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Hyperfine parameters obtained from experimental techniques such as electron paramagnetic reso-
nance contain a wealth of information about defects in semiconductors. Detailed structural information
can only be extracted, however, if accurate calculations are available with which the experimental quan-
tities can be compared. We show that reliable values for hyperfine parameters can be obtained from
first-principles calculations based on spin-density-functional theory and pseudopotentials. We present a
method that overcomes the complication that the wave functions in the core region are not directly
available in a pseudopotential formalism. The power of the approach will be illustrated with examples
for a number of different defect systems, including H in various semiconductors (Si, GaAs, and ZnSe),

and the Zn interstitial in ZnSe.

I. INTRODUCTION

The study of defects in semiconductors has emerged as
a very active area of condensed-matter physics, stimulat-
ed by the potential impact on technology. Both theory
and experiment have produced important insights into
the atomic and electronic structure of such defects. A
large effort has been directed at the identification of the
microscopic structure of point defects: Which are the
atoms that make up the defect, what are the positions of
these atoms in the lattice, and what is the relaxation of
the host atoms in the neighborhood of the defect? Very
few (if any) experimental techniques provide direct
answers to these questions. Very often, a structural mod-
el is proposed, the consequences of which are then com-
pared with the experimental data. This procedure often
requires the ability to carry out reliable calculations for
various properties of a given defect structure.
Throughout this paper we use the word ‘“defect” as a
generic term indicating either native point defects (such
as vacancies, self-interstitials, or antisites) or impurities.

Among experimental techniques, electron paramagnet-
ic resonance (EPR) may be the one that offers the most
detailed information about defect structure. This
method, along with related techniques such as optically
detected magnetic resonance (ODMR), probes the in-
teraction of the electronic wave functions with the nu-
clear spins; the results are expressed in the form of
hyperfine parameters. These values provide explicit infor-
mation about the symmetry of the defect and the type of
atoms which are involved. In principle, the hyperfine pa-
rameters even contain information about the positions of
the various nuclei. However, this information can be ex-
tracted only by comparison with theoretical numbers ob-
tained for various possible structures. A simple model
consisting of a superposition of atoms has often been used
for this purpose.! Such a model, however, clearly cannot
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adequately reflect the effects of bonding, hybridization,
and spin polarization of the valence-band states. Some
attempts at performing more sophisticated calculations,
based on cluster calculations in the Hartree-Fock approx-
imation, have not been very successful; the resulting
hyperfine parameters deviate sometimes by orders of
magnitude from experiment.> On the other hand, calcu-
lations based on density-functional theory have produced
promising results. Most of this work was based on all-
electron methods,? such as the linear-muffin-tin-orbital
(LMTO) method*®> or the full-potential linearized
augmented-plane-wave® (FLAPW) method. Unfortunate-
ly, these methods have been limited by the type and sym-
metry of structures that can be described accurately and
by the size of systems that can be treated. The alterna-
tive pseudopotential method, which allows calculations
on large supercells without any restriction on the symme-
try, has therefore been used more widely in the theoreti-
cal investigation of point defects in semiconductors. Re-
liable and accurate calculations of hyperfine parameters
based on pseudopotentials would open the door for an
unambiguous identification of many defect structures,
and are therefore highly desirable. In contrast to all-
electron methods, however, the extraction of hyperfine
parameters from a pseudopotential calculation is not
straightforward.

In this paper we describe a method, based upon spin-
density-functional theory and ab initio pseudopotentials,
which produces reliable hyperfine parameters for a wide
variety of defects in different semiconductors. A large
number of applications will be presented to corroborate
the validity and usefulness of the approach. An impor-
tant advantage of the method is that the same computa-
tional approach also allows total-energy calculations
which produce the stable or metastable structure of a de-
fect. The theory thus allows (1) the prediction of a cer-
tain defect structure and (2) the identification of the de-
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fect by direct comparison of the calculated hyperfine pa-
rameters with experimental results.

Section II of this paper is devoted to the technical de-
tails of the approach. The pseudopotential method im-
plies a modification of the wave function inside a core ra-
dius around each atom. Since this region contributes
significantly to the hyperfine parameters, the latter can-
not be directly obtained from the pseudo-wave-function.
The solution to this problem is to reconstruct the all-
electron wave function by combining free-atom wave
functions with the pseudo-wave-functions obtained in
the defect calculation.

Section III contains an overview of results obtained for
various systems which have recently been studied experi-
mentally. We will consider the case of hydrogen (or
muonium) as an impurity in various semiconductors (Si,
GaAs, and ZnSe), a topic of recent intense investiga-
tions.” The location of hydrogen in the lattice was the
subject of controversy for some time. Experimental data
were available, in this case, from the muon-spin-
resonance (uSR) technique, which is closely analogous to
EPR.®° The calculation of hyperfine parameters for hy-
drogen in the bond-center position and comparison with
the uSR data have conclusively resolved the issue.!®
Another illustration will be taken from the study of na-
tive point defects in ZnSe, where the Zn interstitial has
been the first self-interstitial to be directly observed in a
semiconductor.!! Here, too, good agreement between
theory and experiment confirms the identification of the
defect and provides detailed information about the defect
structure (relaxations, etc.), giving us confidence in the
general reliability of the approach. Some of the results
presented in Sec. III have previously been reported else-
where.!®!>13 The main conclusions are summarized in
Sec. IV.

II. THEORETICAL METHODS

A. Formulas for hyperfine parameters

The interaction between an electron and a nuclear spin
in general includes an isotropic (contact interaction) and
an anisotropic (dipolar) part'*13

2u
=8NS S8(R)

1 1
+ e, I I~ e~y __Ql.Qe
47',uoge,ug,,u r3[3(S T)(S°T)—S'-8°] .

(1)

Here py=4710"* T>’m3J ! is the permeability of vacu-
um, g, is the electron g factor, u° is the Bohr magneton,
and g; and u! are the gyromagnetic ratio and nuclear
magneton of the nucleus at coordinate R. S’ and S° are
the nuclear and electron spin operators, and r is the dis-
tance between the electron and the nucleus. When this
expression is integrated over the electronic wavefunction,
the Hamiltonian for the hyperfine interaction is obtained:

H=S" 48, @)
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where A is the so-called hyperfine tensor.

The paramagnetic defect centers observed to date in
semiconductors usually have either an isotropic hyperfine
interaction (for which A is simply proportional to the
unit matrlx) or one with axial symmetry. In the latter
case, Ais diagonal with elements 4 and A4, and the in-
teraction can be written as

H=A,(S[S¢+S]S))+ 4,S]S¢
=(a—b)S*-S'+3bS:S] . (3)

The parameters @, b, and 4, and 4 | are related by

A, =a—b, (4)
A4,=a+2b . (5)

a and b are given by

210 87 Mo
a= 3 ge,uegl,ulpspm(R)‘—:T ;ge.uegl:u'lpspin(R) , (6)

3cos’r—1

e (7)

u

Zﬁge#"gn/ J d’rpgin(s)
where s is the coordinate of the electron and 7 is the an-
gle between s and the symmetry axis. Values for g; and
,u’ for specific nuclei are found in tables (see, e.g., Ref.
16). a and b have units of energy; often they are ex-
pressed as a frequency (in MHz), using E=hv, or as a
wave number (in 107* cm™!), using E =hc /A. To con-

vert from units of MHz to units of 10* cm™!, simply
divide by 3.
Pspin 1S the spin density, which corresponds to the

difference between the charge densities of the spin-up and
the spin-down electrons, i.e., py,,=p—p,. Equation (1)
describes the interaction of the unpaired electron with
any nucleus that has a nonvanishing magnetic moment.
For an impurity in a semiconductor, the hyperfine pa-
rameters can relate to the nucleus of the impurity itself,
but they can also relate to the nuclei of the surrounding
host atoms. The latter are sometimes referred to as
“superhyperfine parameters.”

The parameter a [Eq. (6)] represents the isotropic
hyperfine interaction (Fermi contact interaction); it de-
pends on the spin density at the nucleus itself, where only
the s-like wave functions contribute. As a simple illustra-
tion, in the free hydrogen atom, the spin density (i.e.,
wave function squared) at the nucleus has the value 1/7;
this leads to a hyperfine constant @ = 1420 MHz. The pa-
rameter b [Eq. (7)] represents the anisotropic hyperfine
interaction. Note that the factor (3 cos>r—1)/2 corre-
sponds (within a normalization factor) to a d-like (I =2)
spherical harmonic, which we will denote as Y,;. The for-
mula thus effectively projects out the d-like component of
the spin density. This corresponds indeed to the common
notion about the anisotropic hyperfine parameter, name-
ly, that it captures the p-like component of the wave
function: If we assume that the d-like component in the
wave function is negligible (which is usually a good ap-
proximation for the defects under study), the wave func-
tion would consist of s and p components; schematically:
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Y=at,+By,. The charge density for each spin com-
ponent is the square of the wave function, and thus con-
tains

lal? ¢, >+ a*Byry, +aB* vy + B ¢, 1* .

The last term is the only one which contributes to an
/=2 component in this expression, so it will be isolated
when the d-like part of the spin density is projected out.

For practical purposes, we rewrite the formulas for a
and b using the following notation and units (see Ref. 17):
we set g;u’=1v7, the gyromagnetic ratio of the nucleus,
which we will express in units of MHz/T. All spin densi-
ties will be expressed in atomic units (agg, ). Finally, a
and b will be expressed in MHz. Using the values given
above, we then obtain

a=104.98y'pi,(R) , (8)

2
b=12.531y1fd3rpsp,»n(s)300254:1 . 9)
r

B. Theoretical framework

In order to calculate the hyperfine parameters defined
in Eqgs. (6) and (7), we need values for the spin density
Pspin=pP1 — P, which will be obtained from first-principles
calculations. These calculations are based on spin-
density-functional theory,!® in which the spin-up and
spin-down electrons produce different band structures
and are subject to different potentials. These potentials
and charge densities are coupled through the exchange
and correlation term in the Schrodinger equation. No
vector coupling is included here. Scalar relativistic
effects are included through the pseudopotential.'’

A supercell geometry is used, in which the defect is
surrounded by a sufficiently large number of host atoms,
and this whole structure is periodically repeated. It is
essential to check convergence with respect to supercell
size. The supercells need to be large enough to allow for
relaxation of a sufficient number of shells around the
atom. In addition, one should check whether the cells
can include all relevant details of the spin-density distri-
bution, and ensure sufficient separation of impurities in
neighboring supercells. The tests reported in Sec. III
focus on the latter issue, and are performed by carrying
out calculations in increasingly larger supercells. The su-
percells in our studies usually contained 8, 16, and 32
atoms. Brillouin-zone integrations are performed based
on the special-points methods.?°

Within the pseudopotential formalism, the basis set
consists either entirely of plane waves (up to a kinetic-
energy cutoff E_,,) or of a mixture of plane waves and lo-
calized functions. The latter “mixed basis” approach?! is
essential for calculations of defects in ZnSe, where the Zn
3d states need to be included as valence states in order to
obtain the correct structural properties,?? but plane
waves alone are unsuited as a basis set because of the lo-
calized nature of the d states.

The choice of supercell, basis set, and special points
should be adapted to the nature of the defect at hand, and
always subjected to tests. Further details about the cal-
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culational approach can be found in Refs. 23 and 24.
We will also have occasion to illustrate the procedure
when we describe various examples in Sec. III.

C. Pseudopotential theory of hyperfine parameters

Except for the hydrogen atom, for which we use the
bare Coulomb potential, we represent the atoms in our
calculation by ab initio pseudopotentials.!® This has two
consequences for the purposes of -calculating the
hyperfine parameters: (a) No information is available
about core electrons and (b) the valence wave functions
coincide with the true wave functions only outside a cer-
tain ‘“‘core radius,” and deviate inside. In particular, the
true wave function contains oscillations (to ensure ortho-
gonality to the core states), whereas the pseudo wave
function is nodeless in the core region.

Point (a) implies that the core is frozen and effects due
to core polarization are not included.>?> In Ref. 5 it was
found, for chalcogen impurities in Si, that the contribu-
tion from core polarization to the contact hyperfine in-
teraction was always less than 15% of the total value, and
typically much smaller. In principle, these terms could
be evaluated within our formalism by performing calcula-
tions on the all-electron atom placed in the appropriate
potential. Given the small magnitude of these terms,
though, we feel it is justified to neglect them here. Point
(b) is more serious since the value of hyperfine parameters
is largely determined by contributions from inside the
core radius, i.e., in a region where we have no explicit in-
formation about the true wave function. The reason
these contributions from the region near the nucleus
dominate is obvious in the case of the isotropic hyperfine
parameter, which is determined by the charge density at
the nuclear site itself. In the case of the anisotropic
hyperfine parameter [Eq. (7)], it is due to presence of the
factor » % in the integrand, which heavily weighs contri-
butions near the origin. In the context of ab initio norm-
conserving pseudopotentials, there has been up to now no
direct procedure for deriving the full wave function start-
ing from the pseudo-wave-function (unlike the older, less
accurate, empirical pseudopotentials, where orthogonali-
zation to the core states sufficed).?

Such a procedure to reconstruct the all-electron (AE)
wave function from the pseudo- (PS) wave-functions can
be derived from a general framework developed by one of
us.?” This approach unifies and generalizes the concepts
of the pseudopotential approach and the augmented-wave
methods such as LAPW, LMTO, etc. We will give here a
brief description of the underlying ideas to the extent that
they will be needed for our purposes. Before we get into
the mathematical expressions, let us describe the ideas in
words.

The wave function obtained from a pseudopotential
calculation is one ingredient to the correct AE wave
function. The PS wave function coincides with the AE
wave function outside the core region, but deviates near
the nucleus. The shape of the wave function close to the
nucleus is essentially atomlike, because the strong attrac-
tive potential of the atomic core dominates over the effect
of the neighboring atoms. The potential in the core re-
gion is not affected much by the crystalline environment
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(up to a constant shift); by integrating outward, one ob-
tains basically the same partial waves as in the atomic
case. We may therefore assume that atomic partial waves
are good solutions to the Schrodinger equation inside the
core region. What actually changes when the atom is
placed in the solid are the boundary conditions at the
border of the core region. Indeed, the atomlike partial
waves inside the core radius have to match onto the solid
wave functions outside. Hence the weights of the partial
waves in the expansion of the wave function in the core
region change as one goes from the atom to the solid. In
our approach these weights are determined in the solid
from the overlap of the PS wave function with properly
constructed projector functions that are localized in the
core region. Knowledge of these weights allows us to
reconstruct the AE wave function inside the core radius.
The complete AE wave function is then obtained by tak-
ing the PS wave function in the solid, subtracting the
contributions from the PS partial waves inside the core,
and replacing them with the corresponding AE partial
waves with the proper weights. This approach estab-
lishes a well-defined relationship between any PS wave
function and the AE wave function. From the latter the
hyperfine parameters can be extracted in a straightfor-
ward way.

This approach is particularly intuitive in the case of
the isotropic hyperfine parameter (contact interaction),
which is determined by the value of the spin density at
the nucleus. Only the s component of the wave function
has nonzero amplitude there, and therefore the contact
interaction depends solely on the value of the s-like par-
tial wave and its coefficient. Since the partial waves in
the core region are atomlike, with a shape largely in-
dependent of the chemical environment, this coefficient is
fixed by the requirement that the s-like partial wave in
the core region must match onto its counterpart outside
the core region (where the PS and AE wave functions
coincide). This matching procedure, and the resulting
coefficient, is therefore the same for PS wave functions
and AE wave functions; the only difference lies in the
shape (and value at the nucleus) of the PS versus the AE
partial waves. If ¢,(0) is the value of the s-like AE par-
tial wave at the nucleus, and ¢,(0) its PS counterpart, we
thus expect that the true (AE) contact interaction will be
related to the PS value by the factor |$,(0)]2/|d,(0)|%
This simple argument will be confirmed by the derivation
presented below.

The one-to-one correspondence between the AE and
PS wave functions described above allows one to express
also more general quantities as a functional of the PS
wave function instead of the AE wave function. The
quantities that we want to calculate to extract the
hyperfine parameters can be formulated as matrix ele-
ments, which in principle should contain the true AE
wave function. The formalism will allow us to translate
the expressions into what we call the PS representation.

1. General expressions for wave functions
and matrix elements

In the spirit of the previous paragraph, we express the
AE wave function [¢) in the solid as a superposition of a
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PS wave function |¢/) and partial waves |¢) of the AE
potential as well as their PS counterparts | ):

|¢>=|1Z>+2(|¢,»>-|$,»))<o,-|xl>. (10)

The index i is a shorthand referring to a site and a partic-
ular angular momentum component; it may contain an
additional label if more than one partial wave per site and
angular momentum is used. Quantities relating to the PS
wave functions are indicated by a tilde. The coefficients
(o;|9) are discussed below.

The PS wave function |¢/) in Eq. (10) can be obtained
in a pseudopotential calculation for the solid containing a
defect. The AE partial waves |@; ) are solutions of the ra-
dial Schrodinger equation for the spherically symmetric
atomic potential, corresponding to the various atomic
eigenstates. The PS partial waves |¢, ) are smooth func-
tions which are obtained similarly as solutions for the
pseudoatom. Beyond a core radius 7, (which may be
different for different angular momentum components),
they become identical to the AE partial waves.

The coefficients o,|¢) are determined from an overlap
integral with a function o(r) that “projects” the PS wave
function onto individual PS partial waves. The projec-
tion takes place in the region close to the center of the
atom, where the wave function is most free-atom-like
(and least influenced by the environment). The definition
of the functions |o; ) therefore involves a cutoff function

e
|0,'>=2f|$j)aﬁ . (11)
J

The expansion coefficients a;; are determined by the con-
dition

<0i|$j>:Eaik<$k|f'$j>:81j , (12)
k

i.e., the coefficients a;; correspond to the inverse of the
matrix formed by (@,|f|$;). This choice ensures that
for any wave function that can be expressed as a superpo-
sition of the PS partial waves |¢,), (o;|¥/) recovers the
expansion coefficients, so that

|1Z>=2|$,-)(0i|$) for r<r, . (13)

i

We can then express the matrix elements of a one-
particle operator A as

(| ALY, ) =<4, |AlD,,)
+ 2<J,“01>(<¢1§A|¢1>
ij

—<$ilA‘$j))<0j\;ﬁm )
+AA,, . (14)

nm

It can be proved that the remainder AA,, vanishes ex-
actly if Eq. (13) is satisfied.?’” If Eq. (13) does not hold
strictly (e.g., because rather than a complete set only a
finite number of partial waves are included), it can still be
shown that AA,,, is very small and can be neglected.”’
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Before we proceed and extract the hyperfine parame- 2. Derivation of an expression
ters along these lines, let us simplify the formalism. First, for the anisotropic hyperfine parameter
we make a definite choice for the cutoff function f: It
shall vanish everywhere but within the core region of the We now apply this formalism to the calculation of the

atom, where it is unity. Second, we redefine our partial anisotropic hyperfine parameter. From Eq. (7) we see
waves such that they vanish outside the core region, and  that the relevant operator is (3 cos’r—1)/2r3, which we
they are properly normalized. With these definitions we  write as Y,(r)/r3, where Y, is (to within a constant fac-
can write |o;) =|@;). Third, we restrict the number of  tor V'5/47) the spherical harmonic for /=2. We find,
partial waves to one per angular momentum and site. based on Eq. (14),

Y,(r)

r3

Y,(r)

($;19) . (15)

Yd(l‘) ~ —~ ~
(-5 ’¢> =(3 (o 8)~ (4 %)
The hyperfine parameters, of course, relate to the spin density, which is the difference between spin-up and spin-down
densities. Since all formulas are linear in the charge density, the subtraction of spin components can be performed at
any point in the calculation.

As discussed in Sec. IT A, a situation of common interest is the one in which the d components of the wave function
are negligible. Hence, we consider only s- and p-like contributions to the wave function. (Of course, this approximation
is not applicable to transition metals, where the spin density is dominated by the d orbitals.) Under this assumption, the

expression Eq. (15) simplifies considerably, because then only the p-type partial waves have nonzero matrix elements
with the d-type operator for the anisotropic hyperfine constants:

(4 ) e [

Te 1 ~ — — i~
S fo r2drF([¢p(r)]2_[¢p(r)]2) 3 (918,)C,,,.4 (8, 10 . (16)
Here, CP,-‘ Py, stands for the integral of the product of three spherical harmonics (the two p-type angular momenta of

1Z>+2<:Z\$[>
ij

Am
5

pisp;

the partial waves and the d, angular momentum component of the operator). The C, , , coefficients can be expressed
ez

in terms of 3j symbols or Clebsch-Gordan coefficients; they need not be explicitly evaluated for our purposes, as we
shall see. The notation ¢(r) is used to describe the radial part of the partial wave, so that ¢(r)=¢(r)Y,(r).
In order to extract the expansion coefficients directly from the charge density, we make use of Eq. (13), which is valid

(at least approximately) in the central region of the atom; to isolate this region, we again introduce the cutoff function
f(r). We find

- Y, (r) | SN Y,(r) |_ i~
<'/"f(r) d3r ¢>: 2 <¢|¢pi><¢pi f(r) d3 ¢pj><¢pj|¢>
PP
4 72
?w [ r2ar f ¢,,< NP3 (918,0C, .08, 10 . 17
Pi:P;

Use of Eq. (17) allows us to eliminate the explicit dependence on the coefficients {$|) in Eq. (16). Finally, we take Eq.
(16), perform a summation over all states, and subtract spin components. The functions |4) correspond to one-electron
eigenstates in the solid containing the defect; summing over all occupied eigenstates yields the charge density (for one
spin component). After summing, the matrix elements can be written as integrations over charge densities; this elimi-
nates the need to know individual wave functions. By subtracting spin-up and spin-down components, we obtain ex-
pressions as a function of spin densities:

3., ~
3 . Ya(r) = E Y,(r) fd ¥ Popin(0)f (1) r
fd rpspm(r) 3 fd rpspm(r) 3 e
r r frzdr : [$p(r)]2

r

[ rar g, P [ “rar s 18,00P

[

This is the final expression that will be inserted into Eq. infinity using the fact that ¢, and ¢p coincide beyond the
(7) to obtain the hyperfine parameters. fg,,(r) is the spin core region.?®

density obtained from the pseudopotential calculation. We now translate this expression into physically more
Note that we have extended the two radial integrations to transparent terms. First we introduce, as is commonly
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done, the expectation values of 1/r® with the atomic

wave functions
_ o 1
3VAE — 24, 1

(r73) —fO rdrr3[¢ (r

(P, (19)

and similarly for the pseudo-wave-function,
_ © 1 -
(r 3>Pszf0 rzdrF[qu(r)]z. (20)

It is a common practice to express the measured aniso-
tropic hyperfine parameter with respect to an atomic
reference (see Refs. 17 and 29). Calling this reference
A,f'ee, we find, based upon Egs. (7) and (19),

2 Ho B)AE (21)

A= g (r

or, with the units established in Egs. (9),
Afree=12.531y12(r 73)AE (22)

The ratlo of the hyperfine parameter b to 4, free js denoted
by 7;.

If we consider now, and this is confirmed by our calcu-
lations, that the dominant contribution to the hyperfine
parameter comes from the region close to the nucleus,
then the term in Eq. (18) that is proportional to

frzdr ¢12, /r3=(rT3)AE

should give us a good first approximation to the final re-
sult. If we define

3 Yd(r)
J @ Bin(r)f (1)
K= r, (23)

frzdr [¢p r?

then « is a first approximation to 77[2,, as can be seen by
comparison with Egs. (7), (18), and (19):

b

2 -

m, e K . (24)
4,

With these notations, the full expression in Eq. (18) can
be written as

fd rpspm Y (r)

- f r pSpm

+K%[(r_3)AE—(r_3>PS] . (25
We remind the reader that Y, is defined as

=(3cos’r—1)/2, i.e., Y, is the spherical harmonic for
[ =2 (to within a constant factor V5 /4).

For practical purposes we once again choose a cutoff
function defined by f(r)=1 for r <r, (where r. is the
core radius for the /=1 pseudopotential) and f(»)=0 for
r>r.. In order to test the sensitivity of the results to the
choice of the cutoff function, we have investigated a
different choice, namely, f(r)=r3for r <r,, f(r)=0 for
r>r.. In this case the expectation value of the operator
[the numerator of Eq. (23)] equals the contribution from
the core region to the d component of the spin density,
while the denominator represents the core charge associ-
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ated with the atomic p wave function. In the test cases to
be discussed in Sec. II, we have found that this alterna-
tive choice of the cutoff function yields values for k which
agree with the results using a step function to within
10%. The fact that the results are not sensitive to the
particular choice of the cutoff function confirms the
soundness of the approach.

3. Derivation of an expression
for the isotropic hyperfine parameter

Now we apply the same formalism to the calculation of
the isotropic hyperfine parameter, where the operator A
in Eq. (14) is given by &(r). This leads to

[Y)={(J|8(r)|¢)
+ 3 (Pl )
ij

(4|8(r)
(¢:18(r)]g;)

AL AN AT
(26)

In the following we will make use of the fact that only
s-like wave functions have nonzero amplitude at the nu-
clear site. Therefore, the sum over partial waves is once
again, as in the case of the anisotropic hyperfine parame-
ters, strongly restricted and only s-type partial waves
contribute.

We form the equivalent of Eq. (17):

(PI8O)|G)Y=(P|F,)(B,18()|F, (B, |F) , 27)

from which we extract the expansion coefficients needed
for the augmentation.

It is then a trivial exercise to verify that we obtain the
following equation [analogous to Eq. (18)]:

pspm
$,(0 |

N l$5(0)[?
=Pinl 05 0 (28)

This corresponds exactly to our intuitive picture of ‘“‘scal-
ing up the spin density” by the ratio of AE to PS atomic
values.

Once again, it is a common practice to express the
measured value of the isotropic hyperfine parameter a
with respect to an atomic reference.!”?* We find, based
upon Egs. (6) and (28),

Pspin(0) =Ppin(0) + [6,(0)[*—16,(0)]%]

2u
A= =g ug I, (0) (29)

where [¢,(0)|? is the charge density at the nucleus ob-
tained from an (AE) atomic calculation. The ratio of the
hyperfine parameter a to 4/ is denoted 7.

4. Practical details

Here we give some details about the practical pro-
cedure for evaluating Egs. (23), (25), and (28). For the de-
fect in the solid (i.e., in the supercell calculations), the nu-
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TABLE 1. Theoretical values of A4 and 4 ,f'“, in MHz, for various atoms. Apart from our own
present spin-density-functional results, we also list values obtained from Ref. 17 [Morton and Preston
(MP)] and from Ref. 29 [Koh and Miller (KM); the value for the neutral atom is given here]. For easy
reference, we also list the value of the nuclear gyromagnetic ratio y (expressed in MHz/T) (from Ref.

16).
free Tee
A Ap
Nucleus v (MHz/T) Present MP KM Present MP KM
Muonium 133.81 4246
'H 42.58 1351
28i —8.46 —4191 —4594 —3380 —106 —114 —86
$7Zn 2.66 1830 2087 1270
Ga 10.22 9832 12210 7430 195 204 148
SAs 7.29 11787 14 660 9531 302 334 254
Se 8.12 16225 20120 13420 444 492 378

merical integrations are performed on a grid in a spheri-
cal coordinate system. The only integrations which need
to be performed over ‘“all space” are those which contain
a factor 1/r3; the integrand then falls off sufficiently fast
to obtain converged values if we integrate out to a certain
finite sphere radius R ;. Tests have shown that conver-
gence is reached for cutoff spheres which fit comfortably
inside our 16- or 32-atom supercells; values for R, on
the order of the interatomic distance (bond length) in the
semiconductor suffice. Regarding grid spacings, we
found that the following choices are sufficient to achieve
an accuracy of better than 19%: 40 intervals for the az-
imuth (€[0,27]), 20 for the polar coordinate (E€[0,7]),
and a grid spacing of 0.1 a.u. for the radial coordinate.
Another possible route (not explored here) would be to
transform the integration into a sum in Fourier space
after calculating the Fourier components of the operator
either analytically or on a radial grid.

Another practical issue has to do with basis-set conver-
gence in the first-principles calculations. Ideally, one
would like to work with a sufficiently large basis set so
that all quantities are fully converged. In practice, this
ideal cannot always be achieved, due to limitations in
computing facilities. One therefore often tries to formu-
late problems in such a way that ‘“absolute convergence”
is not required in order to obtain reliable numbers. For
example, in calculating structural energies as a function
of atomic positions, one is really interested in energy
differences, which usually converge much faster as a func-
tion of basis-set size than do absolute energies.”> Inspec-
tion of Egs. (23), (25), and (28) shows that the calculation
of hyperfine parameters may offer a similar possibility to
enhance accuracy without requiring absolute conver-
gence. Suppose our spin densities in the defect supercell
are calculated with a given basis set. We see that our for-
mulas contain a quantity in the denominator which in
principle would be obtained from an atomic calculation
on the pseudoatom. Instead of performing the usual
atomic calculation, we can alternatively perform a super-
cell calculation for a large vacuum supercell with one
atom at the center, with exactly the same basis set as used
for the defect calculation. One can then hope that any
inaccuracies due to insufficient convergence will tend to
cancel in the ratio. This procedure has proven to lead to

dramatic improvement in convergence. For most of the
examples discussed below, absolute convergence was
within reach, except for the isotropic hyperfine parame-
ters on hydrogen or Zn atoms, where we have taken ex-
plicit advantage of faster convergence in the ratio.

The results we will present below have been obtained
by direct application of Egs. (25) and (28), as outlined
above. Equations (8) and (9) are then used to obtain the
hyperfine parameters @ and b. We also report the ratios
n? and 7;[2,. The required values of ¥ were taken from the
CRC tables'® and are given in Table L.

III. APPLICATIONS

A. Free-atom values

We start by giving some results for free atoms. Such
an investigation is relevant, since in a sense the atomic
values are used to ‘“‘scale up” the pseudopotential results
[see Egs. (25) and (28)]. Table I contains results for all
atoms that we will discuss in the examples below. These
results were obtained from spin-polarized density-
functional calculations on the free atom, using the
Ceperley-Alder exchange and correlation potential.'®
For comparison, we also list theoretical values from two
references. The results of Morton and Preston!” were ob-
tained based upon Hartree-Fock-Slater calculations by
Herman and Skillman.*® Mortor and Preston also apply
a relativistic correction factor. The values of Koh and
Miller?® are based upon self-consistent-field Hartree-Fock
wave functions obtained by Clementi and Roetti.?!

We note that, in the cases investigated here, Asfree and
A If‘ee agree reasonably well with the values published in
Ref. 17, with larger deviations for the heavier atoms.
The values of Koh and Miller deviate significantly, both
from the Morton and Preston results and from the
present calculations. Even after applying a relativistic
correction factor,'” the Koh and Miller values for A [
are still much lower than those of Morton and Preston
(MP). Koh and Miller give results as a function of the
ionization state of the atom. We noticed that in many
cases the result for the +1 ionized state was much closer
to the MP result, and to our result, than that for the neu-
tral atom. An investigation of the cause and nature of
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this behavior is outside the scope of this work. We only
point out these features to indicate that caution should be
exercised whenever experimental results are expressed as
a ratio to theoretical atomic values, since such ratios
could vary significantly depending on what reference is
used. We stress that the values from Morton and Preston
and Koh and Miller listed in Table I are only given for il-
lustrative purposes, and are not used in our calculations
in any way. Our approach here is to use consistently
quantities obtained within the framework of
pseudopotential-spin-density-functional theory.

The values for hydrogen and muonium can be obtained
from an analytical expression for the spin density; they
are 4463 MHz for muonium and 1420 MHz for hydro-
gen. We note that our density-functional value is slightly
too small; a similar deviation was found from the com-
parison with the Morton and Preston values for other
atoms. This might indicate a general tendency for the
density-functional AE results to underestimate the values
of the hyperfine parameters; indeed, we will see below
that our calculated values for defects, although always
close to experiment, tend to be on the low side. It is for
this reason that we also report the results for the ratios 1?
and 7]12,, which could potentially be combined with more
accurate AE atomic values to yield the values of a and b.

B. Hydrogen- or muonium-related defects

The behavior of hydrogen in semiconductors has been
the focus of intense experimental and theoretical interest
in recent years. The observation that hydrogen can pas-
sivate shallow impurities’ highlighted the technological
relevance of the subject; it also emphasized the need for a
more profound understanding of hydrogen as an impurity
in a semiconductor lattice. Theory was able to enhance
significantly insight into the interactions between hydro-
gen (H) and the semiconductor host atoms, and with oth-
er impurities.?> In the case of isolated interstitial hydro-
gen, an unambiguous identification of the proposed struc-
tures with the experimentally observed defects was lack-
ing for a long time. Most of the experimental informa-
tion about these defect configurations was obtained from
muon spin rotation (uSR). Indeed, it has proven very
difficult to obtain EPR results for an isolated hydrogen
atom, and only one experimental group has reported pos-
itive results so far.3? The most serious problem in this
respect is the very high mobility of interstitial hydrogen,
combined with its tendency to form complexes with other
defects and impurities. This problem is much reduced for
muonium, a pseudoisotope of hydrogen: the short life-
time of the muon (2.2 us) ensures that uSR experiments
observe single, isolated particles, because the particle de-
cays before it is able to find suitable partners to form
complexes. Muonium consists of an electron bound to a
positive muon (u*). The mass of u* is 5 of that of the
proton; therefore, the dynamical behavior of muonium
may differ from that of hydrogen. From a static point of
view, however, hydrogen and muonium are equivalent,
since both the proton and muon are point particles with
identical charge. The experimental techniques of muon
spin rotation and muon level-crossing resonance, which
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have provided a wealth of information about muonium in
solid-state materials, are described in Refs. 8 and 9. Two
distinct types of paramagnetic centers have been ob-
served; they are labeled Mu (“normal muonium”) and
Mu* (“anomalous muonium”). The muon-electron
hyperfine coupling is purely isotropic for normal muoni-
um. Anomalous muonium exhibits very different proper-
ties. Its isotropic hyperfine coupling is much smaller
than for normal muonium and a significant anisotropic
coupling is found, showing a {111) symmetric hyperfine
interaction (C,, symmetry).3>3

1. Hydrogen or muonium in Si

Using pseudopotential-density-functional theory, we
previously mapped out the complete total-energy surfaces
for various charge states of hydrogen (or muonium) in
Si.2 Only the neutral charge state is relevant here, since
we are looking for paramagnetic centers. Neutral H is
most stable in the bond-center (BC) position. Large re-
laxations of the neighboring Si atoms (over 0.45 A for the
nearest neighbors) are required to accommodate the H
atom. Neutral H may also occur at the tetrahedral inter-
stitial (T;) site, which is only slightly higher in energy
than the BC site. A description of the atomic and elec-
tronic structure, as well as contour plots of the charge
and spin densities, were given in Refs. 35 and 36.

Our calculated isotropic and anisotropic hyperfine pa-
rameters for muonium at the tetrahedral interstitial and
at the bond-center site are reported in Tables II and III.
They were obtained in a 32-atom supercell, at an energy
cutoff of 12 Ry.!*»37 Convergence tests were reported in
Ref. 10. We have carried out convergence tests as a func-
tion of supercell size by performing calculations in super-
cells containing 8, 16, and 32 Si atoms. Fast convergence
as a function of supercell size may be expected for several
reasons: (a) Deep-level defects have relatively well local-
ized states; (b) the hyperfine parameters are determined
by the wave function in the immediate neighborhood of
the defect (note the » ~* dependence for the anisotropic
parameter), and are therefore insensitive to the wave
function far from the defect; and (c) since spin-up and
spin-down components are subtracted to obtain the spin
density, some cancellation of errors is expected. The spin
density is actually strongly localized in the immediate vi-
cinity of the defect (see, e.g., the plots in Ref. 23). In the
present case, we found that the hyperfine parameters

TABLE II. Theoretical and experimental (Ref. 9) values of
the isotropic hyperfine parameters for muonium at the
tetrahedral interstitial site in Si. Values are given for the muon
at the center of the defect, as well as for the first and second #°Si
neighbors. The experimental values for the Si neighbors have
not been determined, but a value of —60 MHZ was estimated in
Ref. 9.

m a (MHz)
Theoretical Theoretical Experimental
Muon 0.515 2187 2006
Sijnn 0.012 —50
SiynN 0.011 —46
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TABLE III. Theoretical and experimental (Ref. 33) values of the isotropic (a) and anisotropic (b) hyperfine parameters for
muonium at the bond-center site in Si. Values are given for the muon at the center of the defect, as well as for the first and second

2Si neighbors.

n? a (MHz) m b (MHz)
Theoretical Theoretical Experimental Theoretical Theoretical Experimental
Muon —0.008 —35 —67.3 22.3 25.3
Si NN 0.020 —85 —95.1 0.202 —21.5 —21.2
Sipnn 0.005 —23 —22.4 0.006 —0.6 —0.9

changed by less than 5% between the 16- and 32-atom
calculations.

Our calculations indicate that contributions from spin
polarization of valence states have significant effects,
sometimes changing the hyperfine parameter by a factor
of 2 compared to the contribution from the defect state
alone.'®

Because hydrogen and muonium are isoelectronic, the
results obtained for muonium are, after appropriate scal-
ing by the ratio of proton to muon magnetic moment,
equally valid for hydrogen. A table comparing the exper-
imental results for anomalous muonium and the so-called
AA9 defect associated with hydrogen in Si can be found
in Ref. 34. The EPR values for the AA9 center are very
similar to the ones obtained for anomalous muonium, in-
dicating the defects have the same structure. The experi-
mental results from uSR are included for comparison in
Tables IT and III.

Hydrogen and muonium are very light, and can easily
move around in the lattice. The measured hyperfine pa-
rameters will therefore correspond to some average over
sites. We can determine which regions of space contrib-
ute by considering displacements in typical normal-mode
vibrations. The magnitude of the effect can then be es-
timated by calculating the hyperfine parameters for a few
relevant positions.>® For the T, configuration, we find
that the maximum spin density (and isotropic hyperfine
parameter) occurs when the muon is sitting at the T, site
itself. When the muon is moved by 0.27 A in either the
(111) or the (100) direction, the spin density is reduced
by ~12%. For a muon executing vibrational motions in
the neighborhood of the T, site, we therefore expect the
observed hyperfine parameter to be just slightly lower
than the value which we calculated at T, itself. For the
BC conﬁguratig)n, we found that when the muon is
moved by 0.1 A along the Si-Si bond direction (as in a
stretching-mode displacement), with the (much heavier)

TABLE IV. Theoretical values of the isotropic hyperfine pa-
rameters for muonium at the T site in GaAs. Values are given
for the muon at the center of the defect, as well as for the first
(*As) and second (%°Ga) neighbors. The experimental value for
normal muonium in GaAs is a =2884 MHz (Ref. 40).

Si atoms fixed, |a| decreases by ~11% and b by only 2%.
For displacements perpendicular to the Si-Si bond, |a|
decreases by 6% for a 0.33-A displacement, if the Si
atoms are kept fixed. If the Si atoms are allowed to relax,
to keep the Si-muon distance constant, the same perpen-
dicular displacement of the muon reduces |a| by 12%.
Once again, we see that motional averaging would have
only a minor effect on the hyperfine parameters.

The results in Table II show that normal muonium can
be identified with muonium at the tetrahedral interstitial
site. Table IIT shows that anomalous muonium (as well
as the AA9 center) can be identified with hydrogen
(muonium) at the bond-center site.

The evidence in favor of identification of anomalous
muonium with the bond-center position is therefore quite
convincing. The so-called vacancy-associated model,?
which had been proposed on the basis of hyperfine calcu-
lations for clusters, shows distinct disagreement with the
experimental results,>® which clearly establish that there
are two equivalent Si neighbors along (111). The same
cluster calculations’? on which the vacancy-associated
model was based produce hyperfine parameters for the
bond center which deviate by more than an order of mag-
nitude from the present results.

2. Hydrogen or muonium in GaAs

First-principles total-energy calculations within the
pseudopotential-density-functional scheme for hydrogen
in GaAs were carried out by Pavesi, Giannozzi, and
Reinhart.>® We have used their calculated atomic coordi-
nates for the bond-center site and for the tetrahedral in-
terstitial site, and performed spin-density-functional cal-
culations of the hyperfine parameters on supercells con-
taining 32 host atoms (i.e., 16 As and 16 Ga atoms) using
a plane-wave basis set with an energy cutoff of 12 Ry.

The calculated hyperfine parameters are reported in

TABLE V. Theoretical values of the isotropic hyperfine pa-
rameters for muonium at the T9* site in GaAs. Values are
given for the muon at the center of the defect, as well as for the
first (®®Ga) and second (7°As) neighbors. The experimental
value for normal muonium in GaAs is @ =2884 MHz (Ref. 40).

n? a (MHz) 2 a (MHz)
Muon 0.59 2497 Muon 0.62 2646
Asiun 0.009 106 Gan 0.009 92
Gagn 0.005 46 Asonn 0.005 58
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TABLE VI. Theoretical and experimental (Refs. 34 and 41) values of the isotropic (a) and anisotropic (b) hyperfine parameters
for muonium at the bond-center site in GaAs. Values are given for the muon at the center of the defect, as well as for the first (*Ga

and °As) neighbors.

7’ a (MHz) m b (MHz)
Theoretical Theoretical Experimental Theoretical Theoretical Experimental
Muon 0.025 106 131.4 33 43.6
Gann 0.103 1014 929.3 0.287 56 61.4
Asinn 0.006 74 273.3 0.327 99 144.9

Tables IV, V, and VI. The experimental value measured
for normal muonium in GaAs is a =2884 MHZ (Ref. 40);
it is close to the theoretical values both for the 77 and
the T'$? sites. For the bond center, the agreement with
experiment**! is generally good, except for the isotropic
hyperfine parameter on the As atom. This could be inter-
preted as an indication that the assumed atomic relaxa-
tions are not entirely correct. The value of the parameter
becomes closer to experiment if the As atom is brought
closer to the muon (i.e., the As atom relaxes less far out-
ward); however, this occurs at the expense of the agree-
ment in the other parameters (including the anisotropic
parameter on the As). It is therefore more likely that the
deviation in this particular parameter simply reflects the
error bar in the calculation, which is not surprising in
light of the very small value of the spin density on this
atom (7?=0.006).

For the case of the bond-center site, we had an oppor-
tunity to check the influence of the choice of pseudopo-
tential on the calculated results. One set of pseudopoten-
tials was taken directly from the tables of Bachelet,
Hamann, and Schliiter;** the other was generated accord-
ing to the Hamann-Schliiter-Chiang scheme,'® but using
somewhat larger core radii. The resulting hyperfine pa-
rameters agreed to better than 10%, confirming the gen-
eral validity of the calculational approach.

3. Hydrogen or muonium in ZnSe

We have also investigated the behavior of hydrogen or
muonium in the compound semiconductor ZnSe. The
bond-center site is energetically unfavorable here; the
tetrahedral interstitial sites are lower in energy, with the
TZ" site just slightly more stable than the T5° site. Calcu-
lations were carried out in 16- and 32-atom supercells to
check convergence. Details of the treatment of ZnSe are
given in Sec. III C. The results for the 32-atom cells are
listed in Table VII. uSR has produced a single value of
72=0.775." The difference between the calculated values
for the T5¢ and TZ" sites is presumably small enough, and
motion between the sites fast enough, for the two signals
not to be resolved. The bond-center position is
significantly higher in energy, in agreement with the ab-
sence of an anomalous muonium signal in ZnSe.

C. Defects in ZnSe

Native defects in II-VI materials have been studied in
great detail using EPR and related techniques.!! One
reason for the continued interest in these defects is the
widely held belief that they are responsible for self-
compensation in wide band-gap materials. We have re-
cently completed extensive first-principles calculations of
native defects in ZnSe, showing that such defects are not
responsible for the observed doping difficulties.?!

To obtain accurate results for ZnSe, it is necessary to
treat explicitly the Zn 3d electrons as valence electrons
(rather than consider them part of the core, to be de-
scribed with a pseudopotential).?? Because of the local-
ized nature of these d states, inordinately large numbers
of plane waves would be required to obtain convergence
with a plane-wave basis set; we therefore chose to use a
mixed basis set, which contains localized basis functions
in addition to the plane waves.?"?* We have used a set of
pseudoatomic basis functions to describe the Zn d states,
along with plane waves with an energy cutoff of 9 Ry.
Convergence of the hyperfine parameters was established
by performing calculations on 16-atom and 32-atom su-
percells; the results changed by less than 5%. The results
reported below are for 32-atom cells.

Here we concentrate on the properties of the Zn inter-
stitial (Zn;) in ZnSe. We have studied the Zn interstitial
at two sites in the lattice: the tetrahedral interstitial (T,)
site surrounded by Se atoms (labeled T3¢) and the T, site
surrounded by Zn atoms (7%"). The calculated forma-
tion energy is very similar (within 0.1 eV) for these two
sites. First-principles mixed basis calculations were car-
ried out for the Zn; in various charge states. The
relevant paramagnetic center corresponds to the positive
charge state. For Zn; at the tetrahedral interstitial site
surrounded by Se atoms (T;e), we find that the Se nearest
neighbors (NN), along with the Zngy atoms to which
they are bonded, move outward over 0.11 A; the Zn
second NN are relaxed outward (along (100) directions)
by 0.05 A.

We checked that our results for hyperfine parameters
changed by less than 10% when the plane-wave cutoff
was increased from 9 to 12 Ry. The calculated hyperfine

TABLE VII. Theoretical and experimental (Ref. 43) values of the isotropic hyperfine parameters for

muonium at the T5° and T2" sites in ZnSe.

7’ a (MHz)
Theoretical Theoretical Experimental
Muon at TZ" 0.785 3333 3457
Muon at T3¢ 0.765 3248
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TABLE VIII. Theoretical and experimental (Ref. 44) values of the isotropic (a) and anisotropic (b) hyperfine parameters for Zn;"
at the Tfe site in ZnSe. Values are given for the interstitial at the center of the defect, as well as for the first (""Se), second (*Zn), and

third (”’Se) neighbors.

n? a (MHz) n: b (MHz)
Theoretical Theoretical Experimental Theoretical Theoretical Experimental
ZNentral 0.588 1078 1089
Se;nn 0.045 736 481 0.024 11 16.8
ZnynN 0.005 10
Sesnn 0.003 55 37.5

parameters for the Zn; are listed in Table VIII (Ref. 13),
and compared with experimental values by Rong and
Watkins.** We thus confirm the characterization of the
observed defect as a Zn interstitial, and provide an accu-
rate description of its structure. While the isotropic
hyperfine parameters are not very sensitive to the details
of the relaxation, the anisotropic parameter does vary
significantly with atomic displacement. Indeed, the an-
isotropic parameter for the Se first nearest neighbors in-
creases by almost a factor of 2 in going from the unre-
laxed to the relaxed configuration.

We have also calculated the hyperfine parameters for
the Zn;" at the T" site, where the relaxations are as fol-
lows: the Zn NN, along with the Se,yN atoms to which
they are bonded, move outward over 0.09 A; the Se
second NN are relaxed outward (along {100) directions)
by 0.03 A. The results are listed in Table IX. Rong and
Watkins* also observed a signal which they tentatively
identified as a Zn interstitial at the T2 site, but the
hyperfine parameters were not reported.

D. Isomer shifts

The hyperfine parameters are closely related to quanti-
ties which are of interest in the study of isomer shifts.
For example, the resonant isomer-shift velocity, Ag can
be measured in a Mossbauer experiment:

A=alp,(0)—p,(0)], (30)

where p,(0) and p,(0) are the electronic densities at the
nuclear site (the contact density) in two different solid en-
vironments (the “absorber” and ‘‘source” materials) and
a is the nuclear calibration constant. The latter is ob-
tained by comparing experimental isomer shifts with cal-
culated electron densities.*

Application of our approach to particular impurity
problems is beyond the scope of the present study. It

TABLE IX. Theoretical values of the isotropic hyperfine pa-
rameters for Zn;' at the TZ" site in ZnSe. Values are given for
the interstitial at the center of the defect, as well as for the first
(°7Zn), second (7’Se), and third (*’Zn) neighbors.

n? a (MHz)
ZDentral 0.684 1252
ZninN =0 =0
Sernn 0.022 354
ZnsnN =0 =0

should be clear, however, that all the necessary in-
gredients to study the contact interaction are available,
and could be used to great advantage for the analysis of
Mossbauer experiments.

IV. CONCLUSIONS

We have presented a formalism to calculate hyperfine
parameters for defects in semiconductors, within the
pseudopotential-spin-density-functional method. This
method has already proven its value for calculating
structural properties of defects based on first-principles
total-energy minimization. The present formalism
renders the technique even more powerful, providing the
ability to generate numbers which can be directly com-
pared with experiment.

The complication which arises in the pseudopotential
framework because of the difference between pseudo- and
all-electron wave functions in the core region is addressed
here by using an LAPW-inspired approach. This yields
explicit formulas for the parameters, expressed in terms
of pseudo spin densities and atomic quantities, all con-
sistently calculated within the pseudopotential-spin-
density-functional approach. We have applied the ap-
proach to a number of different test cases, consistently
producing good agreement with experiment. While it is
difficult to estimate a theoretical error bar, inspection of
the test cases indicates that our results are nearly always
within a factor of 2 of the experimental value, and more
often deviate by less than 20%. In general, the theoreti-
cal values seem to be somewhat too small, which is prob-
ably related to the systematically too low values pro-
duced in the density-functional calculations for the all-
electron atom. This may indicate that relative quantities
such as 77 and 72, which are expressed with respect to
the atomic values, may be more reliable. This leaves the
problem of producing more accurate absolute values for
the atomic quantities themselves, a topic which could
benefit from further studies.
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