced also
by the electric field. In the theoretical work of Vosilyus
and Levinson and Kurosawa and Maeda, an inverted
carrier distribution in the case of streaming motion in
crossed electric and magnetic fields was predicted. The
basic idea was that a scattering free transit of carriers up
to the energy of the strong scattering threshold (optical-
phonon emission) can provide an inverted hot-carrier dis-
tribution.

The first experimental success was the observation of
the light-hole —heavy-hole laser by Andronov et al. and
Komiyama, Iizuka, and Akasaka. The first experimen-
tal discovery of stimulated CR emission from light holes
in Ge was made by Vasil'ev and Ivanov. By further in-
vestigations of this radiation, including the analysis of the
spectrum, stimulated emission could be confirmed in the
frequency range between 30 and 50 cm '. Mityagin
et al. ' reported stimulated Landau emission from light
holes in p-Ge in the frequency range between 70 and 90
cm '. More recently, Unterrainer et al. " reported on
strong stimulated cyclotron resonance emission with an
output power of several 100 mW for the magnetic field
parallel to the [110] crystallographic direction of the Ge
laser crystals. Mel'nichuk et al. ' showed that quantum
effects caused by the mixing of the light and heavy holes
play an important role in the buildup of a population in-
version.

The CR laser emission has usually been observed in
two magnetic-field regions, depending on sample doping.
We will call them low-field (1.5 —2.5 T) and high-field
(3.5 —4.5 T) regions. This corresponds to respective
higher and lower electric fields. In general, lower impuri-
ty concentration samples oscillate at lower fields and vice
versa.
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The theoretical description of electrons in semiconduc-
tors in the presence of crossed electric and magnetic fields
has by now a fairly long history. The first paper on the
subject was by Hensel and Peter' who, using second-
order perturbation theory, showed that in the degenerate
valence bands of Ge a transverse electric field has a non-
trivial effect on the Landau levels. In an important paper
Aronov' observed that, since the shift of Landau levels
in an electric field has opposite signs for electrons and
holes, it should be observable in interband optical transi-
tions. This was followed by Shindo' and Vrehen, ' who
also treated the presence of the electric field by perturba-
tion theory. Vrehen, Zawadzki, and Reine calculating
the light-hole Landau energies in Ge went beyond this
approach and demonstrated that the electric field tends
to remove the Luttinger effects (i.e., the unequal spacings
of Landau levels at low quantum numbers n, cf. Lut-
tinger ). Zak and Zawadzki' examined the one-band
effective-mass approximation for electrons in crossed
fields, on which the whole previous work had been based
(cf. Luttinger and Kohn' ). They showed that this ap-
proximation is valid only for sufficiently low values of the
E/B ratio. Zawadzki and Lax' treated the case of high
E/B values, using a model of two interacting energy
bands. This model predicts a destruction of Landau lev-
els by sufficiently strong electric field (cf. also Prad-
daude, Aronov and Pikus '). This effect was demon-
strated on InSb by Zawadzki, Mahn, and Merkt. On
the other hand, following a prediction of Zawadzki,
Merkt showed that in the nonparabolic conduction
band of InSb the electric field induces harmonics of the
cyclotron resonance.

The theoretical work related to the tunable cyclotron
resonance laser in crossed fields is concentrated on the
valence bands of Ge. Since the shift of Landau levels in a
transverse electric field is proportional to the effective
mass, the shifts of light- and heavy-hole levels are very
different, resulting in many anticrossing events, the solu-
tion to the problem must be obtained numerically. The
technique applied was that of Evtuhov, looking for
solutions in the form of sums of harmonic-oscillator func-
tions. This way one transforms the initial differential ei-
genvalue problem into diagonalization of a large number
matrix. The above method was used by Stoklitski and
by Kuroda and Komiyama. The initial Hamiltonian
was that of Luttinger. However, at magnetic fields used
to operate the CR laser this approach is not adequate
since the nonparabolicity of the light-hole valence band
of Ge becomes important. This feature was taken into
account by Unterrainer et al. ,

" who used the magnetic
solutions of the Pidgeon and Brown model and included
the electric field by perturbation theory. This approach
was developed further by Murdin et al.

In this paper we present the theoretical description of
the Landau energies in crossed fields based on the com-
plete coupled band model, fully accounting for the non-
parabolicity and nonsphericity of the valence bands in
Ge. We show also the newest experimental data on the
CR laser, in particular the possibility of a continuous tun-
ing between 28 and 90 cm ' and compare them to our
theoretical results. The effective electric fields in the las-

ing regime have been determined by measuring the Hall
fields and have been used in the calculations.

The paper is organized in the following way. Section
II contains the outline of the theory. Section III presents
experimental data, both on the laser emission and on Hall
measurements. In Sec. IV we compare the results on
laser emission with the calculations and identify the tran-
sitions involved. We conclude with a short summary.

II. THEORY

The Hamiltonian for a semiconductor electron in the
presence of a periodic lattice potential Vo(r) and external
magnetic and electric fields reads as

H = (p+e A) + Vo(r)+Hso+p&B o+eE r, (1)1

2mo

where A is the vector potential of the magnetic field B,
Hso is the spin-orbit (So) interaction, and o denotes the
Pauli spin operator. We work in the Luttinger-Kohn
representation, looking for solutions in the form

4= gf&(r)u&0(r),
1

where fI are the envelope (slowly varying) functions and

uIo are the periodic Luttinger-Kohn amplitudes. In the
Luttinger-Kohn basis the electric potential eE.r has only
diagonal components (cf. Zak and Zawadzki'7).

Our theoretical approach is based on the Pidgeon and
Brown and Weiler, Aggarwal, and Lax coupled-band
description. This model of the band structure at the I
point of the Brillouin zone takes explicitly into account
the I 6 conduction band, the I 8 valence, the I 7 split-off
valence band, and incorporates far bands in the k ap-
proximation. The energy bands resulting from the model
are nonparabolic and nonspherical. In addition to the
presence of a magnetic field, for which this description
has been applied until the present, we include the electric
field in the transverse configuration.

As in the case of free electrons, one takes the magnetic
field in the z direction. If the Landau gauge for the vec-
tor potential is A=(0, By, O), it is co—nvenient to take
the electric field E in the y direction, so that the electric
potential is V =eEy. One can then separate out the x and
z variables by looking for solutions in the form

f ( r ) =exp( ik„x +ik, z )y(y ) and solve the remaining
one-dimensional equations. Thus, the quantum numbers
(apart from the spin) are n, k„,k„just as in the case of the
magnetic field alone.

The eigenvalue problem for the electron in crossed
fields has the general form

8

I'I+eE ol'I fl sfl
1=1

where D in our model is an 8 X 8 differential matrix. For
B parallel to the [110] crystal direction (which is the
configuration of our interest) and for k„=k, =O (which
corresponds to the maximum density of states) the matrix
D factorizes into two 4X4 matrices D(a) and D(b).
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to use a smoothing procedure in order to determine an
average behavior of the light-hole levels (cf. Fig. 1). This
procedure, although reliable, involves a small uncertain-
ty, in particular for the —1 levels in both sets. The
smoothing scheme corresponds to the experimental reali-
ty of the streaming regime for the heavy holes, in which
the Landau levels are strongly broadened, or even washed
out.

4.5

4.0

E 3.5

3.0
C)

2.5
IJ

Sample L

Sample H

III. EXPERIMENT

Samples with two different acceptor concentrations
were used for the experiments, Nz —ND =8X10' cm
for sample L (low) and E~ —XD=6X10' cm for sam-
ple 8 (high). The samples were cut from the crystals to
form a parallelepiped. The length of the samples parallel
to the [110] crystallographic direction was between 20
and 40 mm. The cross section dimensions were 7 and 5
mm parallel to the [110]and to the [001] directions, re-
spectively. All faces of the samples were polished and
were parallel within 30 seconds of arc. Two mirrors were
mounted at the sample endfaces to form an additional
external resonator. The mirrors consisted of 50-pm-thick
Mylar sheets coated by 100-nm gold; one mirror had a
central bore (diameter lmm) serving as output coupler.

The magnetic field was applied parallel to the [110]
direction and the electric field parallel to the [110]direc-
tion. Ohmic contacts were made by evaporating indium
(with 5% gold) or aluminum onto the (110) faces and al-
loying at 400'C. The electric field was applied to the
laser crystal in the form of voltage pulses with amplitudes
up to 2 kV and a duration of 1 ps by a high-power low-
impedance pulse generator. All the experiments were
performed at 4.2 K so that the sample was immersed in
liquid Helium at the center of a superconducting
solenoid. A broadband Ge:Ga detector with a peak sen-
sitivity at about 90 cm ' was used for the measurements
of the integral emission intensity. In addition, a photo-
conductive quantum well detector was used, which was
sensitive between 10 and 100 cm '

~ The emission spectra
were analyzed by a magnetic-field tunable GaAs detector.
The Zeeman-split 1s-2p+ shallow donor line was used for
detection. This line is linearly tunable between 45 and
130 cm ' with magnetic fields between 1 and 6.5 T. Due
to the fact that the GaAs contains only one species of
shallow donors, the absorption is extremely narrow (0.25
cm ') and thus the GaAs detector can be used as a
high-resolution spectrometer.

A. Stimulated CR emission of sample L

The emission intensity of sample L with an impurity
concentration of Xz —ND = 8 X 10' cm was measured
by a quantum-well photoconductive detector which was
sensitive between 10 and 100 cm '. In Fig. 2, the range
of the external fields where stimulated emission occurs is
shown. For electric fields higher than 1.6 kV/cm and
magnetic fields higher than 2.75 T we have observed for
the first time in a low concentration sample a second
emission range. The stimulated emission of the second
range extends up to a magnetic field of 3.7 T.

The observation of this second range was made possi-

2.0—
Ct"

1.5—
LLI

I.O

0..5 ~ I i g I i & I g I

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

MAGNETIC FIELD (T)

ble by the use of a very homogeneous magnet. The mag-
netic field was constant within 0.3%%ui over a length of 4
cm. Therefore the variation b,B/B of the magnetic field
throughout the sample was smaller than the relative
linewidth of the stimulated emission Av/v=0. 25 cm
Thus absorption losses by noninverted pairs of levels with
a resonance energy similar to that of the inverted levels
were eliminated.

In Fig. 3, typical low- and high-field emission spectra
are shown for sample L. For both ranges the spectra
consist of a single line which tunes with magnetic field.
We observe no linewidth difference, but the intensity is
2 —3 times higher in the high-field range. In Fig. 4 the
emission frequency of sample L is plotted versus the ap-
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FIG. 3. Spectra of the low- and high-field emission range of
sample L, as recorded by the GaAs detector. The spectra consist
of magnetically tunable single lines in each range. The applied
electric field is varied, 1.7 kV/cm &E &2.3 kV/cm for magnet-
ic fields, 1.9 T &B &2.7 T and 1.7 kV/cm &E &2.5 kV/cm for
2.9T &B &3.6T.

FIG. 2. Ranges of the stimulated far-infrared emission of
sample L and sample H as a function of magnetic field for
different electric fields. For electric fields higher than 1.6
kV/cm a second emission range at higher magnetic fields is ob-
served for sample L.
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ing an external resonator consisting of a spherical mirror
and a mesh output coupler we even found an output
power of 300 mW for sample H. In general, the power of
the emission of the sample H is one to two orders of mag-
nitude larger than that of sample L.

For a detailed analysis of the stimulated CR emission
spectra we again used a GaAs detector. There is no
linewidth difference to the spectra of sample L. The posi-
tion of the line is changed in a range between 60 and 90
cm ' by varying the magnetic field. In Fig. 5 the fre-
quency of the emission line is plotted versus the applied
magnetic field. The data points are all on one straight
line, as expected for CR emission. This line, however,
does not go through the origin if extended to zero mag-
netic field; this represents a change of the effective cyclo-
tron mass m' of the light holes between 0.0467mo (3 T)
and 0.0469m o (4 T). This increase of the eff'ective mass is
due to the nonparabolicity effect.

C. Hall Aeld measurements

30
2.0 2 ' 5 3.0 4.0

MAGNETIC FIELD (T}

FIG. 4. Emission frequency of sample L as a function of ap-
plied magnetic field. Circles indicate the experimental data.
The lines show the theoretical results for n = —1 to 0, n =0 to
1, n =1 to 2, and n =2 to 3 in the Landau-level transitions in
the b set. The electric field is optimized for maximum emission
at each experimental point, and the corresponding effective field
is evaluated for the computation of transition energies (see Fig.
7).

plied magnetic field. The frequency tunes between 28 and
76 cm ', which is the largest relative tuning range of
stimulated emission reported so far. A tuning range from
30 to 90 cm ' was achieved with the use of an uniaxial
stress.

It is seen from Fig. 4 that the dependence of the emis-
sion frequency on the magnetic field shows a discontinui-
ty between the two ranges at 2.75 T. The corresponding
eff'ective cyclotron mass m (according to the expression
for the CR frequency of the light holes fico, =eB Im ) for
the low range at 2.7 T is m'=0. 0472mo, that of the high
range at 2.8 T is m =0.0461mo. It is clear that different
pairs of Landau levels are involved in the low-field range
(B (2.7 T) and in the high-field range (B) 2. 8 T) laser
transitions. Furthermore, both tunning curves do not go
through the origin if extended to the zero magnetic field.

For an exact theoretical description of the laser action
the knowledge of the value of the effective field inside the
sample is very important. In order to estimate the
effective internal electric field we performed the Hall
measurements using samples with the same concentration
and the same crystallographic orientation as for the laser
crystals. The length of these samples measured only 1

mm. Two additional contacts were attached perpendicu-
lar to the contacts for the applied field for the Hall field
measurements [Figs. 6(a) and 6(b)j. From these experi-
ments we could determine the value of the resulting field
inside the laser crystal (sum of applied field and Hall
field) and the direction of the effective field in the (110)
plane. Furthermore, we could prove with these results
that stimulated emission is directly connected with
streaming motion of heavy holes, i.e., stimulated emission
stops when streaming motion of the heavy holes disap-
pears. On the other hand, these results are consistent

80

75
E
O

z 70

a
65

B. Stimulated CR emission of sample H 60
3 ' 3 3 ' 7 3.9

In sample H with a high impurity concentration of
N~ —XD =6X 10' cm, stimulated cyclotron resonance
emission was found for magnetic fields between 3 and 4.5
T (see Fig. 2). As external resonator two Mylar foils
coated with gold were used. The power of the stimulated
CR emission for this configuration reached 150 mW. Us-

MAGNETIC FIELD (T}

FICx. 5. Emission frequency of sample H vs magnetic field
(high-field range) for constant applied electric field

(E ppl 2 643 kV/cm). The theoretical curves have been calcu-
lated using E,z values determined from Fig. 6(b).
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FIG. 6. Hall field vs the applied magnetic field, as measured
for different fixed applied electric fields: (a) in sample L
(N& —ND = 8 X 10' cm '), (b) in sample H (N& —ND =6 X 10"
cm ').

with the critical dependence of the laser action on the
crystalographic orientation of the electric field, since the
effective mass of the heavy holes determines the rate at
which light-hole Landau levels are populated.

IV. RESULTS AND DISCUSSION

A. Results for BII [110]orientation

We consider Arst the results for sample L, whose laser
frequency was tuned from 28 to 76 cm ', i.e., in both low
and high regions of applied magnetic field. As follows
from Fig. 7, the electric field for which the laser action
has been observed shows a discontinuity at a magnetic
field of about 2.75 T. The discontinuity suggests that the
magneto-optical transitions involved in the two regions
are not the same. This suggestion is confirmed by the de-
tailed analysis.

In Fig. 4 the experimental laser frequencies are plotted
versus magnetic field. The corresponding applied electric
field values are read from Fig. 7(a), and the effective
values from Fig. 7(b). In Fig. 4 we also show theoretical
energies for various light-hole transitions in the b set, as

FIG. 7. Dependence of the effective electric field (E,ff) on the
applied magnetic field (8); as used in the calculation for sample
L (see Fig. 4). (a) Applied electric field vs magnetic field; circles
indicate the experimental points. The solid lines average the ex-
perimental points for low and high magnetic fields. (b) Effective
electric field (E,z) vs applied electric field (E pp)) The solid
lines average the experimental data.

calculated for appropriate 8 and E,z. The best At to the
data in the low-field region is given by the 2 to 3 transi-
tion, whereas in the high-field region the data are best de-
scribed by the 0 to 1 transition. It should be mentioned
that it is the D

&
contribution which allows us to discrim-

inate between the 0 to 1 and the 1 to 2 transitions in the
high-field range, since without the Di terms both transi-
tions have almost the same energy (cf. Refs. 29 and 37).
Our calculation spectacularly confirms the results of
Mel'nichuk et al. ,

' who showed with the use of scatter-
ing theory, that for magnetic fields higher than 2.9 T,
population inversion is expected between the n =1 and
the n =0 Landau levels. The same transition was recent-
ly found in absorption measurements. ' The transitions
we found are also in agreement, in both ranges, with
Stoklitskiy's results. He determined the Landau levels
with an inverted population by calculating a model distri-
bution function. In the low-field region the theoretical
energies for various transitions are close to each other,
but the assignment of the 2 to 3 transition is confirmed by
an independent set of data (cf. Fig. 8).

It has been generally believed that the Landau levels in
the a set do not describe the observed frequencies. We
have calculated the transition energies in the a set for the
magnetic field of 2.75 T and electric fields on both sides
of the discontinuity shown in Fig. 3 [cf. also Fig. 7(a)].
All the transition energies (except one) are in the energy
range 51.3 —37.9 cm ', and thus are too low to account
for the observed energies. For the 2 to 3 transition and
E,&=3.25 (kV/cm) the calculated energy is 53.0 cm
which is 2 cm ' below the extrapolated experimental
value (from the high-field region). Thus, our calculations
confirm that the observed transitions are due to the Lan-
dau levels in the b set.

Similar computations to those shown in Fig. 4, but per-
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FIG. 11. The calculated one-dimensional distribution func-
tion f„(k, ) for light-hole Landau levels vs

Ez =A kz /2m '(m '=0.043mo). The calculation does not in-
clude the influence of the heavy holes.

would make the transition energy at higher k, lower than
that at k, =0.) The above explanation, although plausi-
ble, requires a detailed insight into the complicated pro-
cesses of the hole heating in p-type Ge in crossed fields.

B. Results for B~~ [111]orientation
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FIG. 12. Emission frequency of a p-Ge Laser
(N~ —XD =4. 5 X 10' cm ) vs applied magnetic field for
8~~[111]. Experimental data are those of Kuroda and Komiya-
ma (Ref. 27). The theoretical curves have been calculated for
E ff 4.3 kV/cm (estimated from average experimental values
for E,ppf 3 kV/cm and Figs. 6(a) and 6(b).

In Fig. 12 we show experimental results of Kuroda and
Komiyama, obtained on a Ge sample with
Nz —ND =4.5 X 10' cm for the field direction B paral-
lel to [111]. The figure shows also theoretical transition
energies for this case, which we calculated for set b simi-
larly to the B~~ [110]case. The Landau levels were deter-
mined using Do matrices (cf. Eqs. (4) and (6) with

P3=~»u'()'3 —)'2» ~4=TV/~2.

The Di terms couple now the Do(a) and the Do(b) ma-

trices, which makes the calculation more complicated.
We have diagonalized 1368 X 1368 matrices. The calcula-
tions were performed for E,~=4.3 kV/cm, which was es-
timated from the average experimental value of E,pp]

=3
kV/cm and Figs. 6(a) and 6(b) (correcting for the different
hole concentrations between our samples and the above
sample).

The best fit is obtained for the 1 to 2 transition, but the
transition 0 to 1 provides an almost equally good descrip-
tion. It should be noted that Kuroda and Komiyama, us-

ing the parabolic (Luttinger) band model, identified their
data as being due to the —1 to 0 transition (0 to 1 transi-
tion in the notation of Ref. 27).

V. SUMMARY

Stimulated emission has been observed between 28 and
76 cm ' in a low concentration sample and between 60
and 90 cm ' at a maximum output power of 300 mW for
a high-doped sample. To find theoretical transition ener-
gies for the Landau levels in this case we have used for
the first time the complete Pidgeon and Brown model as a
base of our calculations. We have shown that using only
the Luttinger band model gives distinctly different
(worse) results. We also found that the inclusion of the
D& terms to the calculations give nonnegligible correc-
tions to the Landau energies and allows us to discrim-
inate between the transitions responsible for the laser ac-
tion. A further improvement was made in the theoretical
description by using the effective electric-field values,
which were determined by the Hall measurements.

On the whole, the coupled-band scheme gives a very
good description of the CR laser data both for 8~~[110]
and B~~[111]. We have found that for B~~[110] the laser
action for low magnetic fields (B (2.7 T) is governed by
the 2 to 3 transition of the light holes in the b set. For
high magnetic fields (8)2. 8 T) the lasing action is attri-
buted to the 0 to 1 transition for the low- and high-doped
samples. Furthermore we have shown that for the high-
doped samples taking into account the k, effects can be
essential for a quantitative description. This is a possible
indication that the inversion does not take place at the
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Landau-level band edge (k, =O) for the high concentra-
tion samples with high applied electric field. For
B~~ [111]and magnetic fields between 3.4 and 4.2 T we as-
sign the laser action to the 1 to 2 transition.
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